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We report experimental evidence of the percolation of thermal conductivity in nanometer scale thin films of
amorphous fluorocarbon, using time-domain thermoreflectance measurements. According to the theory of
Phillips and Thorpe, rigidity percolation in covalent glasses results in a power-law dependence of the elastic
modulus on the average coordination number. Our measurements show that thermal conductivity behaves
similarly. We derive the relation between thermal conductivity and coordination number from the rigidity
percolation model using the theory of minimum thermal conductivity. Experiments verify the individual va-
lidity of each of these models in the film samples. This paper elucidates the physics of heat conduction in
covalently bonded amorphous solids near the percolation threshold.
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I. INTRODUCTION

The Phillips-Thorpe1,2 model of rigidity percolation in co-
valently bonded solids separates amorphous solids from
polymeric glasses based on the availability of zero-frequency
vibrational modes in the glass. The number of zero-
frequency modes is the difference between the total degrees
of freedom and the rank of the dynamical matrix. Such
modes enable the glass to be continuously deformed without
any change in energy. Thorpe showed that above an average
coordination number of 2.4, a glass no longer possesses zero-
frequency modes and becomes an overconstrained system.
Rigidity percolates in such a system and consequently the
glass is converted to an amorphous solid. While measure-
ments of the elastic constant show evidence of such
percolation3–11 with measured thresholds12,13 ranging be-
tween 2.4 and 2.7, the impact on thermal conductivity is not
clear.

The only connection to heat conduction reported thus far
is for group-IV chalcogenide glasses.14 The measured ther-
mal diffusivities for several chalcogenides exhibit a remark-
able peak at the percolation threshold which corresponds to a
0.2 composition factor for the semiconductor. The threshold
condition is believed to lower the resistance to thermal
waves in this material. Apart from this, there is no direct
measurement of thermal conductivity that shows lattice scale
percolation. The usual percolation of thermal conductivity
described in the literature15–18 is actually the percolation of
thermal resistance which is typical of composites.

In this paper, we investigate the variation in thermal con-
ductivity with decreasing thickness in amorphous fluorocar-
bon �a-C:F� films that are nanometer scale thin. A pump-
probe thermoreflectance measurement19 provides the
conductivity data. In analyzing x-ray photoelectron spectros-
copy �XPS� data for the films, we find that the coordination
number of carbon atoms changes as the film thickness de-
creases. Relating the change in thermal conductivity to the
change in coordination number, we find a power-law relation
between the two. We derive an identical power law using He

and Thorpe’s20 theory of rigidity percolation and the theory
of minimum thermal conductivity.21 Picosecond acoustics
data confirm the individual validity of each of these two
models for the measured samples.

These results provide experimental verification of the
model of rigidity percolation and quantitatively verify the
threshold while introducing the concept of thermal-
conductivity percolation that was suggested by Thorpe in his
original paper but has not been experimentally verified. In
particular, the extrapolated threshold from our data provides
a near-perfect match with the value from Thorpe’s theory.
The thermal-conductivity data reported here are important in
applications such as low-k dielectric materials in integrated
circuits, biopassivation layers, low friction coatings, and ad-
hesion promoters.

II. EXPERIMENT

In this section, we first describe the process for fabricating
nanometer scale thin films of amorphous CFx. The films
range in thickness from 2 to 37 nm, as measured by ellip-
sometry and XPS. XPS data further provide the average co-
ordination number. We describe a pump-probe reflectance
measurement that provides thermal-conductivity data for the
films. The picosecond scale reflectance data from the same
measurement provide the speed of sound that is used to link
rigidity and thermal-conductivity percolations in the next
section.

