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Using a first-principles pseudopotential approach we study the origin of superconductivity in lithium under
pressure. A recently developed Wannier interpolation based technique that allows for ultradense sampling of
electron-phonon parameters throughout the Brillouin zone was employed. The electron-phonon coupling
strength as a function of pressure was calculated, precisely resolving many of the fine features of its distribu-
tion. The contributions to coupling arising from the Fermi surface topology, phonon dispersions, and electron-
phonon matrix elements were separately analyzed. It is found that of the constituent components, the electron-
phonon matrix elements are the most sensitive to pressure changes, and a particular phonon is responsible for
high values of coupling. Additionally, the distribution of matrix elements over the Fermi surface is seen to be
non-uniform and possesses a two-peak structure. Analysis of the Eliashberg spectral function �2F��� shows a
considerable increase in spectral weight in the low-frequency region with the application of pressure. We
estimate the superconducting transition temperature and find that the obtained values are in good accord with
experiment.
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I. INTRODUCTION

Lithium has attracted particular attention because it is a
simple metal that exhibits a complex phase diagram. At am-
bient conditions it is a very nearly free-electron bcc metal1

and its Fermi surface shows little deviation from a sphere. It
may be expected that lithium would become more free-
electron-like with pressure increase. Experiments show, how-
ever, that when temperature is decreased or pressure is ap-
plied, Li undergoes several structural transitions and
becomes superconducting.2–7

In the bcc structure at atmospheric pressure, it has been
found that the superconducting phase transition occurs at
temperatures below the millikelvin range.2 The presence of a
bcc to 9R phase transition near 80 K indicates that the zero-
pressure superconducting structure is likely not bcc.3,8 For
nonzero pressures, Li begins to show superconductivity at
pressures near 20 GPa in the fcc phase and exhibits a maxi-
mum transition temperature of 14 K at 30 GPa,5–7 making it
among the highest Tc elemental superconductors. Further
pressure increases beyond 30 GPa lead to structural transi-
tions which lower Tc.

9 Additionally it was recently shown
that at around 70 GPa, Li undergoes a metal-to-insulator
transition10 while resistivity increases with pressure have
also been observed for shock-wave experiments.11

Previous theoretical studies indicate that the electron-
phonon coupling strength in lithium is substantial.12–17 A
large electron-phonon coupling strength for the bcc structure
was first calculated from the empirical pseudopotential
method and then in a first-principles pseudopotential
approach12,13 while the total electron-phonon couplings in
both bcc and fcc phases has been previously analyzed. Sig-
nificantly higher superconducting transition temperatures
than experimentally observed have been predicted using the
calculated coupling strengths for multiple structures of Li.14

It was found that the Fermi surface topology plays a crucial
role in the onset of superconductivity. Unlike the case of bcc

Li, Fermi surface nesting appears to be important in the fcc
phase. Several features which include phonon softening with
pressure, a peak in the nesting function near the Brillouin
zone �BZ� edge and strong coupling to specific phonons have
been suggested as the origin of superconductivity in Li under
pressure.15,16 In previous electron-phonon reports it has been
suggested that a very fine BZ sampling is necessary to cal-
culate the total coupling parameters in pressurized Li with
high precision.15–18 Interestingly, studies under extreme pres-
sures indicate that the electronic structure of Li evolves into
a paired insulating state which gives an upper limit to the
pressure at which superconductivity may be observed.10,19

In this paper we study the pressure evolution of the total
electron-phonon coupling for the monatomic fcc phase of Li
in the 8–36 GPa range. Applying a method based on first-
principles calculations and subsequent Wannier interpolation
techniques, we have resolved the fine features of the cou-
pling strength � throughout the BZ. We analyze � in terms of
the effective contributions from three different terms: Fermi
surface nesting, phonon frequencies, and electron-phonon
matrix elements. The Eliashberg spectral function �2F��� is
obtained and the superconducting transition temperature is
calculated through the modified McMillan equation.20 We
also discuss the possibility of routes to higher Tc.

