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We calculate the thermal conductivity of an A B superlattice in the cross-plane direction (perpendicular to the
layers). If all of the heat is carried by phonons, the calculation has been performed often. We include the feature
that one (A) or both (A and B) of the superlattice layers are electronic conductors, so they have thermal energy
in the electron system as well as in the phonon system. We also assume the layers are thin, of several atomic
layers, so the main thermal resistance is at the interfaces. The introduction of electron thermal energy changes
the thermal conductance of the superlattice. It also changes the boundary conductance between a metal contact

and the superlattice.
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I. INTRODUCTION

We calculate the heat flow and temperature profile of an
AB superlattice in the cross-plane direction (perpendicular to
the layers). It is composed of alternate layers ABABAB - - -,
where each layer is several atomic layers. We assume the
thermal resistance is exclusively in the boundary resistance
between adjacent layers. We further assume that layer A is a
conductor and so has thermal energy in both the phonon and
the electron systems. Their temperatures may not coincide, so
we denote them as (T4, p.n,T4.e,n) for layer n. We work out
separately the two cases for the other layer B: (i) an insulator
or (ii) a conductor. If the B layer is insulating, it has only
phonon energy at a temperature Tg , ,11/2. The ordering of
layers is (A1,B3/2,A2,B5/2,A3,...,AN).

There have been many papers on thermal transport in
superlattices, both theoretical'™ and experimental.'®"!7 The
theoretical articles have mostly been on heat carried by only
phonons. The important feature of the present calculation is
the inclusion of heat in the electronic system of layers that are
electrical conductors. Many of the experiments are performed
on superlattices which have one layer as a conductor (e.g.,
GaAs/AlAs).

We assume each layer is only several atomic layers thick,
and the entire layer is at a single temperature. The thermal
resistance is in the interface between layers. This Kapitza resis-
tance is well studied.'® There have been numerous experimen-
tal measurements of boundary layer thermal resistance.'?
There have been several theoretical calculations of the thermal
boundary resistance from phonon transport.?>° We intro-
duce the thermal boundary conductances G, for phonon-
to-phonon heat flow, G, for electron-to-electron heat flow,
and G,, for electron-to-phonon heat flow. There have been
several calculations of G,,*%*! between metals and nonmetals.
Although we have cited much good work, the parameters
G pp;Gee, and G, are not well understood for semiconductor
superlattices such as GaAs/AlAs. Some estimates are given in
Ref. 7.

We provide calculations on three different types of super-
lattices: (i) there is only phonon heat flow, (ii) only one type
of layer has electronic energy, and (iii) both A and B have
electronic energy. The first case is trivial and takes only a few
lines of algebra. The majority of the article discusses the other
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two cases. In two cases, we find that the temperature profile is
linear in distance,

T(x)=T, + %(Th ~ 7). 1)

between the cold (7,) and hot (7)) reservoirs, which are
separated by a distance L. The main difference among the three
cases is the nature of the thermal resistance between layers.
We also examine the case whereby the hot and cold reservoirs
are metal contacts and calculate the thermal resistance between
these contacts and the semiconductor superlattice. This contact
resistance is quite complicated in some cases. If both layers A
and B are conductors, then Eq. (1) is modified, as discussed
below.

One case involves all layers of the superlattice being insulat-
ing, and heat is carried only by phonons. The only parameter is
G pp. If we neglect boundary effects, the temperature is strictly
linear in distance, and the thermal resistance per interface is
1/Gpp:

Taw =T+ (T = T, 2
Topn =T+ "2, 1), 3
Jo = % 4
Rp= o, 5)

pp

where N is the number of bilayers, and the number of interfaces
is ~2(N — 1). The last two equations are the heat flow in watts
per area and the total thermal resistance Ry. This result is
modified later to include contact effects.

II. ONLY A IS A CONDUCTOR

The most common superlattices have only alternate layers
conducting, so we investigate this case first. We assume the A
layers are electrically conducting and have thermal energy in
the electron and also in the phonon systems. The other layers
B have only phonon energy. The equations for a layer n in
the interior of the superlattice has three unknowns and three
equations for a general value of n. The three unknowns are the
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phonon temperature in the B layer (T ,+1/2) and the electron
and phonon temperatures (T4, and Ty , ,, respectively) in
the A layer.

