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A generic class of Hamiltonians based on the Su-Schrieffer-Heeger �SSH� model is introduced to address the
material-specific properties of conducting polymers beyond polyacetylene. Two physical parameters are incor-
porated into the original SSH model Hamiltonian, one being the scaling parameter � accounts for the modified
electron-phonon coupling strength of aromatic rings and the other parameter � representing the attractive cores
of heterogeneous atoms, such as NH, S, and O. Their values are uniquely determined by two independent
measurements, such as the experimental band gap of bulk polypyrrole �PPy� and the dimerization amplitude of
pyrrole monomer computed by ab initio coupled cluster methods as chosen in this work. With the optimized
values of ��=1.46,�=4.27 eV�, the adapted SSH �aSSH� Hamiltonian accurately reproduces the band gaps,
molecular geometries, quasiparticle energies and wave functions, order parameters, discretized phonons around
nonlinear polarons, and infrared and Raman spectra of both neutral and p-doped PPy chains of all lengths. It
is expected that the generic formalism of the aSSH Hamiltonian, equipped with their corresponding �� ,��
values, would be applicable to other conducting polymers, such as polythiophene, polyfuran,
poly-�p-phenylene-vinylene�, polyaniline, and their functional derivatives.
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Conducting polymers based devices have many potential
applications, of which the demonstrated examples include
organic light-emitting devices,1 photovoltaic solar cells,2

field-effect transistors,3 actuators,4 supercapacitors and
batteries,5 fuel cell catalysts,6 gas separation films,7 and
many others.8 The broad room-temperature electric conduc-
tivity spectrum ranging from 10−12 to 105 S /cm is the key to
all of these fascinating applications. It is recognized that the
polymeric electron transport may be understood as various
complicated hopping processes of self-localized charge car-
riers, including the topological solitons, polarons, and
bipolarons.9 These self-localized charge carriers are phonon-
dressed electrons and holes which magnify the underlying
quasi-one-dimensional �1D� nature of conducting polymers.
To capture the essential electron-phonon coupling effects,
Su, Schrieffer, and Heeger �SSH� proposed a 1D SSH model
Hamiltonian9–11 whose continuum limit contains one single
dimensionless electron-phonon coupling parameter �.12,13 A
rich variety of intriguing physical phenomena have been
demonstrated by using such a simple Hamiltonian and its
derivative models, including the Peierls instability,14–16 re-
versed spin-charge relation,9 multiple gap states,17–19

symmetry-breaking Goldstone mode,20,21 coupled optical-
acoustic distortions,22,23 attractive soliton and antisoliton pair
breather mode,24 negative spin-density wave,25,26 three-
dimensional �3D� conformational coupling,27,28 and others.9

However, because of the lack of explicit specifications of
materials properties, this insightful SSH Hamiltonian9–11

cannot be directly applied to functional conducting polymers
beyond their prototypes of trans-10,11 and cis-29 polyacety-
lene �PA� and therefore limits its applications. In this work,
we present a generic class of the adapted SSH �aSSH�
Hamiltonians which can accurately model many kinds of
conducting polymers by introducing two additional physical
parameters, one electron-phonon coupling scaling parameter
accounting for the presence of aromatic rings and one on-site

energy parameter dealing with the presence of heterogeneous
NH, S, and O sites.

As a complementary computational tool, ab initio quan-
tum chemical calculations have been widely used to predict
many molecular and solid-state materials properties.30,31

However, the first-principles ground-state density-functional
theory �DFT� �Refs. 30, 32, and 33� is known to fail seri-
ously in describing the electronic localization34,35 of many
solid-state systems. This is due to the incorrect convex nature
of the energy as the functional of density in the local-density
approximation �LDA�, so that electrons in solids would in-
evitably delocalize to lower their ground-state energy.34 Such
an unphysical delocalization tendency makes DFT, an other-
wise powerful computational scheme, incompatible for con-
ducting polymers and their applications; and more seriously,
the time-dependent DFT �TDDFT� does not perform signifi-
cantly better due to the intrinsic locality35 persisting in the
adiabatic LDA �ALDA�. Therefore, one has to rely on those
computationally more extensive methods, such as the time-
dependent current DFT,35 possibly the dynamical mean-field
theory,36 or ab initio approaches31 based on the orbital-
dependent potentials in Hartree-Fock �HF�,37,38 hybrid HF-
DFT functionals, and post-HF correlation methods,37,38 as
alternative solutions to the localization problem of DFT. Al-
though successful implementations of some of these methods
have been demonstrated for conducting polymers, the simple
underlying electron-phonon coupling nature is often obscure
in these first-principles approaches.