II. METHODOLOGY

A. Electron-phonon coupling and superconductivity

In this work, we study the wave-vector specific coupling
parameter �Q� ,� within the isotropic Migdal
approximation.21–23 The electron-phonon coupling strength is
calculated for a particular wave vector Q� inside the BZ and
mode index � as
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where Mk�,k�+Q�
��� is the electron-phonon matrix element, �Q� ,� the

phonon frequency, N�0� the density of states at the Fermi
level, and ���k�� the energy-conserving delta function. We can
divide Eq. �1� into three main components. The first one
being the Fermi surface nesting function �Q� ,

�Q� =
1

N
�

k�
���k�����k�+Q� � . �2�

The nesting function is a geometrical property of the Fermi
surface and is particularly large for wave vectors which con-
nect parallel portions of the surface. The second contribution
arises from the phonon eigenfrequncy �Q� ,�, which can be
affected by the application of pressure not only by an overall
change in the lattice spring constant, but also through the
appearance of Kohn anomalies. The final component, which
contributes to the electron-phonon coupling strength, is the
matrix element Mk�,k�+Q�

��� , which accounts for the details of the
interaction between electronic eigenstates and lattice vibra-
tion. The matrix element can be expressed as

Mk�,k�+Q�
��� = � �

m�Q� ,�
�1/2

	k����V�k� + Q� 
 , �3�

where ��V is the phonon perturbation for a particular mode
and 	k�� is the Kohn-Sham electronic eigenstate. Band indices
have been omitted for clarity. The Eliashberg spectral func-
tion can be obtained through a BZ integral of �Q� ,� as

�2F��� =
1

2N
�
Q� ,�

�Q� ,��Q� ,���� − �Q� ,�� . �4�

Then we extract the frequency moments of the spectral func-
tion and use the average coupling

� = 2� �−1�2F���d� = 1/N�
Q� ,�

�Q� ,� �5�

in the modified McMillan equation20 to estimate the super-
conducting transition temperature Tc.

B. Computational details

The electronic structure was calculated using the local-
density approximation �LDA� to density-functional
theory24,25 within a plane-wave pseudopotential scheme.26

The norm-conserving Li pseudopotential included 2s and 2p
states in the valence and a nonlinear core correction. The
pseudopotential was generated according to the Troullier-
Martins scheme.27 A 30 Ry kinetic-energy cutoff was enough
to attain convergence for total-energy calculations. We did
not include the 1s valence state as it introduced the need for
a much higher kinetic-energy cutoff without significantly in-
creasing the precision of the calculations.19 The pseudopo-
tential cutoff radius of 2.5 a.u. was small enough to avoid
core overlap up to the pressures studied in this work.

Lattice dynamical properties were obtained through
density-functional perturbation theory28 and the electron-
phonon coupling matrix elements and total coupling param-
eter were calculated using a first-principles interpolation
scheme29 based on maximally localized Wannier
functions.29–32 An 8	8	8 initial sampling of the Brillouin
zone was suitable to achieve an acceptable real-space decay
necessary for convergence of both the interpolated electronic
structure and lattice dynamics. The final sampling of the BZ
was performed on a momentum space grid containing as
many as 8 million wave vectors.

III. RESULTS

The results presented here are for fcc Li at five pressures:
8, 14, 20, 30, and 36 GPa. The relative compressions corre-
sponding to these pressures are 0.73, 0.64, 0.57, 0.51, and
0.48, respectively. Using the generated pseudopotential, we
find good agreement with the room-temperature experimen-
tal equation of state4 and slope �P

�V . It is well known that LDA
slightly underestimates equilibrium bond lengths and for a
given value of atomic volume the experimental pressure is
about 2 GPa higher than our LDA value. The pressures listed
here are those from LDA calculation.

