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in long Josephson junctions
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We investigate the effects of a high-quality resonant cavity on macroscopic quantum tunneling (MQT) of
fluxons from both a metastable state to continuum and from one degenerate ground state of a double-well
potential to the other. By using a set of two coupled perturbed sine-Gordon equations, we describe the tunneling
processes in linear long Josephson junctions and find that MQT in the resonant cavity increases due to potential
renormalization, induced by the interaction between the fluxon and the cavity. Enhancement of the MQT rate in
the weak-coupling regime is estimated by using the experimentally accessible range of the model parameters. The
tunneling rate from the metastable state is found to increase weakly with increasing junction-cavity interaction
strength. However, the energy splitting between the two degenerate ground states of the double-well potential
increases significantly with increasing both the interaction strength and the frequency of the resonant cavity mode.
Finally, we discuss how the resonant cavity may be used to tune the property of Josephson vortex quantum bits.
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I. INTRODUCTION

Experimentally observed! quantum behavior of Josephson
vortices (i.e., fluxons) at ultralow temperatures has opened up
a possibility of realizing quantum computers based on long
Josephson junctions (LJJ’s). This observation led to much
interest in the Josephson vortex quantum bit>™* (qubit) as an
alternative to the previously proposed superconducting qubits.
Similar to other approaches based on Josephson junctions,
such as charge,” phase,’ and flux” qubits, the Josephson
vortex qubit (JVQ) is also a promising candidate for quantum
computation application. Due to its weak interaction with
decoherence sources in the environment at low temperatures,
the JVQ may have significant advantages over the other
superconducting qubits. For instance, a significantly longer
decoherence time was suggested as one such advantage.’

The JVQ takes advantage of the coherent superposition of
two spatially separated states arising from the low-temperature
property of a trapped fluxon in a double-well potential. This
property includes (i) energy quantization and (ii) macroscopic
quantum tunneling' (MQT). We note that, for linear LIJ’s, the
fluxon potential for either the metastable state or the JVQ
may be obtained® by using Nb-AlO,-Nb junctions and by
implanting either one or two microresistors in the insulator
layer, respectively. For application of JVQ’s, tuning both the
decoherence time and the level of entanglement by controlling
the qubit property is essential. However, due to its weak
interaction with external perturbations, an effective tuning
mechanism for the JVQ is less clear. Recent studies™'? on
using a microwave cavity for both tuning a single-phase qubit
and inducing an interaction between either two charge or two
phase qubits suggest that a resonant cavity may be used for the
JVQ to serve the same purpose.

Earlier studies on the effects of a resonant cavity
indicate' !> that both electric and magnetic fields of the
cavity couple to the Josephson junction since the cavity
electromagnetic (EM) mode behaves similarly to a phonon
mode,'? which interacts with the fluxon. The effects of a
resonant cavity on the fluxon dynamics in LJJ stacks'4~'¢ have
been studied both experimentally'”'® and theoretically.!-?!
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These studies show that when the coupling between the LJJ
and a resonant cavity is spatially uniform, no force is exerted
on the fluxon by the cavity, but its dynamics may become
modified. These studies suggest that the interaction between
the LJJ and a resonant EM wave mode of the cavity promotes>
collective dynamics of fluxons. The in-phase locking mode of
the fluxon dynamics is shown to be enhanced?? by the cavity
EM mode.

These studies also suggest that the junction-cavity in-
teraction may be used to change the qubit property. The
property of the JVQ depends on MQT between two spatially
separated states of the fluxon. We note that MQT represents
quantum-particle-like collective excitations.?*?* As semiclas-
sical theories indicate that the MQT rate®> depends on the
potential barrier height, the JVQ can be tuned by adjusting the
potential well for the fluxon. This adjustment can be achieved
by potential renormalization induced by the junction-cavity
interaction since this interaction can strongly affect the fluxon
tunneling processes, similar to phonon-assisted tunneling
in Josephson junctions.’® We note that a two-level atom
interacting with a quantized radiation field, described by the
Jaynes-Cummings model,?’ is also similar to the JVQ-cavity
system that we consider in the present work. The potential
renormalization for fluxons suggests that the resonant cavity
may be used as a tool for controlling the JVQ property. As
the fluxon tunneling processes may be controlled externally
by tuning either the junction-cavity coupling strength or the
resonant frequency, the effects of the resonant cavity depend
on the nature of the interaction. However, the influence of
the junction-cavity interaction on the MQT rate has not been
understood clearly.

In this paper, we investigate the effects of the junction
cavity both on MQT from a metastable state and on the
ground-state energy splitting in a double-well potential. We
note that, to focus on the interaction between the LJJ and a
single resonant cavity mode, we consider only a high-Quality
(Q.) cavity. First, we estimate the MQT rate for the fluxon
in a single LJJ and for the phase-locked fluxons in a coupled
LJJ stack by computing the local and nonlocal contributions.
Then, we estimate the effects of the resonant cavity on the
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JVQ property by computing the ground-state energy splitting.
Before proceeding further, we outline the main results. (i) The
potential barrier for a fluxon in the metastable state is not
affected by increasing either the junction-cavity interaction
or the resonant frequency of the cavity EM mode. (ii)
The nonlocal contribution to the tunneling rate due to the
junction-cavity interaction is negligible in the weak-coupling
regime. (iii) Due to potential renormalization induced by the
junction-cavity interaction, the potential barrier height for the
fluxon trapped in a double-well potential is reduced. This
reduction leads to an increase in the ground-state energy
splitting for the JVQ with increasing junction-cavity coupling
and resonant frequency.

The outline of the remainder of the paper is as follows. In
Sec. II, we describe the LJJ-cavity system by using a set of
two perturbed sine-Gordon equations. In Sec. III, the effects
of the resonant cavity on the fluxon tunneling rate from the
metastable state in a LJJ are discussed. In Sec. IV, we discuss
MQT of phase-locked fluxons from the metastable state in a
vertical stack of two coupled LIJ’s. In Sec. V, the effects of
interaction between the LJJ and a single mode in a high-Q,
cavity on the JVQ are estimated by computing the ground-
state energy splitting. Finally, we summarize the results and
conclude in Sec. VI.

II. COUPLED LONG JOSEPHSON JUNCTIONS IN A
RESONANT CAVITY

To examine (i) one-fluxon tunneling in a single LIJ, (ii)
phase-locked two-fluxon tunneling in a stack of two coupled
LJJ’s, and (iii) the ground-state energy splitting in the JVQ,
we start with coupled perturbed sine-Gordon equations'* to
describe two LJJ’s that interact with the resonant cavity,!?

9° o1
S 1~ Se) - 7; —sing; = T, (1)
2 2
(2 .
S = Sen) 722 —sing, = 7, @)

where x and ¢ are the dimensionless coordinates in units of
Ary~N(S) and w;', respectively. Here y~'(S) = /1 — S?
and w, denotes the plasma frequency. The dynamic variable
@; represents the difference between the phase ¢ of the
superconductor order parameter for the two superconductor
(S) layers i and i — 1 (i.e., ¢; = ¢; — ¢;—1). The strength of
magnetic induction coupling between two LJJ’s is denoted
by S. Here we set i = kg = c =1 for convenience. The
perturbation term F for each LJJ, which is given by
2

,8—+f, Ed—q—elé(x—xf’)singa;, 3)
accounts for the contribution from dissipation (), bias current
(f = JB/J.), resonant cavity (gg), and microresistors [e¢ =
(Je = IDlp/ I g). Here x?2, JB, J., J., 1, (K Ay), and A,
denote the position of microresistors in the insulator layer of
the ith junction, the bias current density, the critical current
density, the modified current density, the length of the LJJ in
which J, is modified, and the Josephson length, respectively.
We note that dissipation, bias currents, resonant cavity, and
microresistors on the phase dynamics lead to different effects.
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‘We account for the perturbation contribution due to resonant
cavity by following Tornes and Stroud'? and by assuming that
the cavity supports a single harmonic-oscillator mode, which
may be represented by the displacement variable g, as

d*q, o, dg. 5, gey(S) 3*
— =22 A — .«
72 + 0. di +w.q Mo / xat2(<01+</>z) €]

Here w,, Q., and M, are the dimensionless oscillator
frequency in units of w,, the cavity quality factor, and the
“mass” of the oscillator mode, respectively. For simplicity,
we neglect the second term on the left-hand side of Eq. (4)
by assuming that the cavity is nondissipative (i.e., high-Q,
cavity). Also, we assume that the cavity electric field E
is uniform within the junction by considering the spatially
uniform junction-cavity coupling gg of

€4 M, osc

gEZ_Z 4

where ¢, is the dielectric constant. As we will discuss later, the
position-independent coupling g does not change the fluxon
motion directly but yields potential renormalization when a
microresistor is present.

