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An atomistic cluster alignment method is developed to identify and characterize the local atomic structural
order in liquids and glasses. With the “order mining” idea for structurally disordered systems, the method can
detect the presence of any type of local order in the system and can quantify the structural similarity between
a given set of templates and the aligned clusters in a systematic and unbiased manner. Moreover, population
analysis can also be carried out for various types of clusters in the system. The advantages of the method in
comparison with other previously developed analysis methods are illustrated by performing the structural
analysis for four prototype systems �i.e., pure Al, pure Zr, Zr35Cu65, and Zr36Ni64�. The results show that the
cluster alignment method can identify various types of short-range orders �SROs� in these systems correctly
while some of these SROs are difficult to capture by most of the currently available analysis methods �e.g.,
Voronoi tessellation method�. Such a full three-dimensional atomistic analysis method is generic and can be
applied to describe the magnitude and nature of noncrystalline ordering in many disordered systems.
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I. INTRODUCTION

Knowledge about the local atomic packing order in me-
tallic liquids and glasses is critical for understanding and
controlling the transformation pathways in metallic alloys
upon rapid cooling from the high-temperature liquids.1 How-
ever, structural description of disordered systems, such as
metallic liquids and glasses, has been a long-standing chal-
lenge. Even detailed atomic coordinates of liquids and
glasses can be available from reliable computer
simulations,2–4 the underlying structural orders in these sys-
tems are not easy to discern because of the lack of long-
range order.

Currently, the most commonly used methods in analyzing
local orders in liquids and glasses include the bond-
orientation order �BOO� method,5 Honeycutt-Anderson �HA�
common neighbor analysis,6–8 and Voronoi tessellation
method.9,10 Although these methods, coupled with pair cor-
relations, have provided important insights into the structures
of a number of noncrystalline materials, reliable and robust
descriptors to characterize various types of short-range or-
ders �SROs� in noncrystalline systems are still lacking.

BOO analysis is mathematically elegant but it is too sen-
sitive to the structure distortion and the signals of various
local orders in the liquids and glasses are not easy to extract.
The HA method which classifies the atom pairs according to
common neighbors shared by the pair of atoms, on the other
hand, is robust to structure distortions, but it gives only par-
tial information about the whole atomic packing in the SRO
structures. For example, the HA index of �1551� is com-
monly referred to as a signature of icosahedral SRO �ISRO�
in the literature.4 However, it should be noted that the struc-
ture unit with the HA index of �1551� is a pentagonal bipyra-
mid which is only a fragment �seven atoms� of a 13-atom
icosahedral cluster. A large fraction of HA-�1551� unit in the
sample is a necessary but not a sufficient condition for the
presence of ISRO in the system. A prototype example is the

C16 structure of Zr2Ni which has a large fraction �about
50%� of �1551�-HA units, but the C16 structure is clearly
nonicosahedral.11 Therefore, the HA common neighbor
analysis, though simple and robust with respect to the atomic
distortion, is not a sufficient indicator for the SRO in liquids
and glasses.

Voronoi tessellation method divides space into polyhedra
around atoms by construction of bisecting planes along the
lines joining the central atom and all its neighbors.9,10 A
Voronoi index �n3 ,n4 ,n5 ,n6 , . . .� associated with the polyhe-
dron is used to characterize the topology of the local atomic
packing structure, where ni denotes the number of i-edged
faces of the Voronoi polyhedron around the central atom. By
dividing the space into various polyhedra centered at each
atom, Voronoi tessellation method classifies the local atomic
structures according to the Voronoi index. Although this
method is mathematically rigorous, there is some ambiguity
when applying to physical systems. Because Voronoi tessel-
lation has different tolerance for different geometric struc-
tures, it is hard to determine a universal criterion to remove
small faces resulting from the thermal fluctuations on differ-
ent clusters. For example, it is very difficult to identify face-
centered-cubic �fcc� and hexagonal close-packed �hcp� type
of local structures using the Voronoi tessellation method be-
cause the Voronoi index of these structures ��0,12,0 ,0�� can
change dramatically due to even very small structure
distortions.12 Moreover, the Voronoi index does not provide
an intuitive view of the local structure in real space and it is
not clear how closely related are the structures of the clusters
with the same Voronoi index, which may hinder our under-
standing of the effects of the local structural order on the
dynamical as well as other properties of the liquids and
glasses.

In this paper, we developed an atomistic cluster alignment
method to identify and characterize the local structure order
in metallic liquids and glasses using only the atomistic coor-
dinates information. All the structural information is well
maintained without any error adjustment procedure, which
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makes this “order mining” technique very useful in many
structurally disordered systems. Applications of this method
to some prototype systems have demonstrated the advantages
of the new method over the existing methods for local struc-
ture analysis. In Sec II, details of the cluster alignment
method will be described. Applications of the alignment
method to prototype elementary and binary metallic liquids
will be presented and discussed in Sec III. In Sec IV, com-
parison with the commonly used Voronoi tessellation analy-
sis will be given. Finally, conclusions will be presented in
Sec V.