There exists a widely accepted consensus that Li is an
electron-phonon superconductor, so one should expect that
the experimental rise in superconducting transition tempera-
ture would arise from an increase in electron-phonon cou-
pling. Following the decomposition of �Q� ,� into the three
primary contributions, we start by analyzing how pressure
affects the Fermi surface nesting function �Q� . From Fig. 1�a�
it can be seen that although pressure does affect �Q� , the nest-
ing function is in general suppressed as pressure increases.
This is true for nearly all Q vectors inside the BZ with the
exception of a small region around the K point which shows
a definite increase in the Fermi surface nesting function. This
increase alone is clearly not enough to account for the ex-
perimental rise in Tc seen with the application of pressure.
Therefore, we conclude that the nesting function which does
not vary strongly with pressure does not contribute signifi-
cantly to the increase in �Q� ,�.

We have calculated that most of the electron-phonon cou-
pling strength in Li comes from the lower transverse mode
T1. Therefore, we concentrate our analysis on this particular
phonon mode. From Fig. 1�b� we see that a softening of
phonon frequencies is present around the L point of the BZ,
and a more significant softening occurs along the 
-K direc-
tion. From Eq. �1� the coupling is expected to increase as
phonon frequencies are softened. Indeed, this is visible in
Fig. 1�d�. An examination of the softening of �Q� near the
symmetry point K leads to the conclusion that a simple scal-
ing of lambda by the frequency cannot completely account
for the large increase in coupling found in this part of the
BZ. On the other hand, the response of the average matrix
elements to pressure in Fig. 1�c� is very similar to that of the
wave-vector-dependent coupling in Fig. 1�d�. Both show
sharp increase with pressure near K.

An analysis of Mk�,k�+Q�
��� can be performed by looking at the

distribution of the magnitudes of the matrix elements over
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the BZ. Since the matrix elements depend on both Q� and k�,
we examine Q� 0= �0.6,0.6,0.0�, which is close to the peak of
the �Q� with pressure. We calculate M =Mk�,k�+Q� 0

�T1� on a

200	200	200 k-point mesh in the BZ and filter only k
states with energy close to the Fermi level. The distribution
of the matrix elements shown in Fig. 2 has a two-peak struc-
ture where a small portion of the matrix elements have val-
ues more than an order of magnitude larger than the rest.
This structure persists at all pressures but the size of the
matrix elements is affected strongly as pressure is increased.
For higher pressures the fraction of elevated electron-phonon
matrix elements is smaller but the magnitudes of these ma-
trix elements are increased. The regions of Fermi surface
where M2 have the highest values are a small fraction of the
BZ. As the pressure increases, these regions become more
concentrated.

The Eliashberg spectral function obtained according to
Eq. �4� is shown in Fig. 3. For comparison, the phonon den-
sity of states is also presented. We see that though the higher
frequency LA peak is stiffened with pressure for both
�2F��� and F��� as expected, the behavior of the lower
frequency TA peak differs qualitatively between these two
graphs. In the F��� graph, the low-frequency peak position

varies slightly with pressure while the peak positions coin-
cide in the spectral function, the magnitude of the coupling,
�2=�2F /F is significantly amplified as pressure is applied.
This increased spectral weight in the low-frequency region is
primarily responsible for the higher values of average cou-
pling �. Once again, this observation emphasizes the impor-
tance of the coupling matrix elements on the increased tran-
sition temperature in Li under pressure.

