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Structure of eutectic liquids in the Au-Si, Au-Ge, and Ag-Ge binary systems by neutron diffraction
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Neutron diffraction was used to investigate the structure of the liquid alloys Au0.81Si0.19, Au0.72Ge0.28, and
Ag0.74Ge0.26 with composition at or near the eutectic. For a given alloy, the measured pair distribution function
is described over a wide range of distances, from 5–6 Å to beyond 20 Å, by an exponentially damped oscillatory
function with a decay length and wavelength of oscillation related to the half-width at half-maximum of the
principal peak in the total structure factor and to the position of this peak, respectively. This behavior is expected
from solutions of the Ornstein-Zernike equations for simple pair potentials. There is no need to invoke the existence
of a fractal network, as suggested by a recent analysis of the diffraction patterns measured for amorphous metallic
alloys, to account for the experimental results. A reconsideration of the diffraction data for these amorphous
alloys points to the same conclusion.
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I. INTRODUCTION

The phase diagrams of the binary Au-Si, Au-Ge, and Ag-Ge
systems do not show the formation of stable compounds,
but each has a deep eutectic region where the melting point
decreases to 363 ◦C for Au0.814Si0.186 (Ref. 1), 361 ◦C for
Au0.72Ge0.28 (Ref. 2), and 651 ◦C for Ag0.755Ge0.245 (Ref. 3) as
compared with melting points of 962, 1064, 1414, and 938 ◦C
for pure Ag, Au, Si, and Ge, respectively. A deep eutectic is
often an indicator of good glass-forming ability, and Au-Si was
the first metallic alloy to be made into a glass by quenching
from the liquid state.4,5

Au and Si are important for technological applications, as
gold is often used to make electrical contacts to semiconductor
devices,6 and the Au-Si eutectic alloy can be used for bond-
ing in microelectromechanical systems.7,8 Au-Si and Au-Ge
eutectic alloys are also used as a catalyst for manufacturing Si
and Ge nanowires, via a vapor-liquid-solid or vapor-solid-solid
mechanism, for applications in nanotechnology.9–13 The sur-
face of the molten Au-Si eutectic alloy has received attention
owing to the observation by x-ray reflectivity and grazing
incidence x-ray-diffraction experiments of enhanced layering
at the liquid surface.14,15 Unlike most liquid metals and alloys,
where the decay of layering order below the liquid surface is
exponential and has a range (two to three atomic diameters)
comparable to the correlation length of the bulk liquid,16 the
surface of Au0.82Si0.18 forms a two-dimensional crystalline
phase below which there are six to seven atomic layers that
are liquid in a lateral direction but well defined in a direction
normal to the surface, leading to a reflectivity peak that is
more than an order of magnitude more intense than for other
metallic liquids that have been investigated. The surface region
is Si-rich relative to the bulk composition, and the surface layer
undergoes a first order solid-solid phase transition at 371 ◦C
between a low-temperature bilayer and a high-temperature
monolayer phase.17 Several of these observations have been
confirmed in other work,18 although there is a question
regarding the role played by silica impurities.19 The presence

of a substrate can enhance supercooling in Au-Si eutectic
droplets, that is, a suitably chosen wall can inhibit freezing
of the liquid phase.20,21 Nearly free-standing nanometer-sized
drops of the eutectic Au-Ge liquid are reported to crystallize
via a mechanism that avoids nucleation in the drop center
but proceeds via faceting of the supercooled liquid surface,
which acts as a precursor to surface-induced crystallization.22

By comparison, x-ray reflectivity and grazing incidence x-ray-
diffraction experiments on the eutectic alloy Ag0.72Ge0.28 do
not show evidence of the surface freezing and surface-induced
order observed for the Au-Si eutectic.16

The purpose of this paper is to use neutron diffraction
to study the bulk structure of three liquid alloys at or near
the eutectic composition, namely Au0.81Si0.19, Au0.72Ge0.28,
and Ag0.74Ge0.26. The experiments were done using a single
incident neutron energy with the diffractometer D4c (Ref. 23)
at the reactor source of the Institut Laue-Langevin (ILL)
to avoid the neutron absorption resonances of 197Au and
109Ag at 4.890(2) and 5.19(1) eV, respectively.24 At present,
it is not possible to accurately account for the effect of
these resonances on the diffraction pattern measured using
time-of-flight methods at a pulsed neutron source. The new
experiments complement those recently obtained by using
high-energy x-ray diffraction25–27 since there is a contrast
between the neutron and x-ray scattering lengths (or form
factors) for the constituent species of a given alloy. The
results provide data that can be used to assist in developing
realistic models of these fascinating eutectic systems.28,29 In
addition, the decay of the pair distribution functions in real
space for a variety of metallic glasses has been interpreted
in terms of a packing of structural units, which leads to a
fractal network with a dimension of 2.31.30 It is therefore
of interest to investigate the extent to which liquid metallic
alloys can be described within this framework, and, indeed, to
examine whether the decay of the pair distribution functions
can in fact be described by using the results obtained from
simple theory.31–33 The latter were not considered in the work
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of Ma et al.,30 although they have been used with some
success to describe the decay of the partial pair distribution
functions for a variety of systems, including binary mixtures
of hard spheres34 and binary network-forming glasses.33,35–39