In this work, we describe a generic procedure to con-
struct a physically simple and computationally efficient
aSSH Hamiltonian that can deal with a great variety of con-
ducting polymer derivatives, such as polypyrrole �PPy�,
polythiophene �PT�, polyfuran �PFu�, poly-�p-phenylene-
vinylene� �PPV�, polyaniline �PANI�, and others. Our objec-
tive is to provide a set of accurate and efficient computa-
tional facilities that were previously unavailable to physi-
cists, chemists, and materials scientists whose main interests
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are in the fundamental understandings of complicated
material-specific properties. In this work, we use PPy to il-
lustrate the general features of the aSSH Hamiltonian; and
other conducting polymers are expected to work under iden-
tical or similar procedures.

Neutral PPy is a semiconductor with a band gap of 3.2 eV
�Refs. 39 and 40� and the room-temperature conductivity of
p-doped states can reach 103 S /cm.41 The oxidized PPy
films show good mechanical property and excellent chemical
stability, therefore they are suitable for various environmen-
tal and medical applications.42 The chemically repeating unit
of PPy is an aromatic ring that contains one NH site and four
C�H� sites. There are six � electrons per unit ring in neutral
PPy, two electrons from the NH site and one from each C�H�
site. The ground state of PPy shows the aromatic benzenoid
structure. Explicitly, the bond connecting two �-C’s is longer
than each of the two bonds connecting one �-C and one �-C
and the bridge bond that connects two neighboring units is
the longest C-C bond. A few 1D SSH models43,44 have been
proposed for PPy, none incorporating these features.

Our aSSH model system have two major components, a
regular PA chain consisting of all C�H� sites and individual
NH sites chemically bonded to the two �-C sites in every
pyrrole unit �Fig. 1�. Before detailed specification of the
aSSH model, we note that PPy cannot be properly modeled
using 1D Hamiltonians because of their implicit 1D con-
straint. Taking the model shown in Fig. 1 as an example, the
implicit 1D constraint requires the bond-length variations
satisfying

�b15 + �b45 = ��r4 − r1� = �b12 + �b23 + �b34, �1�

where ri is the position vector of the ith atomic site and bij
= �r j −ri� is the bond length between the ith and jth sites.
Equation �1� implies that the total variation in three C-C
bonds must always be equal to the total variation in two C-N
bonds in any 1D model Hamiltonians, leading to strongly
distorted C-C or C-N bonds. As an instructive comparison,
PPV may be properly modeled by 1D Hamiltonians,45 as
long as the two �-conjugation paths through aromatic rings

are symmetric given that the phenyl groups are linked at
para-positions.

Because of the intrinsic flaw in all 1D Hamiltonians, we
choose to model PPy using the aSSH Hamiltonian as

HaSSH = �
i

1

2
Miṙi

2 + �
�i,j�

− 	tij − �ij��ri − r j� − bij
0 �
�Ci

+Cj

+ Cj
+Ci� + �

�i,j�

1

2
Kij��ri − r j� − bij

0 + 	bij�2

− ��
m

Cm
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Here Mi and ri are the mass and the position vector of the
ith atomic site, respectively. The second and third summa-
tions in Eq. �2� run over all the nearest-neighbor �
-bonded�
pairs �i , j�. The SSH parameters �tij ,�ij ,Kij� represent the
�-electron hopping integrals of the undimerized configura-
tion, linear �-electron-phonon coupling constant, and