To estimate the effects of interaction between the LIJJ
and the resonant cavity analytically, we consider the weak
perturbation F limit. As each perturbation term in Eq. (3) is
small and does not change the form of the kink solution within
the lowest-order approximation,”® we describe the fluxon
motion in terms of the center coordinate g(¢). In the absence
of both the perturbation terms (F = 0) and the magnetic
induction effect (S = 0), the fluxon solution to Eq. (1) is given
by

E., 5)

@i(x,1) & 4tan” [ @O, ©)

in the nonrelativistic limit (i.e., v < 1). Here ¢;(¢) = v;t
denotes the center coordinate for the fluxon, and v is the fluxon
speed in units of Swihart velocity. Equation (6) represents the
propagation of a nonlinear wave as a ballistic particle. The
perturbation contributions of F only affect the dynamics of a
fluxon expressed in the g coordinate.

We now describe the fluxon phase dynamics in the cou-
pled LJJ using the center coordinate g; representation. The
energy of the fluxon may be seen easily from the Euclidean
Lagrangian (i.e., T = it),

L= Lo + Emag + Lpert + Eosc + Ecoup~ (7)

The first three terms for £ in Eq. (7) describe the LJJ
contributions, while the remaining two terms arise from the
resonant cavity. First, we discuss the LJJ contributions to
Lagrangian £. The unperturbed part of the LJJ is described
by the Lagrangian £, given by

e[ () o]

The Lagrangian contribution from the magnetic induction
effect, Linqg, is given by

s (2)()
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We note that L., accounts for the interaction energy Eijy
between two LIJ’s due to the magnetic induction effect. The
perturbation contribution to the Lagrangian, Lpery = Lna + L,
is expressed as the sum of two terms: (i) the nondissipative
(L4a) and (i) the dissipative (Lq) part. The nondissipative con-
tribution comes from the bias currents and microresistors. The
nondissipative Lagrangian L,q is expressed as the sum of the
contributions from the bias current (Ly;,s) and microresistors
(Lpin) (€., Lng = Lyias + Lpin)- The bias current contribution
Lyias 18 given by

Lo = Y [ dxfion (10)

and the inhomogeneity contribution due to microresistors Lpip
is given by

Loin = Z/dxe,ﬁ(x —x{)(1 — cos ;). (11)

We note that L, accounts for the fluxon pinning energy
Epin. These nondissipative contributions provide the bare
fluxon potential V(g). On the other hand, the dissipative
Lagrangian L4 accounts for the interaction between the fluxon
and the environment. The effects of this contribution may
be described®® by following Caldeira and Leggett and by
representing the environment as a heat bath. The heat bath is
represented as harmonic oscillators with generalized momenta
P; and coordinates Q;. The dissipation Lagrangian £4 which
accounts for the coupling between the phase (¢) and oscillator

(Q;) variables is given by
? cio \?
La= | d St (0 .2
4= /x2|: + 2 (Q mzw,2>i| (12)

Here, the spectral function Jg(w),

2

T c;
Jp(w) = Ezm 2

i Lt

8w — w;) = Pw, (13)

is used to reproduce the dissipation effects (8) in Eq. (3). The
effects of dissipation on a two-state system have been studied
extensively by using the spin-boson model.*” In the adiabatic
approximation, the energy splitting for the two-state system
is known to be reduced®® in the dissipative environment.
However, this result does not** imply that the effects of
the interaction between the two-state system and a single
oscillator, which represents either a phonon or quantized
radiation field, on the energy splitting are similar. In our
discussion later in the paper, we neglect the dissipation
effects by setting 8 = 0 since these effects are small at low
temperatures, and we focus on the effects due to a resonant
cavity.

We now discuss the high- O, resonant cavity contribution to
the Lagrangian £ of Eq. (7). The resonant cavity is modeled by
using the Lagrangian for a single harmonic oscillator, which
represents a single EM-mode supported by the cavity. The
Lagrangian for this single mode oscillator Lo is written as

dq K
Lo = Mosc (d4r —q2, 14
0sC ) dT + 2 qr ( )
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where K is the “spring constant” and g, denotes the oscillator
coordinate. We note that the oscillator frequency w, in Eq. (4) is
given by w, = (K /M,s.)"/?. The capacitive coupling between
the LJJ and the resonant cavity is described by the Lagrangian

Lecoup as
_ er 3<Pi
»Ccoup - gE( dt ) /dx Ei < 9t ) (15)

Here we assume that the coordinate g, is spatially homoge-
neous and we focus on the effects of the uniform E field in the
cavity. We note that the interaction between the LJJ and the
resonant cavity yields nonlocal effects similar to those from
the dissipation term (i.e., 8 # 0).

We estimate MQT of the fluxon by using the usual
semiclassical approach®! of starting with the partition function
Z for the junction-cavity system,

Z=/DMDMRWFM%ML (16)

where S[¢,q,] = f dt L is the action and L is the Lagrangian
of Eq. (7). By noting that the shape distortion of the fluxon
due to weak perturbation (i.e., small F) is negligible, we may
rewrite the partition function Z in terms of ¢(7) and ¢,(7) as

Z=/mﬂfMMfmm. (17)

Also by noting that the Lagrangian L, of Eq. (15),
which accounts for the interaction between the LJJ and
resonant cavity, is linear in both coordinates ¢, and ¢, we
separate the partition function Z into the resonant cavity
and fluxon contribution by expressing Z = Zies Zauxon. Lhe
resonant cavity (Z;.s) and fluxon (Zgyxon) contribution to Z are
given, respectively, as Z., = f Dlg,(wy)] exp{—Stes[gr(@,)]}
and Zauxon = [ Dlg(t)] exp{—Serr[¢(7)]}. The action for the
resonant cavity contribution Sis[g,] is given by

M C 2 n %
setad =75 5[+ 2000

anEq_na)ﬁ
X et
[qr, n MOSC (a)5 i w;)
where q,., = q,(@,), gn = q(w,), @, = 2anT is the Matsub-

ara frequency, and T is the temperature. The action for the
fluxon contribution Se¢[g] is given by

18)

Seff[q]=/ qu V@) + 8 (Z%)
28} - g; : /
—I_SZ/drqlqg— 1_82/dtdrK(r—t)

2 2
X Y qi(1)Y_ i@, (19)
i=1 i=1

where ¢; = dg;/dr, g% = 2n2gi-/MOSC, M, denotes the renor-

malized fluxon mass
1 2z
— 20
M1-§? 20)

Me=M<1—
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due to the spatially uniform junction-cavity interaction, and
the M denotes the rest mass of the fluxon. The mass M,
accounts for the renormalization effect of both junction-cavity
and magnetic induction interaction. The bare potential V (q) =
V(q1,q2) is given®® by

2

26,’
Vig)=-> (an,-q,- * conta ) -

i=l1

8S(q1 — q2)
sinh(q] — 612) '

2y

Here, the fluxon potential V(g) includes the effects from
the three contributions: (i) the potential tilting effect (f),
(ii) the pinning effect (¢), and (iii) the magnetic induction
effect (S). The third term in the large square brackets in
Eq. (19) accounts for the potential renormalization due to
the junction-cavity interaction. This renormalization is similar
to that for the electronic tunneling process with phonon
coupling. In the later discussion, we denote g% as the strength
of the junction-cavity interaction. The cavity kernel K (t — t’)
in the third term of Eq. (19) is given by

a)f cosh(w, /2T — w,|T|)

K = 5 = Snh(w,/27)

(22)

at nonzero temperature 7'. This term accounts for the nonlocal
effect arising from the junction-cavity interaction.

