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Theoretical predictions are given for low energy excitations, such as crystal field excitations and Kondo
resonance excitations, to be detected by high-resolution measurements of resonant inelastic x-ray scattering
(RIXS) of rare-earth materials with Yb compounds as typical examples. Crystal field excitations in the Yb 3d

RIXS of a Yb3+ ion in the cubic crystal field are formulated, and the calculation of RIXS spectra for YbN
is done. Kondo resonance excitations revealed in the Yb 3d RIXS spectra are calculated for mixed-valence
Yb compounds, Yb1−xLuxAl3, in the leading term approximation of the 1/Nf expansion method with a single
impurity Anderson model. It is emphasized that the high-resolution RIXS with polarization dependence is a
powerful tool to study the crystal field levels together with their symmetry and also the Kondo bound state in
rare-earth compounds. Some in-depth discussions are given on the polarization effects of RIXS, including 4d

and 2p RIXS spectra, the coherence effect of the Kondo bound states, and the importance of the high-resolution
RIXS spectra for condensed matter physics under extreme conditions.
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I. INTRODUCTION

Resonant inelastic x-ray scattering (RIXS) is a powerful
tool for the study of electronic states and collective excita-
tions in highly correlated systems such as rare-earth (RE)
compounds and transition metal (TM) compounds (see, for
instance, Refs. 1–3). In RIXS, a core electron is excited
by an incident x-ray photon whose energy is close to the
corresponding absorption threshold, and then the excited state
decays by emitting an x-ray photon. Therefore, the energy
transfer and the momentum transfer, respectively, of the RIXS
spectra correspond to the energy and momentum of the
elementary excitations occurring in the material system. RIXS
provides us with bulk-sensitive and site-selective information,
and the technique can be applied equally to metals and
insulators. Furthermore, RIXS can be performed in the applied
electric or magnetic fields, as well as under high pressure, since
it is a photon-in–photon-out process.

The recent progress in high-resolution RIXS measurements
has enabled the detection of low-energy inelastic scattering
peaks that can be separated from an elastic scattering peak.
Typical examples are magnon excitations and orbital exci-
tations in TM 2p RIXS of TM compounds.4–7 However,
most high-resolution RIXS experiments done so far have been
limited to TM compounds. A considerable number of RIXS
experiments were also performed at the RE 3d edge in RE
compounds,8–10 but they were not high-resolution measure-
ments to reveal the low energy elementary excitations. The
purpose of the present paper is to emphasize the importance
of high-resolution RIXS for RE compounds from a theoretical
viewpoint by calculating RIXS spectra for Yb compounds.

We give theoretical predictions for crystal field excitations
and Kondo resonance excitations in the Yb 3d RIXS of Yb
compounds. The energy of crystal field excitations in RE sys-
tems is one or two orders of magnitude smaller than that in TM
systems, but it has been almost possible to observe them using
high-resolution RIXS techniques. As an example, we calculate

the crystal field excitations in the Yb 3d RIXS spectra for YbN,
where the cubic crystal field acts on the Yb 4f electrons. It
is shown that precise information on the crystal field energy
levels and their symmetries can be obtained by high-resolution
RIXS experiments with polarization dependence.

Another interesting RIXS experiment is the detection of the
Kondo resonance excitation in mixed-valence (or intermediate
valence) RE compounds. We give a formulation to calculate the
Yb 3d RIXS of mixed-valence Yb compounds in the leading
term approximation of the 1/Nf expansion method with the
single impurity Anderson model (SIAM).11,12 The ground state
of mixed-valence Yb compounds is a singlet bound state called
the Kondo bound state. The binding energy kBTK is called
the Kondo binding energy and the temperature TK the Kondo
temperature. The electronic excitations from the Kondo bound
state to low-lying continuous energy states are expected to be
detected by high-resolution RIXS. We call this excitation “
Kondo resonance excitation.” As an example, we calculate the
Yb 3d RIXS spectra for Yb1−xLuxAl3, which is an interesting
alloy system whose Kondo temperature changes dramatically
with x: TK = 670, 1071, 1642, and 2386 K for x = 0, 0.1,
0.3, and 0.5, respectively.13 It is shown that Kondo resonance
excitation is reflected strongly in high-resolution RIXS spectra
with a clear polarization dependence. Although the intersite
coherence effect of the Kondo bound states cannot be treated
by SIAM, it would be reasonable to calculate the RIXS spectra
with SIAM as a starting model, because a variety of core-level
spectroscopies for mixed-valence RE compounds (even with
a periodic arrangement of RE atoms) are well explained by
SIAM (see, for instance, a review article by de Groot and
Kotani3). Some discussions will also be given to address the
coherence effect.