The equations that follow are continuity equations for the
energy in each layer. To the left of the equal sign is the time
derivative C;37T/9t, where C; is the heat capacity per area
of the layer j. Since we are assuming steady state, we set to
zero all time derivatives. The right-hand sides of the following
equations include the heat flowing in and out of the layers from
the neighboring layers. There is also a term Wy for the thermal
relaxation between electrons and phonons within a layer®’:

0=G,,(Tp,put12+ T pu-1/2—2T4 1)
- WA(TA,p,n - TA,e,n)’ (6)

0= Gep(TB,p,n+l/2 + TB,p,n—l/Z - 2TA,e,n)
+ WA(TA,p,n - TA,e,n)s

0=Gpp(Tapnt1+Tapn —2Tp pn+12)
+ Gep(TA,e,n+l + TA,e,n - 2TB,p,n+l/2)a

(N

where G, is the thermal conductance between phonons in
adjacent layers, and G,), is the thermal conductance between
the electron energy in A and the phonons in B. We can
eliminate the factor T , s41/2 + T, p n—1/2 from the first two
equations, which yields
0= (TA,p,n - TA,e,n)(ZGppGep + ngA)s (8)
8p = Gpp+Gepv 9
which determines that T4 , , = Ta e = Ta,,. With this con-
straint, the equations for T p, , are

0=Tg pny12+ T8 pn-1/2—2Tsn, (10)
0=Tsne1+Tan —2TB pnt1)2- (11

InEq.(11),letn — n — 1 and then add it to the same equation:

Tane1 +2T40 +Tan—1 =2[Tp,p, nt+172 + T pn—1/2]

= 4Ty . (12)
This recursion relation has the solution that
n
Thn= T0+ATN, (13)
n+1/2
Tg 12 =To+ AT N (14)

where N is the number of double layers between the hot and
the cold reservoirs, and AT /N is the change in temperature
between adjacent A layers. Only solutions linear in x = na
are allowed in this case.

A. Three layers with A boundaries

Next we consider how heat flows into the superlattice at
the boundaries. Our first calculation is for a five-layer system,
from left to right:

(1) A metallic cold reservoir at temperature 7., which is the
temperature of both electrons and phonons.

(2) Semiconductor layer A1 with separate electron (T4 .,1)
and phonon (7}, 1) temperatures.

(3) Insulator layer B with phonon temperature 7.
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(4) Semiconductor layer A2 with separate electron (74 .2)
and phonon (T}, , ») temperatures.
(5) A metallic hot reservoir at temperature 7j,, which is the
temperature of both electrons and phonons.
The thermal conductances are:
(1) G, between the phonons in A and B.
(2) G.p between the electrons in A and the phonons in B.
(3) The boundary conductances are assumed to be identical
at the hot and cold sides.
(a) Gp .. between electrons in the metal and electrons
in adjacent layers A.
(b) Gp,pp between phonons in the metal and phonons
in adjacent layers A.
(c) Gp,ep between electrons in the metal and phonons
in adjacent layers A.
(d) G, pe between phonons in the metal and electrons
in adjacent layers A.
There are five equations with five unknowns:

0= gB,p(Tc - TA,p,l) + Gpp(TB - TA,p,l)

—WaTa,p1 — Tae1), (15)
0=gpe(Tc —=Tae1)+ Gep(Tpg — Tae1)
F+WaTa,p1 — Tae,1)s (16)
0=G,p(Ta,po+Ta p1—2Tp)
+ Gep(TA,e,Z + TA,e,l - 2TB)7 (17)
0= gB,p(Th - TA,p,2) + Gpp(TB - TA,p,Z)
—WaT4,p2 — Tpep), (18)
0=gB.e(Th — Ta,e2) + Gop(Tp — Tae2)
+Wa(Ta,p2 — Tae2)s (19)

8B.p = GB,pp + GB,ep’ 8B.e = GB,ee + GB,pe~ (20)

Rearranging the first two equations gives

GppTp =T4 p1(Gpp+88p+Wa) = WaTy o1 —Tegs,p,
2D

GepTp = Tr,e1(Gep +8Be + Wa) — WaTp p1 — TegB.e.
(22)

One eliminates Tp by multiplying the first by G,, and the
second by G ,,, and then subtracting. After some algebra, one
finds that

Tae1=Tap1+RT: —Typ1)s (23)

R = Gpp&B.e — Gep8n,p
GppGep +8pWa+ Gppgs.e

Earlier it was proved that T . , = T4, p,». The proof is invalid
in the boundary layer n = 1, where the preceding equation
shows that these two temperatures are different because of the
boundary conditions.