After the calculation, the oscillator coordinate g, in the
partition function Z of Eq. (16) is decoupled from the center
coordinate ¢. This separation allows us to integrate out the ¢,
coordinate. Hence, in later discussions, we will consider the
fluxon contribution Zg,x0, to the partition function, which is
described by the action Segr. Using Segr, we discuss how the
junction-cavity interaction affects both one-fluxon and two-
fluxon tunneling in LJJ’s.

III. MACROSCOPIC QUANTUM TUNNELING
IN A SINGLE JUNCTION

We now examine the effects of a resonant cavity on MQT
from the metastable state in a single LJJ obtained by implanting
a microresistor in the insulator layer and by applying the
bias current (J?), as shown in Fig. 1. The dimensions of the
junction, compared to the Josephson length X, are chosen
so that L, > A; and L, < A;. These choices are made to
enhance the quantum effect at low temperatures. We describe
MQT of the fluxon by starting with the action S;[g] for the
LJJ given by

_ M, )
Sixlql = / dt [7q2 + Vi(g) + géw%f]
-3 / dtrdt' K (t — t)q(v)q (). (23)

Here, the action S};[q] is obtained from Seg[g] of Eq. (19),
by setting S = 0 (i.e., no magnetic induction effect), g; = ¢,
and ¢» = 0. Following Caldeira and Leggett, we may simplify
Ssilg] by making a usual substitution of ¢(t)g(t') = [q%(t) +
g*(t)1/2 — [q(t) — q(x")]1?/2. We note that the first two
terms of this substitution cancel the potential renormalization
contribution (i.e., géa)fqz term) arising from the junction-
cavity interaction. With this cancellation, the action S3i[q]
becomes similar to that for the dissipative system,?® but the
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FIG. 1. A LJJ is shown schematically as an insulator (/) layer is
sandwiched between two superconductor (S) layers. L, and L, denote
the dimensions in the x and y direction, respectively. J? denotes the
bias current density. The filled circle represents the microresistor (i.e.,
pinning center) and the dashed box represents the resonant cavity.

fluxon mass is now renormalized to

=2
M, =M <1 — %J) (24)
M

and B is replaced by the junction-cavity interaction strength
(.e., B — g%). The renormalized mass M, accounts for the
effects of the uniform E field in the cavity. The bare fluxon
potential V,(q) is given by

2¢

Vi(g) = —2mfq — ——5—. (25)
cosh” g

Here the bias current density f = f, — § ismeasured in terms
of the deviation é; from the critical value f. = 4¢/ (3+/37).
The potential V(q) may be approximated by a quadratic-cubic
potential as shown schematically in Fig. 2. The cavity kernel
K (t — t’) of Eq. (22) describing the nonlocal effect due to the

junction-cavity interaction simplifies to
? ,
K(r—1)= je—wr‘f—” (26)

in the 7 = 0 limit.

Vs ()
Vo
l escape
point
@,
%
1 : X
0 T Xo
metastable
minimum

FIG. 2. The fluxon potential V, due to both the bias current density
and the microresistor in a single LJJ is schematically illustrated.
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The action Si[q] of Eq. (23) indicates that the resonant
cavity yields (i) fluxon mass renormalization and (ii) nonlocal
effects. The mass renormalization modifies the oscillation
frequency about the metastable point, as shown in Fig. 2.
This change may be easily seen by computing the oscillation
frequency w, at the metastable state (i.e., local minimum) as

1 d?v,0)7"? I
s

where w, is the oscillation frequency at the metastable point in
the absence of the resonant cavity. The nonlocal contribution
due to junction-cavity interaction is similar to that for the
dissipative system, but to determine the size of this contribution
more calculation is needed.

To estimate the size of these two contributions from the
junction-cavity interaction, we compute the MQT rate®*
given by

Teav(0) = Acay(0)e B (28)
at T = 0. Here, the prefactor A, (0) is given by
B 1/2
Aca(0) = v/60a, (7> (29)

and the bounce exponent B, (0) = B, cay + 8Bcay includes
both the local contribution B, ¢,y of

Bo,cav = /OO dt [%cﬂ + VS(CI)} (30)

o0

and the nonlocal contribution § B.,, of
o0 o0
8By =32 / dt / dt'K(t —t)[q(t) —q(th*.  (31)
—00 —00

These two contributions, B, cay and 8By, to By (0) are
evaluated explicitly to estimate their size.

The local contribution B, .,y may be computed easily by
approximating V;(g) of Eq. (25) as a usual quadratic-plus-
cubic potential of

Vi(x) = Vi(q) — Vi(qo) =

27V,
1 F -, (32)

where % = x/x,, X = q — q,, and V, = [87383 /(v/3€)]'/% is
the barrier potential for the fluxon. Here ¢, is the position of
the metastable point and x, = 9\/§Mea)§ /32¢ is the escape
point as shown in Fig. 2. The evaluation of B, .,y yields

Yo _ 36V,
Bow =2 f BRMV = 3
0 ,

e
Using this result, we estimate the local contribution to
enhancement of the tunneling rate due to the resonant cavity.
The ratio of the MQT rates, I'cay(0)/ I'(0), is given by

Ceay(0) g 72V,
~l4+—\\14+—=——), 34
' (0) T\ TS, 34)

where I'(0) is the tunneling rate in the absence of the
resonant cavity (i.e., g% = 0). Equation (34) indicates that
the tunneling rate increases with increasing junction-cavity
interaction strength gé. In Fig. 3, we plot the numerically
computed ratio I'¢,,(0)/ I'(0) as a function of gé to illustrate
its enhancement in the weak-coupling regime (i.e., g% <L D).
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FIG. 3. The ratio of the tunneling rates I'¢,,(0)/ I"(0) is plotted as
a function of the junction-cavity coupling strength g% to illustrate the
size of enhancement.

The curve indicates that enhancement of I'c,,(0)/ I'(0) is less
than 1%.

The nonlocal contribution 8B, to B.y(0) of Eq. (28)
reduces the tunneling rate I'¢,,(0). The size of this reduction
is estimated by evaluating §B.,, of Eq. (31) by writing

52 1342 0 o,
8By = SEVC / dtdt'e” " 5(@) - (TP, (35)
w _

e oo

where X(7) = sech2(wer/2). We note that X(7) is the solution
to the equation of motion for the quadratic-plus-cubic potential
in the absence of the nonlocal effect. We evaluate Eq. (35) and
obtain

2
5
9J§Me) »° 6)

3Bcav = 26_’% < 16¢

sinh®(rw, /w.)

The result for §5.,, indicates that the nonlocal contribution
increases almost linearly with g% in the weak-coupling regime
and has a strong dependence on the frequency w, of the cavity
mode. Atlow cavity frequencies (w, < 1), the nonlocal contri-
bution varies as 8 Beay a)f. At high cavity frequencies (o, >
1), on the other hand, it varies as § B,y a)fexp(—27w), JWe).
To illustrate the cavity frequency dependence, we plot § 5.,y as
a function of w, for g% = 0.02 (solid line), 0.04 (dashed line),
and 0.06 (dot-dashed line) in Fig. 4. The curves indicate that

0.010 T T T
i =2
;N\ =e=e B2=006
I\ —--g=004
. = g
] N — =
For 2=10.02

6By 0.005

0.000
00 02 04 06 0.8

FIG. 4. The nonlocal contribution §8.,, to the bounce exponent
Beay(0) is plotted as a function of w, for gz = 0.02 (solid line), 0.04
(dashed line), and 0.06 (dot-dashed line).
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8B.ay vanishes both in the low and high cavity frequency w,
limits. Hence, the nonlocal effect on the tunneling rate "4, (0)
is negligible near these limits.

