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A one-dimensional continuum model for calculating strain and electric field in wurtzite semiconductor
heterostructures with arbitrary crystal orientation is presented and applied to GaN/AlGaN and ZnO/MgZnO
heterostructure combinations. The model is self-consistent involving feedback couplings of spontaneous po-
larization, strain, and electric field. Significant differences between fully coupled and semicoupled models are
found for the longitudinal and shear-strain components as a function of the crystal-growth direction. In par-
ticular, we find that the semicoupled model, typically used in the literature for semiconductors, is inaccurate for
ZnO/MgZnO heterostructures where shear-strain components play an important role. An interesting observa-

tion is that a growth direction apart from �1̄21̄0� exists for which the electric field in the quantum well region
becomes zero. This is important for, e.g., optimization of light-emitting-diode quantum efficiency.
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I. INTRODUCTION

In recent years, quantum semiconductor structures con-
sisting of group-III nitrides such as wurtzite AlN/GaN have
received much attention due to their applications in optoelec-
tronic devices, such as GaN light-emitting diode �LED� �Ref.
1� and laser diodes in the blue and UV regions,2–4 and for
Heterostructure Field Effect Transistor �HFET� applications.5

Besides the nitride-based devices, also group-II oxides have
be examined considerably for both highly efficient laser
diodes6–10 as well as high performance field effect
transistors.11,12 It has been shown that the induced piezoelec-
tric field plays a significant role for both band structure and
optical gain.13 However, the orientation of the crystal struc-
ture significantly modifies the electronic band structure
through strain effects.14 It has been shown experimentally for
open-circuit conditions that growth along crystal directions
other than the �0001� direction leads to an increase in the
quantum efficiency by decreasing the strain-induced electric
field in the quantum well region, possibly leading the way to
highly efficient white LEDs.15 There have been several the-
oretical works studying the effect of crystal orientation on
the piezoelectric field in strained wurtzite quantum wells
and antiwell structures �both for GaN and ZnO
compounds�,14,16–20 mostly finding the strain by minimizing
elastic energy �semicoupled model� and calculating the pi-
ezoelectric polarization from this. However, the piezoelectric
effect consists not only of a strain-induced polarization,21,22

it also includes feedback couplings of the electric field and
polarization on the strain to be accounted for when minimiz-
ing the total free energy.22,23 Furthermore, it has been shown
for wurtzite AlGaN compounds grown along the �0001� di-
rection as well as for zinc blende InGaN at specific crystal
orientations that this effect changes the magnitude of the
strain significantly23,24 thus stipulating that a fully coupled
model is important when investigating crystal orientation
effects.

In this work, we use a one-dimensional model to calculate
the strain and electric fields in wurtzite GaN /AlxGa1−xN and
ZnO /MgxZn1−xO heterostructures with arbitrary growth di-
rection taking into full account piezoelectric and lattice mis-

match contributions. In general, this is done by solving the
Schrödinger equation along with Maxwell-Poisson equation
and Newton’s second law. In the present work, we simplify
the analysis by disregarding free-charge carriers. This allows
us to analytically solve the coupled equations of Newton’s
second law and Maxwell-Poisson only. In addition, we con-
sider the electric potential to be applied homogeneously by
electrodes spanning the entire cross section, such that electric
field components transverse to the growth direction vanish.

II. THEORY

In the static case, Newton’s second law for a solid and the
Maxwell-Poisson equation in the absence of free-charge car-
riers supplemented by the fully coupled constitutive equa-
tions in electromechanical fields read24

� · T = 0, �1�

� · D = 0, �2�

T = − eT · E + cE · S , �3�

D = �S · E + P + e · S , �4�

where T, E, S, D, and P are the stress tensor, electric field,
strain tensor, electric displacement, and spontaneous polar-
ization, respectively. The coefficients e, cE, and �S are the
piezoelectric e tensor, stiffness tensor at constant electric
field, and permittivity at constant strain, respectively. As we
use the Voigt notation, the superscript T denotes the matrix
transpose. The semicoupled model corresponds to setting
−eT=0 in Eq. �3�.