Another equation is derived from from Egs. (21) and (22)
by adding them:

(24)

ngB = ngA,p,l + (TA,p,l —-T)(H — RGep)a (25)
8B T = 8B.p+8Be» H =gp1 — RgB.- (26)
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We can derive a similar set of equations for the layers near

the hot side; simply change 7, to 7, and the layer index
for A to 2:

Taer=Tap2+ R(Tp — Ty p2), (27)

8pTs = 8pTa,po+ (Tapr—Th)(H—RGg).  (28)

Combining these equations, along with Eq. (17), gives a
solution for all of the temperatures:

TA,p,l = Tc + 8Ta (29)
Tppo=1T,— 9T, (30)
T, — T,
ST = gp( h c) ’ (31)
2(gp + H— RG,p)
Ty = 5(Ty + 1) (32)

The constant heat flow through the device is

JQ = gB,p(TA,p,l - Tc) + gB,e(Ta,e,l - TC) (33)

=H(Ty,p1 —T¢) (34)
— G(T, — T,), (35)
g 8pHl (36)

T 2y + H— RGyp)’

The total thermal resistance is

1 2 2 RG
R=_=—+—(1— e”). (37)
"TG6 e 'H g

The first term is from the two interfaces between the A and
B layers, each of which has a thermal resistance of 1/g,.
The last term is the thermal resistance from the two metallic
boundaries. If the superlattice has N layers of A, the total
thermal resistance of the superlattice is

2(N —1)
Rr=——+4+Rr+ Rk (38)
8p
The last two terms are from the boundaries:
1 RG,
Rir=— <1 — —”) (39)
H &p

_ i gp(GppGep + ngA) + G?;pr,e + Ggpr,p
8p gB,T(GppGep+ngA)+gB,egB,pgp

(40)

This formula is one of the major results of this calculation.
It provides the thermal boundary resistance between a metal
contact and an A B superlattice.

B. B boundaries

The preceding formula gives the thermal boundary resis-
tance when the layer A, which is conducting, is adjacent to the
metal boundary contact. Here we derive the other case where
the boundary layer is B, which has no electrical conduction
and no heat content from electrons.

Again we consider a five-layer system, from left to right:
(i) metal contact at temperature 7., layer B1, layer A, layer
B2, and metal contact at temperature 7,,. Because layer A is
surrounded by two B layers, T4 , = T4 .. The three unknown
temperatures are Tg;, T4, and Tpy. The three equations
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are
0=gp,1,p(T. — Tp1) + g,(Ta — Tp1), (41)
0=g,(Tp1 + Tpr — 2Ty), (42)
0 =g rp(Th — Tp2) + gp(Ta — Tpa). (43)

The solution is
gpr,R,p(Th - Tc)

Tg =T, s 44
B1 + Dy (44)
T, — T,
Ty=T. + 8B.R.p(&p + &B,1,p) (Th )’ 45)
Dg
2
Tyy =T, + S8R2C88Lr ¥ 8D 7y (45

Dpg
Dp =28p.1,,88rp+ 8p(8B,L,p + 8B,R.p) 47

The heat current is

) 48
= (48)
2 1 1
Rr=—+ +
gp gB,L,p

(49)
&B,R.p
The first term is from the two AB interfaces. The last two
are the thermal resistance between the B boundary layers
and the two metal contacts. For a typical superlattice with
N; boundaries between A and B, the total thermal resistance
is

N; 1 1

Rr = — + + ) (50)
8p 8B,L.p &B.R.p

The most general formula for the thermal resistance of the AB
superlattice is

Rr = &—FRB,L-FRB.R, (51)
8p

where the first term is from the N;-AB interfaces in the
superlattice, and the last two terms are from the left and right
metallic contacts. If the boundary layer of the superlattice is
B, the thermal contact resistance is Rp ; = 1/gp,j, p. If the
boundary layer of the superlattice is a conducting layer A, the
thermal contact resistance is given in Eq. (40).