The organization of the present paper is as follows: In Sec.
II, we describe the Yb 4f electron states in the cubic crystal
field, and we calculate the Yb 3d RIXS spectra corresponding
to crystal field excitations in YbN. In Sec. III, the calculation
of the Kondo bound state and excited states is done for
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mixed-valence Yb compounds in the lowest order approx-
imation of the 1/Nf expansion method with SIAM. The
Yb 3d RIXS spectra are calculated to reveal the Kondo
resonance excitation of Yb1−xLuxAl3. Section IV is devoted
to discussions.

II. CRYSTAL FIELD EXCITATION

We consider a trivalent Yb ion in the cubic crystal field.
The 4f electrons are in the 4f 13 configuration, and by the
spin-orbit interaction the 4f level is split into J = 7/2 and
5/2 levels, where J is the total angular momentum of the 4f 13

configuration. Since the energy of the J = 7/2 level is lower
than that of the J = 5/2 level by about 1.5 eV, we take into
account only the J = 7/2 states, as we are interested in the low
energy RIXS excitation of energy transfer well below 1.0 eV.

The Hamiltonian of the cubic crystal field acting on the 4f

electrons with J = 7/2 (Jz = −7/2 ∼ 7/2) is written as14–17

H (c) = B4
(
O0

4 + 5O4
4

) + B6
(
O0

6 − 21O4
6

)
, (1)

where

O0
4 = 35J 4

z − [30j (j + 1) − 25]J 2
z − 6J (J + 1)

+ 3j 2(J + 1)2, (2)

O4
4 = 1

2 (J 4
+ + J 4

−), (3)

O0
6 = 231J 6

z − 105[3J (J + 1) − 7]j 4
z + [105J 2(J + 1)2

− 525J (J + 1) + 294]J 2
z − 5J 3(J + 1)3

+ 40J 2(J + 1)2 − 60j (J + 1), (4)

O4
6 = 1

4

[
11J 2

z − J (J + 1) − 38
](

J 4
+ + J 4

−
)

+ 1
4 (J 4

+ + J 4
−)

[
11J 2

z − J (J + 1) − 38
]
. (5)

The Hamiltonian is easily diagonalized, and the J = 7/2
level with eightfold degeneracy splits into three levels that are
denoted by �6 (twofold degeneracy), �7 (twofold degeneracy),
and �8 (threefold degeneracy). The energy eigenvalues are
given by Lea, Leask, and Wolf16 as shown in Fig. 1, where W

and x are related with B4 and B6 by the following equations:

60B4 = Wx, (6)

1260B6 = W (1 − |x|). (7)

FIG. 1. Crystal field levels of 4f states of a Yb3+ ion.

The abscissa and ordinate of this figure are taken as x and the
energy eigenvalue normalized by W , respectively. The energy
eigenfunctions are given by

|�6(α = 1,2)〉 = √
5/12| ± 7/2〉 + √

7/12| ∓ 1/2〉, (8)

|�7(α = 1,2)〉 = √
3/2| ± 5/2〉 − 1/2| ∓ 3/2〉, (9)

|�8(α = 1,2)〉 = √
7/12| ± 7/2〉 − √

5/12| ∓ 1/2〉, (10)

|�8(α = 3,4)〉 = 1/2| ± 5/2〉 + √
3/2| ∓ 13/2〉, (11)

where α is the index representing the degeneracy of the
irreversible representation; for instance, the states of α = 1
and 2 in Eq. (8) are given by the wave functions with upper
and lower signs, respectively, on the right-hand side.