II. CLUSTER ALIGNMENT METHOD

In our alignment scheme, we characterize the local envi-
ronment of each atom in the sample by an atomic cluster
which includes the atom itself and its nearest neighbors. Op-
erationally, we include all atoms within a distance equal to
the first minimum in the total radial distribution function.
The total number of such clusters is equal to the number of
atoms in the sample, and each local cluster contains about
15–19 atoms. These clusters are interpenetrated in real space.
The alignment is performed on such clusters instead of di-
rectly on the whole molecular dynamics �MD� configuration.
For binary alloys, we divide the clusters into subsets accord-
ing to the chemical constituent of the center atom. Three
types of alignments are performed in this study: �1� a collec-
tive alignment to detect if there are any SROs in the system;
�2� a template alignment on the collective-alignment result to
further identify what are the major SROs; and �3� an indi-
vidual cluster-template alignment to determine the popula-
tion �fraction� of each type of SROs. In the following sec-
tions, these three types of alignment schemes will be
described in more detail.

A. Collective alignment

In the collective alignment, the clusters in the same subset
�according to the chemical constituent of the center atom� are
aligned with each other to minimize the overall mean-square
distances between different clusters. The clusters are rigidly
rotated and translated relatively to each other during the
alignment. To carry out this alignment, a simulated annealing
scheme implemented with MD simulation is employed. The
results of this alignment will reveal the common structural
motif characterizing the local environment of a given chemi-
cal constituent. The use of the MD scheme permits the align-
ments of all the clusters in the subsets to be done simulta-
neously to obtain a consensus motif in an efficient manner.

In the MD alignment simulations a modified Lenard-
Jones-type attractive potential is used to describe the attrac-
tive interaction between the atoms in different local clusters,

Vim,jn�r� = − 0.04 � � � � �2

rim,jn
2 + �

�3

, �1�

where Vim,jn is the attractive potential between atom m in
cluster i and atom n in cluster j �i� j�, and rim,jn is the
distance between atom m in cluster i and atom n in cluster j.
The reduce unit is used in the simulation: the unit of energy

is set to � as shown in Eq. �1�; the unit of length between two
atoms is set to � , ��=1.0 Å�; the mass of each atom is set to
1 �the influence of chemical specie is not taken into consid-
eration in the present scheme but it can be included in a
straightforward way�. The cutoff distance for the attractive
interaction Vim,jn is set to be 1.0� and the parameter � in Eq.
�1� is set to 0.5�2.

A strong harmonic potential is also introduced between
atom pairs within the same cluster to keep the structure qua-
sirigid during the collective-alignment process,

Um,n = −
1

2
K � �rm,n − rm,n

0 �2, �2�

where Um,n is the strong harmonic potential between atom m
and atom n, and the rm,n is the distance between atom m and
atom n in the same cluster. rm,n

0 is the initial distance between
atom m and n before alignment. A force constant K=4.0
�104� /�2 is large enough to guarantee that the geometric
distortions of each cluster during the alignment are
negligible.

Using the two interatomic potentials described above, MD
simulated annealing is performed. In the beginning of the
MD simulation, all clusters’ center atoms are shifted to over-
lap at the center of the simulation cell. Then the temperature
of system is raised to T=0.125� /KB �Ref. 13� �KB is Boltz-
mann constant� to achieve thermal equilibrium. Using the
velocity scaling scheme which scales each atom’s velocity
by a factor of 0.98 every 20 MD steps, the temperature of the
system is slowly cooled down to approximately zero tem-
perature in 10 000 time steps. Although, in principle, all the
clusters in a subset can be used in the collective alignment,
in practice we found that 2000 local clusters randomly se-
lected from each subset provide sufficient statistical sam-
pling of the SRO in liquids and glasses.

As an example, the result of the collective alignment for a
Zr35Cu65 glass model at 300 K is illustrated in Fig. 1. The
alignment is performed using 2000 Cu-centered local clus-
ters randomly selected from molecular-dynamics simulation
trajectories. Before the collective alignment, the atoms are
distributed uniformly around a sphere corresponding to the
first peak in pair correlation function g�r� as shown in Fig.
1�a�. After alignment, a distinct icosahedral pattern showed
up in Fig. 1�b�, indicating that most local clusters have icosa-
hedral structural motifs and icosahedral is the strongest SRO
in this system.

In order to see the alignment results more clearly, a
Gaussian smearing scheme is used to convert the atomic dis-
tribution after the alignment into atomic density in three-
dimensional space as shown in Fig. 1�d�,

D�r�� =
1

m
� �

i=1

m�n ��

�
�3/2

e−���r� − ri� �2
, �3�

where ri� is the position vector of atom i, m is the number of
local clusters used in the alignment �2000 in the present
case�, and n is the number of atoms per cluster �16 in the
present case�.
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B. Template alignment on collective-aligned clusters

The collective alignment described in Sec. II A gives us
direct information about whether there is any SRO in the
system. A natural follow-up issue is how to characterize the
type of SROs from the collective-alignment patterns. This
issue can be addressed by checking the structural similarity
between the distribution obtained from collective alignment
and the templates corresponding to different types of SROs
of interest �e.g., icosahedra, fcc, hcp, bcc, etc.�. The template
alignment described here can serve as a tool to characterize
the detailed nature of the SRO in the system.