III. BOTH LAYERS CONDUCTING

Now consider the case of an A B superlattice in which both
layers have conduction electrons. Now there are four variables:
Ta,pn>Taens T pnti12,and T, 412 for the electron (e) and
phonon (p) temperatures in layers A and B. There are four
boundary conductances: G ,, between phonons in both layers,
G.. between electrons in both layers, G, between electrons
in A and phonons in B, and G;p between electrons in B and
phononsin A. Animportant parameter is the total conductance,

81 =Gpp+ Gee +Gep + G;p. (52)
The thermal resistance between layers is 1/gr. The steady-
state equations are
0=G,,(Tg,put12+ T pu-1/2—2Ta pn)
+G,,(Tg.en+1/2+ Toen—1/2 = 2Ta p.n)
—WalTa,pn — Taen) (53)
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0= Gee(TB,e,nJrl/Z + TB,e,nfl/Z - ZTA,e,n)
+ Gep(TB,p,n+l/2 + TB,p,n—l/Z - ZTA,e,n)
+ WA(TAA,p,n - TA,e,n)v (54)

0= Gpp(TA,p,i1+l + TA,p,n - 2TB,p,n+1/2)
+ Gep(TA,e.n-H + TA.e,n - 2TB.p,n+l/2)
- WB(TB,p,n - TB,e,n)7 (55)

0= Gee(TA,e,n+l + TA,e,n - 2TB,e,n+1/2)
+ G,gp(TA,p,n+l + Ta,pn — 2T e nt1/2)
+ WB(TB,p,n - TB,e,n)~ (56)

The first two equations have a solution:

T pnti2+TB pn-12 = M;pTA,p,n - M;eTA,e,na (57)
TB,e,n+1/2 + TB,e,nfl/Z = M:;TA,e,n - Me/:TA,p,nv (58)

1
M{, = 512G g+ gyWal =2+ M, (59)
MA = L(2Gug) + g Wal = 2+ M (60)
pp D eegp 8. Wal= pe’
1
Mg, = 5 12Gapg), + gpWal, (61)
1, )
M[I?E = B[zGepge + ggWA]7 (62)
8, =Gp+G,, & =Ge.+G,, (63)
D =GeGpp = Gop Gy (64)

A similar solution is found for the second pair of equations:

Tapn+1+Tapn = M,lf,,TB,p,nH/z - MfeTB,e,nH/z, (65)
TA,e,n+l + TA,e,n = MiTB,e.nJrl/Z - Mel;TB,p,nJrl/Zv (66)

1
Ml = 512G g, + 8, Wsl =2+ M. (67)
1
My, = 52Geegy + 2 W5l =2+ M, (68)
1
My, = 512G,y + g, Wal, (69)
1
M;Ife = B[ZGepg; + g.Wgl. (70)
These equations can be written in vector notation as
_ TA,p,n
7?4,1‘1 - (TA,e,n ) ’ (71)
T pn
TBnt12 = (TB"" +1/2> , (72)
B.e,n+1/2
T nt12 + Ton—172 = MaTy s (73)
Tan+t +Tan = MpTppii1p2. (74)

In Eq. (74), if one changes n to n — 1 and then adds the result
to Eq. (74), one gets

Tans1 +2Tp 0 +Ta o1 = Mp[Tppt12 + Tpu—12]  (75)
= MaMsTy,. (76)
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We get a simple recursion relation for 74 ,,. The 2 x 2 matrix

M g M 4 has one eigenvalue that is & = 4. It gives the solution
that

Tpjn =Tm)=To+nC, (77)

I jnt1p =T+ 1/2) =T+ +1/2)C, (78)

where Ty ~ T, and C ~ AT /N; are derived in the Appendix.