In the following, a one-dimensional model in z is consid-
ered �imposing �

�x = �
�y =0�. In order to model effects due to

differences in heterostructure growth and unit-cell c-axis di-
rections, the coordinate system is transformed using two sub-
sequent rotations as shown in Fig. 1.

The combined rotation leads to the following transforma-
tion of the position vector:

x�̂ = x�̂ = x̂ cos��� + ŷ sin��� , �5�
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y�̂ = y�̂ cos��� + z�̂ sin��� = − x̂ sin���cos���

+ ŷ cos���cos��� + ẑ sin��� , �6�

z�̂ = − y�̂ sin��� + z�̂ cos��� = x̂ sin���sin���

− ŷ cos���sin��� + ẑ cos��� . �7�

A similar rotation of electromechanical fields, material pa-
rameters, and differential operators following Refs. 22 and
24 allows us to recast Eqs. �3� and �4� in rotated coordinates.

Note that all growth directions can be modeled since z�̂

traces a sphere with center �0,0,0� over the angular parameter
ranges 0���2� and 0����. Since there is no lattice
mismatch or spontaneous polarization contribution to the
S5=2Sx�z� and S6=2Sx�y� strain components when the growth
direction coincides with the c axis of the wurtzite lattice and
since any rotation of the growth direction only leads to mix-
ing of the S5 and S6 components the latter components are
independent of the growth direction. In addition, the Si com-
ponents �i=1,2 ,3 ,4� are coupled only for a general rotation
of the growth direction; this explains why S4=2Sy�z� changes
with growth direction, refer to Fig. 6. As a corollary, we note
that all transformed parameter matrices are independent of �
�cylindrical symmetry� when the growth axis is along the c
axis.16,25,26

Henceforth, we leave out primes on rotated coordinates as
this should not cause confusion. In a one-dimensional model,
Eq. �2� requires Dz to be a constant in each layer such that
continuity of Dz implies that Dz=D is constant throughout
the structure. From the static Maxwell’s equation ��E
= �−

�Ey

�z ,
�Ex

�z ,0�=0, where the first equality applies in the
present one-dimensional model assumption, Ex ,Ey are con-
stants in each layer and continuity now forces Ex and Ey to
be constant throughout the structure. We choose Ex=Ey =0 at
both outer boundaries, assuming that a voltage is applied
over metal electrodes spanning the end surfaces. To enforce
Ex=Ey =0 through the whole structure, Eq. �4� is used to
write

���i�−1D�i��1 = ���i�−1P�i��1 + ���i�−1e�i�S�i��1, �8�

���i�−1D�i��2 = ���i�−1P�i��2 + ���i�−1e�i�S�i��2, �9�

where i=1,2 ,3 indicates the respective material layer, such
that these equations apply in each material layer separately.
As usual, the subscripts 1 and 2 represent x and y, respec-
tively. Use of Eqs. �3�, �4�, �8�, and �9� and the above inter-
face boundary conditions allows us to find the strain, the
electric displacement field components Dx

�i� ,Dy
�i�, and the

electric field component Ez
�i� using Eq. �4�. Note that, from

Eqs. �1�, �3�, and �4� and the fact that D and P are diver-
genceless in one dimension in each layer, we find that � ·S
=0, i.e., the strain is constant in each layer.