Additionally, in simple theories of dense binary A-B liquids
at a liquid-vapor or wall-liquid interface, the asymptotic
behavior of the single-particle liquid-density profiles ρA(r)
and ρB(r) is described by exponentially damped oscillatory
functions where the decay length and wavelength of the
oscillatory decay are common to both species and take the
same values as for the asymptotic decay of the bulk liquid
partial pair distribution functions r[gαβ(r) − 1].31,40,41 It is
useful, therefore, to investigate the decay of the bulk liquid
pair distribution functions for comparison with the density
profiles obtained for inhomogeneous liquids.14–16

The paper is organized as follows. The essential theory
required to understand the diffraction results is described in
Sec. II, and the experimental details are outlined in Sec. III.
The results are presented in Sec. IV, where they are compared
with those obtained from previous diffraction experiments. In
Sec. V, the asymptotic decay of the pair distribution functions
in real space is characterized and the results are compared
with those expected from the fractal model proposed by Ma
et al.30 and from the predictions of a simple theory based on
the Ornstein-Zernike equations.31–33 Finally, the conclusions
are summarized in Sec. VI.

II. THEORY

In a neutron-diffraction experiment on a liquid binary
eutectic alloy, the scattered intensity containing structural
information can be represented by the total structure factor42

FN (k) =
n∑

α=1

n∑
β=1

cαcβbαbβ[Sαβ(k) − 1], (1)

where α and β denote the chemical species, n = 2 is the
number of different chemical species, cα and bα represent
the atomic fraction and bound coherent scattering length of
chemical species α respectively, and Sαβ(k) is a Faber-Ziman43

partial structure factor. k = 4π sin(θ )/λ is the magnitude of the
scattering vector where 2θ is the scattering angle and λ is the

incident neutron wavelength. Sαβ (k) is related to the partial pair
distribution function gαβ(r) by the Fourier transform relation

gαβ(r) − 1 = 1

2π2 n0 r

∫ ∞

0
dk k [Sαβ(k) − 1] sin(kr), (2)

where n0 is the atomic number density and r is a distance in
real space. Often the total structure factor is rewritten as

SN (k) = FN (k)/〈b〉2 + 1, (3)

where 〈b〉 = cαbα + cβbβ is the mean coherent scattering
length. The corresponding real-space information is provided
by the total pair distribution function GN (r), which is obtained
from the Fourier transform relation

GN (r) − 1 = 1

2π2 n0 r

∫ ∞

0
dk k [SN (k) − 1] sin(kr)

=
n∑

α=1

n∑
β=1

cαcβbαbβ

〈b〉2
[gαβ(r) − 1]. (4)

For r values smaller than the distance of closest approach
between the centers of two atoms, gαβ(r) = gαβ(r = 0) = 0
such that GN (r) = GN (r = 0) = 0. The coherent neutron-
scattering lengths used in the data analysis are b(Au) =
7.63(6), b(Ag) = 5.922(7), b(Si) = 4.1491(10), and b(Ge) =
8.185(20) fm.44

In an x-ray-diffraction experiment, Eqs. (1), (3), and (4)
remain valid provided that each bα is replaced by the
corresponding k-dependent x-ray form factor fα(k) such that
Eq. (3) becomes SX(k) = FX(k)/|〈f (k)〉|2 + 1, where the
average x-ray form factor 〈f (k)〉 = cαfα(k) + cβfβ(k).42 The
relative weighting factors for the partial structure factors in
the expressions for SN (k) and SX(k) are listed in Table I for
the investigated Au-Si, Au-Ge, and Ag-Ge alloys.

III. EXPERIMENTAL

The alloys were prepared from Au (99.995%), Ag
(99.5+%), Ge (99.9999%), and Si (99.9999%) by weighing
appropriate amounts of the elements, sealing them under
vacuum in a silica ampoule, and heating in a furnace for 3–4 h
at a temperature up to 1000 ◦C while occasionally inverting the
ampoule. Each sample was cooled by quenching in water. The
alloys thus made were recast into billets of 3-mm diameter and
then sealed under a vacuum of 10−5 torr in silica ampoules of
4-mm inner diameter and 1-mm wall thickness ready for the

TABLE I. The weighting of the individual partial structure factors in the total structure factor measured by using neutron diffraction, SN (k),
or x-ray diffraction, SX(k), in an experiment on liquid Au0.81Si0.19, Au0.72Ge0.28, or Ag0.74Ge0.26.