The other eigenvalue of the 2 x 2 matrix is A = AsAp,
where

1
=R+ M)+ M),) = 5[2geg;, +grWal. (79

1

rp=(2+M5+MP)=—[2g.8, +grWsl. (80)

D
One can show that A > 4 and
Tapn — Taen = Fe " + Gem?NH1=m), 81
A =2[1 4 cosh(¢)] = Aa)rp. (82)
Below we show G = —F and therefore define
F(n) = e " — ¢ 9N+, (83)

The preceding two eigenvalues can be derived directly. For
example, define ¢t;,, = T} , , — T} . . Subtracting the two sets
of equations, Egs. (57) and (58) and Eqgs. (65) and (66), gives

IBnt1/2 1B n—12 = Aalan, (84)
tAnt1 +tan = ABIB ny1)2. (85)
In Eq. (85), let n — n — 1 and add this new equation to the
old one:
A1 +2tan +1an1 = A + Bn1) = Aarplan.
(86)
This equation has the solution #4 , = FF(n), where ¢ is
defined in Eq. (82).

The other eigenvalue is found by taking the following
weighted averages:

San =& Tapn + 8Taens 87)

SBnt1/2 = &pTB pnt12 + 8T8 e nt1)2- (88)

We take these weighted averages of Egs. (57) and (58), and
Egs. (65) and (66), and find, after some algebra,

San + Sant1 = 288 nt1/2, (89)

SBat1/2 + SBa—172 = 284 n- (90)

These equations have the eigenvalue A =4 and the linear
solution

san = grTn), On
sgn = 8rT(n+1/2). 92)
Next we prove that these are the only two solutions. We

make an ansatz that the temperatures have the following
dependence on layer index:

T4 (e,p).n = A (e, p) SINh(nP), 93)
TB,(e,p),n = tB,(e,p) Sll’lh[(l’l + l/2)¢] (94)

Then every term in Egs. (57) and (58) has a common factor
of sinh(n¢) that can be factored out. Similarly, every term in
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Egs. (65) and (66) has a factor of sinh[(n + 1/2)¢]. Denote
the eigenvalue as A = 2 cosh(¢/2). The remaining equations
can be written in matrix form:

A A
MY —MY —A 0 [,

-M} M, 0 —A TA.e

0= R R 95)
—A 0 ME o —ME | |1,
0 -A -ME M 1B,

The solution is obtained by setting the determinant of the
matrix to zero. The equation for the eigenvalue is

0= (A* = 4)(A* = 2ahp), (96)
A% = [2cosh(¢p/2)]* = 2[1 4+ cosh(¢)] = &,  (97)

so that the two equations are the ones we had earlier:
(1) The first solution is

2[1 +cosh(¢)] =4, ¢ =0. (98)

This case has the solution T, = T(n) = Ty + Cn and is the
linear solution.
(2) The second solution is

2[1 + cosh(¢)] = AaArp. 99)

This case is the exponentially decaying solution T, = AF(n)
since Aaip > 4.

(3) Equation (96) seems to permit negative eigenvalues
A= —2, X = —+/AsAp. One can show that there are no new
solutions for either of these negative eigenvalues.

The two solutions can be used to find all four temperatures
in the superlattice. Define

0Ty = FaF(n),
5Ty = FpF(n+1/2),

(100)
(101)

where the last two Egs. (100) and (101) are relaxations, where
the phonon and electron temperatures equilibrate over distance
starting from the n = 1 edges. A similar relaxation happens at
the other edge (n = N). The solutions are

Typn = T(n) + 55T, (102)
8r
g/
Thon = T(n) — 28Ty, (103)
8r
/
Toparrs = T(n+1/2) + j—faTB, (104)
T
Toentip =T +1/2) — g—p(STB. (105)
T

Then s, , = grT(n) and sp,, = grT(n + 1/2), which satisfy
Egs. (89) and (90). Also, t4, =874 and tp, = 675, and
Egs. (84) and (85) are satisfied, provided

VAAFy =+/apFg =F.

The boundary resistances for this case are more complicated
due to the spatial relaxation terms F(n). The thermal resistance
in the bulk of the superlattice is R = N;/gr for N; interfaces.
The boundary resistance from a metal contact is derived in the
Appendix.