IV. MACROSCOPIC QUANTUM TUNNELING IN
COUPLED JUNCTIONS

In this section, we estimate the effects of a resonant
cavity on the tunneling rate of the phase-locked fluxons from
the metastable state in two coupled LJJ’s. Here the fluxons
are trapped by the microresistor on each insulator (I) layer,
shown schematically in Fig. 5. Earlier studies® indicate that
uncorrelated one-fluxon tunneling is the dominant process
in the absence of a resonant cavity. However, phase-locking
between the fluxons in two LJJ’s becomes enhanced in the
resonant cavity. This enhancement may be seen more easily
from the effective action Sc¢[g] for the two coupled LJJ’s
of Egs. (19) and (21) written in the rotated coordinates

(g+.9-) as

Me ) M .2 g%wf 2
Sefrlq] = /dT |:7q+ + ?6], + V(g + 1— 82q+
283

o /drdr’K(t — g (D)ge(t), (37)

where g+ = (g1 = ¢q2)/ /2. The action Seft[¢] indicates that
the potential for the in-phase mode, (g ,0), is renormalized by
the junction-cavity interaction while the out-of-phase mode,
(0,g-), is not. Also, the nonlocal contribution appears only
for the motion in the g, direction. The bare fluxon potential

V(Q) = V(gy.q-)of

8+/28q_
V(gi,q) = —2V2nfq, — ———21—_
(g+.9-) fa+ sinh <2
2 ! + ! (38)
—2e
2 (qitq. 2 (qi—q.
cosh (%) cosh <%)

for fi = f, = f and € = ¢, = € indicates that the one-
dimensional potential along the (¢+,0) direction [i.e., V(g4+,0)]

[ :y Resonant
cavity
X gmmmmmmmemmmosemseosioccoooooe- A
R 'o" y JB » S
L, —

E

FIG. 5. Two L]J’s with a vertical column of two microresistors is
shown schematically. L, and L, denote the dimensions in the x and
y directions, respectively. J? denotes the bias current density. The
filled circles represent the microresistors.
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-2

FIG. 6. (Color online) The potential Vj(g4,q-) surface is plotted
fore = 0.269and S = —0.05. The filled circle represents the position
of the metastable state. The dashed and solid lines denote the
most probable escape paths (MPEP’s) for one-fluxon and two-fluxon
tunneling, respectively.

corresponding to the in-phase mode becomes identical to
Vs(g) of Eq. (25) under the transformation of 2f — f,
2¢ — €, and ¢, /2 — g. This similarity reflects that the
phase-locked fluxons moving in the (¢4,0) direction (i.e., g, =
¢») behave as a single fluxon. However, the one-dimensional
potential for the out-of-phase mode [i.e., V(0,g_) or along
the (0,g-) direction] behaves as a potential well near the
metastable point q° = (g9 ,q?), determined from the condition
[0V (q)/9q+],. = [0V(q)/dg-],. =0.

To illustrate these phase-locking modes, we plot the
potential V(g4,q-) in Fig. 6 for f = 0.06, ¢ = 0.269, and
S = —0.05. Here, the values for € and S are chosen so that
when a vertical stack® of two interacting JVQ’s is fabricated
using coupled LJJ’s and microresistors, only one quantum
state is bound on each side of the double-well potential.
The metastable point q° is denoted by the solid circle. The
solid lines indicate that the potential is metastable for the
in-phase mode [i.e., along the (¢ ,0) direction], but it behaves
as a well for the out-of-phase mode [i.e., along the (0,q_)
direction]. These curves show that tunneling of the in-phase
mode from the metastable state is more favorable than that for
the out-of-phase mode.

The tunneling rate I'c,y(0) from q° can be estimated by
summing over the contribution from all paths of escape, but
the dominant contribution comes from the MPEP in which Se
is the minimum.*® For the physical parameters chosen in Fig. 6,
the MPEP’s correspond to one-fluxon tunneling, indicated by
the dashed lines. The MPEP’s are determined by the two com-
peting energies: (i) the pinning energy (Epin = | Epin|) and (ii)
the magnetic induction interaction energy (Eiyy = | Eine|). When
Eint > &pin, the fluxons are not pinned at the microresistor sites
but maintain a large separation distance.’> However, when
Eint K &pin, the one-fluxon tunneling processes are favored
over the two-fluxon tunneling processes.

We now estimate the two-fluxon tunneling rate for the
in-phase mode. We simplify the calculation by using the
similarity between the tunneling of the in-phase mode and
the one-fluxon tunneling process discussed in Sec. III. When
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the bias current f is less than the critical value f. [i.e.,
f=fo—8;with0 < 87 < f. = 4¢/(3+/37)], the potential
along the path (g4,0) has the metastable state, as illustrated
in Fig. 2. The potential V(g,0) may be approximated as the
quadratic-plus-cubic form of

t

27V
V(3,0 ~ = @ -3, (39)

where g4 = (q+ — q$)/4q5., q5 is the escape point, and V; =
2[d2V(q$,0)/dqi]3/3[d3V(qi,O)/dqi]z denotes the poten-
tial barrier height for two-fluxon tunneling. We note that
q$ is similar to x, in Fig. 2. Also, similar to the single
LJJ, the semiclassically estimated two-fluxon tunneling rate
of I'L (0) = AL exp[B.,,(0)] at T = 0 depends on both the
barrier height and oscillation frequency. The factor A._,(0)
and bounce exponent 3’ (0) are calculated in the same way

cav

as in Sec. IIL. The factor A%, (0) is given by
B 1/2
At (0) & V60, ( n) : (40)

The local and nonlocal contributions to the bounce exponents

BL,(0) =B, ., + 8B, are given by
aimdl 36V/
B(t) cav — 2/ d‘1+ 2MeV(£1+,0) ~ g 41)
0 Sw,
and
2
282 (9V3M 5
(SB(t:av ~ gE \/_ ‘ . 2 w" ) (42)
1-82\ l6e sinh*(m w, /w,)

respectively. The result indicates that the two-fluxon tunneling
rate ', (0) in the cavity is enhanced from that T(0) in its
absence. Neglecting the nonlocal contribution, we may write

the ratio I'’, (0)/ "’ (0) as

cav

OB (1 2E)

It (0) 2M(1 — S8?) 5w,/
This enhancement is similar to the tunneling process discussed
in Sec. III. The estimated value of I'*(0) for the Nb-Al,O,-Nb-
Al,O,-Nb junction is 8.5 x 10° s~!. This value is obtained
by using the experimental value'*'® of J. ~ 2 x 10°A/m?,
Ar ~90nm, A; ~ 25 um, and w, ~ 90 GHz. Also, we chose
L, ~0.2 um to enhance the quantum effect and used the
experimentally accessible values? of € = 0.269, S = —0.05,
and 6y ~ 5x 10~*. On the other hand, the potential V(g ,q_)
along the (g+,0) direction indicates that the two-fluxon
tunneling rate I', (0) is suppressed from the one-fluxon
tunneling rate I'?  (0) along either the g, = g_ or g = —¢q_

cav
direction. This reduction in the tunneling rate is given by

Cn(© o (Vs -sizen
% (0) Vo
3622 (V! — a2V
x |14 2! L B
Sw,M(1— S2)

where  a, = {[d*V(q].0)/dq?1/[d*V(¢°,0)/dg*}'/* is
a constant of order unity, V¢ =2[d*V(g°,0)/dq*]?/
3[d*V(g°,0)/dg*]* is the one-fluxon tunneling potential
barrier height, V(q,0) is the fluxon potential of Eq. (21)
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along the ¢, = g_ direction, and ¢° denotes the position
of the metastable point for one-fluxon tunneling, given
by the condition that dV(g°,0)/dg =0. The ratio
I7,0)/I?%,(0) <« 1 for the potential surface in Fig. 6
reflects that V! > V2.