Alloy Pair correlation Neutron diffraction (%) X-ray diffraction at k = 0 (%)

Au0.81Si0.19 Au-Au 78.6 92.2
Au-Si 20.1 7.7
Si-Si 1.3 0.1

Au0.72Ge0.28 Au-Au 49.8 74.6
Au-Ge 41.5 23.5
Ge-Ge 8.7 1.9

Ag0.74Ge0.26 Ag-Ag 45.3 65.1
Ag-Ge 44.0 31.2
Ge-Ge 10.7 3.7
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neutron-diffraction experiments. The latter were made using
the D4c instrument23 at the ILL with an incident wavelength of
0.4963(1) Å for the molten Au0.81Si0.19 alloy or 0.4967(1) Å for
the molten Au0.72Ge0.28 and Ag0.74Ge0.26 alloys. A vanadium
furnace was used with a heating element of 17-mm diameter
and 0.1-mm wall thickness together with a heat shield of 25-
mm diameter and 0.04-mm wall thickness. Diffraction patterns
were taken at a temperature just above the melting point, that
is, at 392(2) ◦C for Au0.81Si0.19, 393(2) ◦C for Au0.72Ge0.28,
and 703(2) ◦C for Ag0.74Ge0.26 for the sample in its container
in the furnace, for an empty container in the furnace, and
for the empty furnace. Diffraction patterns were also taken
at room temperature for the empty furnace, for a cylindrical
vanadium rod of diameter 6.37(1) mm in the furnace for
normalization purposes, and for a bar of neutron-absorbing
10B4C of dimensions comparable to the sample in the furnace
to account for the effect of the sample’s attenuation on the
background signal at small scattering angles.45 Each complete
diffraction pattern was built up from the intensities measured
for the different detector groups. These intensities were saved
at regular intervals to check the stability of the sample and
instrument.46

The mass density of the liquid Au0.81Si0.19, Au0.72Ge0.28,
and Ag0.74Ge0.26 alloys was first estimated from the densities
of the pure components by using Vegard’s law. These densities
were used as starting points for analyzing the x-ray-diffraction
data of Refs. 25–27. The density was then adjusted and the
analysis repeated until the SX(k) function measured for an alloy
was in agreement with the back Fourier transform of the cor-
responding GX(r) function after the small r oscillations were
set to the GX(r = 0) = 0 limit. The number densities obtained
from this method are 0.0573, 0.0555, and 0.0555 Å−3 for liquid
Au0.81Si0.19, Au0.72Ge0.28, and Ag0.74Ge0.26, respectively. The
corresponding mass densities are listed in Table II, where they
are compared to the values measured for the crystalline alloys
by using Archimedes’ principle. The comparison shows that
the liquid densities are about 2% higher than those of the
corresponding crystalline materials. This is consistent with the
results of Waghorne et al.,47 who estimated that Au0.815Si0.185

and Au0.75Ge0.25 contract by 1%–2% and 5% on melting,
respectively. For Au0.81Si0.19, the number density of the liquid
is about 2% higher than for amorphous films of Au0.80Si0.20

prepared by vapor deposition.48 The effect of expansion upon
freezing for the Au0.72Ge0.28 alloy was observed at the end
of our neutron-diffraction experiment as the sample broke the
silica ampoule.

The absorption cross sections for Si and Ge used in the
data analysis were taken from Ref. 44, while those for Au

TABLE II. The mass density of crystalline and liquid Au0.81Si0.19,
Au0.72Ge0.28, and Ag0.74Ge0.26 as measured by using Archimedes’
principle and as estimated from the high-energy x-ray-diffraction
experiments of Refs. 25–27, respectively.

Density (g cm−3)

Alloy Crystal Liquid

Au0.81Si0.19 15.43(1) 15.688
Au0.72Ge0.28 14.594(6) 14.944
Ag0.74Ge0.26 8.960(4) 9.097

and Ag were obtained from the Monte Carlo N-Particle
(MCNP) library in the Korea Atomic Energy Research Institute
(KAERI) database,49 which gives values of 30.9 and 18.9
barns, respectively, for neutrons with an incident wavelength
of 0.5 Å. The neutron-diffraction data were carefully corrected
to yield the total structure factor for each sample and the usual
self-consistency checks were performed.50,51

IV. RESULTS

The measured total structure factors SN (k) for the eutectic
alloys are shown in Fig. 1. Each function has a relatively
sharp principal peak at a scattering vector kPP of 2.72(2),
2.71(2), and 2.69(2) Å−1 with a half-width at half-maximum
of 0.25(2), 0.30(2), and 0.26(2) Å−1 for liquid Au0.81Si0.19,
Au0.72Ge0.28, and Ag0.74Ge0.26, respectively. We refer to this
feature in SN (k) as the principal peak to avoid confusion
with a peak at �1–1.5 Å−1 that commonly occurs in network
glass-forming systems and which is referred to as a prepeak
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FIG. 1. (Color online) The total structure factors SN (k) measured
by using neutron diffraction for liquid Au0.81Si0.19 at 392(2) ◦C,
Au0.72Ge0.28 at 393(2) ◦C, and Ag0.74Ge0.26 at 703(2) ◦C. The vertical
bars represent the measured data points with statistical errors, and
the solid dark (black) curves are the back Fourier transforms of the
corresponding real-space functions GN (r) given by the solid dark
(black) curves in Fig. 2, where the unphysical oscillations at r values
smaller than the distance of closest approach between the centers
of two atoms are set to the calculated GN (r = 0) = 0 limit. For all
of the functions, the back Fourier transforms are indistinguishable
from the data points at most k values and the error bars on these
data points are smaller than the line thickness. The arrows point to
small prepeaks in SN (k) at �1.3 and 1.6 Å−1 for the Au-Ge and Ag-Ge
alloys, respectively. The solid light (red) curves give the total structure
factors SX(k) measured by using high-energy x-ray diffraction for
liquid Au0.81Si0.19 at 380 ◦C (Refs. 26 and 27), Au0.72Ge0.28 at 380 ◦C
(Refs. 26 and 27), and Ag0.74Ge0.26 at 700 ◦C (Ref. 25).
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or first sharp diffraction peak.52 The results are compared to
the total structure factors SX(k) for these alloys as measured
by using high-energy (113.26 or 181.00 keV) x-ray diffraction
in transmission geometry by Takeda and co-workers.25–27 The
latter are comparable to the neutron-diffraction results, and
each shows a relatively sharp principal peak at a position
kPP of 2.73(2) Å−1 for Au0.81Si0.19 at 380 ◦C, 2.77(3) Å−1