A. Film fabrication and characterization

The average coordination number of carbon atoms in
plasma deposited amorphous fluorocarbons changes with the
deposited thickness provided the film thickness is less than
�30 nm. The choice of a moderate rf power for the plasma
leads to a steady film deposition rate which is slow enough to
deposit nanometer scale thick films.22 The films used in our
measurements polymerized on a polished, clean silicon wa-
fer from a CHF3 monomer gas flowing at 80 SCCM �SCCM

PHYSICAL REVIEW B 82, 195441 �2010�

1098-0121/2010/82�19�/195441�7� ©2010 The American Physical Society195441-1

http://dx.doi.org/10.1103/PhysRevB.82.195441


denotes cubic centimeter per minute at STP� with a base
pressure of 150 mTorr and an rf plasma power of 80 W. The
deposition rate was approximately 8.4 nm/min and remained
independent of thickness for the films reported in this paper.
The rf ionized CFx gas radicals react with the Si surface and
the surrounding gas phase to form a highly cross-linked net-
work of uCuFx �x=1–3� bonds, uCuC bonds, and
uCuCFx cross links.

Annealing the deposited films for 2 h at 250 °C reduced
surface waviness. Atomic force microscopy measured the
surface roughness after annealing to be �0.5 nm, compa-
rable to values reported previously.23 Ellipsometry measured
film thicknesses for films thicker than 8 nm but failed to
generate unique fits for thinner films. The refractive indexes,
n and k showed a thickness dependence that is expected for
changes in film morphology and is consistent with data re-
ported earlier.23 XPS provided thickness measurements for
films thinner than 8 nm. The thickness “d” of the fluorocar-
bon can be determined from its attenuation of the substrate
signal at normal incidence and is given by24

d = � ln�Cf

Cs
+ 1� , �1�

where Cf and Cs are the atomic concentrations of the fluoro-
carbon and substrate, respectively, and � is the inelastic

photoelectron mean-free path in the fluorocarbon. The mean-
free path is approximately 3 nm.25 XPS has been previously
used to measure the thickness of SiO2,26 polymer,27 and
fluorocarbon28 thin films. In determining film thickness by
XPS, we assumed a uniform density for all thicknesses of the
fluorocarbons. X-ray reflectivity measurements on the thin
films revealed that the density does not show any significant
dependence on thickness. The measured value is
�1.6 g /cm3 and is 27% smaller than the density of bulk
PTFE �2.2 g /cm3� but is consistent with previous measure-
ments for similar fluorocarbon films.29

Analysis of the XPS data further provides the average
coordination number of carbon atoms in the films as
follows. XPS is able to detect distinct functional groups in
the CuF system because of the wide separation ��2 eV�
in their binding energies but is unable to distinguish
between uCuC and uCuH bonded groups. It is known
that CHF3 breaks down predominantly into difluorocarbene
�CF2� and hydrofluoric acid.30,31 Further, CHF3 deposited
films do not exhibit a uCuH stretching intensity peak in
their Fourier transform infrared spectra.22,32 Therefore, we
neglect the hydrogen content in our films. Figure 1
shows the measured C 1s core-level XPS spectra of the
fabricated films with distinct peaks characteristic of
uCuC / uCvC, uCuCFxu, uCFu, uCF2u, and
uCF3 functional groups.

The coordination number of carbon atoms is the ratio of
the percentage of CuC covalent bonds from the C 1s

FIG. 1. C 1s core-level XPS spectra of the fluorocarbon films showing a change in film composition at different film thicknesses.
Neglecting uCvC contribution, each uCuC functional group adds four sp3 CuC covalent bonds to the overall sp3 content of the
fluorocarbon films. The uCuC functional group contribution to film chemical composition decreases from �39% for the thinnest films
�2 nm� to �3% for the thickest �37 nm� which indicates a decrease in sp3 content with increasing film thickness.
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core-level XPS spectra of the film to the total number of
possible bonds in the film. Each functional group has a cen-
tral carbon atom to which a maximum of four other carbons
can be connected. For instance, each uCFxu functional

group will contribute 4−x uCuC” covalent bonds to the
film structure out of four possible bonds. By taking the ap-
propriate weighting factor for each functional group, we cal-
culate the coordination number33 from

�r� =
1 � %CF3 + 2 � %CF2 + 3 � %CF + 4 � �%C u CFx� + 4 � �%C u C�

100
, �2�

where %CFx �x=1,2 ,3� corresponds to the percent contribu-
tion of group uCFxu to the overall chemical composition
of the film as evaluated from the area under the Gaussian
Lorentzian curve fits of the uCFxu intensity peaks. The
XPS signal arises from approximately the top 7 nm of each
film and the Si�2p� intensity peaks from the substrate com-
pletely vanish in thicker films. For films thicker than 7 nm,
we obtain the average coordination number using a graded
layer approximation.