In order to obtain an idea about the difference between the
semicoupled and fully coupled models, the analytical closed
form solutions corresponding to the direction �0001� have
already been found to be23

amis =
a�2� − a�1�

a�1� , �10�

Sxx = Syy = − amis, �11�

Szz
�1� = Szz

�3� = ez3
�1� D − Pz

�1�

ez3
�1�2

+ c33
�1��zz

�1�
, �12�

Szz
�2� =

ez3
�2��D − Pz

�2�� + 2amis�ez1
�2�ez3

�2� + c13
�2��zz

�2��

ez3
�2�2

+ c33
�2��zz

�2�
, �13�

where superscript �i� indicates the layer �i=2 for the middle
layer and i=1 �i=3� for the left �right� layer�. Note that in
the semicoupled model, the expression for Szz

�2� becomes

2amis
c13

�2�

c33
�2� , i.e., the well-known Poisson ratio expression is ob-

tained.
We emphasize that the preceding continuum modeling

strain discussions with boundary conditions automatically al-
low for relaxation of the lattice constant along the z� direc-
tion for the whole heterostructure including cladding layers.
This is a simplified standard model in which the middle layer
is fully accommodated to the constrained upper and lower
layers. The analysis carried out in this work assumes that
misfit dislocations and other imperfections are not present in
the overall structure which is a good approximation, in par-
ticular, for small middle-layer thicknesses. We emphasize,
however, that misfit dislocations can be present in cases with
larger middle-layer thicknesses.5 The maximum middle layer
thickness dc for pseudomorphic growth depends on the strain
in the middle layer itself and can be estimated by27

dc �
a�1�

2�a�2� − a�1�

a�2� � . �14�

In the present case, dc is about 10 nm. Above the critical
thickness, imperfections are found in the middle layer. Evi-
dently, the choice of boundary conditions affects the electro-
mechanical field distributions. A comparison of Keating
valence force field �VFF� atomistic strain results28 and con-
tinuum strain results shows good agreement when equivalent
boundary conditions are employed for the comparison, i.e.,
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φ
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θ

FIG. 1. �a� First rotation of angle � around the z axis. �b� Sec-
ond rotation of angle � around the intermediate x� axis. The growth
direction of the heterostructure is always chosen to be along the z�
direction such that the interface planes are coplanar with the x�y�
plane.
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when free boundaries are assumed �stress-free boundary con-
ditions� in the continuum model while external coupling of
surface atoms to “vacuum atoms” is assumed in the VFF
model.29

Electrostriction and nonlinear permittivity

It is relevant to recall the influence of nonlinear electro-
mechanical effects in nanostructures. Experimental results by
Guy et al.30 indicate giant electrostriction coefficients in
wurtzite GaN being two orders of magnitude larger than cor-
responding values reported experimentally for wurtzite AlN
and MgO!31 Stimulated by the work of Guy et al., one of us
�M.W.� initiated a study of electrostriction in wurtzite mate-
rials and influence on electromechanical fields with emphasis
to GaN/AlN heterostructures.32 Using the experimental elec-
trostriction value of Ref. 30 it was shown that electrostriction
effects have a strong impact on, e.g., GaN/AlN strain distri-
butions and the speed of sound. Since that study we have
carried out independent GaN ab initio calculations of elec-
trostriction coefficients in the framework of ABINIT.33 The
computed electrostriction coefficients obtained using ABINIT

are comparable to experimental results on similar wurtzite
structures �AlN, MgO� �Ref. 31� but in conflict with the ex-
perimental result of Guy et al. in the case of wurtzite GaN.
While there is still much uncertainty in the literature regard-
ing electrostriction coefficients, the above result led us to
believe that the experimental data in Ref. 30 were either in
error or due to some extrinsic effect. These latter findings
indeed indicate a minor role of electrostriction in wurtzite
heterostructures and explain why we have disregarded elec-
trostriction effects in the present work.

In a previous paper,34 it was shown that nonlinear permit-
tivity effects become important at electric field values near
and above 109 V /m, and that such high electric field values
exist in AlN/GaN heterostructures in the absence of interface
charges. According to Ref. 28, the inclusion of nonlinear
permittivity effects can lead to approximately 20% difference
in electric field values. In turn, this difference leads to ap-
proximately 20% variations in the difference between fully
coupled and semicoupled strain results �note that semi-
coupled model strain results are independent of the electric
field and only dependent on the lattice mismatch�. With these
considerations in mind, a similar variation of approximately
20% is expected in electric fields and differences between
fully coupled and semicoupled strain values in the absence of
interface charges as considered in the present work but it
should be noted that the presence of interface charges dimin-
ishes the influence of nonlinear permittivity effects.34