for Au0.72Ge0.28 at 380 ◦C, and 2.63(2) Å−1 for Ag0.74Ge0.26

at 700 ◦C. The SN (k) functions for liquid Au0.72Ge0.28 and
Ag0.74Ge0.26 also show prepeaks at 1.3(2) and 1.6(3) Å−1,
respectively. A prepeak for the Au-Ge alloy at 1.35(10) Å−1

which survives with temperature increasing to 1000 ◦C was
observed in the x-ray-diffraction work of Hoyer and Jödicke,53

who used reflection (θ -θ ) geometry with low-energy x-rays
(17.48 keV), and was taken to be a signature of medium-
range order caused by the formation of heteroatomic clusters.
This feature was not, however, found in more recent high-
energy x-ray-diffraction experiments,26,27 which were made
in transmission geometry using x-rays of energy 181.00 keV
with a large penetration depth. The discrepancy may arise from
the greater sensitivity of the former to surface effects.

The reciprocal space functions of the present work were
extrapolated to k = 0 by assuming that SN (k) ∝ k2 at small k

values.36 They were then spline-fitted and Fourier-transformed
to give the real-space functions GN (r) shown in Fig. 2. In these
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FIG. 2. (Color online) The total pair distribution functions GN (r)
[solid dark (black) curves] for liquid Au0.81Si0.19 at 392(2) ◦C,
Au0.72Ge0.28 at 393(2) ◦C, and Ag0.74Ge0.26 at 703(2) ◦C, as obtained
by spline fitting and Fourier transforming the corresponding SN (k)
functions shown in Fig. 1, after setting the small r oscillations to
the appropriate GN (r = 0) limiting value. The data are compared to
the GX(r) functions [solid light (red) curves] as measured by using
high-energy x-ray diffraction for liquid Au0.81Si0.19 at 380 ◦C (Refs.
26 and 27), Au0.72Ge0.28 at 380 ◦C (Refs. 26 and 27), and Ag0.74Ge0.26

at 700 ◦C (Ref. 25). The broken dark (black) and broken light (red)
curves show the extent of the unphysical small r oscillations in GN (r)
and GX(r), respectively.

figures, the results are compared with the GX(r) functions
measured by high-energy x-ray diffraction.25–27

A. Liquid Au0.81Si0.19

The GN (r) and GX(r) functions for liquid Au0.81Si0.19 are
very similar, with the exception of a shoulder that appears on
GN (r) at �2.4 Å. The first peak occurs at 2.83(2) Å in GN (r)
and at 2.82(2) Å in GX(r) and is attributed, on the basis of
the weighting factors given in Table I, to the nearest-neighbor
Au-Au distance. Other x-ray-diffraction experiments on the
liquid give a nearest-neighbor distance of ∼2.85 Å.47 The
nearest-neighbor distance in liquid gold is �2.72(2) Å at
1150 ◦C.26,27 In liquid silicon,54,55 the Si-Si bond distance is
2.44–2.48 Å, and in crystals like YbAuSi,56 CaAu1.208Si0.792,56

and CeAu4Si2,57,58 the nearest-neighbor Si-Si and Au-Si
distances are 2.19–2.64 and 2.48–2.64 Å, respectively. Hence,
by considering the weighting factors listed in Table I, the
absence of a shoulder in GX(r) at 2.4 Å can be attributed
to the relatively small weighting of the Au-Si and Si-Si pair
correlation functions while the appearance of this shoulder in
GN (r) can be attributed to Au-Si pair correlations. As shown in
Fig. 3, the measured GN (r) function is in good accord with the
results obtained from the first-principles molecular-dynamics
work of Pasturel et al.29