Figure 2 shows the average coordination number �r� and
density for various film thicknesses. The value is largest
��r�=3.35� for the thinnest fluorocarbon �2 nm� and de-
creases with increasing thickness to �2.7 for the thickest
film. For the latter case, the measured value agrees well with
previously reported values.22 The increase in �r� with de-
creasing thickness arises from the decreasing fluorine content
in films thinner than �15 nm. The fluorine to carbon ratio33

is readily obtained from

F

C
=

�3 � %CF3 + 2 � %CF2 + 1 � %CF�
100

. �3�

Figure 2 shows that this ratio decreases with thickness for
films less than �15 nm thick. The fluorine to carbon ratio is
0.65 for a 2 nm film and increases to 1.3 for the thickest �37
nm� film. The latter agrees with previously reported
measurements22 on thicker CHF3 fluorocarbon films. Finally,
the XRD spectra of films thicker than 25 nm showed only a
broad peak that is characteristic of an amorphous structure.
This confirmed that these films are amorphous.

B. Thermal conductivity measurements

We used a time-domain thermoreflectance �TDTR�
technique34 to measure the thermal conductivity of the fluo-
rocarbon films. Details of the setup and the technique are
described elsewhere.35 Briefly, a mode-locked Ti-sapphire la-
ser generates femtosecond laser pulses at a peak wavelength
of 785 nm and a repetition rate of 80.0 MHz that are focused
on a 70–100 nm thick aluminum film sputtered on top of the
fluorocarbon. The optical-absorption length “�” in aluminum
is �8 nm at this wavelength. The hot electrons generated at
the surface diffuse further into the metal, gradually losing
their energy to the lattice. The electron diffusion length in
aluminum is close to �40 nm.36 The absorbed energy in-
creases the temperature of aluminum and sets up an isotropic
thermal stress which is then dissipated in the form of a strain
pulse. The laser beam is split into pump and probe beams
through a beamsplitter and both the relative optical path
length and the relative power of the two beams are adjusted
by using a mechanical delay stage and wave plates, respec-
tively. The probe beam measures the time-dependent change
in reflectance. We set the 1 /e2 radius of the beam to 15 �m
and the pump and the probe powers to �14 mW and
�12 mW, respectively. Heat diffuses predominantly in a di-
rection normal to the Al surface since the diameter of the
pump ��30 �m� is two orders of magnitude larger than the
combined thickness of the aluminum and fluorocarbon films
��200 nm�. In the following discussion, we use the term
“stack” to collectively refer to the layers of silicon, fluoro-
carbon, and aluminum.

A solution, in cylindrical coordinates, to the two-
dimensional heat diffusion equation from a periodic Gauss-
ian source provides an analytical fit to the thermorelfectance

FIG. 2. The average fluorine to carbon ratio �F/C� increases with
film thickness as more fluorine is incorporated in the thicker films.
The average coordination number �r� follows an opposite trend as
expected. The measured mass density is approximately independent
of film thickness.
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curve. We adopted a thermal model19 developed for deter-
mining the surface temperature of a multilayer and generated
fits to the measured thermoreflectance curves by solving the
model for known stack parameters and the unknown thermal
conductivity of the film. Figure 3 shows a sample thermore-
flectance curve for an 8 nm thick film and the corresponding
fit from theory.

