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Electric-field-modified heat capacity of adsorbed dipolar molecules
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The heat capacity of an adsorbed-molecule system is systematically investigated in electric fields. The energy
spectrum is evaluated to probe the hindered rotation of the molecule. Numerical results demonstrate that the
electric field and quantum confinement effect strongly affect the rotational characteristics of the molecule. The
remarkable energy spectrum dominates the feature of heat capacity. Specifically, the heat capacity displays two
explicit peaks, resulting from the anticrossing in the ground state. The effect of temperature on the peaks is
further analyzed. In addition, the heat capacity shows a transferred behavior, depending on structural parameters.
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I. INTRODUCTION

The properties of molecular rotation have attracted consid-
erable research interest in chemistry and physics, ranging from
chemical reaction to quantum-information processing.1–3 The
molecule has the superiority of controllability via external
influences. For static electric field, the rotational energy
levels of a free molecule are split due to the interaction
between molecular dipole moment and electric field.4 When
the electric field becomes strong, molecular rotational-state
energies conduct large negative shifts.5 Moreover, the electric
field diversifying with time, such as laser, can generate a
superposition of rotational states. The phenomenon allows one
to manipulate the spatial direction of molecules (i.e., molecular
alignment and orientation).6,7 Accordingly, understanding and
controlling rotational behavior which exists through external
influences is extremely important in the molecule-based
systems.8–10

When a molecule is adsorbed or trapped on a solid
surface, the rotational motion of the molecule is hindered
and distinguished from that of a free rotor.11,12 The rotational
properties are strongly affected by the interaction between
the molecule and its surrounding environment. Several exper-
iments, such as electron energy loss spectroscopy, neutron
scattering, and laser-induced desorption, are performed to
probe the rotational properties of adsorbed molecules.13–15

Simultaneously, theoretical research is devoted to single and
more complex rotor systems that are subject to a different
confining potential.16–19 However, the research of exploring
the external influence on hindered rotation is still minor,
especially for thermodynamics. To exploit the field, we
aim to investigate the effect of the hindered rotation on
thermodynamic properties of adsorbed molecules under the
electric field. It is extensively accepted that the thermodynamic
properties depend on the energy dispersion of the system. The
electric field enables one to modify the energy structure of
the rotational states of the molecules.20,21 Therefore, these
modifications in energy structure are anticipated to reveal some
interesting properties.

In the research, we study the heat capacity of adsorbed-
molecule system in the presence of static electric field. After
using exact diagonalization, numerical results show that the
electric field effectively modifies the rotational characteristics
of the molecules. The altered energy levels reveal the anticross-
ing behavior. In particular, the low-temperature heat capacity

clearly indicates the remarkable feature due to the particular
energy structure. The heat capacity shows two peaks near the
anticrossing in the ground state. Furthermore, the structure and
temperature parameters actually influence the behavior of heat
capacity.

II. MODEL AND METHOD

The study considers a polar diatomic molecule is firmly
adsorbed on a surface. The adsorbed molecule is subject to
the surface potential. As illustrated in Fig. 1, the conical well
is proposed to model the surface potential. For the structure
of the well, the dependence on θ is stronger than that on
φ.16,17 To simplify the model, the well is assumed to be
independent of φ. As a result, the well is partitioned into two
regions with different potential barriers. The molecule motion
is restricted in such a configuration. In addition, a static electric
field parallel to the z axis is externally applied to modify the
rotational properties of the molecule. Within the rigid-rotor
approximation, the total Hamiltonian is expressed as

H = BJ2 + Vhin + Vext, (1)

where B is the rotational constant, J is the rotational angular-
momentum operator. The conical well Vhin which is divided
into the regions I (0 � θ � α) and II (α < θ � π ) is given by

Vhin (θ ) =
{

0, 0 � θ � α,

V0, α < θ � π,
(2)

where α is the hindrance angle and V0 is the barrier height of
the conical well.17 Moreover, Vext describes a dipolar molecule
coupling with a static electric field

Vext = −ω cos θ, (3)

with the field strength parameter ω = με. Here, μ is the
dipole moment of the molecule and ε is the electric field. The
magnitude of the field strength parameter ω can be effectively
modulated by the electric field.