The results are consistent with thermodynamic measure-
ments that point to the preferred association of unlike atoms
in the liquid eutectic alloy.5 The results are also consistent
with the first-principles molecular-dynamics work of Lee and
Hwang28 on several amorphous Au-Si alloys, which suggest
that there is a clustering of Au around Si atoms for Au-rich
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FIG. 3. (Color online) Comparison between the total pair dis-
tribution function GN (r) for liquid Au0.81Si0.19 as measured at
392(2) ◦C in the present work [solid dark (black) curve] and as
calculated at 427 ◦C in the first-principles molecular-dynamics work
of Pasturel et al.29 [solid light (red) curve] wherein the number density
was 0.056 Å−3. The GN (r) function for the latter was obtained
by summing the weighted Au-Au [broken (black) curve], Au-Si
[solid (blue) curve], and Si-Si [chained (green) curve] partial pair
distribution functions taken from Ref. 29, where the weighting factors
on the gαβ (r) − 1 functions are given by Eq. (4). The weighted
gαβ (r) − 1 functions are displaced downward by 0.2 units for clarity
of presentation.
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systems such that the Si atoms are more or less evenly
distributed. The calculations show the formation of Si-centered
tricapped trigonal prism Kasper polyhedra with an Au-Si bond
distance of ≈ 2.4 Å (the associated Au-Au distance is expected
to be59 2.4/0.86 = 2.79 Å). The Si-Au coordination number
of 9 compares to a mean value of �10 found from reverse
Monte Carlo (RMC) models of the x-ray-diffraction data taken
for liquid Au0.81Si0.19 at various temperatures.26,27 In Si-rich
AuxSi1−x (0.14 � x � 0.34) amorphous alloys prepared by
vapor deposition, an Au-Au distance of 2.82–2.83 Å with a
Si-Si or Au-Si distance of 2.40–2.42 Å was reported.60

B. Liquid Au0.72Ge0.28

The GN (r) and GX(r) functions for liquid Au0.72Ge0.28

show discrepancies that can be attributed to the different
weighting factors for the partial pair correlation functions
(see Table I). The first peak in GN (r) at 2.76(2) Å, where
Au-Au and Au-Ge pair correlations dominate the diffraction
pattern and have comparable weighting factors, is shifted
to small r relative to the first peak in GX(r) at 2.79(2) Å,
where the Au-Au pair correlations dominate the diffraction
pattern. The first peak shift for the latter can therefore
be attributed to a larger contribution from Au-Au correla-
tions. Diffraction and extended x-ray-absorption fine-structure
(EXAFS) experiments on liquid germanium50,61,62 give a Ge-
Ge bond distance of 2.62–2.66 Å while the nearest-neighbor
distance in crystalline Au0.8Ge0.2 is 2.85–2.86 Å at high
pressure.63 The nearest-neighbor distance in liquid gold is
�2.72(2) Å at 1150 ◦C,26,27 and RMC models of liquid
Au0.72Ge0.28 at 380 ◦C point to a mean Ge-Au coordination
number of �8.26,27 Previous diffraction experiments used
reflection (θ -θ ) geometry and low-energy x-rays (8.05 or
17.48 keV), making them more sensitive to surface effects, and
give a somewhat larger nearest-neighbor distance of 2.85 Å for
liquid Au0.72Ge0.28 (Ref. 53) and 2.87 Å for liquid Au75Ge25.47

C. Liquid Ag0.74Ge0.26

The GN (r) and GX(r) functions for liquid Ag0.74Ge0.26

give first peak positions of 2.77(2) and 2.81(2) Å, respectively.
As shown by Table I, the weighting factors for the partial pair
correlation functions follow the same trend as for Au0.72Ge0.28,
that is, the Ag-Ag and Ag-Ge pair correlations dominate GN (r)
and have comparable weighting factors, whereas the Ag-Ag
pair correlations dominate GX(r).

The structure of the liquid eutectic alloy Ag0.76Ge0.24 at
850 ◦C was measured by Bellissent-Funel et al.64 using the
method of silver isotope substitution in neutron diffraction.
The experiment was done using the D4 diffractometer at
the ILL (an earlier version of D4c), but the limitations of
this instrument at the time meant that the partial structure
factors were measured up to a relatively short maximum k

value of 12 Å−1. The measured nearest-neighbor Ag-Ag,
Ag-Ge, and Ge-Ge distances are 2.92, 2.66, and 3.12 Å,
respectively. In Fig. 4, a comparison is made between the
GN (r) function obtained by Fourier transforming the SN (k)
function measured for liquid Ag0.74Ge0.26 in the present work,
after truncating at k = 12 Å−1, and the results of Ref. 64 for
liquid Ag0.76Ge0.24. The total pair distribution function for
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FIG. 4. (Color online) Comparison between the total pair dis-
tribution functions GN (r) for liquid Ag0.74Ge0.26 at 703(2) ◦C from
the present work [solid dark (black) curve] and liquid Ag0.76Ge0.24

at 850 ◦C from the work of Bellissent-Funel et al.64 [solid light
(red) curve]. The GN (r) function for Ag0.74Ge0.26 was obtained by
truncating the SN (k) function shown in Fig. 1 at 12 Å−1, Fourier
transforming, and setting the small r oscillations to the GN (r = 0)
limiting value. The GN (r) function for Ag0.76Ge0.24 was obtained
by summing the weighted Ag-Ag [broken (black) curve], Ag-Ge
[solid (blue) curve], and Ge-Ge [chained (green) curve] partial pair
distribution functions digitized from Ref. 64, where the weighting
factors on the gαβ (r) − 1 functions are given by Eq. (4). The weighted
gαβ (r) − 1 functions are displaced downward by 0.2 units for clarity
of presentation.