-bond spring constant, respectively. The original SSH
parameters10,11 are chosen to describe the C-C bonds so
that tCC= t0=2.5 eV, �CC=�=4.1 eV /Å, and KCC=K
=21 eV /Å2 while a different set of the C-N bond parameters
�tCN,�CN,KCN� will be discussed in details below. In Eq. �2�,
the operators Ci and Ci

+ annihilates and creates a � electron
on the ith site, respectively. The actual bond length bij = �r j
−ri� assumes bCC

0 and bCN
0 as the references for C-C and C-N

bonds, respectively. As hidden in the original SSH Hamil-
tonian, bCC

0 and bCN
0 are dummy parameters in the sense that

the identical electronic structure and energy and a trivial con-
stant shift of all the bond lengths bij will be obtained if
different bond-length references are chosen; in other words,
only the actual bond-length variation �bij are physically rel-
evant in Eq. �2�. Here we choose to model b0

ij explicitly in
order to make direct comparisons to the available experimen-
tal and ab initio bond lengths. The bond-length contraction
amplitude reference 	bij in Eq. �2� is given by the
dimerization-coupled analytic expression23

	bij = −
4�ij

�Kij
�1 +

1

2
�ln

zij

4
+

3

2

zij

2� , �3�

where zij =2�ijAij / tij and Aij is the local dimerization
amplitude;23 or for simplicity, one may keep only the leading
term as the original Su’s tensile expression22

	bij = −
4�ij

�Kij
. �4�

A simple physical interpretation of the bij
0 −	bij reference

term is that there is 	bij difference between the equilibrium
bond length at which the pure 
-bond elastic energy reaches
its minimum and the equilibrium bond length at which the

-bond elastic tensile force is in balance with the intrinsic
compressive force of the �-electron hopping. Finally, the last
term in Eq. �2� is an ionic Hamiltonian where the creation
and annihilation operators Cm

+ and Cm apply only on the NH
site of the mth pyrrole ring; a positive � is enforced to attract
electrons onto the NH site. For simplicity, we consider in this
work only a quasi-two-dimensional �2D� version of Eq. �2�,

FIG. 1. �Color online� Chemical structure of PPy. The position
vector of the ith atomic site is ri and the bond length between the
ith and jth sites is bij = �r j −ri�. The � and � carbon sites are the C
sites directly connected to the NH sites �such as 1, 4, 6, and 9� and
the CH sites two sites away from NH �such as 2, 3, 7, and 8�,
respectively. The bridge ��-�� bond, such as b46, is the C-C bond
that connects two neighboring pyrrole rings via two �-C sites.
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which explicitly treats the bond-length variations but not the
bond bending and twisting angle variations. A complete 3D
model Hamiltonian would be necessary if the soliton-
coupled bond bending and bond twisting dependences are
considered.27,28

In the following, we are going to show that the aSSH
Hamiltonian of Eq. �2� only requires two extra parameters
and their values can be determined by two independent fit-
ting criteria extracted from existing experimental and ab ini-
tio data. Treating PPy as a linear PA chain with periodic NH
side groups, we keep the C-C bond parameters as the original
SSH values.10,11 For the C-N bonds, we argue that both the
dimensionless phonon-electron coupling �� 2�2

�Kt0
and the ef-

fective 
-bond spring constant K should be the same as those
for the C-C bonds. One may understand the argument from
the band-gap perspective; namely, Eg=2�0=

16t0

e e−1/2� is un-
likely to change exponentially only because CH is replaced
by NH or the formation of aromatic rings. So we choose
�tCN=�t0 ,�CN=���0 ,KCN=K0�, where � is an electron-
phonon scaling parameter. Since 	bij are given by either Eq.
�3� or Eq. �4� and b0

ij are essentially dummy parameters, we
are left with two physical parameters �� ,��, in which the
electron-phonon scaling parameter � takes care of the differ-
ence between C-N bonds �which close aromatic rings� and
C-C bonds and the on-site energy parameter � describes the
difference between NH sites and C�H� sites. As a side note,
our numeric calculations also indicate that when the on-site
parameter � is fixed, virtually identical bond-length configu-
rations and electronic structures are found even with a dif-
ferent choice of the parameters ��t0 ,��0 ,�K0�.