V. JOSEPHSON VORTEX QUBIT IN A RESONANT CAVITY

We now examine the effects of a high-Q, resonant cavity
on JVQ. The JVQ may be fabricated by using two closely
implanted microresistors in the insulator layer of the linear
LJJ, as shown in Fig. 7. As earlier studies®>™ indicate, MQT of
a fluxon between the spatially separated minima of a double-
well potential leads to splitting of the degenerate ground-state
energy.’”*® In this section, we estimate the effects of junction-
cavity interaction on this energy splitting.

The interaction between the LJJ and the resonant cavity
yields (i) a fluxon potential renormalization and (ii) a nonlocal
contribution to the action. The effects of these contributions
on the energy splitting may be estimated by starting with the
action Slef for the JVQ given by

sSiq1 = [ ar | e
errlg] = [ dt 5 4 + Vo(q)

—Zg%/drdr’l((r —1)q(t)q(t)). (45)
Without loss of generality, we obtain the potential function
Vo(g) from the double-well potential V(g) of

V( )—'2w2 2 2¢ _ 2¢
D=8eerd = o2 (g—5%) cosh®(g+ %)

., (40)

where ¢ denotes the separation distance between the two
microresistors. Here, we have added a constant energy E term
to V(q) [i.e., Vo(q) = V(q) + Eg] so that Vp(q) vanishes
at the potential minima. Here, the potential V(g) may be
characterized by the position of the two minima and the
potential barrier height. In the discussion later, we do not make

z Resonant
y cavity
| Z: DS ittt 5 ”
X , "l E 'o" !
4 ] '/ :
'l' ! 4 :
ol 4 1
fimmmm e r :
i AL, : :
i :
1
Pl @ i i
1 (Y 1 1
H | -\ AN A
] d
E S || | '/'
N Al
e Lyi o~
U o Dy e

defects

FIG. 7. A LJJ with two microresistors, representing a Josephson
vortex qubit, in a resonant cavity is shown schematically. The
separation distance between the microresistors is denoted by ¢.
The filled circles and dashed box represent the microresistors and
the resonant cavity, respectively.
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FIG. 8. A schematic diagram of a double-well potential V(q)
due to the two microresistors in the insulator layer of the LJJ is shown
to illustrate the renormalization of V(q). The solid and dashed lines
represent the potential Vj3(g) in the absence and in the presence of
the resonant cavity, respectively.

the usual substitution of ¢(7)q(t") = [¢%(t) + ¢*(1))]/2 —
[g(t) — q(z")]?/2 used in Sec. III. This approach allows us
to elucidate the origin of the changes in the energy splitting
due to the junction-cavity interaction.

In the absence of the resonant cavity (i.e., gz = 0), the
double-well structure for V(g) with the separation distance
£ > £, ~ 1.317 is shown schematically in Fig. 8 as the solid
line. The two potential minima are located at ¢ = £g,/2,
where ¢, is determined from

h sinh? ¢ — 1 @7
coshg, = ——.
4 cosh?
The energy shift Eg, representing a constant of motion, is
given by

cosh® ¢
€e———.
cosh” £ — 1

Also, the potential barrier height V, between the two minima
(i.e., g = %q,/2) is given by

he—2\°
v, =2 (2252 (49)
sinh ¢

We note that these quantities change in the resonant cavity, as
shown schematically by the dashed line in Fig. 8.

In the resonant cavity (i.e., g% # 0), on the other hand,
the JVQ potential V(q) acquires an additional gzw?q? term
in Eq. (46). This term arises from the coupling between
the oscillator coordinate ¢, and the center coordinate g in
the coupling Lagrangian Lcoup of Eq. (15) and accounts for
potential renormalization. The main renormalization effects
are the following: (i) the barrier potential height is reduced, (ii)
the positions of the potential minima become closer together,
and (iii) the oscillation frequency at the potential minima is
modified. These effects become amplified with increasing
junction-cavity interaction strength (g%) and resonant fre-
quency (wy).

The effects of the junction-cavity interaction on the poten-
tial barrier height V, .,y may be estimated straightforwardly.
In Fig. 9, we plot the numerically computed ratio V, cav/ V, as
a function of gi. to illustrate the dependence on the junction-
cavity interaction. The curves for w, = 0.50 (dot-dashed line),
0.70 (dashed line), and 0.90 (solid line) indicate that the barrier

Ep=— (48)
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FIG. 9. Theratio of the potential barrier height V,, .,/ V, is plotted
as afunction of the junction-cavity coupling strength g% for w, = 0.50
(dot-dashed line), 0.70 (dashed line), and 0.90 (solid line) to illustrate
the suppression in the cavity.

potential height decreases with increasing g% and w,. Also,
the curves indicate that the ratio decreases linearly in the
weak-coupling regime. To leading order in g%, the potential
barrier height V,, ¢,y estimated from the renormalized potential
V(q) of Eq. (46) is given by

Voav =V, — §1072q, . (50)

This decrease in the potential barrier height leads to the
increase in the ground-state energy splitting.

Another important effect of the resonant cavity is the shift
38, in the positions of the potential minima. As the potential
barrier height is reduced, the positions of the potential minima
are closer together. The shift §, from the initial position of
q = £q,/2 is given by

834,07 cosh’ € tanh® ¢
B € cosh2¢ — 7

Here, we obtained 4§, by imposing the condition
[dV(g)/dqly=q,/». =0, where (q,/2)+ = %[(q,/2) — 3]
denotes the new potential minima. This shift §, modifies
the constant of motion Ey. The new value for £y may be
obtained from the condition [dg(t)/dT](, /2. = 0, noting that
the fluxon is initially located at the bottom of either side of
the double-well potential so that Vp[(g,/2)+] = 0. We plot the
numerically computed shift §, as a function of g2 in Fig. 10 for
w, = 0.50 (dot-dashed line), 0.70 (dashed line), and 0.90 (solid
line) to illustrate the amount of this shift in the weak-coupling
regime. The curves indicate that §, increases with g% and with
wy, reflecting potential renormalization.

The resonant cavity also modifies the oscillation frequency
w, at the potential minima. The modified frequency w, is given
by

8o

D

=2 2

8k w;
w1+ 8E 1 % | 52
o w{+M[+w§( )” (52)

where w, is the frequency in the absence of the resonant cavity
and Y = 6q, sinh 2¢, tanh £/e(cosh® £ — 4) sinh? £.

We now combine these effects and estimate the ground-
state energy splitting®” A, by using the action S%[g] of
Eq. (45) and by using the standard method of summing
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FIG. 10. The shift §, in the positions of the potential minima is
plotted as a function of the junction-cavity coupling strength g% for
w, = 0.50 (dot-dashed line), 0.70 (dashed line), and 0.90 (solid line).

over the “instanton” trajectories.’® By following Weiss and
co-workers,*® we compute the one-bounce contribution to the
partition function Zg,xon, assuming that the fluxon is initially
pinned at one of the potential minima. We write the partition
function as

Zﬂuxon = i Zis (53)

where Z; denotes the i-bounce contribution. Here the bounce
is an instanton—anti-instanton pair. To estimate A ., we
compute both the saddle-point (Z;) and the one-bounce (Z))
contribution to Zgyon by noting that Z; may be expressed as

ZO Acave
Z = , 54
= (B ) (54

where 6 = 1/T. For the contribution Z,, we assume that the
fluxon is initially confined at ¢ = (g,/2)— and obtain

00 —1/2
_NCIW) , (55)
n=0

where the eigenvalues A; are determined from

[—Meaf +V, (—% + 5)] 4°(0)

0/2
+M%/ K(t —1t)gg(x)) = Mgp(x).  (56)
—6/2
Here 92 = 9%/012, Vé(q) = 3%Vp(q)/3q>, and the cavity
kernel K (t — t') = (®?/2) exp[—w, |t — 7’|] accounts for the
nonlocal effect.