the latter was obtained by adding the weighted gαβ(r) − 1
functions according to Eq. (4), using cAg = 0.76, cGe = 0.24,
and the scattering lengths taken from Sears.44 The GN (r)
functions for the Ag0.74Ge0.26 and Ag0.76Ge0.24 liquids show
comparable features and, in the region of the first peak, there is
considerable overlap between the individual pair distribution
functions. We note that, while discrepancies between the
GN (r) functions measured in the present work and Ref. 64 are
expected from the different compositions and temperatures,
the partial structure factors from Ref. 64 were extracted from
the measured diffraction patterns by using scattering lengths
for the Ag isotopes that have since been revised (see Ref. 44).

V. DISCUSSION

Two approaches will be considered for the asymptotic
behavior of the total pair distribution functions in real space.
The first is based on a fractal model for the structure that
has been proposed by Ma et al.30 The second is based on
a pole analysis of the Ornstein-Zernike equations for pair
interaction potentials31,32 and includes models for mixtures
of hard spheres.41,65

A. Fractal approach to the decay of the pair
distribution functions

If it is assumed that the material is made from clusters of
structural units that show a degree of self-similarity or scale
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invariance, then the mass of a cluster increases with its linear
dimension r according to the relation66

M(r) ∝ rDf , Df < D, (5)

where Df is the fractal dimension and D is the embedding
dimension. For a uniform local density, M(r) ∝ V (r), where
V (r) is the volume of a cluster such that r ∝ V (r)1/Df .
Ma et al.30 take V (r) to be the atomic volume v calculated
from the measured density and assume that the principal peak
position kPP in SX(k) or SN (k) is proportional to the reciprocal
of the linear dimension r such that kPP ∝ v−1/Df or

ln kPP = ln a − ln v

Df

, (6)

where a is the constant of proportionality. As shown by
Fig. 5(a), the data for a wide variety of glassy metals
plotted according to Eq. (6) give a gradient of −0.433(6) as
opposed to −1/3. The latter value is expected, for example,
for a crystalline metal30 or for a hard-sphere model of the
liquid structure factor since, for a given packing fraction η =
πσ 3/6v, where σ is the hard-sphere diameter, kPPσ = const
such that kPP ∝ v−1/3.67 A fractal dimension Df = 1/0.433 =
2.31 was thereby deduced for metallic glasses. Following
Ma et al.,30 the asymptotic decay of a total pair distribution
function is then modeled by using

rD′
[GN (r) − 1] � A exp(−a0r) cos(a1r − φ), (7)

where D′ ≡ D − Df = 0.69, A is an amplitude, and φ is
a phase. The oscillatory term was included to modify an
expression previously used to model the small-angle neutron-
scattering data measured for silica particle aggregates, where
ξ = a−1

0 is a cutoff length chosen to ensure that the aggregates
(or clusters) are not infinite in extent.66 The wavelength of the
oscillatory term is 2π/a1, where a1 is identified with kPP.

As shown in Fig. 5(a), the densities measured for liquid
Au0.81Si0.19, Au0.72Ge0.28, and Ag0.74Ge0.26 in the present work

and for glassy Au0.80Si0.20 in the work by Mangin et al.48 are
consistent with the results obtained for many metallic glasses.
Thus, although a fractal model will not be valid for a uniform
liquid, the neutron-diffraction results for the molten alloys
were analyzed according to Eq. (7).

B. Ornstein-Zernike approach to the decay of the pair
distribution functions

Evans and co-workers31,32 made a pole analysis of the
Ornstein-Zernike equations for binary systems in which the
particle interactions are pairwise additive and are described
by either short-ranged repulsive potentials or short-ranged
repulsive plus long-ranged Coulomb potentials. If the parti-
cle density is sufficiently high, the asymptotic behavior of
each partial pair distribution function is described by the
relation

r[gαβ(r) − 1] = 2|Aαβ | exp(−a0r) cos(a1r − θαβ), (8)

where each function has a common decay length given by a−1
0

and a common wavelength of oscillation given by 2π/a1. The
amplitudes are related by |Aαα||Aββ | = |Aαβ |2 and the phases
are related by θαα + θββ = 2θαβ . By using the definition of the
total pair distribution function given by Eq. (4), it follows that

r[GN (r) − 1] = 2|A| exp(−a0r) cos(a1r − θ ), (9)

where A = (cαbαA1/2
αα + cβbβA1/2

ββ )2/〈b〉2 ≡ |A| exp(−iθ ),
Aαα = |Aαα| exp(−iθαα), Aββ = |Aββ | exp(−iθββ ), i =√−1, and θ is a phase. By inspection, the only significant
difference between Eqs. (7) and (9) is the power of r used to
weight GN (r) − 1.