The template alignment between collective-aligned clus-
ters and a selected template is carried out in the following
way. Clusters from collective alignment are brought onto the
template with the average position of clusters’ centers over-
lapping the center of the template. Then alignment between
the template and the clusters is performed by rotating and
translating the template while keeping all the clusters fixed.
The interaction potential between the template and the
collective-aligned clusters is described by Eq. �1� while the
atoms in the template are linked with strong springs as in Eq.
�2�. In a typical run, the template is randomly rotated, fol-
lowed by a relaxation with conjugate gradient method to
search for the total energy minimum for the interaction be-
tween the template and all clusters in the system as described
in Eq. �4�,

V =
1

ns
� �

i=1

nS

�
m=1

nC

�
k=1

nT �− 0.04 � � � � �2

rim,k
2 + �

�	 , �4�

where V is the attractive potential energy per cluster, rim,k is
the distance between atom m in cluster i and atom k in the
template, nT�nC� is the number of atoms in the template
�cluster�, and nS �=2000 in present study� is the total number

of local clusters selected in the collective-alignment simula-
tion. The cut-off distance for calculating the total energy V is
set to 1.0�, and the parameter � is set to 0.5�2. Lower at-
tractive potential energy in this template alignment indicates
a better structural fit �similarity� between the template and
the aligned set of clusters. For each alignment we tried 1000
runs with different initial rotations and the lowest-energy try
from these runs determines the best alignment. Meanwhile,
we can obtain the optimized bond length for each template
by tuning its bond length to further minimize the attractive
energy as shown in Figs. 2�e� and 2�f�, respectively. This
attractive potential energy versus bond-length curve qualita-
tively measures the similarity between each template and the
aligned set of clusters, thus the strength of the corresponding
SRO in the system.

C. Individual cluster-template alignment

Population-based analysis is widely used to study the
structural and dynamical properties of metallic liquids and
glasses.14,15 In our cluster alignment method, the population

FIG. 1. �Color online� An example of collective alignment with
2000 Cu-centered clusters from undercooled liquid Zr35Cu65 at 300
K. Each cluster contains one Cu center atom and 15 nearest neigh-
bors�. �a� and �b� show the configurations before and after collective
alignment, respectively. �c� and �d� are the atomic-density contour
plots corresponding to the distribution in �a� and �b�, respectively,
using the Gaussian smearing scheme of Eq. �3�. The isosurface
value is 0.141 Å−3.

FIG. 2. �Color online� The final configurations of the collective
alignments and the results of template alignments for pure Al at
1000 K and 800 K, respectively. �a� and �b� are the atomic configu-
ration at these two temperatures. �c� and �d� are the corresponding
atomic-density contour plots with an isosurface value of 0.141 Å−3.
�e� and �f� are the attractive potential energies 
defined by Eq. �4��
as the function of bond length for fcc and icosahedral type of short-
range orders at the two temperatures.
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of different SROs can be described by classifying the clus-
ters in the system into various types of SRO according to
their structural similarity with the given templates. The opti-
mum bond length of the template can be obtained from the
template-alignment described above.

In this individual cluster-template alignment process, the
templates are used to perform alignment with each local
cluster in the sample. In this step, the alignment only in-
cludes a template and one local cluster at a time. The same
harmonic potential described in Sec. II A is adopted to main-
tain the structures of the cluster quasirigid during the align-
ment. However, because the alignment here is one-on-one
�not one-on-many as in Sec. II B�, a much stronger attractive
potential between the cluster and the template is used to give
satisfactory alignment results. As shown in Eq. �5�, the at-
tractive potentials used in the individual cluster-template
alignment have the same form and the same values of the
parameters as that in Eq. �1� except that the interaction
strength is 100 times larger �i.e., replace the prefactor 0.04
by 4.0�,

Vim,jn�r� = − 4.0 � � � � �2

rim,jn
2 + �

�3

. �5�

In a typical run of individual cluster-template alignment, the
template is fixed, and the selected single cluster is randomly
rotated followed by relaxation under the potentials discussed
above. Although the total attractive potential energy after the
alignment can be used to measure the structural fitness of the
alignment, we find that a direct structure fitting score f , de-
fined as the minimal square distance between the template
and the cluster after the relaxation, is more straightforward to
describe the structural similarity between the template and
the aligned cluster,

�rT
2 = min�

C=1,. . .,nC

�rC,T
2 ,

f = min
�rc� 
� 1

nT
�
T=1

nT

�rT
2� , �6�

where �rC,T
2 is the distance between atom C in the cluster

and atom T in the template. �rT
2 is the minimal square dis-

tance between atom T in the template and all nC atoms in the
cluster with a constraint that each atom in the cluster is
counted no more than once �nC�nT�.