For the one-bounce contribution Z; to Zg,xon, We separate
the center coordinate g () into two parts as

9(7) = 4(1) + ) cagu(T), (57)

n=0

where g (7) describes a bouncelike trajectory and the remaining
terms describe the arbitrary paths about this bouncelike

PHYSICAL REVIEW B 83, 064503 (2011)

trajectory. This separation of ¢(7) may be used to write the
action Se%[q] as

SZ1q(0)] = S [G(0)) +

Z S e (58)

Here S3'"] accounts for the one-bounce-like trajectory in the
resonant cavity. We choose ¢,(t) of Eq. (57) so that the

eigenfunctions of the second variational derivative of Slef[q]
at ¢ and the eigenvalues A, are determined from

[-M.02 + Vo@ ] an(o)

0/2
+47T§?;/ K(t — t)qu(t)) = Augn(t).  (59)
—0/2

We note that the first two eigenvalues, Ao and A}, need to be
separated from the rest because Ao < 0 and A; = 0 while the
other eigenvalues are positive. The one-bounce contribution
(Z)) may be expressed as

Zl N/l_[ an S“"+ Zn 0}‘"611) (60)

n= ()

where N is a normalization constant. With the separation of
the first two eigenvalues (i.e., Ao < 0 and A; = 0) from the
others, we write the one-bounce contribution to the partition
function as

Z 9 0 cav. A’()
Z~ 2 |:/ dtlesm(fl):| |:Hgoo n:|
27'[ 0 l_[n=2 )\’n

02 P 120 g PR 1/2
X / dt (_q> / dt’ (_q/) .
—6/2 dt iy dt
(61)

We now need to evaluate Z; of Eq. (61) to estimate A,,. Using
Eq. (54), we write the ground-state energy splitting A,y as

2w,

7

where the dimensionless factors R¢,y and L,, are

oN 172
Mga)g Hn:Z )\n

ey 1/2
Acay = (RcavLcave SB’I) ) (62)

Reay =

and

_ 22 _21/2
=2 far () ] [ far (22) ] o
2 dt; dt’

respectively. The exponent Sg" is given by

S;‘;vl:/mdr %(dq(f)>2+vg(q) . (69)
! —6/2 2 dt

This exponent accounts for the contribution from the two
transversal of the potential barrier. We note that the exponent
S%“l of Eq. (65) does not contain the nonlocal contribution,
as in Eq. (28), because this contribution is already included in
the calculation of Z; [see Eq. (60)]. We now compute Ry,
Lcay, and S3'}, separately, to determine the ground-state energy
splitting A,y. To focus on the effects due to the junction-cavity
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FIG. 11. The numerically computed ratio of the dimensionless
factor R,y /R is plotted as a function of the junction-cavity coupling
strength gé for w, = 0.60 (dot-dashed line), 0.75 (dashed line), and
0.90 (solid line).

interaction, we present the details of the calculation for Ry
and L, in Appendixes A and B, respectively, and discuss the
dependence of these factors on the junction-cavity coupling
strength g%.

The dimensionless factor R,y in the weak-coupling regime
is given by

ngrw? Xr
2Mw? (0, + @,)*

Reav =2+ (66)

where Xz = o} + 1502w, + 120,0% — 2w3. Equation (66)
yields the value R.,, = 2 in the absence of a resonant cavity
(i.e., g2 = 0). In Fig. 11, we plot the numerically computed
ratio R.,y/R as a function of g% for w, = 0.60 (dot-dashed
line), 0.75 (dashed line), and 0.90 (solid line) to illustrate
enhancement of R due to the resonant cavity. The curves
indicate that R, /R increases from 1 almost linearly with
increasing g and w,.

For the dimensionless factor L,,, we evaluate the integral
of Eq. (64) by expanding the function Q(t), which accounts
for the nonlocal contribution to the bouncelike trajectory as a
power series. (See Appendix B.) In the weak-coupling regime
(i.e., g% < 1), we obtain

Lew ~ Vi [Ao + 85 (Bo + Bag? + Bag))].  (67)

by retaining the leading-order contribution (in g7). Here Vy; =
Go2MV,, A, _l—q (26b1/3V)—q (4eb2/15V) By =
—(6 + 8b3a)r2)/86 Bz [b]G + 2(6b1b3 — 1)a), + 27Td1a)f]/
6V,, and By = (bse + 20byb30? + 3nd30?)/15V,. The
frequency-independent constants b; are b; = (coshf —
2)sech*(£/2), by = (cosh2¢ — 26 cosh £ + 33)/(cosh £ + 1)3,
and b3 = (sinh £ tanh £)? /(cosh 2¢ — 7). Equation (67) indi-
cates that L,y in the resonant cavity is larger than L = V) A,
in its absence. However, due to the functional form of L.,y,
the enhancement of L., from L deviates from the linear
dependence on g% at a smaller value than that for R .. To
illustrate this deviation, we numerically compute L.,y and plot
the ratio L.,,/L in Fig. 12 as a function of gé for w, = 0.60
(dot-dashed line), 0.75 (dashed line), and 0.90 (solid line).
The curves show nonlinear enhancement of the dimensionless
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FIG. 12. The numerically computed ratio of L., /L is plotted as
a function of the junction-cavity coupling strength g% for w, = 0.60
(dot-dashed line), 0.75 (dashed line), and 0.90 (solid line) to illustrate
the enhancement.

factor L.,, for much smaller values of gé than that for R,
shown in Fig. 11.

Finally, we estimate the effects of the junction-cavity
interaction on S3". The action SF% of Eq. (65) for the
bouncelike trajectory is given by

(9o/2)+
) / dq\/2M,Vo(q). (68)

(40/2)-

The integral of Eq. (68) is evaluated in the same way as that
for L., (see Appendix B). Again, we simplify the calculation

by writing V, as a power series in g and then expand v' V(q)
in powers of g% as
4b
~ LI >

2eq?
Vo ~ Fq 11— v by + 3
1 w?q? eq? (- 2
-2 ro 2
- - — b+ =b , 69
35[8+2V0 2VO<1+32Q>]} (69)

where b; = by + (w?/€). Using this series expansion for v/ V,
we evaluate Eq. (68) and obtain 3" to the leading order in

g as

SH & 4V [Ao + 83 (Bo + Bogy + Bag))]. (70)

where By = B, — (wd10}/3V,) and By = By —
(371d3a)3 /15V,). The action S3'} in the presence of the
cavity is reduced from that in its absence (ie., S < Sp.1)-
To illustrate this suppression of the ratio, we plot the
numerically computed ratio S3"/Sp1 as a function of I
for w, = 0.60 (dot-dashed hne) 0.75 (dashed line), and
0.90 (solid line) in Fig. 13. The curves indicate that in the
one-bounce contribution, the action decreases almost linearly
with g% in the weak-coupling region as indicated by Eq. (70).
This reduction reflects that the potential barrier height is
reduced (see Fig. 9) and the potential minima become
closer together (see Fig. 10) with increasing junction-cavity
interaction strength.

We now combine the effects of the resonant cavity on R,,,
Lcay, and Sp; together and estimate the enhancement of the
ground-state energy splitting A,y from A. Here, A denotes
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FIG. 13. The numerically computed ratio of the action S3"\ /Sg |
is plotted as a function of gi_ for w, = 0.60 (dot-dashed line), 0.75
(dashed line), and 0.90 (solid line) to illustrate that the one-bounce-
like action is reduced.

the energy splitting in the absence of a resonant cavity given

by
0y 1/2
A=2A (—) e, (71)

2
where A = [T1°2 A% /T1%° 1,]"/? and S, denotes the action
integral. In the weak-coupling regime, the ratio A,y /A to the
leading order in g% is given by
Acav _% { 2

~1+8E L2 oy g
A M 2

JTXR
8(w, + w,)?