To determine the heat capacity of adsorbed molecules, the
standard procedure is to calculate the rotational-state energies.
The whole system can be derived from the case without the
electric field.22–24 By solving the Schrödinger equation of the
Hamiltonian H0 = BJ2 + Vhin, one obtains the eigenvalues

εl,m = υI
l,m

(
υI

l,m + 1
)
B, (4)
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FIG. 1. (Color online) Schematic representation of a conical well
with a hindrance angle α. The structure of the well is independent
of azimuthal angle φ, and is further divided into the regions I
(0 � θ � α) and II (α < θ � π ), respectively. The filled circle
denotes the molecular moment of inertia and θ is the angle of rotation
with respect to the z axis.

where υI
l,m is a continuous positive number with the quantum

number (l,m).17 The (l,m) and (l, − m) states are degenerate.
After matching the boundary condition at the angle α, the value
of υI

l,m is determined from the following equation

PI

(
υI

l,m,m,ζ ∗)P ′
II

(
υII

l,m,m,ζ ∗)
−P ′

I

(
υI

l,m,m,ζ ∗) PII
(
υII

l,m,m,ζ ∗) = 0, (5)

with υII
l,m(υII

l,m + 1) = υI
l,m(υI

l,m + 1) − V0/B and P ′
I (II ) =

dPI (II )/dζ for ζ = cos θ and ζ ∗ = cos α. The functions PI

and PII are described as

PI

(
υI

l,m,m,ζ
) = (1 − ζ 2)|m|/2F

×
(

|m| − υI
l,m,1 + |m| + υI

l,m,1 + |m| ;
1 − ζ

2

)
, (6)

and

PII
(
υII

l,m,m,ζ
) = (1 − ζ 2)|m|/2F

×
(

|m| − υII
l,m,1 + |m| + υII

l,m,1 + |m| ;
1 + ζ

2

)
, (7)

with F representing the hypergeometric function.25 Corre-
spondingly, the eigenfunctions read

ψl,m (θ,φ) =
{

CI
l,mPI

(
υI

l,m,m,ζ
)

exp(imφ), ζ ∗ � ζ � 1,

CII
l,mPII

(
υII

l,m,m,ζ
)

exp(imφ), −1 � ζ < ζ ∗,
(8)

where CI
l,m and CII

l,m are the normalization constants.17 From
the basis of ψl,m, the wave function of the total Hamiltonian
is given by �σ,m(θ,φ) = ∑

l,m cl,mψl,m (θ,φ) for the (σ,m)
energy state. By solving

H�σ,m = Eσ,m�σ,m, (9)

one can numerically determine the energy Eσ,m and wave
function �σ,m of the adsorbed molecule in the presence of
the electric field.

From the energy spectrum, the thermodynamic properties
are generated for adsorbed molecule system. The heat capacity
of adsorbed molecules is given by

CV = kBT
d2

dT 2
(T ln Z) , (10)

where kB is the Boltzmann constant, T is the temperature, and
Z is the partition function denoted by

Z =
∑
σ,m

exp(−Eσ,m/kBT ). (11)

To capture the main features of hindered rotation, we consider
low temperature into the calculation. The energy scale of
temperature is comparable to the rotational constant. Unless
specified, calculations are performed for a barrier height of the
conical well V0/B = 50 and a hindrance angle α = 30◦.

III. RESULTS AND DISCUSSION

Figure 2 shows the low-lying rotational-state energies in
the electric field. The behavior of energy spectrum strongly
depends on the orientation of the field. As ω > 0, the
spectrum shows negative shifts. The energies diminish with the
electric field increasing. The result is similar to the free-rotor
case.5,26,27 In the case of ω < 0, however, the spectrum shows
an interesting property because of the quantum confinement
effect. The positive and negative energy shifts are obtained
by varying the electric field. Specifically, the adjacent en-
ergy levels exhibit anticrossing phenomena due to the same
quantum number m. For the lowest energy, one can discover
an anticrossing behavior between the (0,0) and (1,0) energy
levels at ω∗/B = −22.47 (arrow). The energy gap between
the two states is �∗/B = 0.006 shown in the inset.

To observe more clearly the confinement effect, the spatial
distribution of wave function is analyzed in the well. The
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FIG. 2. (Color online) Low-lying energy levels as a function of
field strength parameter for V0/B = 50 and α = 30◦. The arrow
indicates an anticrossing between the (0,0) and (1,0) energy levels,
as enlarged in the inset.
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FIG. 3. (Color online) Probabilities of the (0,0) and (1,0) energy
stats appearing inside the conical well. A drastic transformation in
the probabilities is shown in the inset.

probability of the (σ,m) energy state appearing inside the
conical well (region I) is given by

Pσ,m =
∫ 2π

0

∫ α

0
|�σ,m (θ,φ) |2dθdφ. (12)

In region II, the corresponding probability is thus 1 − Pσ,m.
The probabilities Pσ,m for the (0,0) and (1,0) energy levels are
plotted in Fig. 3. In general, the values smoothly vary with the
electric field. Near the anticrossing area, the probability un-
dergoes drastic transformation as shown in the inset. For ω >

ω∗, the (0,0) state mostly appears inside the well (region I),
while the (1,0) state spreads outside the well (region II).
For instance, the ratio of P0,0 to P1,0 is around 174 : 1 at
ω/B = −22.45. When the electric field increases, the rotor
will be pushed to overcome the hindered potential. This
phenomenon leads to an inversion in the probabilities of the
two states in the case of ω < ω∗. However, if the barrier height
approaches to infinity (V0 → ∞), the rotation of the molecule
is only confined in region I.16 Such transformed characteristics
are suppressed in the infinite conical well.