III. RESULTS

A. GaN ÕGa1−xAlxN ÕGaN antiwell

For a varying angle � using the fully and semicoupled
models and the parameters given in Table I, the results in
Figs. 2 and 3 are obtained for a GaN /Ga1−xAlxN /GaN anti-
well structure also considered in Refs. 5 and 16. Note that Sxz
is always zero as explained in Sec. II. Graphs for the shear
strain Syz have been left out because this strain component is

significantly smaller than the longitudinal strain for all
growth directions. Further, the angle � can be linked to

Miller-index notation by taking directions �1̄21̄N� with N
=2c / �a tan����. Hence, �=0 corresponds to �0001�, �

�38.7° to �1̄21̄4�, ��46.9° to �1̄21̄3�, and ��58° to

�1̄21̄2�, being a cut along a crystal diagonal plane. Finally,

�=90° corresponds to �1̄21̄0�.
First we discuss the case where x=1, i.e., GaN/AlN/GaN.

We see from Fig. 2�a� that the magnitude of the longitudinal
strain Szz

�2� for a �0001� growth direction changes significantly
between the two models in agreement with previous
findings.23 We also see that model differences become less
significant when the growth direction changes away from

TABLE I. Material parameters. Data for different materials are
taken from references indicated in the first row unless otherwise
specified. As in Ref. 35 we assume e15=e31 �except for ZnO� and
�xx=�zz for MgO due to lack of data. We use linear interpolation to
obtain parameters for nonbinary compounds.

GaNa AlNa ZnOb MgOc

e33 �C /m2� 0.73 0.97 1.32 1.64

e15 �C /m2� −0.49 −0.57 −0.48 −0.58

e31 �C /m2� −0.49 −0.57 −0.57 −0.58

c11
E �GPa� 390 396 210 222

c12
E �GPa� 145 137 121 90

c13
E �GPa� 106 108 105 58

c33
E �GPa� 398 373 211 109

c44
E �GPa� 105 116 42 105

�xx
S /�0 9.28 8.67 9.16 9.8d

�zz
S /�0 10.01 8.57 12.64 9.8d

Psp �C /m2� −0.029 −0.081 −0.022c −0.068d

a �10−10 m� 3.189 3.112 3.20c 3.45

c �10−10 m� 5.185 4.982 5.15c 4.14

aReference 35 �experiment�.
bReference 22 �not specified�.
cReference 36 �ab initio calculations�.
dReference 19 �ab initio calculations�.
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FIG. 2. �Color online� Longitudinal strain Szz
�2� in the middle

layer for �a� GaN /Ga1−xAlxN /GaN with several x values and D
=0 C /m2. The colors blue, red, green, black, and magenta corre-
spond to x=1, x=0.8, x=0.6, x=0.4, and x=0.2, respectively �with
blue being the bottom and magenta the uppermost graphs�. Solid
�dashed� lines correspond to the semicoupled �fully coupled� model
and for �b� several applied electric displacement fields D, using the
fully coupled model for x=1.
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�0001�. Nevertheless, the angle of maximum longitudinal
strain for magnitude is changed by almost 10° for x=1 when
D=0 and similar for other D values �not shown�. Also, the
fully coupled model predicts a larger change in longitudinal
strain as we change the growth direction. While for x=1 the
semicoupled model predicts a range from −1.4% to −2% �the
maximum-strain magnitude is about 1.5 times as large as for
the �0001� growth direction�, the fully coupled model pre-
dicts a range from −0.8% to −2.1% and the maximum-strain
magnitude is almost three times as large as for the �0001�
growth direction! Further, as we see in Fig. 3�a�, the electric
field for x=1 in the quantum well reverses direction in the
interval from approximately �=65° to �=90° being zero
close to �=65° for D=0. Furthermore we see in Fig. 3�b�
that the location of the electric field zero point changes for
different values of D with no zero point for too high or too
low values of D. Another interesting observation is the strain
dependence on the applied electric displacement field D �Fig.
2�b��. In actual fact, there is a growth direction for which the
longitudinal strain is independent of the applied electric po-
tential, since it is independent of the electric displacement D
�refer to Fig. 2�b� for ��43°�.