M
+ A, (Bo + Bag? + Baq)

—2MVy (Bo + Bag? + Baq)) } (72)
The result indicates that A,, is enhanced with increasing
g% and w,. To illustrate this enhancement, we numerically
compute and plot A.,y/A as a function of g% for w, = 0.60
(dot-dashed line), 0.75 (dashed line), and 0.90 (solid line)
in Fig. 14. The curves show that A, /A increases roughly

3.0 T I X I v
. —— ®,=0.90 .
———— ,.=0.75
25 .. (Di.: 0.60 7]

FIG. 14. The numerically computed ratio of A, /A is plotted as
a function of the junction-cavity coupling strength g% for w, = 0.60
(dot-dashed line), 0.75 (dashed line), and 0.90 (solid line) to illustrate
the enhancement in a resonant cavity.
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linearly with g2 from g2 = 0 to 0.02. However, the deviation
from this linear behavior becomes noticeable for g% > 0.02.
Also, Ac,y/A increases significantly from 1 at g% =0 in
the weak-coupling regime. We note that the corresponding
changes in the ratio Reay/R, Leay/L, and S5 /Sp 1 over the
same range of g% are less significant. For instance, A¢ay /A for
w, = 0.90 increases from 1.0 to 1.45 for the increase of g}i
from 0.0 to 0.015. Over the same range of gi., Reav/R, Leay/L,
and Sg*fvl/SB,l change from 1.0 to 1.05, from 1.0 to 1.29, and
from 1.0 to 0.96, respectively. The notable increase in A,y /A
compared to R.ay/R, Leay/L, and Sf;‘;/SBJ reflects that A is

small.? Hence, A, depends sensitively on the variation of the
exponent S3'}.

VI. SUMMARY AND CONCLUSION

In summary, we investigated the effects of a high-Q.
resonant cavity on MQT of fluxons from a metastable state
in a single LJJ and in a stack of two coupled LJJ’s. Also,
we estimated the ground-state energy splitting for fluxons
in a double-well potential. We find that both the tunneling
rate and the ground-state energy splitting are increased in the
resonant cavity. However, the amount of these increases is
significantly different. For MQT of the fluxon, the tunneling
rate increases due to the renormalization of fluxon mass,
but is negligible in the weak-coupling regime. On the other
hand, the increase in the ground-state energy splitting is due
to potential renormalization, but this increase can become
significant with increasing g%, as shown in Fig. 14. This
energy splitting enhancement is consistent with the result of
an increase in the energy separation due to the interaction
between a two-level system and a quantized radiation field,
described by the Jaynes-Cummings (JC) model.”” Moreover,
the consistency*! between the result of the present work and
that of the JC model indicates that the effective Hamiltonian
for the JVQ-cavity system may be similar to the JC model.

The effects due to (i) interaction between the JVQ and a
dissipative environment and (ii) the losses resulting from a low-
Q cavity are neglected in the present work. These dissipative
effects are expected to be present in real systems and may
be accounted for by using an effective spectral density that
characterizes the form of dissipation.*? Inclusion of both the
dissipative environment and cavity losses may reduce the size
of the increase in the ground-state energy splitting and may
lead to a decrease in the energy splitting when the dissipative
effects become strong, as indicated by an analysis of dissipative
two-state systems.’® However, these dissipation contributions
do not reverse the effects due to the potential renormalization
completely in weakly dissipative systems.

Enhancement of the ground-state energy splitting due
to the junction-cavity interaction may have an important
consequence for the decoherence time of JVQ in the resonant
cavity. Earlier study® of the JVQ decoherence time by
Kim, Dhungana, and Park indicates that the increase in the
decoherence time in a noisy environment (i.e., T(t‘}"ise) is
correlated with the increasing ground-state energy splitting
A. This suggests that, as A may be tuned by adjusting the
strength of the junction-cavity interaction, the resonant cavity
may be used to control the property of the JVQ. For instance,
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the decoherence time 7, ;"ise may be increased by increasing
the strength of the interaction between the fluxon and the
cavity EM mode. Also, due to the similarities between a
cavity EM mode and an optical phonon mode, the interaction
between fluxons and optical phonons in the LJJ may affect the
decoherence time.

Another important property of JVQ’s is entanglement
between the qubits. As our result suggests that the decoherence
time for the JVQ can be increased by increasing the strength
of the junction-cavity interaction, the resonant cavity may
also be useful for tuning the level of entanglement between
the JVQ’s. Our study suggests that the present approach for
JVQ’s is similar to the microwave cavity approach used for
the other superconductor qubits.** The effective Hamiltonian
for the multiple JVQ’s in a resonant cavity may resemble the
Tavis-Cummings model,** which is the extension of the JC
model to the case of multiple qubits. This similarity may be
exploited by using the resonant cavity to control the level of
concurrence® for JVQ’s since the junction-cavity interaction
may also promote entanglement. Hence, the effects of a
resonant cavity on entanglement between the interacting JVQ’s
would be an interesting area for further study.
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APPENDIX A: CALCULATION OF R.,,

For convenience, the dimensionless factor R.,, of Eq. (63)
is estimated in the continuum limit. In this limit, we may write
Reqy as

1 [ di

Reay = €xp— — [+ + -], (A1)
b M,w? A

where §1()) denotes the phase shift due to the scattering

potential U. This phase shift may be expressed as

Ul —gl(0)F gi(n)}
87(0) £ g7(zy) ’

where t, = —0/2, and g} (v) and g} (t) denote the real and
imaginary part of the Green’s function [i.e., g,(7) = g;(7) +
ig; (r)]. The phase shift 64 (1) due to the scattering from the
net potential difference of

V(@) — Vgl(ge/2)-1= -U [5 (T + %) +9 (f - TE)]

(A3)

5200 = cot™! [ (A2)

consists of two Dirac § functions at T = =1, /2. The strength
of the scattering potential U is given by

U™" = g0(0) — go(zy),

where go(7) is the Green’s function for the eigenvalue A = 0.
The Green’s function g, (7) is written as

( ) /oo dw eia)r
T) = —_— .
& o 27 M0 + 0(@) + 2] — A — 08

(A4)

(A5)
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Here the effects of the resonant cavity are accounted for via
M,, w,., and ¢ (w). The function ¢ (w), obtained from the cavity
kernel K (7) of Eq. (26),

4 52 4

gy (A6)

w) = ,
cw) = s

reflects that the resonant cavity supports a single mode with
frequency w,. Using the function ¢ (), we write the real part
of the Green’s function as g; (t) = g; . (v) + g, _(7), where

2 2
wr + wl,k

g0 = ) sinwy, +7, (A7)

AM,w; + (
W+ = (a)iA + a)%,x)l/z, “)ix =[(A/M,) — a)z — a)f]/Z, and
w3, = {[(A/M,) — ] + o} ]* — (16783 /M)w}}' /2. On the
other hand, we write the imaginary part of the Green’s function
as g/ (1) = gi"Jr(t) + g)/\’,f(r), where

2
Zwu

1 Q +oi,
4M,w) + 203,

We note that the phase shift 61 (A) has both slowly varying and
rapidly oscillating contributions. For an extended bounce (i.e.,
Ty > 1), the rapidly oscillating terms become negligible
compared to the nonoscillating terms.

The factor R.,, of Eq. (A1) may be simplified by using the
substitution A = M,w>(1 + p?), where p is a dimensionless
momentum variable. With this change of variable, we write
Reay as

g:\/,i(f) = >coswk,ir. (AB)

[o.¢]
Reay = exp {1 / L 5. () +8_(p>]}. (A9)
T Jo 1+ P

The factor R.y of Eq. (A9) may be further simplified
by neglecting the rapidly oscillating contributions in the
phase shift 6.(A) of Eq. (A2). Neglecting these oscillatory
contributions, we approximate §1(p) to a simpler form §(p)
and write the factor R,y as

Rew = ¢ 2/00 PP s (A10)
v =exp{— .
ca’ p T o 1 + pz p
The simplified phase shift (p) is given by
U-'-g (0
8(p) = cot™! v -50 , (A11)
g(0)
where the scattering potential strength U is given by
1 1 — W, 14+ W
U 0 + %o . (A12)

T aM 2 2 2 2
¢ w5 o — W ’wz,o + “’1,0|

and Wy = (@} + o} ¢)/w3 ;. We note that ;o and wy o are
obtained from w;; and w,; of Eq. (A7) for the eigenvalue
A = 0, respectively. The real and imaginary part of the Green’s
function are given, respectively, by

1 1-W,

4M, /w%,, _w%p

gp(0) = (A13)
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and
1 1+ W,
"(0) = L (Ald)
& aM 2 2
¢ w2,p+w1,p

where W, = (o} + @} ,)/w; ,. We note that ) , and @,
are obtained from w; ; and w;, of Eq. (A7), respectively, by
setting A = Mea)z(l + pz).