Now we consider an RIXS process where an Yb 3d electron
is excited to the Yb 4f state by the incident photon and an
Yb 4f electron is deexcited to the Yb 3d state by emitting
a photon. The RIXS spectrum is expressed as the coherent
second-order optical formula in the following form:

Fq2,q1 (�,ω) =
∑
j,g

∣∣∣∣∣
∑

i

〈j |C(1)
q2

|i〉〈i|C(1)
q1

|g〉
Eg + � − Ei + i�

∣∣∣∣∣
2

×G(� − ω − Ej + Eg), (12)

where � and ω, respectively, are the energies of the incident
and emitted photons, q1 and q2 are their polarizations, and
C(1)

q is the spherical tensor operator corresponding to the
electric dipole transition, so that the polarizations q = 1, 0,
and −1 represent +helicity, linear, and −helicity polarizations,
respectively. The states |g〉, |i〉, and |j 〉 are initial, intermediate,
and final states of the electronic system, Eg , Ei , and Ej

are their energies, � is the lifetime broadening of the 3d

core hole, and G(x) is the Gaussian function representing the
experimental resolution:

G(x) =
√

4 log 2

πR2
exp

(
−4(log 2)x2

R2

)
, (13)

where R is the resolution given by the full width at half
maximum (FWHM). Since the three crystal field levels are
all degenerate, the summation over g (the degenerate ground
states) is necessary in Eq. (12).

As a typical example in the calculation of RIXS spectra,
we consider YbN. According to neutron inelastic scattering
measurements,18 the ground state of the Yb 4f states of YbN
is �6, and the energy difference between �8 and �6 and that
between �7 and �6 are 33 and 81 meV, respectively, as shown in
Fig. 2. The values of B4 and B6 are −0.042 and 0.000 06 meV,
respectively. Following the 3d to 4f excitation caused by the

FIG. 2. (Color online) Schematic RIXS transition processes for
crystal field excitations of YbN.
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TABLE I. Values of 〈3d; jz|C(1)
1 |4f ; �i(α)〉.

jz �6(1) �6(2) �8(1) �8(2) �8(3) �8(4) �7(1) �7(2)

5/2 0
√

5/12 0 0 0
√

7/12 0 0
3/2 0 0 0

√
5/28 0 0

√
15/28 0

1/2 0 0 0 0
√

5/14 0 0 −√
5/42

−1/2
√

1/6 0 −√
5/42 0 0 0 0 0

−2/3 0
√

1/12 0 0 0 −√
5/84 0 0

−5/2 0 0 0
√

1/28 0 0 −√
1/84 0

incident photon, we have a 3d5/24f 14 configuration, which
is a single level because the 4f shell is filled and a 3d core
hole is only allowed for the J3d = 5/2 (the transition from
J3d = 3/2 to J4f = 7/2 is dipole-forbidden). Then one of the
4f electrons in the filled 4f shell makes a transition to the
3d state. If the final state is the �6 states, we have an elastic
scattering line, and if it is the �8 or �7 states, we have inelastic
scattering spectra.

The states |g〉, |i〉, and |j 〉 in Eq. (12) are many-body
electronic states, but the dipole matrix elements between them
can be replaced by single-electron transition matrix elements,
and after some manipulation Fq2,q1 (�,ω) is rewritten as

Fq2,q1 (�,ω) =
∑
i,α,α′

∣∣∣∣∑
jz

〈3d; jz

∣∣C(1)
q2

|4f ; �i(α)〉〈4f ; �6(α′)

× |C(1)
q1

|3d; jz〉
∣∣2

G[� − ω − E(�i)

+E(�6)]/�2, (14)

where the incident photon energy is tuned to the reso-
nance energy (the energy difference between the single
intermediate state and the ground state). The matrix element
〈3d; jz|C(1)

q2
|4f ; �i(α)〉 is that of the single electron dipole

transition from the 4f state with �i(α) to the 3d state with
jz, and is expressed as

〈3d; jz|C(1)
q |4f ; �i(α)〉

=
∑
j ′
z

〈5/2 jz 1 q|7/2 j ′
z〉〈7/2; j ′

z|4f ; �i(α)〉, (15)

where 〈5/2 jz 1 q|7/2 j ′
z〉 are the Clebsh-Gordan coefficients,

and 〈7/2; j ′
z|4f ; �i(α)〉 are the same as the coefficients on

the right-hand sides of Eqs. (8)–(11). We list the values of
〈3d; jz|C(1)

q |4f ; �i(α)〉 for q = 1, 0, and −1 in Tables I, II, and
III, respectively.