We next discuss the longitudinal strain in
GaN /Ga1−xAlxN /GaN structures with the Al content varying
�Fig. 2�a��. As the content of Al increases in the central layer
in the range 0.2–1, Szz

�2� values decrease from −0.1% when
x=0, nearly independent of the second-rotation angle �, to
approximately −0.8% at �=0 and −1.9% at �=90° when x
=1. There is an increasing deviation between fully coupled
and semicoupled model results as x increases especially at
small � angles. The large discrepancy is in agreement with
data in Table I of Ref. 23 �row 1� corresponding to �=0
where the difference between fully coupled and semicoupled
Szz

�2� values amounts to approximately 36%. It should also be
mentioned that the difference between fully coupled and
semicoupled models for the strain component Szz

�2� becomes
less significant with increasing angle for all x values.

The electric field for GaN /Ga1−xAlxN /GaN structures in
the x range: 0.2–1 is shown in Fig. 3�a�. Similar to the results
for the strain component Szz

�2�, the electric field is largest at an
angle �=0 for all x values. Further, it is found that the elec-
tric field increases from nearly 5 MV/cm to 17 MV/cm in the

fully coupled case at �=0 as x increases from 0.2 to 1, and,
as mentioned above, becomes zero for all x values at an
angle �=90°. Notice that a second angle for which the elec-
tric field becomes zero is found at angles: �=77°, �=68°,
and �=62° when x=0.6, x=0.8, and x=1, respectively. Cal-
culating the electric and deformation energy densities ac-
cording to

Welec =
1

2
ET · �S · E +

1

2
e · ET · S , �15�

Wdeform =
1

2
ST · cE · S −

1

2
e · ET · S �16�

yields a total �Welec+Wdeform� energy density of 3.8
�108 J /m3 with the deformation energy density alone being
3.1�108 J /m3 distributed uniformly in the middle layer
with growth direction �0001�. Comparing to results given in
Fig. 8a of Ref. 5 we obtain good agreement as they find an
energy density of �2.9�108 J /m3 in Ref. 5 disregarding
electric effects.

B. AlN ÕGaxAl1−xN ÕAlN quantum well

Next, we discuss the influence on electromechanical fields
by varying the content of Ga in AlN /GaxAl1−xN /AlN quan-
tum well structures. In Fig. 4, Szz

�2� strain data are shown for
AlN /GaxAl1−xN /AlN quantum well structures in the cases
x=0.2,0.4,0.6,0.8,1, respectively. Evidently, as the amount
of Ga in the middle quantum well layer increases, Szz

�2� values
increase from approximately 0.6% to 1.3% at an angle �=0
in the fully coupled case. While the dependence on � is weak
for x=0.2, the second-rotation angle dependence becomes
increasingly significant as x increases, and when x=1, Szz

�2� is
nearly 2.2% for �=60° compared to 1.3% at �=0. Since
strain values are driven by the lattice mismatch between GaN
and AlN this general tendency with x is not surprising. In
contrast, our computations indicate that the deviations be-
tween fully coupled and semicoupled results decrease with
increasing x due to a nonvanishing spontaneous polarization
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FIG. 3. �Color online� Electric field component Ez

�2� in the
middle layer for �a� GaN /Ga1−xAlxN /GaN with several x values
and D=0 C /m2. The colors blue, red, green, black, and magenta
correspond to x=1, x=0.8, x=0.6, x=0.4, and x=0.2, respectively
�with magenta being the bottom and blue the uppermost graphs at
�=0�. Solid �dashed� lines correspond to the semicoupled �fully
coupled� model and for �b� several applied electric displacement
fields D, using the fully coupled model �same legend as Fig. 2�b��.
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FIG. 4. �Color online� Longitudinal strain Szz
�2� for