In t-PA, the fundamental band gap Eg=2�0=
16t0

e e−1/2� de-
termines all the other major physical properties, in particular,
the dimerization amplitude 4u0=

�0

� and the soliton width
2�=

4t0a

�0
.9,13 In PPy, the presence of NH sites as well as the

aromatic rings decouples these fundamental relations, which
allows us to choose the band gap and the dimerization am-
plitude as two independent fitting criteria for the parameter
set �� ,��.

The �-�� band gap for a neutral finite N-Py chain, where
N is the number of pyrrole rings, is conveniently defined as
the energy difference between the lowest unoccupied mo-
lecular orbital �LUMO� and the highest occupied molecular
orbital �HOMO� Eg�N�=ELUMO�N�−EHOMO�N�. The bond-
length dimerization amplitude is measured by �b��−���N�
=b��− b̄��, where b�� is the C�-C� bond length and b̄�� is
the average length of the two C�-C� bonds in the central Py
ring of the N-PPy chain, so that positive �b��−�� values
imply aromatic structures and negative values imply quinoid
structures. It is obvious that both Eg�N� and �b��−���N� may
vary significantly for small values of N. The variations with
N are consequences of the finite size effect, due to the dis-
creteness of electronic energy levels and the chain termina-
tion condition, such as the open or closed chains. Both ef-
fects should vanish when N is large.

A systemic study of Eg�N�, corresponding to the peaks in
the ultraviolet-visible absorption spectra of the correspond-
ing neutral N-Py oligomers, gave Eg�7�=3.25 eV by Zotti et
al.40 This value is close to Eg=3.2 eV for electrochemically

deposited PPy films of unspecified chain lengths using the
normalized differential conductance spectra by Yang et al.39

Computationally, it is well known that the HF quasiparticle
energy spectrum seriously overestimates the band gap for
virtually all materials, and the DFT quasiparticle energy
spectrum does the opposite.34 We thus choose the experimen-
tally measured values for our �� ,�� parameter fitting. The
band-gap optimization results are shown Fig. 2�a�, an energy
contour with respect to �� ,��. From Fig. 2�a�, one sees that
small scaling parameters � and large on-site parameters �
generally lead to small band gaps Eg, and vice versa. It is
interesting to note that for a given Eg, there exists a corre-
sponding minimal threshold ��min,�min� so that no solutions
below such a threshold value would be allowed; for instance,
the threshold for Eg�7�=4.07 eV is ��min=1.65,�min
=3.40 eV�, shown as the triangle in Fig. 2�a�. For parameter
values that are above the threshold, the scaling parameter �
may assume two different values for any fixed ���min and
Eg. To the main interest of this work, the fitting target
Eg�7�=3.25 eV is highlighted as the pluses in Fig. 2�a�.

The experimentally measured �b��−���N� varies sig-
nificantly, ranging from �b��−���1�=0.043, 0.043, 0.058,
0.036, 0.079, and 0.064 Å depending on the six possible
models proposed by Bak et al. using deuterated pyrrole
microwave spectra,46 �b��−���1�=0.035 Å as listed on
the NIST website47 using microwave spectra, 	�b��−���2�
+�b��−���3�
 /2=0.045 Å based on an unpublished x-ray
data by Street and Nazzal, cited as Ref. 16 in the work by
Andre et al.,48 to �b��−���3�=0.052 Å based on an unpub-
lished experimental data by Street and Nazzal, cited as Ref.
22 in the work by Bredas et al.49 In contrast, the post-HF
correlation methods such as the coupled cluster with single
and double substitutions �CCSD� and the quadratic configu-

FIG. 2. �Color online� The band gap Eg and bond-length dimer-
ization amplitude �b��−�� as functions of the electron-phonon scal-
ing parameters � and the NH on-site energy parameter �. �a� Con-
tour plot of Eg for N=7, with the pluses indicating the targeted
experimental value Eg=3.25 eV. �b� Contour plot of �b��−�� for
N=1, with the crosses indicating the CCSD result of �b��−��

=0.051 Å. The optimized parameter set ��=1.46,�=4.27 eV�
which gives �Eg=3.25 eV,�b��−��=0.051 Å� is highlighted as
the circles in both �a� and �b�. The dashed line in �b�, �b��−��

=0 Å, indicates the phase boundary of the quinoid and aromatic
structures.
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ration interaction with single and double substitutions
�QCISD� �Ref. 50� gave the same �b��−���1�=0.051 Å. De-
spite apparent numeric differences, all these experimental
and computational results conclude that neutral N-PPy oligo-
mers contain only aromatic rings. Based on the overall qual-
ity of these data, we choose �b��−���1�=0.051 Å as our
parameter fitting target. The aSSH Hamiltonian results on
�b��−�� are shown in Fig. 2�b�, with the crosses indicating
the target �b��−���1�=0.051 Å. The crossing point of
pluses in Fig. 2�a� and crosses in Fig. 2�b� finds the opti-
mized parameter set ��=1.46,�=4.27 eV�, which will be
used in the rest of the paper. With the two contour plots of
Figs. 2�a� and 2�b�, one may find the optimized parameter
values for other �Eg ,�b��−��� targets. For example, �Eg�7�
=3.25 eV,�b��−���1�=0.045 Å� finds the corresponding
optimal parameter set of ��=1.36,�=3.40 eV�. Finally, we
note that the dashed line in Fig. 2�b� is the phase boundary
separating the quinoid structure for large � and small � from
the aromatic structure for small � and large �. The quinoid
region in Fig. 2�b� corresponds to the flat Eg region in Fig.
2�a�, implying that Eg of quinoid structures is less sensitive
to � and � compared to Eg of aromatic structures.

With the optimal parameter set ��=1.46,�=4.27 eV�,
the bond-length references bCC

0 and bCN
0 may be determined

by using existing experimental or ab initio data. Explicitly,
choosing the absolute bond lengths of the pyrrole monomer
computed by CCSD, b���1�=1.379 Å and bCN�1�
=1.377 Å as the fitting targets 	Fig. 3�a�
, we obtain bCC

0

=1.662 Å and bCN
0 =1.637 Å for the aSSH Hamiltonian. Fi-

nally, since the bridge bond that connects the two adjacent
pyrrole units does not participate in any aromatic rings, a
different bond-length reference b��

0 may be used. Taking the
bond-length reference of b���2�=1.461 Å 	Fig. 3�b�
 com-
puted by CCSD for the pyrrole dimer, we find b��

0

=1.556 Å. The aSSH results of the pyrrole monomer and
dimer are summarized in Figs. 3�d� and 3�e�, respectively.
Again, we note that these reference bond lengths are relevant
only to obtain the absolute bond lengths, and they do not
have any effects on the underlying electronic structures.

With ��=1.46,�=4.27 eV�, we compute Eg for a serial
of neutral PPy chains that contain N monomers, with

N=1,2 ,3 , . . . ,25,30,50, and 100 using the aSSH Hamil-
tonian. The results are shown in Fig. 4, plotted against avail-
able experimental data,39,40 ab initio HF, and first-principles
DFT �Ref. 51� and TDDFT �Ref. 52� calculations. With the
only fitted date point of Eg�7�=3.25 eV, our aSSH results
�red crosses� match closely with all the ultraviolet-visible
adsorption data measured by Zotti et al.40 and by Diaz et
al.53 and with the normalized differential conductance spec-
tra measured by Yang et al.39 on electrochemically deposited
PPy films of unspecified chain lengths 	N=7 is used in Fig.
4�a�
. In contrast, systematic overestimations and underesti-
mations of Eg�N� are found in HF and DFT calculations,
respectively. TDDFT performs well for small oligomers of
N
5 �Ref. 35� but nevertheless converges to the ground-
state DFT results at the long-chain limit due to the ALDA
approximation. The bond-length alternation amplitude
�b��−���N� is plotted as a function of N in Fig. 4�b�, which
shows a faster convergence than Eg�N� in the large N limit.
All the aSSH ground states show the benzenoid configura-
tion. Besides the pyrrole monomer and dimer cases discussed
above, the configurations of long-chain oligomers computed
by the aSSH Hamiltonian also agree well with the HF re-
sults. Figure 3�f� shows a central ring configuration of the
N=20 oligomer. Among all the bond lengths, the largest de-
viation is 2.5% at the b�� bond, which is mainly caused by
the overestimation of the dimerization amplitude in HF re-
sults.