For each fluorocarbon thickness, an optimum aluminum
film thickness was chosen to ensure a high sensitivity37,38 of
the thermoreflectance curve to the thermal conductivity of
the fluorocarbon film. The measurement’s sensitivity to the
thermal conductance of the fluorocarbon-silicon thermal in-
terface was significant for the range of fluorocarbon thick-
nesses under investigation. The fitted thermal conductivity of
the fluorocarbon layer decreased for increasing interface
thermal conductance and no fit existed for interface conduc-
tances larger than 320 MW /m2 K. We set the interface con-
ductance to 320 MW /m2 K such that we are effectively es-
timating the lower bound on the thermal conductivity. We do
not expect significant change in the a-C:F/Si thermal inter-
face across the different film thicknesses as all films were
deposited under similar plasma conditions. The model did
not show a significant sensitivity to the heat capacity of the
fluorocarbon film which we fixed to be the value of bulk
PTFE.

C. Measurement of the speed of sound

The reflectance signal from the pump-probe measure-
ments includes an acoustic component that is distinct from
the heat diffusion component in being oscillatory. The acous-
tic peaks, clearly visible in Fig. 3, are due to longitudinal
strain pulses that are excited in aluminum and are reflected
back from the interface with the rest of the stack. We used
the acoustic peaks to determine the longitudinal speed of
sound in the fluorocarbon films and the thickness of the alu-
minum transducer, as discussed below. More comprehensive
discussions of the measurement technique and the underlying
theory are available elsewhere.39–41

Briefly, we extracted the acoustic peaks from the ther-
moreflectance curve by fitting the slowly decaying thermal
background to a series of exponential functions and subtract-
ing it from the data. We compared the extracted peaks to
numerical calculations of the strain-dependent reflectivity
change at the surface. The reflectivity change �R is

�R�t� =� f�z��33�z,t�dz , �4�

where f�z�, the “sensitivity function,” determines how strain
at different depths below the surface contributes to the
change in the reflectivity. A detailed expression for f�z� in
metals is provided elsewhere.39 The solution of the equations
of elasticity for the layered medium provides the longitudinal
component of the elastic strain tensor, �33 as39

�33�z,t� = �1 − R�
Q�

A�C

1 − 	

1 + 	
r	e−z/� +

1

2
e−
z+vt
/� sgn�z + vt�

+
1

2
e−
z−vt
/� sgn�z − vt�� , �5�

where Q is the energy per pulse, R is the reflectivity, � is the
linear-expansion coefficient, A is the illuminated area, and C
is the specific heat per unit volume of aluminum. 	 is Pois-
son’s ratio and v is the longitudinal speed of sound in alu-
minum. The factor r represents the effective acoustic reflec-
tion coefficient40 at the Al/a-C:F interface.

The inset of Fig. 3 shows the measured and the calculated
acoustic peaks for a 90 nm aluminum transducer sputtered on
top of an 8 nm a-C:F film. The calculations assume that no
attenuation occurs in the fluorocarbon film. The model re-
quires the thickness, the density, and the longitudinal speed
of sound of individual layers as inputs. We fixed the speed of
sound in aluminum to the bulk value of 6.42 nm/ps and
varied the speed of sound in the fluorocarbon as well as the
aluminum thickness to obtain the best fit.

The calculated acoustic peaks agree well with the mea-
sured peaks in both amplitude and delay time. The experi-
mental peaks are distinctly broader than the fits which may
be due to surface roughness in the fluorocarbon films that is
not taken into account in the simulations. For a-C:F film
thicknesses less than 10 nm, we found good fits to the mea-
sured data assuming a uniform speed of sound in the fluoro-
carbon. For films thicker than 10 nm, we fixed the value of
the speed of sound at the a-C:F/Si interface to the value
determined in the thinnest films and varied the value of
speed of sound at the Al/a-C:F to obtain the best fits.

We assume that each fluorocarbon film can be approxi-
mated by a graded layer structure and we obtain the average
speed of sound in the thick films by taking the integrated
average of the measured speed of sound at the Al/a-C:F in-
terface over the thickness of the graded layer. We note that
picosecond acoustics measures the average transit time in the
fluorocarbon films and not the average speed of sound di-
rectly. In our calculations we use the inverse of the average
transit time to obtain the speed of sound which is not the
same as the average speed of sound in the mathematical
sense. However, for an exponential decrease in the speed of

FIG. 3. Thermoreflectance curve and corresponding fit �dashed
line� for 90 nm of aluminum on top of an 8 nm fluorocarbon film.
The inset shows the picosecond acoustic peaks for the same sample.
The speed of sound in the fluorocarbon and the thickness of alumi-
num are optimized to match the measured peaks and the corre-
sponding decay with increasing delay time.
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sound with fluorocarbon thickness, the two averages differ
by less than 7% in the thickest films and hence, our approxi-
mation is well within the uncertainty of the measurement.