(106)
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IV. DISCUSSION

We calculated the thermal conductivity of an
alternate superlattice (ABAB---) in the cross-plane
direction. The thermal conductivity of the device is given by
the ratio of the temperature difference divided by the total
thermal resistance:

(107)

Rr =N;R;+Rrg+ Rrs, (108)

where R, is the thermal resistance of a single interface and N;
is the number of A — B interfaces; R g, Rrp are the thermal
resistances at the interfaces between the heat reservoirs at the
left and right boundaries. For a single interface:

(1) For heat flow only by phonons, R; = 1/G,.

(2) For A a conductor and B an insulator, then R; =
l/gp = (Gpp + Gep)il-

(3) For both A and B conductors, then R; = 1/gr =
(Gpp + Gee + Gep + G,

A similar list is given for the boundary conductances:

(1) For heat flow only by phonons, R ;g = 1/g3 p.

(2) If A is a conductor and B is an insulator, and A is at the
boundary, the result is Eq. (40).

(3) If A is a conductor and B is an insulator, and B is at the
boundary, the resultis R ;3 = 1/g35 p.

(4) If both A and B are conductors, the result is Eq. (A51)
if A is the bounding layer.

We hope these expressions are useful for interpreting
experimental measurements. The present theoretical need is
to derive expressions for the conductances G; for semicon-
ductors, which are the layers in most superlattices.

A popular method of measuring the thermal conductivity
of thin films and superlattices is called the 3-w method.** Our
analysis shows that boundary resistance at the contacts does not
change the measurement, in complete agreement with Cahill’s
analysis®® for bulk samples.

APPENDIX

Here we derive in detail the surface resistance for an AB
superlattice for the cases that both layers (A and B) are
conducting. We begin by summarizing some formulas derived
earlier:

8 F
Tppn=Tm)+ F(n), (A1)
Ar 8T Aa
g, F
Then=T(n)— F(n), (A2)
grv/Aa
T T+ 12+ -85 rm1/2). (A3)
n = n n ’
Bopatl/2 grv/Ag
gpF
T, p.n =Tn+1/2)+ Fn+1/2), (A4)
Bl grv/hs
Fn) = e — g ¢WHI-m) (A5)
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Assume that N is an odd integer, which makes the middle layer
A. Then the middle layer is N,, = (N + 1)/2. By symmetry,
the temperatures of this layer must be

(Tc + Th)

=T,
2

Tap.Ny =Taen, =T(Nyw) =
To+CN,, =T. (A7)

Note that F(N,,) = 0. This solution requires G = —F. The
theory has three unknowns: Ty, C, and F'. Equation (A7) is the
first of three equations.

Two equations from the second layer, and from the second-
to-last layer, are

(A6)

0= GppTA,p,l +GepTA,e.l _ng(1)+F£L7 (A8)
0= G;pTA,p,l + GeeTA,e,l - géT(l) - F‘Ccv (A9)
DFQ2 F@3/2 20’
o= D7D _ (/)[WB+ gegp} (A10)
8T A v AB 8r
L= [FQ) ~ VidsFG)
8rv/Aa
D
= — F(1), (Al11)
8TV Aa
0=G,pTa,pNn +GepTaen —gpT(N) + FLC,, (Al12)
0=G,,Tapn + GeeTaen — g T(N)— FLy,  (Al3)

r _DFWN-1) FN-1/2)
" ervia grv/As

(g7 Ws +28.8p]=—Le.
(A14)

Adding Eqgs. (A8) and (A9), and also Egs. (A12) and (A13),
we get

0=2g,Tap1+8Taer —grT(l), (A15)
0=g,Tapn+8Taen —grT(N). (A16)
We next use the definitions
D, =gpp+8,+Wa=g,+ Wa, (A17)
Deng,e+ge+WA=ge+WAv (A18)
D=D,D,— W3 =2,8 + Walgr +gs1). (Al19)
D=G,,G. — Ge,,G’ep, (A20)
to express the following functions:
DT, g |:T +g T(3/2)+ FD .7-'(3/2)]
A,p,1 = 8e | Lc8B, 8 o
p p p gr )\'B
+WalTegpr + grT(3/2)],
DT, g [T +2.T(3/2) FD ]—"(3/2)}
Ael =& c8B,e 8e -
! g8r~/AB
+WalTegpr + 8rT(3/2)],
DT, g |:T +g T(N—1/2)+ FD F
A,p,N = 8e| 1n8B, g -
p p p gr /_)\'B
xX(N — 1/2)} + Wallugp,r + grT(N — 1/2)],
(A21)
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FD
DTaen =&, Thgpe + &, T(N —1/2) + F
Ae,N g,,[ n8B.e + &,T( /2) P
x(N — 1/2)] + WalThgpr + grT(N — 1/2)].
(A22)