Subsequently, we turn to discuss the thermodynamic
property of adsorbed molecules in the electric field. Figure 4
illustrates the heat capacity for different temperatures. In the
low-temperature region, the low-lying rotational energy states
are contributed primarily to the heat capacity. For ω > 0, the
heat capacity is much small. The value of CV /kB is 3.3 × 10−6

at ω/B = 10 and kBT /B = 1 (inset). This value is generated
due to large energy gaps between the states. On the contrary,
the inverse electric field leads to a remarkable heat capacity.
One can find two explicit peaks with modulating the electric
field. As the temperature rises, both peaks shift and become
asymmetric with each other. The ratio of the left to right peaks
is 1.4 : 1 at the temperature kBT /B = 1.5. In particular, the
heat capacity exhibits a dip between both peaks. The position
of the dip is fixed with the temperatures. Such a feature
corresponds to the position (ω = ω∗) at which the (0,0) and
(1,0) states avoid crossing.

To examine the low-temperature behavior, we solely con-
sider the (0,0) and (1,0) energy levels. The corresponding
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FIG. 4. (Color online) Heat capacity as a function of field strength
parameter for different temperatures. The inset shows the heat
capacity for ω > 0 and kBT /B = 1.

partition is Z = exp(−E0,0/kBT ) + exp(−E1,0/kBT ). From
Eq. (10), the heat capacity is described as

CV = kB

(
�

2kBT

)2

sech2

(
�

2kBT

)
, (13)

with the energy difference � = E1,0 − E0,0. The heat capacity
based on the two-level model is plotted in Fig. 5 (red open
circle). The approximation shows a symmetry-like behavior.
Compared to the exact result based on Eq. (10) (solid line), the
asymmetric effect on the peaks results from higher energy
levels. It is clearly shown that the heat capacity drops at
the anticrossing point, where �∗ � kBT . We estimate the
maximum of the heat capacity according to Eq. (13). The
position of peak is determined by the equation

tanh

(
�

2kBT

)
− 2kBT

�
= 0. (14)

One can find that the peak occurs at � � 2.4kBT , corre-
sponding to a Schottky anomaly. A similar feature has been
manifested in different physical systems.28,29 As obviously
depicted in Figs. 2 and 5, the unique energy structure leads
to two Schottky anomalies at ω/B = −21.12 and −23.81,
respectively. Although the same energy gaps result in the
anomalies, the left and right peaks correspond to diverse
distributions of the (0,0) and (1,0) states in the conical well,
as shown in Fig. 3.

When the barrier height V0 increases, the confinement of the
well becomes stronger. The rotation of the molecule is greatly
bounded inside the well so that the structure of rotational-state
energies is modified. To resolve the effect, Fig. 6 shows the
heat capacity for different values of V0. A shifting behavior is
observed with increasing the field strength. In particular, the
dip of the heat capacity is not fixed and is linearly dependent
on V0, as obviously seen in the inset. The stronger electric
field is applied to overcome the stronger confinement. One
can expect that, if V0 is infinite, the distinctive feature will
disappear because of the anticrossing disappearance.

In addition to the barrier height, the hindrance angle is
another structural parameter of the conical well. In Fig. 7
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FIG. 5. (Color online) Heat capacity near the anticrossing be-
tween the (0,0) and (1,0) energy levels. The approximation based
on the two-level model is compared with the exact result at the
temperature kBT /B = 1.

we plot the heat capacity for different hindrance angles.
The two-peak behavior still exhibits at α = 60◦. As the
angle increases, region II gets reduced gradually. The spatial
confinement becomes weak so that the structure of the energy
levels approximates to that of the free rotor. One can find a
new peak around ω = 0. In addition, the two adjacent peaks are
reduced to the single one. This phenomenon can be understood
by the fact that the energy gap between the (0,0) and (1,0)
states is larger than the energy scale kBT . Correspondingly,
the anticrossing-related influence diminishes with the angle
increasing. It is clearly shown that the associated peak is swept
in the case of large angle (α = 160◦). One should note that the
parameters α and V0 can describe the realistic systems.22,23

The magnitude of the parameters is estimated according to
the results of the experiments.15,30 It is the reason that the
measured properties are closely related to the rotational states
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FIG. 6. (Color online) Heat capacity as a function of field
strength parameter for different barrier heights. The inset shows the
dependence of the specific parameter ω∗ on the barrier height V0. The
temperature is kBT /B = 1.
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FIG. 7. (Color online) Heat capacity as a function of field
strength parameter for different hindrance angles. The temperature is
kBT /B = 1.

of the adsorbed molecules. Consequently, one can extract the
values of α and V0 by fitting the calculated results to the
measured data.