III. RESULTS AND DISCUSSION

He and Thorpe’s20 theory shows that the elastic modulus
C11 has a power dependence on the coordination number
beyond the rigidity percolation threshold ��rc�=2.4�,

C11 = 0.69� 


4a
���r� − 2.4�3/2, �6�

where 
 is a constant associated with the bond potential
while a /�3 is the nearest-neighbor distance. In the con-
tinuum limit, the longitudinal speed of sound is �L=�C11 /�.
In our pump-probe measurements, the picosecond time scale
reflectance data provides the speed of sound in the fluorocar-
bon films. We calculate the average coordination number
from the XPS data as discussed in the section on measure-
ments. Figure 4 plots the measured value of C11

2/3 versus the
coordination number �r� to clearly show the linear relation-
ship, which is consistent with Eq. �6�. In particular, the per-
colation threshold value of �2.46 agrees remarkably well
with the theoretical value of 2.4.

The above result establishes the presence of rigidity per-
colation in our films consistent with the Phillips-Thorpe
model. We now explore the consequence of rigidity percola-
tion on thermal conductivity. Thorpe had remarked in his
original paper2 that rigidity percolation should affect heat
capacity and thermal conductivity but we are not aware of
any subsequent work that establishes this link. In our mea-
surements, the thermal conductivity k, increases with de-
creasing film thickness. Figure 5 shows the measured values
as a function of measured film thickness. The thermal con-
ductivity is �0.2 W m−1 K−1 for a 2 nm thick fluorocarbon
and a factor of two larger than the thermal conductivity of
the thickest �37 nm� deposited film. The measurements fall in
the range of values reported for thin polymer films
e.g., k�0.2 W m−1 K−1 for poly�methyl methacrylate��
and ultrathin films of amorphous carbon42 �e.g., k

�0.1 W m−1 K−1 for a 0.9 nm thick tetrahedral amorphous
carbon�. The trend is remarkable given that the phonon
mean-free path in the films is essentially the same as the
bond length and is too short to cause any size dependence.
Reconsidering the XPS data of Fig. 2, we find that the con-
ductivity trend mirrors the change in coordination number
with thickness. We show below that there is indeed a theo-
retical relation between thermal conductivity and the average
coordination number assuming there is rigidity percolation.

The theory of minimum thermal conductivity21 in con-
junction with rigidity percolation provides a straightforward
relation for the percolation of thermal conductivity. The
minimum thermal conductivity in an amorphous solid is
given by

kmin = �

6
�1/3

kBn2/3�
i=1

3

�i� T

�i
�2�

0

�i/T x3ex

�ex − 1�2dx , �7�

where i is an index specifying all three sound modes,
�i=�i�� /kB��62n�1/3� is the cutoff temperature associated
with each mode, �i the speed of sound and n the number
density of atoms. In the high-temperature limit, kmin scales as
n2/3�i.

Combining Eqs. �6� and �7� and assuming a high-
temperature limit, we find that the thermal conductivity
above the threshold is related to the coordination number as

k = A��r� − 2.4�3/4 �8�

where A is a material constant that includes density. The
validity of the above relation rests on the individual validity
of rigidity percolation and the minimum thermal conductiv-
ity in the amorphous solid.

We have already shown that rigidity percolates in the
fluorocarbon films. We now test the validity of the theory of
minimum thermal conductivity in these films. Since density
is essentially constant across different films, the thermal con-
ductivity should be linear in the speed of sound for the mini-
mum thermal-conductivity theory to apply to each film. Fig-
ure 6 plots the measured thermal conductivity versus the
measured speed of sound while the inset of Fig. 6 plots the

FIG. 4. Elastic modulus C11
2/3 of a-C:F determined by picosecond

acoustics vs coordination number �r� in these films as determined
by XPS. The trend shows a power-law dependence that confirms the
theory of rigidity percolation. The measured percolation threshold is
2.46 and agrees well with theory ��rc�=2.4�.