Some results of the calculated spectra are shown in Fig. 3,
where the polarizations (q2,q1) are taken as (1, 1) and (1,
0), and the resolution R is changed as a parameter. The
value of � is taken to be 0.7 eV. It is found that one elastic
and two inelastic scattering peaks are clearly seen if the
resolution is high enough. An important point is that the
RIXS spectra due to the crystal field excitations exhibit a
strong polarization dependence, which reflects the symmetry
of the wave functions of the crystal field levels. Therefore, by
analyzing the polarization dependence of the RIXS signal, we
can obtain precise information on the energies and symmetries
of the crystal field levels.

In realistic measurements of RIXS spectra, the linear polar-
ization is more frequently used than the circular polarization,
and the polarization of the emitted photon is not detected. The
polarization geometry that is conventionally used is shown in
Fig. 4. The scattering angle is 90◦, and in Fig. 4(a) the incident
polarization is perpendicular to the scattering plane, whereas in
Fig. 4(b) the incident polarization is in the scattering plane. The
former and latter geometries are referred to as the polarized and
depolarized geometries, respectively. As shown by Nakazawa
et al.,19 the RIXS spectra in the polarized geometry Fpol and
the depolarized geometry Fdepol are given, in terms of Fq1,q2 , by

Fpol = F0,0 + (F1,0 + F−1,0)/2, (16)

Fdepol = F1,0 + F−1,0. (17)

To calculate Fpol and Fdepol, we calculate F1,0, F−1,0, and F0,0

in addition to F1,1 and F−1,1, and the results are shown in
Fig. 5. The resolution is taken to be R = 20 meV. Because
of the cubic symmetry, the spectra F1,0 and F−1,0 are the
same, and of the four curves shown in Fig. 5, the number of
independent spectra is two.

The results of Fpol and Fdepol are shown in Fig. 6. The
polarization dependence between Fpol and Fdepol is seen to
be very large, so that the measurements of both spectra will

TABLE II. Values of 〈3d; jz|C(1)
0 |4f ; �i(α)〉.

jz �6(1) �6(2) �8(1) �8(2) �8(3) �8(4) �7(1) �7(2)

5/2 0 0 0
√

1/14 0 0
√

3/14 0
3/2 0 0 0 0

√
5/14 0 0 −√

5/42
1/2

√
1/3 0 −√

5/21 0 0 0 0 0
−1/2 0

√
1/3 0 0 0 −√

5/21 0 0
−2/3 0 0 0

√
5/14 0 0 −√

5/42 0
−5/2 0 0 0 0

√
1/14 0 0

√
3/14
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TABLE III. Values of 〈3d; jz|C(1)
−1|4f ; �i(α)〉.

jz �6(1) �6(2) �8(1) �8(2) �8(3) �8(4) �7(1) �7(2)

5/2 0 0 0 0
√

1/28 0 0 −√
1/84

3/2
√

1/12 0 −√
5/84 0 0 0 0 0

1/2 0
√

1/6 0 0 0 −√
5/42 0 0

−1/2 0 0 0
√

5/14 0 0 −√
5/42 0

−2/3 0 0 0 0
√

5/28 0 0
√

15/28
−5/2

√
5/12 0

√
7/12 0 0 0 0 0

yield important information on the symmetry of the crystal
field states. If the experimental resolution becomes sufficiently
high, RIXS will be the most powerful tool for the study of
crystal field states in RE systems. As will be discussed in
Sec. IV, we can calculate, by using Tables I, II, and III, the
RIXS spectra of Yb3+ states in the cubic crystal field for any
values of B4 and B6, so that we can easily analyze experimental
data of RIXS and estimate the values of B4 and B6.