C. Description of the asymptotic decay

The measured rD′
[GN (r) − 1] and r[GN (r) − 1] functions

for the liquid Au-Si, Au-Ge, and Ag-Ge alloys were fitted
at large r values by using Eqs. (7) and (9), respectively. The
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FIG. 5. (Color online) Plots of (a) ln kPP vs ln v and (b) kPP vs v−1/3 for various metallic glasses (open circles) as taken from Ma et al.30

The solid (red) curves are straight-line fits to the data and give a gradient and goodness-of-fit parameter R2 of (a) −0.433(6) and 0.9922 or
(b) 8.95(13) and 0.9926, respectively. Also shown are the data points for molten Au0.81Si0.19 at 392(2) ◦C [(green) �], Au0.72Ge0.28 at 393(2) ◦C
[(magenta) �], and Ag0.74Ge0.26 at 703(2) ◦C [(blue) �] taken from the present work, and glassy Au0.80Si0.20 [(blue) �] taken from Ref. 48.
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FIG. 6. (Color online) Decay of the total pair distribution func-
tions for liquid (a) Au0.81Si0.19 at 392(2) ◦C, (b) Au0.72Ge0.28 at
393(2) ◦C, and (c) Ag0.74Ge0.26 at 703(2) ◦C. In the left-hand column,
the solid dark (blue) curves show plots of rD′

[GN (r) − 1] vs r , and
in the right-hand column the solid dark (blue) curves show plots of
ln |rD′

[GN (r) − 1]| vs r , where D′ = 0.69. In the left-hand column,
the broken (red) curves show fits to rD′

[GN (r) − 1] at large r values
using Eq. (7), and in the right-hand column the broken (red) curves
show straight-line fits to the maxima in ln |rD′

[GN (r) − 1]| at large
r values.

maxima in the functions ln |rD′
[G(r) − 1]| and ln |r[GN (r) −

1]| at large r values were also fitted with straight lines
to obtain separate values for a0. The fits are shown in
Figs. 6 and 7, and several of the fitted parameters are
summarized in Table III. The quality of a fit is measured by
R2 ≡ 1 − �i(yi − yfit,i)2/�i(yi − ȳ)2, where the summations
extend over the fitted range of data points, yi represents a data
point, yfit,i represents the fitted function, and ȳ is the average
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FIG. 7. (Color online) Decay of the total pair distribution
functions for liquid (a) Au0.81Si0.19 at 392(2) ◦C, (b) Au0.72Ge0.28

at 393(2) ◦C, and (c) Ag0.74Ge0.26 at 703(2) ◦C. In the left-hand
column, the solid dark (blue) curves show plots of r[GN (r) − 1]
vs r , and in the right-hand column the solid dark (blue) curves
show plots of ln |r[GN (r) − 1]| vs r . In the left-hand column, the
broken (red) curves show fits to r[GN (r) − 1] at large r values
using Eq. (9), and in the right-hand column the broken (red) curves
show straight-line fits to the maxima in ln |r[GN (r) − 1]| at large
r values.

value of yi for the fitted range. All of the fits for a given alloy
were made over the same r space range. The minimum r

value chosen for a fit is in accord with the value obtained by
using the procedure outlined by Ma et al.,30 and the maximum
r value is limited by the signal-to-noise ratio.

The fractal and Ornstein-Zernike approaches for describing
the asymptotic decay of the pair distribution functions give
comparable fits as expected from the similarity of Eqs. (7)

TABLE III. The parameters obtained by fitting the neutron-diffraction data for liquid Au0.81Si0.19, Au0.72Ge0.28, and Ag0.74Ge0.26 by using
Eq. (7) based on a fractal model or Eq. (9) based on a model obtained from the Ornstein-Zernike (OZ) equations. All of the fits for a given
alloy were made over the same range in r space. The decay length a−1

0 was also obtained from a straight-line fit at large r values to the maxima
in a plot of ln |rD′

[G(r) − 1]| (fractal model) or ln |r[G(r) − 1]| (OZ model) versus r .

Fractal OZ
model model

Range a0 a1 a0
a a0 a1 a0

a

Alloy (Å) (Å−1) (Å−1) R2 (Å−1) (Å−1) (Å−1) R2 (Å−1)

Au-Si 6.26–30.56 0.270(2) 2.720(2) 0.996 0.234(2) 0.232(1) 2.721(1) 0.997 0.215(2)
Au-Ge 6.32–21.23 0.323(2) 2.745(2) 0.998 0.301(3) 0.287(2) 2.746(2) 0.998 0.277(3)
Ag-Ge 5.22–18.16 0.311(2) 2.659(2) 0.997 0.297(4) 0.273(2) 2.659(2) 0.997 0.268(3)

aFrom a straight-line fit to the maxima in ln |rD′
[G(r) − 1]| or ln |r[G(r) − 1]|.
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and (9). For a given liquid alloy, the values of a0 and a1 obtained
from the fits are comparable to the half-width at half-maximum
of the principal peak in SN (k) and to the position kPP of this
peak, respectively (see Sec. IV). The decay lengths ξ = a−1