FIG. 5. The measured thermal conductivity of the fluorocarbons
increases in the thinnest films to twice its value at 37 nm film
thickness. Among other measurement uncertainties, the error bars
account for the uncertainty in determining the density and heat ca-
pacity of the fluorocarbon films.
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measured average speed of sound as a function of film thick-
ness. The measured linear relation between thermal conduc-
tivity and the speed of sound verifies the applicability of the
theory of minimum thermal conductivity. We note that such
agreement with the theory of minimum thermal conductivity
has been experimentally verified for amorphous and hydro-
genated carbon films42–46 in the past.

From Eq. �8�, the thermal conductivity should obey a
three-fourth power-law dependence on the average coordina-
tion number in amorphous solids. Figure 7 plots k4/3 versus
the coordination number �r�. Since TDTR measures thermal
resistances, the thermal conductivity plotted in Fig. 7 repre-
sents the inverse of the average thermal resistance and not
the average thermal conductivity of the fluorocarbon films.
However, as is the case for the speed of sound, the two
averages differ by less than 7% in the thickest films and the
approximation used is well within the measurement uncer-
tainty. Furthermore, in deriving Eq. �8�, we have assumed a
homogeneous medium. This does not strictly apply to the
graded layers of fluorocarbon. However, the error in averag-
ing the right-hand side of Eq. �8� is less than 2% for our
films. We find a reasonably good linear fit between k4/3 and
the average coordination number. The fit to the data inter-
sects the coordination number axis at �r�=2.43, which is
consistent with the expected percolation threshold of 2.4
from the Phillips-Thorpe theory.

We emphasize here that we have used three different com-
binations of measurements to independently verify the per-
colation of thermal conductivity, the applicability of mini-
mum thermal conductivity and the percolation of rigidity.
Specifically, time-domain thermoreflectance and XPS mea-
surements provide evidence of thermal-conductivity percola-
tion, time-domain thermoreflectance, and picosecond acous-
tics provide confirmation of minimum thermal conductivity,
picosecond acoustics, and XPS provide evidence of rigidity
percolation.

The percolation behavior of thermal conductivity in our
samples is different from the percolation behavior of thermal

diffusivity of chalcogenides14 where the diffusivity peaks at
the threshold value. Here the thermal conductivity progres-
sively decreases as the average coordination number ap-
proaches the threshold value. Recent measurements on nano-
structured thermoelectric materials47,48 have drawn attention
to the lower limit of thermal conductivity. As we see from
our measurements, the theory of minimum thermal conduc-
tivity does not necessarily provide a lower numerical bound
on thermal conductivity. In the case of amorphous solids,
there is still room within the minimum thermal-conductivity
regime to progressively decrease thermal conductivity at
least until the percolation threshold. Measurements of k vs
�r� at or below the threshold for glassy polymers remain
unexplored. These measurements will likely provide insight
into the thermal-conductivity behavior in that regime. Spe-
cifically for the measurements reported here, the thermal
conductivity increases by �100% even while obeying the
minimum thermal-conductivity theory.

IV. CONCLUSION

In conclusion, we provide direct experimental evidence of
thermal-conductivity percolation in thin films of amorphous
fluorocarbon. The thermal conductivity varies as three-fourth
power of the average coordination number. We obtain the
same power-law dependence by combining the Phillips-
Thorpe theory of rigidity percolation with the theory of mini-
mum thermal conductivity. Our data suggest a percolation
threshold at the coordination number of 2.4. Future experi-
mental work on measuring thermal conductivity versus the
coordination number in different organic materials close to
or below the threshold value can provide a more complete
picture of such percolation. Such lattice scale percolation
physics can possibly be exploited in engineering materials to
achieve tailored thermal conductivities.
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