In order to get the global optimum alignment configura-
tion between the cluster and the template, we tried 4000
alignment runs with different random initial rotations for
each cluster selected from the sample and the final fitting
score F, defined as the minimum score from these 4000
alignments as shown in Eq. �7�, is used to measure the struc-
tural similarity between the cluster and the template,

F = min�f i� �i = 1, . . . ,4000� . �7�

If the fitting score F is smaller than a cut-off score FC,

FC =
1

nT
�
T=1

nT

�r0
T � 20%�2, �8�

where r0
T is the bond length between center atom and its

neighbor atom T in the corresponding optimized template,
the cluster is considered to be structurally similar to the tem-
plate. In our classification scheme, the cut-off fitting score
FC is fairly close to the full width at half maximum of the
first peak in the pair-correlation function for each system.

III. APPLICATION EXAMPLES

We demonstrate our cluster alignment method by apply-
ing it to elemental Al, Zr liquids as well as binary Zr35Cu65
and Zr36Ni64 alloys. These samples are chosen to represent a
wide variety of atomic structures corresponding to different
types of SRO. These results demonstrate the versatility of
our method in local order analysis.

All the samples were prepared by ab initio molecular-
dynamics simulations within density–functional theory as
implemented in the Vienna ab initio simulation package.16–18

Single � point was used for the K point sampling and all the
calculations were carried out in the NVT ensemble with Nose
thermostat. A time step of 3 fs was used with verlet algo-
rithm for time integration of Newton’s equations of motion.

A. Liquid-crystal transition in Al

The simulation of Al system was performed using a 108-
atom cubic unit cell with periodic boundary conditions. Test
simulation of 256 atoms Al samples show the similar result.
The liquid was first prepared at 1500 K �well above the melt-
ing point of 937 K�, then cooled down to 1000 K and 800 K
with a cooling rate of 100 K per 1000 time steps. After the
system reached thermal equilibrium, an additional 16 000
time steps were performed to collect the trajectory for analy-
sis. To set up the cluster sample pool, one in every 64 frames
was selected from the MD simulation trajectories to avoid
memory effects.

Figure 2�a� shows the result of the collective alignment of
2000 local clusters randomly selected from Al liquid at 1000
K. Each cluster contains one center atom and 15 nearest
neighbors. Each point in the figure denotes an atom. The
figure shows 13 high-density disjoint regions arranged in a
clear icosahedralike pattern. This alignment pattern provides
direct evidence of strong icosahedral order in Al liquid, con-
sistent with the energetics of Al local clusters in metallic
liquid environment from first-principles embedded-cluster
calculations.19 At 800 K, since the system has already crys-
tallized, the collective-alignment result exhibits fcc order as
shown in Fig. 2�b�. It should be noted that fcc order is very
difficult to pick up by the widely used Voronoi tessellation
method but our collective-alignment method works well
even in the fcc crystal limit. Figures 2�c� and 2�d� show the
atomic-density contour plots with an isosurface value of
0.141 Å−3 ��−3� for the Al sample at 1000 K and 800 K,
respectively. It is very clear from the figures that at high
temperature the system exhibits icosahedral order while at
low temperature the system is dominated by the fcc order.
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From the collective-alignment results of pure Al, we can
see that the short-range order is mainly icosahedral at 1000 K
and fcc at 800 K. Based on the collective-alignment results,
the template alignment is then performed to yield the poten-
tial energy versus bond-length curves for icosahedral type
and fcc type of SRO, respectively. The results are shown in
Figs. 2�e� and 2�f�, respectively, for the two temperatures,
which quantitatively characterize the strength of the two dif-
ferent types of SRO in the system. In Fig. 2�e� the curve for
icosahedral SRO is slightly lower than that for the fcc SRO,
indicating a relatively stronger icosahedral SRO in Al liquid
at 1000 K. On the other hand, Fig. 2�f� shows that the curve
of fcc SRO is much lower than that of icosahedral SRO,
indicating a much stronger fcc order, consistent with the fact
that the sample has crystallized into an fcc crystal.

The competing between the icosahedral and fcc SRO
upon cooling from the liquid can be further illustrated by the
individual cluster-template alignment as shown in Table I.
Although the icosahedral SRO is stronger at 1000 K, a small
fraction of fcc local clusters �about 1.11%� is also presented.
As the temperature is reduced to 800 K, the population of the
fcc SRO increases dramatically from 1.11% to 97.99%. It
should be noted that the geometric structure of fcc cluster
and that of icosahedral cluster are similar to some extent.20

As a result, we can still find a small fraction �about 4.7%� of
icosahedral-like local clusters at 800 K, which shows the
population overlap between icosahedral and fcc SRO due to
thermal vibrations.

B. Liquid Zr

Next, we tested our scheme on pure Zr liquid in which
competition among several types of structures makes the de-
scription of SRO in the system more complicated than the
case of pure Al. It has been reported that Zr liquid exhibits
various types of SROs including bcc, hcp, and icosahedral
SROs.4,21,22 A liquid sample of 100 atoms was prepared at
2500 K and then cooled down to 2400 K and 2135 K with
the same cooling rate as for pure Al studied in Sec. III A.
2000 additional MD steps were carried out after the system

was thermally equilibrated and one in every ten frames was
selected to construct the cluster database for the analysis.