Furthermore, the aSSH quasiparticle energies, density of
states �DOS�, and wave functions of the N=1 	Fig. 5�a�
,
N=2 	Fig. 5�b�
, and N=20 	Fig. 5�c�
 PPy chains can accu-
rately reproduce all the corresponding ab initio HF quasipar-
ticle results despite that HF overestimates the band gap.

FIG. 3. �Color online� Bond lengths of the �a� pyrrole monomer
and �b� dimer computed by CCSD and the N=20 oligomer �shown
only the central ring� �c� computed by HF. Bond lengths of the
pyrrole �d� monomer, �e� dimer, and N=20 oligomer �shown only
the central ring� �f� computed by the aSSH Hamiltonian. The three
bond-length fitting targets, obtained by CCSD, are highlighted in
red bold. All bond lengths are in angstrom. The basis sets for CCSD
and HF are 6-31++G�d,p� and 3-21G, respectively.

FIG. 4. �Color online� The quasiparticle energy band gap Eg and
the bond-length dimerization amplitude �b��−�� of PPy as a func-
tion of N computed by the aSSH model with ��=1.46,�
=4.27 eV�. The DFT, TDDFT, and experimental data 1–5 are taken
from Refs. 51, 52, 40, 53, and 39 �Eg=3.2 eV with an unknown N,
assumed to be 7�, Refs. 47 and 46, respectively. The HF, CCSD,
QCISD, and MP4 are computed using GAUSSIAN-03 �Ref. 37� with
the 6-31++G�d,p� basis set.
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Compared to t-PA described by the conventional SSH
Hamiltonian,9–11 the PPy band structure displays two new
features: a low-lying pyrrole ring band �Fig. 5, Rb and Rt
representing the states at the bottom and top of this band,

respectively� and the localized band �Fig. 5, represented by
L� that overlaps in energy with the delocalized valence band
�Fig. 5, Vb and Vt representing the states at the bottom and
top of the band, respectively�. The ring band is formed by the
bonding and antibonding combinations of the monomer
ground state 	Fig. 5�a�
. The localized L states are the com-
plete bonding and antibonding combinations of the second-
lowest state of the monomer whose wave function has two
nodes precisely located at the two bridge C atoms 	Fig. 5�a�
.
Such a nodal structure effectively decouples every pyrrole
unit from the rest of the chain so that its band state energy is
the same as the isolated monomer case. In other words, the
energy of the L band is flat in the reciprocal space similar to
the PPV case.45 One notable difference between the aSSH
and HF DOS results is that HF has a broader valence band,
which can be seen in Fig. 5�d� from the energy difference
between the Vb and L states. Since PPy can only be p-doped,
the wave functions above LUMOs are not explicitly shown
in Fig. 5�c� and 5�d�.

Upon p-doping, self-localized polarons are formed due to
the strong 1D electron-phonon coupling. From the phonon
perspective, the bond-length alternation order parameter, de-

fined as ��m�=b���m�− b̄���m�, where m is the ring label

�Fig. 1� and b̄�� is the average length of the two C�-C�

bonds, displaces a transition from the aromatic to quinoid

FIG. 6. �Color online� The bond-length alternation order param-
eter �a�–�d� ��m�, �e�–�h� DOS, and the corresponding polaron
wave functions of an N=20 PPy chain computed by the aSSH
Hamiltonian. �a� and �e� are the neutral N=20 PPy reference. �b�
and �f� contain one polaron P+. �c� and �g� contain one bipolaron
P2+. A bipolaron lattice, 3�P2+�, starts to form above 30% doping,
�d� and �h�. The order parameters computed by DFT-PBE and HF,
both using the 3-21G basis set in GAUSSIAN-03 �Ref. 37�, are shown
as delocalization versus localization comparisons.