AlN /GaxAl1−xN /AlN with several x values and D=0 C /m2. The
colors blue, red, green, black, and magenta correspond to x=0.2,
x=0.4, x=0.6, x=0.8, and x=1, respectively �with blue being the
bottom and magenta the uppermost graphs�. Solid �dashed� lines
correspond to the semicoupled �fully coupled� model.
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while fixing D=0 everywhere. This result follows directly
from Eq. �13� with amis=0. We also note that the negligible
difference between fully coupled and semicoupled results
for the AlN/GaN/AlN structure agrees with earlier
conclusions.23 In actual fact, it was shown in Table I of Ref.
23 �row 4�, that the sum of the two strain contributions aris-
ing from spontaneous polarization and piezoelectric effects
amounts to only −0.06% in GaN films grown on a AlN sub-
strate!

In Fig. 5, electric field data are plotted vs second-rotation
angle � for the same set of x values as in Fig. 4. The electric
field is strongly dependent on the rotation angle � and
changes from 8 MV/cm to 0 as � changes from 0° to 90° in
the case with x=0.2. The absolute maximum electric field
value is obtained for an angle �=0 when x=0.2, however, for
x�0.4, the electric field maximum �close to 5 MV/cm� is
obtained near �=60°. For all Ga content values, the electric
field vanishes when the rotation angle is 90°. This is due to
the fact that the z component of the spontaneous polarization
vanishes and �e ·S�z=e15S4=0 when �=90° since D=0 ev-
erywhere. We see that, for x=1 there also is an electric field

zero point apart from �1̄21̄0� in the well region. We observe
that the diminishing difference between fully coupled and
semicoupled model results with increasing x, found in the
case of Szz

�2�, appears also for the electric field.

C. ZnO ÕMgxZn1−xO ÕZnO antiwell

Apart from investigating nitride-based antiwell structures
�GaN/AlN/GaN�, which show the same general behavior in
terms of quality of the semicoupled model vs a fully coupled
model as well as reversing of the electric field with varying
orientation, we also analyzed a ZnO /Mg0.3Zn0.7 /ZnO anti-
well heterostructure. Results for this structure are shown in
Figs. 6, 7�b�, and 8�b�. As seen in Fig. 7�b�, the quality of the
semicoupled model for Szz

�2� is in the same order of magnitude
as for the GaN/AlN/GaN structure considered above, how-
ever, it is slightly better. In contrast to the GaN/AlN/GaN
structure we see in Fig. 6�a� that the quality of the semi-
coupled model becomes inaccurate for the shear-strain com-

ponent Syz in the range: 45° ���80°, a region where the
shear strain can be even larger than the longitudinal strain. A
change in sign occurs for the shear strain in this region and
calculations for binary MgO in the quantum well region
show that this discrepancy becomes even larger when the Mg
content is increased. Even though binary MgO is not in
wurtzite phase anymore �rocksalt�, molecular beam epitaxy
growth of wurtzite MgxZn1−xO up to x=0.5 has been
reported.6 It can be seen in Fig. 6�b� that a growth direction
exists where the shear strain does not depend on the applied
electric displacement field D. Hence, it is independent of the
applied electric potential across the heterostructure �note,
however, that this does not occur at the same growth direc-
tion as for the longitudinal strain component�. Another inter-
esting observation is the electric field behavior in the quan-
tum well region �Figs. 8�b� and 8�d�� where the electric field
reverses direction twice. Thus, there are two growth direc-
tions apart from 90° for which the electric field in the middle
region is zero.