To provide more insight into the model, we analyze the
wave functions of the ground and first excited states in detail.
The wave function manifests the property of the rotational
invariance [i.e., �σ,m(θ + 2nπ,φ) = �σ,m(θ,φ) with integer
n]. The periodic situation is similar to the case of the Kronig-
Penney model.31,32 By employing the analogy accordingly, the
conical well can be described as a periodic potential of polar
angle θ . The potential within a period 0 � θ � 2π is given by

V (θ ) =
⎧⎨
⎩

−ω cos θ, 0 � θ � α,

V0 − ω cos θ, α < θ � π + α,

−ω cos θ, π + α < θ � 2π.

(15)

The electric field plays a critical role in altering the profile of
the potential. For ω < ω∗, the potential for the region (α <

θ � π + α) is higher than that for the other two regions. As
shown in Fig. 3, the ground state would localize in the regions
(0 � θ � α) and (π + α < θ � 2π ). On the contrary, the first
excited state distributes in the region (α < θ � π + α) due
to the orthogonality of the wave functions. If ω is tuned to
cross the point ω∗, however, the profile of the potential varies
and exhibits a new local minimum in the region (α < θ �
π + α). This region becomes dominant over the others. To
obtain a stable system, the wave functions of the states attempt
to redistribute among the regions. Such redistributions of the
wave functions change the tendencies of the energy levels so
that the anticrossing feature occurs.

We briefly make some comparison with those used in
related studies. For external dynamic influence, the adsorbed
molecule is irradiated by a few-cycle laser field. The rotation
of the molecule shows a periodic oscillation that can be
characterized by orientation 〈cos θ〉. The variation of the
orientation correlates with the rotational states.7,33 The values
of 〈cos θ〉 = 0 and ±1 correspond to random and perfect
orientations, respectively. For the model, the features of the
oscillation strongly depend on the parameters of the well.24

For small α, the confining conical well causes the orientation
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to show a large value. On the contrary, a large oscillatory
amplitude of orientation is obtained in the case of large α. In
the presence of the conical well, the positive orientation is not
equivalent to the negative one. These results come from the
confinement effect and differ from the case of free rotor.24

The features of heat capacity can provide useful informa-
tion about the quantum systems.34,35 For quantum-dot and
magnetic systems, the structure of energy levels is tuned with
the help of magnetic field. The heat capacity displays two
peaks in the presence of crossing or anticrossing between the
low-lying energy levels.28,29 However, in the model exploited
by this study, the electric field effectively controls the rotational
properties of the adsorbed molecule. The heat capacity reflects
the quantum effect of the hindered rotation. Similarly, a two-
peak behavior exhibits in the heat capacity. The significant fact
proves that the low-lying rotational levels repel with each other.
Consequently, the heat capacity provides an approach to probe
the fundamental energy structure of the hindered molecule.

The heat capacity of the adsorbed-molecule system may
be measured by the calorimeter and related instruments. In
principle, one prepares two different samples to determine
the heat capacity. One sample is pure without molecular
adsorption. The other sample corresponds to the situation that
the molecules are adsorbed on the surface. From the measured
data of two samples, the heat capacity of adsorbed molecules
may be obtained by subtracting the contribution of the pure
sample. Since the molecular vibrations are hardly excited at
low temperature, their contribution to the heat capacity is
negligible. Accordingly, the low-temperature heat capacity is
mainly attributed to the rotational states of adsorbed molecules.
The experiments have been performed to characterize the prop-
erties of molecular adsorbates on the graphites, such as carbon

monoxide, oxygen and nitrogen.36–39 Furthermore, the system
of fullerene encapsulated hydrogen molecules is measured
toward the direction of probing the rotational contribution.40

Although the direct evidence of rotational heat capacity of
adsorbed molecules is not obvious, the physical properties
involved with the rotational states have been demonstrated
by various experiments.13–15,30 Specifically, some interesting
features of the observed results can be reasonably captured by
the theoretical works based on the conical well model.22,23

Therefore, the heat capacity predicted by the conical well
model is likely to be proved with the advance of measurement
technology.

IV. CONCLUSION

The heat capacity of an adsorbed molecule system is studied
in the electric field. The confinement effect and field-molecule
interaction lead to rich and intensive structure in the energy
spectrum. The anticrossings between the energy levels are
observed via tuning the electric field. Moreover, the low-
temperature heat capacity exhibits two peaks in the vicinity
of the anticrossing point. The behavior of heat capacity is
further exploited by varying the parameters of the system.
The anticrossing-related feature is suppressed in the extreme
situations.
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