Figure 3�a� shows the collective-alignment result of Zr
liquid at 2400 K, which exhibits only a few high-density
spots without a clearly ordered pattern. For undercooled Zr
liquid at 2135 K, more high-density regions appeared as
shown in Fig. 3�b� and a bcc order start to emerge from the
aligned pattern. This can be more clearly seen in the corre-
sponding atomic-density contours as shown in Fig. 3�d�.

The template-alignment results for the liquid Zr at 2400 K
and 2135 K are shown in Figs. 3�e� and 3�f�, respectively.
We note that a bcc template up to second neighbor shell
would include 15 atoms �one center atom plus eight first
shell neighbors plus six shell neighbors�, which is two atoms
more than icosahedral and fcc template. Since the attractive
potential energy sums over the contributions from all the
atoms in the template, consequently the total number of at-
oms for each template should be same if we want to compare
the fitness between the various templates and collective-
aligned clusters. Thus we choose to modify the bcc template
by removing two atoms in the second shell. Our tests show
that this modification does not affect the optimized bond
length of the bcc template. The attractive potential energy of
this modified bcc template is found to be comparable with
the other two templates from template alignment.23 Figures
3�e� and 3�f� show that none of the icosahedral, fcc, or bcc
SRO is dominate at either 2400 or 2135 K, although at the
lower temperature, 2135 K, the collective-aligned configura-
tion is a little in favor of bcc and icosahedra SROs. The
population of these three types of short-range orders from
our individual cluster-template alignment is shown in Table
I. We can see the promotions of all the three types of SROs
�icosahedra, bcc, and hcp� are increased as temperature de-
creases. It is interesting to see that bcc SRO increases much
faster than the others. Compared to previous analysis of SRO
in Zr liquid,4 our present approach provides a more physical
scheme for classification of various types of SROs in a
straightforward way in this complex system.

TABLE I. The populations of local clusters with different SROs by individual cluster-template alignment.
The template was optimized by the template-alignment procedure and the individual cluster-template align-
ment was carried out for each local cluster in the samples. The populations of different SROs were obtained
by using the fitting score criterion Fc as defined in Sec. II C. The population of local clusters with index
�0,0 ,12,0� by Voronoi tessellation was also presented for the purpose of comparison.

System
fcc
�%�

hcp
�%�

bcc
�%�

Icosahedra
�%�

Z15
�%�

�0,0 ,12,0�
�%�

Al 1000 K 1.11 1.96 0.27 2.34 0.51

Al 800 K 97.99 11.4 7.63 4.70 0.33

Zr 2400 K 1.01 3.01 2.17 2.97 0.23

Zr 2135 K 1.64 3.45 4.97 4.73 0.89

Cu center Zr35Cu65 1100 K 0.62 3.41 0.21 9.98 2.37

Zr center Zr35Cu65 1100 K 2.18 4.96 3.00 2.99 4.35 0.03

Ni center Zr36Ni64 1100 K 0.65 1.93 1.65 3.86 1.29

Zr center Zr36Ni64 1100 K 0.58 2.51 2.13 1.89 1.71 0.0
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C. Cluster alignment for Zr35Cu65 and Zr36Ni64
undercooled liquids

Our cluster alignment method can also be applied to mul-
ticomponents systems. We choose Zr35Cu65 and Zr36Ni64 un-
dercooled liquids as two examples. Zr-Cu binary system has
good glass formability and has attracted a lot of attention
from experiment and simulation studies.11,14,15,24–32 Icosahe-
dral SRO has been recognized to be critical for the liquid-
glass transition in this system. Meanwhile, studies show that
the glass formability of Zr-Ni binary is not as good as Zr-Cu
although Ni and Cu are neighbors in the periodic table and
the atomic size ratios between Zr:Ni and Zr:Cu are very
similar.28,29,31

Ab initio MD simulations were performed with unit cells
contain 100 atoms and with periodic boundary conditions.
Test simulation with 200 atoms for the Zr35Cu65 system gives
results similar to those with 100 atoms. Both Zr35Cu65 and
Zr36Ni64 systems were initially prepared at 2500 K, followed
by cooling to 1100 K with a cooling rate of 100 K per 1000
MD steps. An additional 12 000 time steps were performed
and the coordinates of the atoms in every 30 MD steps were
used for analysis.

The collective alignments are performed separately for
local clusters with different chemical specie in the center,
since different types of center atoms may have different local
orders. Figures 4�a� and 4�c� show a clear icosahedral pattern
for the Cu-centered clusters in the Zr35Cu65 liquid at 1100 K,
consistent with previous studies.11 At the same temperature,
we can identify only a very weak icosahedral-like configu-
ration as shown in Figs. 5�a� and 5�c� for Ni-centered local
clusters in the Zr36Ni64 liquid. These results are consistent
with Voronoi tessellation and Honeycutt-Anderson analysis
results in the literature.11,15

The Zr-centered local clusters in both two systems exhibit
only a few high-density regions as shown in Figs. 4�b� and
4�d�, respectively. These figures show that there is no domi-
nant structural order in the nearest-neighbor shell of Zr-
centered clusters. However, a pentagonal bipyramid 
HA in-
dex of �1551�� can be found from the collective alignment, as
shown in Figs. 4�d� and 5�d�, although a complete icosahe-
dral pattern is not observed. In the literature, small clusters
with HA index of �1551� have been commonly used as an
indicator of ISRO in metallic liquids and glasses. Our result
indicates that systems exhibiting strong pentagonal bipyra-

FIG. 3. �Color online� The final configurations of collective
alignments and the results of template alignments for pure Zr at
2400 and 2135 K. �a� and �b� are the atomic configurations, �c� and
�d� are the corresponding atomic-density contour plots with an iso-
surface value of 0.141 Å−3. �e� and �f� are the attractive potential
energies as the function of bond length for bcc, hcp, and icosahedral
type of short-range orders.