III. KONDO RESONANCE EXCITATION

We consider a mixed-valence Yb compound and calculate
the electronic states with SIAM.11,12 The Hamiltonian of the
system is given by

H =
∑

ν

εf,νf
†
ν fν +

∑
μ

εd,μd†
μdμ +

∑
k,ν

εkc
†
k,νck,ν

+
∑
k,ν

Vk,ν(c†k,νfν + f †
ν ck,ν) + Uff

∑
ν>ν ′

f †
ν fνf

†
ν ′fν ′

−Uf c

∑
ν,μ

f
†
f,νff,ν(1 − d†

p,μdp,μ), (18)

where the first, second, and third terms represent, respectively,
the single electron energies of the Ce 4f states, the Ce 3d

core states, and the conduction band, the fourth term is the
hybridization between the Ce 4f and the conduction-band
states, the fifth term is the Coulomb interaction between Ce
4f electrons, and the last term is the attractive 3d core-hole
potential acting on the 4f state. The Ce 4f and 3d states are
represented in the JJ coupling scheme, and indices ν and μ

FIG. 3. (Color online) Calculated RIXS spectra by crystal field
excitations of YbN for the polarization components (q1,q2) = (1, 1)
and (1, 0). The resolution R is taken to be 20, 50, and 100 meV.

denote a set of quantum numbers (j,jz) and (j ′,j ′
z) of the 4f

and 3d states, respectively, where we take j = 7/2 and then
the electric dipole transition is allowed only for j ′ = 5/2, as
mentioned before.

The density of states of the conduction band is assumed to
be of rectangular shape with width W . The conduction band
is assumed to be half-filled after Ref. 20. The energy levels of
the conduction band are treated as N discrete levels:

εk = W

2N
(2k − N − 1), (19)

where k = 1,2, . . . ,N , and the Fermi level εF is located at the
center of the band. The hybridization matrix element Vk,ν is
treated to be independent of k and ν, and we set Vk,ν = V/

√
N

with a constant V . In the following, we assume Uff = ∞, and
make our calculation within the leading term approximation
in the 1/Nf expansion method,11 where Nf is the degeneracy
of the 4f states (Nf = 2j + 1 = 8).

The ground state |g〉 of the Hamiltonian is written as

|g〉 = a
(g)
0

(
|0〉 + 1

Nf

∑
k,jz

b(g)(k)c†k,jz
fjz

|0〉
)

, (20)

where |0〉 is the state in which the 4f shell is filled and all
other electronic states below εF are also filled. The expression
of the ground state is essentially the same as that given by
Eq. (11) of Ref. 20, although the electron picture is used in the
present paper whereas the hole picture is used in Ref. 20. The
ground state is the singlet bound state denoted by the Kondo
bound state (unless V is zero), and the Kondo binding energy
kBTK is easily obtained in the limit of N → ∞:20 The value
of kBTK is calculated by solving the following equation:

kBTK − εf + Nf V 2

W

[
log(kBTK ) − log

(
kBTK + W

2

)]
= 0,

(21)

(a)

(b)

FIG. 4. (Color online) (a) Polarized geometry and (b) depolarized
geometry.
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FIG. 5. (Color online) Calculated RIXS spectra by crystal field
excitations of YbN for various polarization components (q1,q2). The
resolution R is taken to be 20 meV.

and if we obtain kBTK , the 4f hole number nf (the 4f electron
number is 14 − nf ) is given by

nf = Nf V 2

2kBTK

(
kBTK + W

2

) + Nf V 2
. (22)

See Ref. 20 for the derivation of Eqs. (21) and (22). The
assumption of the half-filled conduction band does not affect
seriously the following results of the calculated RIXS spectra,
as will be mentioned.

Now we consider the RIXS spectra corresponding to Yb 3d-
4f excitation and 4f -3d de-excitation. The optical transition
process is shown schematically in Fig. 7. The ground state
is the Kondo singlet bound state given by Eq. (20), which is
a linear combination of the 4f 14 and 4f 13ck configurations,
where ck is a conduction electron above εF . In the intermediate
state |i〉, a 3d5/2 electron is excited to the 4f state, so that we
have the 3d5/24f 14ck configuration expressed by

|i〉 = c
†
kjz

dj ′
z
|0〉. (23)

For the elastic scattering, the final state is |g〉, and for the
inelastic scattering the final states |j 〉 are given by

|j 〉 = a
(j )
0

(
|0〉 + 1

Nf

∑
k,jz

b(j )(k)c†k,jz
fjz

|0〉
)

, (24)

FIG. 6. (Color online) Calculated RIXS spectra by crystal field
excitations of YbN for the polarized and depolarized geometries. The
resolution R is taken to be 20 meV.