Multiplying Eq. (A15) by D and using the top two equations,
we get

DgrT(1) =T, + 0T (3/2) + a3 F, (A23)
@y = 8,888, p + 88,88 + grgnTWa,  (A24)
@ = go(8))* + &8 + 87 Wa, (A25)
DF@3/2) =
o3 = ————(8,8 — 8.8))- (A26)
grv/x 7 P
Note that
grD = a1 +az. (A27)
The similar expression for the hot end is
DgrT(N) =T + axT(N — 1/2) — a3 F, (A28)

since F(N — 1/2) = —F(3/2). We add the two expressions
(A23) and (A28) and use the feature that 7 (1) + T'(N) =
2T(N,,), T(3/2)+ T(N — 1/2) = 2T (N,,) to get

2grDT(Ny) = 21T + 22T (Nyp). (A29)

This equation proves that T(N,,) = T, as asserted earlier. Next
we subtract these two expressions to get (AT =T, — T;)

grDIT(N) =T()] = (T = Ty +[T(N - 1/2) =T
xX(3/2)]az — 203 F,
C(N — 1)1 +ap) = ATy + C(N — 2)an — 203 F.
(A30)
Rearranging gives
a1 AT = Clai(N — 1) + o] 4+ 203 F. (A31)

This is our second of the three equations for the coefficients.
Clearly, C ~ AT/N. For the third equation, we use Eq. (A8):
0= D[GppTA,p,1+ GepTA,e,l] - D[ng(l) - FEC], (A32)
0=[DLc + B3]F — g, DT(1) + BiT. + B2T(3/2), (A33)
B1 = Gpp8egn,p + Gepg’;gB,e + gp88,1Wa, (A34)

,32 = Gppgeg;) + GEPg;;ge + 8p8r WA7 (A35)
DF3/2)
3 = ———F+—[D + Gypgpe — Gepgn,pl-  (A36)
grv/rs ” rese
The results can be expressed as a matrix
1 N, O To T
O M22 M23 C = OllAT s (A37)
M3 Mz Mss F BiT.
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where

My = a;(N — 1)+ ay = 2N, 01 + (a2 — 2a1), (A38)

My =203 M3 = g,D — B> = B, (A39)
M3 = g,D — %/32 =B — 3p2, (A40)
M3; = —B3 — DL.. (A41)
The determinant of the 3 x 3 matrix is
M = MxyMsz3 — MozM3 + N, 1 Mo3 (A42)

= Npu[201 M33 4 B1Mx3] + [(02 — 201)M33 — Moz M3;]

(A43)
and the coefficients are
AT

To=T.+ m[(az — 20)M33 — MxsM3,], (Ad4)

C = 2L o My + Bl ~ 2111+ 0(1/N)), (Ad5)

= M o33 123 ~ N ,
F = AT[ ] (A46)
=M aifr — azBil.
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The heat current from layer A to layer B is

JQ = Gpp[TB,p,rH—l/Z - TA,p,n] + Gee[TB,e,n+l/2 - TA,e,n]
+Gep[TB,p,n+l/2 - TA,e,n] + Gep’[TB,e,n+l/2 - TA,p,n]

(A47)
grC
=gr[Tn+1/2) —Tm)] = - (A48)
= AT (A49)
==
N;
Rr = o + R + Rk, (A50)
T
1 200 M M
Rix ar Mz3 + BaMos (A51)

" gr 20 My + BiMas’

where the number of interfaces between layers is N; =2
(N —1). We tried writing out this result using the definitions
of the terms, but the result is quite long.
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