We also examined the influence of a varying Mg content
in ZnO /MgxZn1−xO /ZnO structures. The longitudinal strain
for ZnO /MgxZn1−xO /ZnO structures in the cases x=0.1, x
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FIG. 5. �Color online� Electric field Ez
�2� for

AlN /GaxAl1−xN /AlN with several x values and D=0 C /m2. The
colors blue, red, green, black, and magenta correspond to x=0.2,
x=0.4, x=0.6, x=0.8, and x=1, respectively �with magenta being
the bottom and blue the uppermost graphs at �=0�. Solid �dashed�
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FIG. 6. Shear-strain component Syz
�2� in the middle layer

�ZnO /Mg0.3Zn0.7O /ZnO heterostructure� for �a� the fully coupled
and semicoupled models corresponding to D=0 C /m2 and for �b�
several applied electric displacement fields D using the fully
coupled model �same legend as in Fig. 2�b��.
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FIG. 7. Longitudinal strain Szz
�2� for ZnO /MgxZn1−xO /ZnO with

D=0 C /m2 and �a� x=0.5, �b� x=0.3, �c� x=0.1, and �d� x=0.3 for
several applied electric displacement fields using the fully coupled
model �same legend as in Fig. 2�b��.
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=0.3, and x=0.5 is shown in Fig. 7. As expected, it is found
that the strain Szz

�2� increases for increasing x with a maximum
value of 3.5% at x=0.5 and �=0°. The strain depends
strongly on the second-rotation angle � even in cases with a
smaller x. For x=0.1, we see that the strain decreases from
0.9% to −0.3% as � goes from 0° to 90°. As for the
GaN /GaxAl1−xN /GaN, the accuracy of the semicoupled
model for this structure decreases as x increases. This is due
to the relatively high piezoelectric constants compared with
the spontaneous polarization for the MgxZn1−xO layer.

Furthermore we discuss the electric field in the
MgxZn1−xO layer as shown in Fig. 8. The electric field in this
case is not having its maximum at �=0°. For example, the
absolute maximum �5.5 MV/cm� is found at �=40° when x
=0.5. We also see that apart from �=90° there are two
second-rotation angle values � where the electric field be-
comes zero if x=0.5 and x=0.3. For x=0.5 these angles are:
�=15° and �=65°. Further, for x=0.3 they are: �=18° and
�=62°. For x=0.1, there is only one angle �at �=70°� where
the electric field vanishes apart from �=90°. Indeed, this
shows that in order to obtain extra angles for a vanishing
electric field the piezoelectric misfit contribution must be
large compared to the spontaneous polarization contribution.

D. MgxZn1−xO ÕZnO ÕMgxZn1−xO quantum well

Finally we discuss the MgxZn1−xO /ZnO /MgxZn1−xO
quantum well structure. Results for this structure are shown
in Figs. 9, 10�b�, and 11�b�. First we focus on the case x
=0.3, as this seems to be the most commonly used alloy. As
seen in Fig. 10�b�, the quality of the semicoupled model for
Szz

�2� is in the same order of magnitude as for the AlN/GaN/
AlN structure considered above, however, it is slightly
worse. However, for the shear-strain component, shown in
Fig. 9�a�, we see that the semicoupled model becomes inac-
curate in regions where 45° ���80°. In this region the

shear strain can be even larger than the longitudinal strain.
It can be seen in Fig. 10�d� that as with the
ZnO /Mg0.3Zn0.7O /ZnO case a growth direction exists where
the shear strain does not depend on the applied electric dis-
placement field D, thus being independent of the applied
electric potential across the heterostructure. In contrast to the
electric field in the middle layer for the corresponding anti-
well structure, the electric field in the quantum well layer as
depicted in Fig. 11�b� does not change direction with change
in growth direction at D=0. However, there is a local mini-
mum at 40°, and as seen in Fig. 11�d�, applying an appropri-
ate electric displacement results in two zero crossings. Note
that in this case, �=90° does not correspond to a vanishing
electric field anymore.