FIG. 7. (Color online) Schematic RIXS transition processes for
the Kondo resonance excitation in a mixed-valence Yb compound.

which are orthogonal with |g〉. The states |j 〉 form a continuous
excitation band, the bottom of which is located by kBTK above
the ground state (the Kondo bound state). In addition to |j 〉,
we have to take into account the other type of final states, |j ∗〉,
given by

|j ∗〉 = c
†
k,jz

fj∗
z
|0〉, (25)

where jz �= j ∗
z . The states |j ∗〉 are in the 4f 13ck configurations,

but they do not couple with the 4f 14 configuration by the
hybridization V , so that we call them “nonbonding states.”

Within our SIAM, all electronic states are determined if we
fix the parameter values V and εf . Furthermore, the values of
V and εf are obtained from Eqs. (21) and (22) if we give the
values of kBTK and nf . To make explicit calculations of RIXS
spectra, we consider the alloy system Yb1−xLuxAl3. Based on
the experimental results obtained by x-ray absorption spectra
(XAS) at the Yb L3 edge and magnetic susceptibility, kBTK

and nf of Yb1−xLuxAl3 change with x as shown in Figs. 8(a)
and 8(b), respectively.13 Then, the x dependences of V and εf

are obtained from Eqs. (21) and (22) as shown in Figs. 9(a)
and 9(b), respectively, where we assumed W = 2.0 eV. Using
these values of V and εf , we diagonalize the Hamiltonian H

with N = 200, and calculate the spectra of 3d XAS and 3d

RIXS with � = 0.7 eV [using Eq. (12) for RIXS]. Since the
present ground state has no degeneracy, the summation over g

in Eq. (12) is removed.
Here it should be mentioned that the values of V and εf are

strongly model-dependent; for the same values of kBTK and
nf , the values of V and εf should be different if we use a dif-
ferent value of W and assume a different filling of conduction
electrons from the half-filling. However, the calculated RIXS
spectra are almost the same for the different values of V and εf

if the values of kBTK and nf are kept unchanged. The situation
is very similar to what we showed in Ref. 20, i.e., if the values
of kBTK and nf are kept unchanged, the calculated x-ray mag-
netic circular dichroism (XMCD) spectra are almost the same
for different values of the conduction-band width (and thus the
different values of V and εf ). In this sense, kBTK and nf are
more fundamental quantities than V and εf in the calculation
of RIXS spectra. Bauer et al.13 also reported the values of V

and εf of Yb1−xLuxAl3, but their values are somewhat differ-
ent from our values because their model is different from ours.
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(a)

(b)

FIG. 8. Experimental results13 of (a) the Kondo temperature and
(b) the averaged 4f hole number of Yb1−xLuxAl3 as a function of x.

The calculated Yb 3d XAS and Yb 3d RIXS (Fq2,q1 )
spectra are shown in Figs. 10 and 11, respectively. The XAS
spectrum corresponds to transitions from the ground state
to the intermediate states of RIXS by changing the incident
photon energy. Now the intermediate state is not a single
level; the peak position of XAS shifts slightly from the origin
(which corresponds to the transition to the lowest edge of
the intermediate states). For RIXS spectra in Fig. 11, the
incident photon energy is fixed at the origin of Fig. 10, and
the polarization geometry (q2,q1) is taken to be (1,1) with the
resolution R = 45 meV.

If the resolution is sufficiently high, the Kondo resonance
is clearly seen as an RIXS structure, so that the RIXS
measurements can be a powerful tool to observe directly the
Kondo temperature. The calculated RIXS spectra for polarized
and depolarized geometries are shown in Figs. 12(a) and 12(b),
respectively, with the resolution R = 45 and 100 meV and with
x = 0 and 0.5, where Fpol and Fdepol are obtained by Eqs. (14)
and (15), respectively. A significant polarization dependence
is recognized.