An enumeration of certain frequency moments of the
Eliashberg spectral function and the resulting estimated val-
ues of the superconducting transition temperature are given
in Table I. The superconducting transition temperature corre-
sponding to the calculated electron-phonon coupling param-
eter has been obtained using the modified McMillan
equation.20 The total electron-phonon coupling strength �,
logarithmic and average square frequencies21 �log and 	�2
1/2

are consistent with previous calculations in Refs. 15–18. Be-
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FIG. 1. �Color online� �a� The Fermi surface nesting function
�Q� , �b� phonon dispersions �Q� , �c� average matrix element squared

MQ�
2 , and �d� electron-phonon coupling �Q� for fcc Li along the path

inside the Brillouin zone. �b�–�d� are given for lower transverse
mode T1. In �c� the dimensions of matrix elements are
meV2	103.
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FIG. 2. �Color online� Magnitude density distribution of the
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the k states close to Fermi level are included. The magnitude den-
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rences of a particular matrix element magnitude throughout the
Brillouin zone as a function of that magnitude.
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FIG. 3. �Color online� Eliashberg function �2F��� for different
values of pressure. Effective sampling of 50	50	50 k and q
points inside the BZ was utilized. �Inset� Phonon densities of states
F��� for the same pressures.
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cause of the ultrafine sampling of the BZ our results are well
converged with respect to the summation over the BZ. Small
features that were previously difficult to study have been
resolved. We see that both logarithmic and square average
frequencies decrease monotonically with pressure, arising
from the shift of spectral weight to lower frequencies. On the
other hand, the average coupling strength � increases from
0.39 at 8 GPa to 1.10 at 36 GPa, resulting in a dramatic
increase in Tc.

The superconducting equation of state for Li is plotted in
Fig. 4 where theoretical results from this work are given
together with experimental results.5–7 Good agreement is ob-
served in the region from 20 to 30 GPa where the different
experimental results are consistent with each other. Outside
of this pressure region, there are some discrepancies among
experimental results.

IV. DISCUSSION

It has been suggested that Fermi surface nesting plays
crucial role in the onset of superconductivity in fcc lithium.15

In this work we observe the nesting to be important and
indicative of increases in coupling �Q� . However, the change

in the nesting function with pressure is seen to be much less
than what is necessary to account for the increase in electron-
phonon coupling strength evidenced by the increase in the
superconducting transition temperature. This suggests that
the pressure affects phonons more strongly than it does affect
the Fermi surface topology of Li. In other words, it can be
said that the Fermi surface topology in the fcc phase creates
necessary conditions for superconductivity to appear
whereas applying pressure adds coupling strength, thereby
driving the transition temperature up.

The origin of increasing electron-phonon interactions can
be seen by a large deformation potential caused by particular
phonons as shown in our calculations. To understand this, it
is worthwhile to consider what happens when Li atoms are
pushed close together by pressure. It has been suggested that
the high-pressure pairing in lithium results from a redistribu-
tion of the charge density.19 As pressure is applied, the 2s
orbitals eventually begin to overlap and at some point the
mutual repulsion causes the electrons to occupy more favor-
able interstitial regions between Li dimers. This is similar to
a Peierls’-type transition and could account for the theoreti-
cally predicted s-p transition,15,33 where p-type orbitals
lower the total-energy resulting in the appearance of paired-
type structures �cI16�. The paired structures are favorable as
they tend to maximize the interstitial volume of the unit cell.
If we assume that the described process is smooth, it is natu-
ral to suggest that the change in electronic structure with
pressure also strongly affects the lattice dynamics. These af-
fected dynamics may be the cause of higher electron-phonon
coupling and eventually the structural transition associated
with the T1 phonon softening. Experimental measurements
of the pressure dependence of resistivity show a monotonic
continuous trend in the region below 40 GPa.10 This is con-
sistent with the above assumption of continuous transforma-
tion of electronic structure under pressure.