FIG. 4. �Color online� The final configurations of collective
alignments and the results of template alignments for Zr35Cu65 un-
dercooled liquid at 1100 K. �a� and �b� are the atomic configurations
for Cu-center and Zr-center local clusters, �c� and �d� are the corre-
sponding atomic-density contour plots with an isosurface value of
0.141 Å−3. �e� and �f� are the attractive potential energies as the
function of bond-length curves for fcc, hcp, Z15, and icosahedral
type of short-range orders.
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mid �1551� order may not have icosahedral SRO.
Template alignments are also carried out for the Zr35Cu65

and Zr36Ni64 undercooled liquids. In addition to the icosahe-
dral template, we also include templates for hcp and fcc
SROs, which might also be important since these are equi-
librium crystal structures of the elements involved in these
alloys. A Z15-type Frank-Kasper polyhedron33,34 is also used
as a template for Zr center local environment in the align-
ment because Zr tends to favor coordination number of 15 in
Zr-Cu systems.35 It should be noted that our cluster align-
ment is not limited to these SROs. Any type of SRO can be
taken as template into the analysis if interested. Figure 4�e�
shows that the energy curve for icosahedral SRO is much
lower than the other two, implying a stronger icosahedral
SRO among the three kinds of templates for Cu-centered
clusters in Zr35Cu65 liquid at 1100 K. Figure 5�e� shows the
template-alignment results for Ni center clusters, and we find
that although icosahedral SRO is stronger than the other two
types, it is much weaker than the icosahedral order in Cu-
centered clusters in the Zr35Cu65 liquid 
Fig. 4�e��. For Zr-
center clusters in both two liquids, the fitting scores of all the
four types of SRO templates are relatively low, as shown by

the quite high energy curves in Figs. 4�f� and 5�f�. This result
is as expected because no obvious order can been seen from
the collective-alignment results for Zr-centered clusters in
Zr35Cu65 and Zr36Ni64 liquids shown in Figs. 4 and 5.

As a good binary glass former, the result of individual
cluster-template alignment also shows that in the Zr35Cu65
undercooled liquid at 1100 K, icosahedral SRO is dominant
in Cu-centered clusters �9.98% in population� while about
4.35% Z15-type Frank-Kasper Zr-centered clusters is also
observed. In Zr36Ni64 at 1100 K, the individual cluster-
template alignment also shows a large amount of icosahedral
SRO for Ni-centered clusters �3.86%� but not as many as that
in Zr35Cu65. It is also interesting that we find considerable
hcp type local clusters in both Zr35Cu65 and Zr36Ni64 under-
cooled liquid at 1100 K �especially in Zr center clusters�,
which imply that this SRO may also have an important in-
fluence in the two liquids.

From the above case studies, we have demonstrated the
usefulness of our atomistic cluster alignment method in the
study of SRO in noncrystalline systems. From the three
alignment steps illustrated above, we can first obtain a pic-
torial structure description of SRO �collective alignment� for
the system, and then carry out quantitative template align-
ment and individual cluster-template alignment analyses to
further quantify the degrees of various SROs of interest in
the system.

IV. DISCUSSIONS

A. Classification of local clusters

In our cluster alignment method, the atomic clusters are
classified according to their structural similarities to certain
templates. To further verify the accuracy of method for clari-
fying the SRO of the clusters, we show in Fig. 6 the super-
position of the atomic structures of all fcc local clusters in
pure Al crystalline �800 K�, all bcc local clusters in pure Zr
liquid �2135 K�, and all Cu-centered icosahedral local clus-
ters and Zr-centered hcp local clusters in Zr35Cu65 under-
cooled liquid �1100 K�, respectively, obtained from our indi-
vidual cluster-template alignment scheme. As one can see
from the plots, the local clusters belonging to the same SRO
from our scheme indeed have similar structures.