IV. DISCUSSIONS

We showed by theoretical calculations that high-resolution
RIXS can be used as a powerful means to study the crystal
field states and the Kondo bound state of Yb compounds.
So far, crystal field excitation has mainly been measured
by inelastic neutron scattering experiments18,21,22 and Kondo
resonance excitation by optical conductivity23–26 and inelastic

(a)

(b)

FIG. 9. (a) The hybridization strength and (b) the 4f level
measured from the Fermi level in our model of Yb1−xLuxAl3 as a
function of x.

neutron scattering measurements,27 but virtually no RIXS
measurement has been reported yet. Very recently, Hancock28

succeeded in measuring Kondo resonance excitation (or
hybridization gap excitation) of YbInCu4 by Yb 3d RIXS,
but the resolution (200 meV) is not sufficiently high for this
purpose. RIXS measurements with a higher resolution are
highly desired for the observation of crystal field and Kondo
excitations.

As shown in this paper, strong polarization dependence is a
characteristic feature of RIXS spectra. Comparing Figs. 5 and
12, we recognize a considerable difference in the polarization
dependences of crystal field excitation and Kondo resonance

FIG. 10. (Color online) Calculated Yb 3d XAS spectra for
Yb1−xLuxAl3 for various values of x. The absolute energy of the
Yb 3d5/2 resonant excitation is about 1518 eV.

165126-6



THEORY OF LOW ENERGY EXCITATIONS IN RESONANT . . . PHYSICAL REVIEW B 83, 165126 (2011)

FIG. 11. (Color online) Calculated Yb 3d RIXS spectra for
Yb1−xLuxAl3 for various values of x. The polarizations (q1,q2) and
the resolution R are taken to be (1, 1) and 45 meV, respectively.

excitation. For crystal field excitation, the intensity of the
elastic scattering is larger for depolarized geometry than for
polarized geometry, while for Kondo resonance excitation the
elastic-scattering intensity is finite for polarized geometry but
it vanishes for depolarized geometry. It was first explained
by Matsubara et al.29 that the elastic scattering intensity
should vanish in the depolarized geometry for the Ti 2p

RIXS of TiO2 because the ground state is a nondegenerate
singlet state. Nakazawa et al.19 also showed the same effect
for the Ce 3d RIXS of CeO2. The same explanation can
be applied to the present case, because the Kondo ground
state is a nondegenerate singlet bound state. The vanishing
elastic-scattering intensity of TiO2 in the depolarized geom-

(a)

(b)

FIG. 12. (Color online) Calculated Yb 3d RIXS spectra of
Yb1−xLuxAl3 for x = 0 and 0.5 in the (a) polarized and (b) depolarized
geometries. The resolution R is taken to be 45 and 100 meV.

etry was also confirmed experimentally by Harada et al.30

However, by considering that TiO2 and CeO2 are insulators
but Yb1−xLuxAl3 is metallic, the situation might be somewhat
different. In our calculation, we took into account only the f

symmetric component of conduction electrons, but actually the
components of the other symmetries (s, p, d, and so on) coexist
as metallic conduction electrons. Therefore, for Yb1−xLuxAl3,
quasielastic scatterings very close to the elastic line might be
caused by these conduction electrons even in the depolarized
geometry. On the other hand, for the crystal field excitation
treated here, the ground state has twofold degeneracy, and this
is why the elastic scattering intensity does not vanish in the
depolarized geometry. It should also be mentioned that we
disregarded Thomson scattering, which might be superposed
on resonant scattering (especially for elastic scattering) with
a different polarization dependence from that of resonance
scattering.

For the RIXS spectra of Yb3+ states in the cubic crystal
field, we can easily calculate the spectra for any values of B4

and B6 (or W and x) by using Eq. (14), Fig. 1, and Tables I, II,
and III. If the ground state is not �6 but �8 or �7, �6 in Eq. (14)
should be replaced by �8 or �7, but the remaining calculations
can be made in quite the same way as given in this paper.