0
obtained from the fits to the fractal model using Eq. (7) are
3.70(3), 3.10(2), and 3.22(2) Å for the liquid Au-Si, Au-Ge,
and Ag-Ge alloys, respectively. These results compare with a
value of ξ = 4.00(8) Å for Zr0.355Cu0.645, a typical metallic
glass.30

D. Effect of the diffractometer resolution function on the decay
of the pair correlation functions

The k-space resolution function of a diffractometer will
lead to a finite coherence volume in real space over
which correlations can be observed. In the case of a
diffractometer with a Gaussian resolution function M(k) =
exp[−k2/2(
k)2]/(2π )1/2
k of standard deviation 
k, the
function GN (r) − 1 will be damped by a multiplicative factor
M(r) = exp{−(
k)2r2/2} (see Appendix C of Ref. 33). A
pair distribution function analysis68 of the diffraction patterns
measured for powdered samples of CeO2 and KMgF3 at
90 K by using D4c with an incident neutron wavelength of
0.5 Å is consistent with an approximately Gaussian k-space
resolution function with an effective standard deviation 
k �
0.039 Å−1.69 This empirical result for 
k is compatible with
an estimate based on the neutron optics of D4c operating at a
wavelength of 0.5 Å and leads to a full width at half-maximum
for M(r) of 2

√
2 ln 2/
k � 60.4 Å. To estimate the effect of

the k-space resolution function, the measured rD′
[GN (r) − 1]

and r[GN (r) − 1] functions of Figs. 6 and 7 were divided by
M(r) and the resultant functions were refitted using Eqs. (7)
and (9), respectively. This led to values for a1 that are, within
the experimental error, the same as those given in Table III,
but to values for a0 that are reduced by 4%–9%, depending on
the alloy. The effect of the finite k-space resolution function
is sufficiently small that Eqs. (7) and (9) remain valid over
the range of r values where oscillations are discernible in the
measured total pair distribution functions.

E. Critique of the fractal and Ornstein-Zernike approaches

The cornerstones for the fractal model of Ma et al.30

are (i) kPP ∝ v−1/Df with Df 
= 3 [see Fig. 5(a)] and (ii)
the ability of Eq. (7) to account for the decay of the total
pair distribution functions over a large r range. It is not,
however, necessary to invoke a fractal model for the structure
to account for these observations. As shown in Fig. 5(b), the
available data for metallic glasses can in fact be equally well
fitted by using the relation kPP ∝ v−1/3, as expected for a
three-dimensional structure. Equation (9) also accounts for
the measured behavior of the total pair distribution functions
for the liquid alloys over a large r range. A similar conclusion
is anticipated for the glassy metals studied by Ma et al.30 given
the similarity between the equations obtained from the fractal
and Ornstein-Zernike approaches. This sets a challenge to the
authors of Ref. 30 to provide an analysis of their measured
pair distribution functions using a standard Ornstein-Zernike
approach.

The asymptotic behavior of the pair distribution functions
deduced from a pole analysis of the Ornstein-Zernike relations
was derived using simple pair potentials and is valid, for
example, for a binary system of hard spheres.31–33 This
approach does not, however, take into account the effect of
conduction electrons or dispersion forces—the latter lead to a
power-law decay for the pair distribution functions. Further
work is required to develop more realistic models for the
asymptotic decay of the pair distribution functions in liquid
and glassy metallic systems that go beyond an account of
sphere-packing effects.

We note that unlike a model based on the Ornstein-Zernike
relations, the fractal model of Ma et al.30 does not readily lend
itself to a decomposition of GN (r) − 1 into its contributions
from the partial pair distribution functions. We also note that in
the case of x-ray diffraction, a combination of the r[gαβ (r) − 1]
functions given by Eq. (8) to produce a total pair distribution
function r[GX(r) − 1] is complicated by the k dependence of
the x-ray form factors that weight the Sαβ(k) − 1 functions
in the expression for SX(k). This leads to a convolution
in real space of the Fourier transforms of the form factors
and the r[gαβ(r) − 1] functions (see, e.g., Appendix A of
Ref. 70).

VI. CONCLUSIONS

The structure of the molten alloys Au0.81Si0.19,
Au0.72Ge0.28, and Ag0.74Ge0.26, with composition at or near the
eutectic, was investigated by using neutron diffraction. Small
prepeaks at 1.3(2) and 1.6(3) Å−1 were found in the total
structure factors measured for the Au-Ge and Ag-Ge liquids,
respectively. Nearest-neighbor Au-Si correlations at �2.4 Å
were identified for the Au-Si liquid. The large r behavior of
a total pair distribution function r[GN (r) − 1] is described
by an exponentially damped oscillatory function with a decay
length and wavelength of oscillation related to the half-width
at half-maximum of the principal peak in the total structure
factor and to the position of this peak, respectively. This type
of behavior accounts for a measured function over a wide r

space range extending from 5–6 Å to beyond 20 Å. There is no
need to invoke the existence of a fractal network as suggested
by the work of Ma et al.,30 although the results for the liquid
alloys can also be described within this framework. Atomistic
models that take into account the effect of electron screening
are required to examine in more detail the large r behavior of
the partial pair distribution functions.
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