We further verify that the local clusters with the same
SRO as the template can be picked up by our individual
cluster-template alignment. We did this by removing all the
selected clusters that belongs to certain SRO from the sample
set and reexamining the local order in the rest of the cluster
pool. Taking the icosahedra-dominated Cu-centered Zr35Cu65
undercooled liquid �1100 K� as an example, after the indi-
vidual cluster-template alignment, we removed all the
icosahedral-type clusters from the sample pool. And then the
collective alignment is performed again for the rest clusters
in the pool. Figure 7 compares the two collective-alignment
results before and after the removal of icosahedral-type clus-
ters. We find that the collective-alignment result of the later
one 
Fig. 7�b�� is no longer an icosahedral configuration,
which demonstrates the sufficiency of our cluster classifica-
tion scheme. The strong tetrahedral pattern in Fig. 7�b� im-
plies the existence of some degree of hcp SRO in the local

FIG. 5. �Color online� The final configurations of collective
alignments and the results of template alignments for Zr36Ni64 un-
dercooled liquid at 1100 K. �a� and �b� are the atomistic configura-
tions for Ni-center and Zr-center local clusters, �c� and �d� are the
corresponding atomic-density contour plots with an isosurface
value of 0.141 Å−3. �e� and �f� are the attractive potential energies
as the function of bond-length curves for fcc, hcp, Z15, and icosa-
hedral type of short-range orders.
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environment of Cu center species, which is consistent with
our individual cluster-template alignment results as shown in
Table I.

B. Comparison with Voronoi tessellation analysis

It is also interesting to compare the results from our indi-
vidual cluster-template alignment scheme with those from
the popular Voronoi tessellation method. In Voronoi tessella-
tion analysis, local clusters are classified by Voronoi indices,
and then the population is analyzed using these indices rather
than real atomic structures. There are two main problems
with the Voronoi tessellation. First, structural information
such as bond length and bond angles in the clusters is lost
when mapping a cluster to a Voronoi index. One-to-one cor-
respondence between a given type of atomic cluster and
Voronoi index is not always guaranteed. Furthermore,
Voronoi tessellation has different tolerance on structural dis-
tortions for different type of clusters. Because of these limi-

tations, Voronoi tessellation is not a good method for inves-
tigating some important structure local orders such as fcc,
hcp, and bcc. In contrast to Voronoi tessellation, the classifi-
cation of local clusters in our method according to a struc-
tural fitting score provides a more robust measurement of the
geometric similarity between local clusters and various tem-
plates, and various types of SROs can be studied simulta-
neously without any bias.

The difference between our method and Voronoi tessella-
tion method can be seen more clearly in the following cases.
For pure Al, the ideal Voronoi index of fcc structure should
be �0,12,0 ,0�, but it is hard to get this index even in crys-
tallized Al at 800 K. Although a modified Voronoi method
including small-face/short-edge removal can help to get
some �0,12,0 ,0�, Voronoi tessellation is so sensitive to even
a tiny structural deformation in fcc clusters, making the clas-
sification hard when the thermal vibration exists. When con-
sidering the Zr liquid, the Voronoi tessellation method meets
more difficulties because the ideal index of hcp type cluster
is also �0,12,0 ,0�,36 the same as that for fcc-type clusters.
The degeneracy of the indices for fcc and hcp order makes
the comparison among hcp, fcc, and icosahedral SROs im-
possible. In contrast, our cluster alignment method is
straightforward and effective for all kinds of local clusters,
basically because no subtle mathematics/geometry criteria
are needed for the classification of SROs. Indeed, our
method shows remarkable advantage over Voronoi tessella-
tion in the recognition of these important high symmetry
SROs. These highly symmetric SROs usually hold the local
minimum in energy landscape and play the key role in the
determination of thermodynamic phase of metallic system.

For the Cu/Ni-centered clusters in the Zr35Cu65 and
Zr36Ni64 undercooled liquids, although the Voronoi tessella-
tion analysis also shows that the icosahedral SRO is the
dominant type of SRO in the system, consistent with the
conclusion from our individual cluster-template alignment
analysis, the population of the icosahedral clusters is much
less than ours. Moreover, for the much more complicated
Zr-centered local environment with coordination number
larger than 12, Voronoi analysis can only produce some
vague indices such as �0,2 ,8 ,4�, �0,1 ,10,4�, �0,2 ,8 ,6�,
etc., which do not correspond to clear and unique atomic
structures. On the contrary, our cluster alignment method can
identify the hcp, fcc, Z15 local clusters as well as the icosa-
hedral type of local clusters, which is very useful for a com-
prehensive understanding of local structure in metallic liq-
uids and glasses.

To further clarify the differences between the two meth-
ods, we have applied these two structural analysis methods
to 40 000 local clusters in Zr35Cu65 undercooled liquid at
1100 K. The populations of the six most-populated indices
from Voronoi tessellation analysis on this data set are shown
in Fig. 8. The distribution of the icosahedral clusters among
these six indices, respectively, obtained by our individual
cluster-template alignment scheme is also shown in the same
plot for comparison. We find that most �although not all�
clusters with index �0,0 ,12,0� are identified as icosahedral
in our individual cluster-template alignment. For clusters
with “icosahedralike indices” such as �1,0 ,9 ,3�,
�0,1 ,10,2�, and �0,2 ,8 ,2�, we also find a noticeable frac-

FIG. 6. �Color online� Local clusters that belong to the same
type of short-range orders by our individual cluster-template align-
ment scheme were plot together to see the structural similarity
among them. �a� shows the fcc-type clusters in Al at 800 K; �b�
shows the bcc type of clusters in Zr undercooled liquid �2135 K�;
�c� and �d� show the Cu-centered icosahedral-type clusters and the
Zr-centered hcp-type clusters in Zr35Cu65 undercooled liquid at
1100 K, respectively 
yellow�light� points stand for Zr atoms and
blue�dark� points stand for Cu atoms�.