For the RIXS spectra of mixed-valence Yb compounds, we
confined ourselves to the Yb 3d edge, but the present results
can be applied to the Yb 4d edge by a slight modification. The
modification is caused only by the lifetime broadening of the
core hole; the value of � is about 0.7 eV for Yb 3d RIXS but
it is about 1.5 eV for Yb 4d RIXS. Knowing that the energy
resolution of Yb 4d RIXS should be higher than that of Yb 3d

RIXS, measurements of Kondo resonance excitation at the 4d

edge should be of prime interest. Preliminary measurements of
the Yb 4d RIXS spectra of Yb1−xLuxAl3 are now in progress
to detect Kondo resonant excitations.31 We note that, in the
hard-x-ray range, Yb 2p RIXS may be another promising
experiment. The obtained spectra are expected to be sensitive
to Kondo resonant excitation but much less to crystal field
excitation.

The present theory could be extended to Ce compounds.
The ground state of the mixed-valence Ce 4f electrons is
described in a similar way to that of the Yb 4f electrons by
taking advantage of the electron-hole symmetry for the Ce
and Yb 4f states. However, the calculation of the Ce 3d RIXS
spectra is more complicated than it is for Yb, because the
intermediate state is not a simple 4f 14 configuration but rather
the hybridized 4f 1 and 4f 2 configurations. Furthermore, the
spin-orbit splitting of the Ce 4f state is about 200 meV, which
is much smaller than that of the Yb 4f state (about 1.0 eV),
so that the spin-orbit excitation peak may overlap in the same
energy-transfer range as the Kondo excitations in the RIXS
spectra. It is necessary to take into account both J = 5/2 and
7/2 of the 4f states in the RIXS calculations of Ce compounds.

It has to be mentioned that in the present paper we confined
ourselves to the SIAM calculations so that the intersite
coherence effect of the Kondo bound states was neglected. In
mixed-valence systems, the Kondo bound states are incoherent
for the temperature range TK > T > T ∗, where T ∗ is called
the coherence temperature, but below T ∗ they form a coherent
quasiparticle band due to the effect of intersite coherence. To
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take into account the coherence effect, it would be necessary to
treat the periodic Anderson model instead of SIAM. According
to the experimental results of Cornelius et al.32 and Bauer
et al.,13 T ∗ of YbAl3 is about 40 K, but the coherence effect is
suppressed (so that T ∗ ∼ 0) by only a small amount of Lu (x >

0.05) for Yb1−xLuxAl3. Therefore, the present theory would
work better in the case of x > 0.05 than x = 0. According
to optical conductivity measurements of YbAl3 by Okamura
et al.,25 a midinfrared absorption peak was observed below T ∗

that was interpreted as an excitation across the hybridization
gap due to the coherence effect (see also Refs. 23, 24,
and 26 for other Yb compounds). It would be interesting
to observe experimentally the temperature dependence of
the RIXS spectra of YbAl3 (x = 0) across T ∗ to see the
coherence effect. Also, it would be interesting to compare
the present theoretical RIXS spectra with experimental results
for both x = 0 and x > 0.05 to investigate the coherence
effect.

The momentum dependence of Kondo resonance excitation
could be measured by Yb 2p RIXS, whereas the 3d and 4d

RIXS detect only a fixed or zero momentum excitation. If the
coherence effect is important, the momentum dependence of
Kondo resonance excitation (or hybridization gap excitation)
will be observed, but the momentum dependence of Kondo
resonance excitation would be absent for x > 0.05 for
Yb1−xLuxAl3. It is left to future investigations to calculate
RIXS spectra with the periodic Anderson model.

Finally, we would like to emphasize that the high-resolution
RIXS measurements in the hard-x-ray range are the best

suited tool to address the Kondo problem under extreme
conditions such as high magnetic fields and high pressures.33

For instance, in YbInCu4 the field-induced valence transition
is observed, where the valence of Yb changes rapidly from
2.83 to 2.96 under around 30 T magnetic field at low
temperatures.35 The mechanism of this transition has not
been well established, but it is expected, as a possibility,
that the Kondo bound state (with or without the coherence
effect) becomes unstable under an applied magnetic field of
about 30 T. If high-resolution RIXS spectra of YbInCu4 at
the Yb 2p or 3d edge could be measured as a function of
the magnetic-field strength, important information about the
transition mechanism could be obtained directly by monitoring
the Kondo resonance excitations under about 30 T magnetic
field. Because photoemission spectroscopy cannot be used in
high magnetic fields and high pressures, we anticipate that
high-resolution RIXS will become an increasingly important
means for condensed matter physics under extreme conditions.
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