We now compute R, to the leading order in gé to account
for the effects of a resonant cavity in the weak-coupling
regime (i.e., 2 < 1). For this calculation, we write the
renormalized mass of the fluxon as M, = M —Zg% and
express the oscillation frequency w, as

252 ?
w? {1 + 75 [1 +—0 —’r)“. (A15)

o

12

2
@,

Also we rewrite the strength of the potential U as

U~ 1 B 27T§%w;7’ ( . Xy ) . (Al6)
2Mw, 2 (2 — w(z))z R2rwlw’

where X, = M?(0? — 0?)* — 8[@? T (w? — 0?)* + 21w

(w? — 3w?)]. By combining these expressions, we rewrite the

real and imaginary part of the Green’s function of Egs. (A13)

and (A14), respectively, as

g,

£,(0) = — I (pra + 7 (A17)
and
y 8i X,
8,(0) = Mo, { + SMpral (e +w%)2}, (A18)

where X, =40?[n0?(3p’w? + w?) — 2T p*(p*w? + w?)*] +
Mpza)%(pza)g + a)f)2. Now, we use Egs. (A16)—-(A18) and
rewrite the simplified phase shift §(p) of Eq. (Al1) as

52 3
~ - Zpmw; X,
S(p)=cot lp— —2E_TTP Al9
(p)=cot " p IMp(+ pHX, (A19)
where X, = —(020} + 20,0} + @}) + p*Qw) + oo, —

4} w? — 3wiw? — 8w,wf — 4w?) — p*(16w3w? + 8wlw?) —
p6(8wg + 4w§a),) and X, = a){z,(w(, + a),.)z(p2a){2, + a)f)z.
Finally, we substitute (p) of Eq. (A19) into R.,, of Eq. (A10)

and evaluate the integral to obtain

ngrw? Xr
2Mw? (0, + w,)*

Reay =2+ (A20)

where  Xg = 50} + 1500, + 120,02 — 20}.  Equa-
tion (A20) yields R,y = 2 in the absence of the resonant
cavity (i.e., gé = 0) as expected.’®

APPENDIX B: CALCULATION OF L,

The factor L,, of Eq. (64) may be estimated by determining
the bouncelike trajectories g(t). The trajectories obey the

PHYSICAL REVIEW B 83, 064503 (2011)

equation of motion given by

d’q(r)  dVp(q)
-M, 4
dt? + dq +

g /iooodr’K(r —1)q(t)=0.
(B1)

We rewrite the equation of motion in a convenient form by
integrating Eq. (B1) by parts and obtain

M, (dq 2+V()
2 \drt old

+471g,25 /OO dt'K(t — tgq(t)q(t’) = 0. (B2)

oo

Using this result, we write the factor L.,y as

M, dq\*
Loy ~ —/d‘[ _q
2 dt

(90/2)+
- / da\/Vo(@) +27802q 0(),  (BY)
(g0/2)-

where ¢ = ¢(t) and

o0

0(r) = / dt'e= ™" lg(1). (B4)
—0o0

Here, the nonlocal contribution due to the resonant cavity

is accounted for by Q(t). As discussed in Appendix C, the

function Q(t) is similar to ¢(t). By exploiting this similarity,

we expand Q(7) in a power series as

(1) =Y drurig™ " (0), (BS)

n=0

where d,, 1) is the expansion coefficients (see Appendix C).
The power-series expansion for Q(r) allows us to evaluate
the factor L, straightforwardly. By using this power-series
expansion, we evaluate the integral of Eq. (B3) in the weak-
coupling regime (i.e., 2 < 1) and obtain the factor L,y to
the leading order in g2 as

Lo ~ Vu[Ao + 85 (Bo + Bag} + Baq))].  (B6)

where Vy = qo/2MV,, A, = 1 — q§(2eb1/3V0) — q;‘(4eb2/
15V,), By = —(e + 8b3?)/8¢, By = [b1€ + 2(6b1b3 — 1)w? +
27Td](1)§]/6vo, and By = (bre + ZObzb’;a)rz + 37‘[(13(1)3)/
15V,. The frequency-independent constants b; are given by
by = (cosh ¢ — 2)sech*(¢/2), by = (cosh2¢ — 26 cosh £ +
33)/(cosh £ + 1)3, and b3 = (sinh £ tanh £)? /(cosh 2¢ — 7).

APPENDIX C: POWER-SERIES EXPANSION OF Q(t)

The numerically computed function Q(r) of Eq. (B4)
indicates that Q(t) is similar to the functional form of the
bouncelike trajectory g (7). This similarity suggests that Q(t)
is a scaled function of g(7) as shown schematically in Fig. 15.
In this case, we may express the function Q(t) as a power
series in g(7) as

(1) =Y dui1g™"(0), (C1)

n=0
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q(t)

do_
>3

T
—4—%’+6

Q(x)

A

v

FIG. 15. The similarity between the function Q(t) of Eq. (B4)
and the instanton solution g(t) representing the trajectory of the
fluxon from one potential minimum to the other via tunneling is
illustrated schematically.

where dj,4+; denotes the coefficient for this power-series
expansion. We compute the coefficients d,, 1 by starting with
a series expansion of g(t) in T as

q(1)=> ayt™, (C2)
n=0

noting that the instanton solution g(7) is an odd function of
7. Here, the coefficient d, 4 is obtained by following the five
steps as discussed later in this appendix. First, we write the
bouncelike trajectory g in the absence of a resonant cavity.
This trajectory ¢ may be expressed as

(€3)

where the constants by = 2./€/M coth £, b, = (cosh2gq, +
cosh £)/ sinh 2¢,,, and b3 = coth g, depend on the parameters
£ and €. Second, we expand the right-hand side of Eq. (C3) as
a power series in g as

g = —biT + by tanh™! (b3 tanh ¢),

=-b bob 1—
q 1T+2311< 3 15

(C4

1—52 2 — 5b% + 3b%
3q2+ 3 3q4+”.>‘
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Here, we find the coefficients ay,,; by substituting the series
expansion for g(t) of Eq. (C2) into Eq. (C4). The first three
coefficients are given by

by
ap = ——-,
bybs — 1
o bibabs (1 — b3)
37T 3(babs — 1)

_ bibabs(1 — b3)[babs(3 — 23) + (2 — 303) ]
B 15(bybs — 1)7

Third, we use Egs. (26) and (C2) to evaluate Q(t) of Eq. (B4)
explicitly as

as

0 o
o(r) = ZaZn-H / dt/e—wrlt—r'\ran-‘rl. (C5)
n=0 0
Fourth, we evaluate the integrals of Eq. (C5) and write Q(7)
in a power series in T as

2 6613 120615
o)~ —|tla+— +—
, ;. (OM

-

20a
+73 <a3—|— w25>+15615+"':|. (Co)

r

Finally, we use the power-series expansion for ¢ () of Eq. (C2)
and rewrite Q(t) of Eq. (C1) as
o(t) = t(diay) + r3(d1a3 + dgaf)
+ Ts(dlas + 3d3afa3 + d5af) +---. (CT)

This series expansion allows us to obtain the expansion
coefficients dp,+; by comparing the power series Q(t) of
Egs. (C6) and (C7). The first three expansion coefficients,
dyn+1, are the following:

2
b I (et
w, w? a,
4 10(15 361% 60 7(17 asds
d=— =2 -3 )+ = (2L =22 )40
T W |:( a at * wt \ a} at *

12 Ta 11asza 3a3
pom B[(1 o 3
w; a; aj a,

In Sec. V, we use these expansion coefficients to estimate the
dimensionless factor L.,, and the one-bounce contribution to
the action (i.e., S3')).
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