FIG. 7. Collective-alignment results for the cluster pools �a�
before and �b� after the icosahedral clusters �identified by the indi-
vidual cluster-template alignment scheme� have been removed. The
data set is Cu-centered clusters in Zr35Cu65 undercooled liquid at
1100 K.
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tion of them belonging to icosahedral SRO. As shown in
Fig. 9, an extra atom �small red� comes in sight of the center
atom of an icosahedron from a vertex 
Fig. 9�a�� or an edge

Fig. 9�b�� of the icosahedral will create a very small trian-
gular or quadrilateral face at the vertex or edge and transfer

the index of �0,0 ,12,0� into �1,0 ,9 ,3� or �0,1 ,10,2� ac-
cording to Voronoi tessellation method 
see Figs. 9�a� and
9�b��. A small lattice distortion as shown in Fig. 9�c� may
also change the �0,0 ,12,0� index into �0,2 ,8 ,2�. In these
situations, when doing population analysis, the results might
be more transparent if such fraction of the �1,0 ,9 ,3�,
�0,1 ,10,2�, and �0,2 ,8 ,2� indices is classified together with
the icosahedral clusters under �0,0 ,12,0� rather than sepa-
rated into different categories in the Voronoi classification.

Figure 10�a� shows the distribution of the normalized fit-
ting score with respect to the icosahedral template from our
individual cluster-template alignment scheme for the clusters
in the six most-populated Voronoi indices shown in Fig. 8.
The dashed line indicates our fitting score criterion �normal-
ized by the bond length of template� used for classification of
the clusters. One can see from this plot that under our
scheme most but not all of the clusters with index of
�0,0 ,12,0� can be classified as icosahedral clusters while
other indices such as �1,0 ,9 ,3�, �0,1 ,10,2�, and �0,2 ,8 ,2�
also contain icosahedral local clusters. From Fig. 10�a�, we
can clearly see that icosahedral clusters do not exactly cor-
responding to one Voronoi index, that is, local clusters with
same Voronoi index might belong to different structure types.
For the purpose of comparison, the distribution of the fitting
score for the same six sets of clusters with respect to fcc
template is also presented in Fig. 10�b�, which shows very
little fcc type of SRO in these clusters sets.

V. CONCLUSION

In conclusion, we have developed an atomistic cluster
alignment method to study the short-range order in metallic
liquids and glasses. This method provides a systematic and
straightforward way to determine whether there are any
SROs, what type�s� of SROs, and how strong the SROs are

FIG. 8. �Color online� The comparison between results of
Voronoi tessellation and individual cluster-template alignment
scheme. The data set is 40 000 local clusters �14 000 Zr-centered
clusters and 26 000 Cu-centered clusters� in Zr35Cu65 undercooled
liquid at 1100 K. The plot shows the population of six most Voronoi
indices as well as the population of icosahedral type local clusters
�classified by individual cluster-template alignment� in these six
indices.

FIG. 9. �Color online� Descriptions of structural transformation
between icosahedral and icosahedral-like Voronoi indices. �a� An
extra atom �small red atom� comes at a vertex of icosahedron, lead-
ing to a �0,0 ,12,0� to �1,0 ,9 ,3� transformation �4 pentagons
→1 triangle+1 pentagon+3 hexagons�. �b� An extra atom �small
red atom� comes at an edge of icosahedron, leading to a �0,0 ,12,0�
to �0,1 ,10,2� transformation �4 pentagons→1 tetragon
+2 pentagons+2 hexagons�. �c� A small lattice distortion changes
the �0,0 ,12,0� to �0,2 ,8 ,2� �4 pentagons→2 tetragons
+2 hexagons�.

FIG. 10. �Color online� Distribution of the normalized fitting
score between �a� the icosahedral and �b� fcc-type templates and
local clusters belong to the top six Voronoi indices as well as total
clusters in Zr35Cu65 undercooled liquid at 1100 K. The data set is
the same as that used in Fig. 8. The fitting score for each cluster is
normalized by the bond length of template and the dashed line
shows the cut-off score for icosahedral SRO in our individual
cluster-template alignment scheme.
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in the system. The population of different types of local clus-
ters can also be obtained using the structural fitting score
from individual cluster-template alignment, with which the
usual population-based analysis on local structures and dy-
namics can be carried out.

The key advantage of our new method is that it directly
deals with real atomic coordinates of local clusters, which
guarantees that structural information is accurately preserved
during the analysis to obtain a complete description of short-
range order. Successful applications to a variety of systems
show that our cluster alignment method is a very important
and versatile local structure analysis tool for metallic liquids
and glasses.

One interesting thing point to be noted is that with this
“real coordinate-based” property, our cluster alignment is a
generic order mining method for disordered systems. Local
orders can be extracted regardless of the range and degree of
the ordering. The alignment can be naturally extended be-

yond the first coordination shell to investigate structural or-
dering of more coordination shells �i.e., medium-range or-
der� and the percolation of clusters.37,38
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