The two-peak structure of the electron-phonon matrix el-
ements indicates that there are areas of BZ which have much
stronger coupling matrix elements, differing by an order of
magnitude or more. We have studied the magnitude density
distribution of �Q� and observe a structure consistent with the
two-peak graph of Fig. 2. The latter distribution has one peak
in the low �Q� region and a second, softer peak in the higher
coupling region arising from these stronger matrix elements.
Conversely, the same analysis of �Q� shows no interesting
structure; the nesting function �Q� appears to be normally dis-
tributed. One possible explanation of the nature of the non-
uniform distribution of matrix elements may be that the sepa-
rate couplings come from the different nature of the electrons
near the Fermi level. The shapes of the electronic eigenstates
	k�� and 	k� +Q� � and the overlap integral between them were
analyzed for k�-s belonging to the stronger coupling peak and
show little variance with pressure. Therefore the increase in
matrix element strength appears to result from the complex
interaction of the electronic states with the particular T1 pho-
non perturbation.

It is of interest to discuss the value of Coulomb pseudo-
potential we have used in Table I. Previously it has been
suggested that higher values for �� are necessary to correctly
describe Li.16,34 The estimate of ���0.22 was proposed

TABLE I. Pressure evolution of different order frequency mo-
ments of spectral function �2F���. We show the total coupling
strength �, as well as the logarithmic and square average frequen-
cies �in K�. The superconducting transition temperature �Tc, in K� is
estimated using the Allen-Dynes formula �Ref. 20� with a Coulomb
parameter �� given above.

P �GPa� �log 	�2
1/2 � Tc���=0.13� Tc���=0.2�

8 308 378 0.39 0.5 0.01

14 293 376 0.49 2.0 0.3

20 288 373 0.66 6.8 2.7

30 274 360 0.83 12.2 6.8

36 255 341 1.10 20.0 14.2
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FIG. 4. �Color online� Superconducting temperature vs pressure
phase diagram for Li. Experimental data from Refs. 5–7 are shown
as well as calculated results based on Allen-Dynes equation with
��=0.13. Proposed phase-stability boundaries from Ref. 9 are indi-
cated by vertical lines.
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based on the comparison of Migdal-Eliashberg theory calcu-
lations of � with McMillan equation based results for the
superconducting transition temperature.16 Before the super-
conductivity in Li was experimentally found, it had been
proposed that the value of Coulomb pseudopotential for Li at
ambient conditions should be greater that 0.1.34 Additionally,
it follows from the logic of Ref. 34 that pressure increases
would decrease ��. However, we are not aware of any direct
first-principles calculation of Coulomb parameter for Li, and
specifically Li under pressure. Previous calculations on met-
als which exist in the literature provide values which are
consistent with ��=0.13 we employ.35,36 Using this value a
good agreement with the experimentally measured Tc is
found. We have also included estimated Tc for ��=0.20 for
comparison in Table I.

The trend of the superconducting transition temperature
increase of 1 K/GPa in the fcc phase in the 20–30 GPa region
is promising for a higher temperature superconductor. Unfor-
tunately, as the pressure is increased past 30 GPa, a complete
softening of the T1 phonon branch along the 
-K direction
occurs. At this point the fcc crystal becomes unstable and
likely transforms to the hR1 phase9 preventing Li from
reaching a higher Tc. We therefore offer a suggestion that by
applying uniaxial stress along the same direction as the soft
phonon eigenvector it may be possible to suppress the struc-
tural phase transition allowing for higher transition tempera-
tures.

V. CONCLUSION

In conclusion, we investigated the origin of superconduc-
tivity in fcc lithium from first principles by considering the

pressure evolution of the electron-phonon coupling param-
eter and its constituent elements. We found that superconduc-
tivity arises from pressure increased electron-phonon inter-
action and is highly affected by the topological features of
the Fermi surface. We confirm that the lower transverse
mode is responsible for over half of the coupling and spe-
cifically the phonon modes along 
-K direction play the big-
gest role. We found that the electron-phonon matrix elements
were the most sensitive to pressure of any contribution we
examined. The matrix elements whose magnitudes depend
strongly on the location in the BZ indicate a possibility of
electron-phonon coupling arising from two distinct types of
interactions having significantly different strengths. Our cal-
culated superconducting transition temperatures as function
of pressure are in good agreement with the available experi-
mental data.
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