FIG. 5. �Color online� The complete sets of filled and subsets
of unfilled � orbitals of the neutral PPy of �a� N=1, �b� N=2,
and N=20 �c� for aSSH and �d� for HF. In �a� and �b�, the aSSH
results are shown on the left and HF results on the right, with
the aSSH EHOMO�N=1�=−1.69 eV, ELUMO�N=1�=3.97 eV,
EHOMO�N=2�=−1.04 eV, and ELUMO�N=2�=3.18 eV and the HF
EHOMO�N=1�=−8.16 eV, ELUMO�N=1�=4.14 eV, EHOMO�N=2�
=−7.02 eV, and ELUMO�N=2�=2.99 eV. The red and green wave
function lobes represent two different phases of the corresponding
quasiparticle wave functions and their sizes are proportional to the
wave-function amplitudes on the corresponding atomic sites. The
HF wave function isosurface values are 0.8 Å−3/2, 0.6 Å−3/2, and
0.2 Å−3/2 for the monomer, dimer, and N=20 cases, respectively.
For HF results, the 6-31G++�d,p� basis set is used for monomer
and dimer, and the 3-21G basis sets for N=20.
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structures 	Figs. 6�b�–6�d�
. Since DFT underestimates and
HF overestimates the band gap Eg, their corresponding order
parameters are too much delocalized and too much localized,
respectively. From the electron perspective, polarons and bi-
polarons are gap states existing in the forbidden band gap
	Figs. 6�e�–6�h�
 so that they have characteristic exponential
decaying wave-function tails. Explicitly, the soliton �and
antisoliton� half width of the polaron P+ and bipolaron P2+

are found to be 2.7 and 1.6 Py rings, respectively, which
correctly reflects that fact that the P2+ state 	Fig. 6�g�
 is
closer to the band-gap center than the P+ state 	Fig. 6�f�
.
However, a bipolaron P2+ may still occupy more carbon sites
than a polaron P+, as long as the distance between the soliton
center and the antisoliton center of a bipolaron P2+ is much
larger than the corresponding distance of a polaron P+. The
fact that the aSSH bipolaron P2+ occupies less carbon sites
than the aSSH polaron P+ as shown in Fig. 6 is because the
self-energies54 of the noninteracting aSSH quasiparticles are
precisely zero; the missing electron-electron correlations
may be restored via the on-site and off-site Hubbard and
extended-Hubbard terms.19,23,25 Moreover, we note that an
isolated polaron P+ or bipolaron P2+ shown in Fig. 6 seem to

favor the chain center is a finite �N=20� chain length effect.
For a much longer chain �N=100, Fig. 7�, the aSSH result
indicates that the soliton and antisoliton centers of an iso-
lated polaron P+ always energetically favor the bridge bonds
and the overall polaron P+ center is 22 Py rings away from
one of the chain edges. Such a polaron-edge attraction in PPy
is opposite to the t-PA case, in which an isolated soliton,
polaron, or bipolaron always favors the chain center.55

The discretized linear modes56,57 around nonlinear po-
laron P+ and their corresponding infrared �IR� and Raman
spectra of an N=100 PPy chain are shown in Fig. 7. The
linear modes are computed by diagonalizing the mass-

weighted force-constant matrix
�2EaSSH

�MiMj�xi,p�xj,q
, where EaSSH is

the total energy of the aSSH Hamiltonian and xi,p represents
the ith atom in the pth dimension �x, y, and z�. In our current
quasi-2D bond-length implementation, a total of 599 inde-
pendent �C-C and C-N� bond modes are found for the N
=100 PPy chain. Figure 7 shows all the 17 nondegenerate
localized modes.56,57 The IR-active Goldstone mode g1 �at
�0 cm−1� is the translational motion of the polaron, similar
to the t-PA case.58 This mode is in sharp contrast to three
new out-of-phase translational modes, the doubly degenerate