We also examined the influence of a varying Zn content in
MgxZn1−xO /ZnO /MgxZn1−xO structures. The longitudinal
strain for MgxZn1−xO /ZnO /MgxZn1−xO structures in the
cases x=0.1, x=0.3, and x=0.5 is shown in Fig. 10. We see
that the longitudinal strain increases for increasing value of
x. The maximum �absolute� value is 3% and varies from
−3% at �=0° to more than 2% at �=90°. Even for small x,
the strain varies from −0.6% to 0.4%.
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FIG. 8. Electric field Ez
�2� for ZnO /MgxZn1−xO /ZnO with D

=0 C /m2 and �a� x=0.5, �b� x=0.3, �c� x=0.1, and �d� x=0.3 for
several applied electric displacements D using the fully coupled
model �same legend as in Fig. 2�b��.
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FIG. 9. Shear-strain component Syz
�2� in the quantum well layer

�Mg0.3Zn0.7O /ZnO /Mg0.3Zn0.7O heterostructure� for �a� the fully
coupled and semicoupled models corresponding to D=0 C /m2 and
for �b� several applied electric displacement fields D using the fully
coupled model �same legend as in Fig. 2�b��.
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FIG. 10. Longitudinal strain Szz
�2� for

MgxZn1−xO /ZnO /MgxZn1−xO with D=0 C /m2 and �a� x=0.5, �b�
x=0.3, �c� x=0.1, and �d� x=0.3 for several applied electric dis-
placement fields using the fully coupled model �same legend as in
Fig. 2�b��.

LARS DUGGEN AND MORTEN WILLATZEN PHYSICAL REVIEW B 82, 205303 �2010�

205303-6



In Fig. 11 we see that the electric field at D=0 does starts
changing direction for higher Mg contents. At x=0.5 we ob-
serve that the electric field changes direction for � ranging
from 30° to 50° having two electric field zero points. This
supports our statement above that the piezoelectric misfit
contribution must be large compared to the spontaneous po-
larization contribution in order to obtain zeros in the electric
field in the middle layer.

IV. CONCLUSION

We have presented and solved fully coupled electrome-
chanical one-dimensional equations for a three-layer antiwell
GaN/AlN/GaN and ZnO /MgxZn1−xO /ZnO structures and

AlN /GaxAl1−xN /AlN and ZnO /MgxZn1−xO /ZnO quantum
well heterostructures with arbitrary unit-cell orientation rela-
tive to the structure growth direction. The longitudinal strain
component along the growth direction varies significantly
with the growth direction and a maximum magnitude for a
GaN/AlN/GaN structure is found at a growth direction of
approximately 50° in contrast to the 60° predicted by the
semicoupled model �for D=0�. Also, we find that the electric
field in the well layers of the AlN/GaN/AlN structure, crucial
in the design of quantum-efficient LEDs,15 has a zero cross-

ing in the region between �0001� and �1̄21̄0� apart from

�1̄21̄0�. For the Mg0.3Zn0.7 /ZnO /Mg0.3Zn0.7 structure inves-
tigated, we find a local minimum at �=40°, where the elec-
tric field is very close to zero. Increasing the Mg content to

0.5, we find two zeros apart from �1̄21̄0�. Furthermore, for
all structures investigated, certain growth directions are ob-
tained where the longitudinal strain does not depend on the
applied electric displacement D while the electric field does.
For the oxide structures, the accuracy of the semicoupled
model is worse for the shear-strain component as compared
to the longitudinal strain component. An important result is
that for certain growth directions, the shear-strain component
is significantly larger than the longitudinal strain making the
semicoupled model inaccurate for ZnO/MgZnO/ZnO and
MgZnO/ZnO/MgZnO structures. Here, we also find a growth
direction where the shear-strain component is independent of
the applied electric potential.

The present study emphasizes the need to use a fully
coupled model in calculating strain distributions for different
growth directions. Further, we see that the electric field in
GaN/AlN/GaN antiwell structures shows a zero crossing
when changing the growth direction. For
ZnO /MgxZn1−xO /ZnO and MgxZn1−xO /ZnO /MgxZn1−xO
structures we even find up to two zero crossings apart from

�1̄21̄0� of the electric field as a function of the growth ori-
entation angle.
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