FIG. 7. �Color online� The first-order IR intensity IIR, Raman-scattering activity IRam, and the 37 �or 17 nondegenerate� localized C-C
vibrational modes Qk�i�= �−1�i�bi are plotted for an N=100 PPy chain, where i labels the number order of C-C bonds. Explicitly, the bond
pairs of �5m+1,5m+2�, �5m+2,5m+3�, �5m+3,5m+4�, and �5m+4,5m+6� defined by Fig. 1 are labeled as the bonds of number 4m
+1, 4m+2, 4m+3, and 4m+4, respectively; �bi measures the change in the ith C-C bond length according to the vibrational mode Qk. No
differences in the IR or Raman spectra are found for N=20; however the N=100 vibrational modes show clearer localizations. Only the
localized regions are plotted for all the vibrational modes except for the Goldstone mode g1. The vibrational mode indices are labeled
according to the primary motions; for instance, 2� �g1���846 cm−1 indicates that this mode is the g1 mode involving primarily �-� bonds
with a vibrational frequency of 846 cm−1 and the degeneracy is 2. Vibrational modes are plotted in colors, red for �-� �bridge� bonds, blue
for �-� and �-� bonds, and black for �-� bonds.
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g1�� modes �at 846 cm−1� where the dominant �-� bonds
�black� are in the opposite phase as the �-� and �-� bonds
�blue� while keeping the �-� �bridge� bonds still �red� and
the g1�� mode �at 974 cm−1� where the dominant �-�
�bridge� bonds �red� are in the opposite phase as the rest of
bonds. Similarly, both in- and out-of-phases are present in
the amplitude oscillation �g2� modes56,57 and the staggered
�st1� modes.58 In addition, there are five unknown modes
�u1� at 837–840 cm−1 and six unknown modes �u2� at
851–852 cm−1; these modes have weak IR and Raman re-
sponses.

Under the linear dipole moment approximation, the
IR intensity Ik

IR is proportional to the square of the deri-
vative of the dipole moment P with respect to the
associated normal coordinate Qk; namely, Ik

IR� � �P
�Qk

�2.59

The IR intensity ratios shown in Fig. 7 are found to
be g1:g4:g1�� :g4�� :g6�� :g1��=953:36:31:10:1.6:1. The
Raman-scattering activity of Qk defined as Ik

Ram=45��2

+7��2, where �� and �� are the mean polarizability deriva-
tive and the anisotropy polarizability tensor derivative,
respectively.59 These polarizability derivatives are numeri-
cally evaluated using the finite-field approach.60 The Raman-
scattering activity ratios shown in Fig. 7 are found to be
g3:g2�� :g5�� :g7�� :g8��=298:24:22:15:2.2:1. Although
only �-electron contributions are explicitly computed in the
aSSH model, we expect the localized modes and IR and
Raman spectra shown in Fig. 7 representing the doping-
induced vibrational activity changes. With additional exter-
nal Coulomb trapping potentials as implemented in the am-
plitude mode formalism61 by counter ions and the interchain

exciton approach,62 the aSSH Goldstone mode frequency can
be lifted to be a finite value so that direct experimental com-
parisons would be more appropriate. Detailed implementa-
tion of the external Coulomb trapping potential is beyond the
scope of this work and will be presented separately.

In summary, we propose in this work an aSSH model
Hamiltonian that is able to accurately describe many funda-
mental properties of neutral and doped PPy chains of any
length, including the band gaps, bond-length alternating am-
plitudes, molecular geometries, order parameters, DOS, qua-
siparticle wave functions, linear phonons around nonlinear
self-localized charge carriers, and IR and Raman spectra.
These results reveal one sensible although previously hidden
physics; namely, the fundamental difference between t-PA
and other conducting polymers is indeed physically simple,
requiring merely an electron-phonon scaling parameter � and
a heterogeneous on-site parameter �. The two transferable
physical parameters demonstrated in this work for PPy
should be applicable to model PT and PFu �both using the
identical Fig. 2�, PPV, PANI, and porphyrin. To be coupled
with a proper description of interchain interactions, and if
necessary the near-neighbor Hubbard terms for correlation
effects, the aSSH model may offer an accurate and efficient
computational tool to fundamentally understand disordered
charge transport processes of conducting polymers.
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