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The low-temperature parts of phase diagrams for the quasibinary and quasiternary semiconductors of AIIIBV

type in the Al/Ga/In/Sb system were calculated based on the ab initio calculations without employing any
experimental information. Via global exploration of the enthalpy landscapes for many different compositions in
these systems, candidates for crystalline solid-solution phases were identified. Next, their free enthalpies were
computed on ab initio level and the respective low-temperature phase diagram was derived. The miscibility
gap of the quasiternary system was calculated based not only on the data of the corresponding binaries but also
on additional information about enthalpies of formation of quasiternary compositions.
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I. INTRODUCTION

Knowing the thermodynamically stable phases of chemi-
cal compounds as a function of state variables �T , p ,xi� is of
fundamental importance for many fields in science and tech-
nology. This information is conventionally encoded in equi-
librium phase diagrams, which are descriptive in nature and
need to be determined experimentally. Missing information,
e.g., an omitted thermodynamically stable compound is in-
evitably detrimental to the reliability of this tool in practical
materials science. But mapping the phase diagram via ex-
periments at low temperatures is quite difficult since it is
often nearly impossible to access the thermodynamic equi-
librium due to the low speed of the solid-state reactions. The
rather successful CALPHAD �Ref. 1� approach is hardly suit-
able to overcome this dilemma since it only allows to inter-
polate or extrapolate the experimental data available.

One way people have chosen to address this problem is
the use of the cluster expansion method �or some variation
thereof� combined with the quasichemical approximation.2–4

Here, one assumes, that the alloy can be modeled as an en-
semble of clusters individually independent statistically and
energetically of the surrounding atomic configuration. That
allows one to relatively quickly calculate the total free en-
ergy of a large set of configurations and to compute thermo-
dynamic properties and as a result to construct the miscibility
gap. Another approach is to use the valence-force-field
model,5–7 where one employs as input elastic constants mea-
sured experimentally or calculated theoretically, to calculate
the formation energy of an alloy �for a review of the field
see, e.g., Ref. 8�. However, these approaches do not address
the fundamental problem of identifying the thermodynami-
cally stable phases in the system, not to speak of possible
metastable modifications. In many instances, this may be jus-
tified because there is sufficient experimental evidence to
unambiguously identify the thermodynamically stable
phases. Thus, with the underlying lattice known, we can
compute the phase diagram of, e.g., a solid solution via
atomic decoration of the underlying lattice. But there exist
many examples, where the thermodynamically stable phases
of mixed compounds exhibit a very different structure from
the one of the pure compounds9,10 that cannot be derived by
a simple relaxation from the �decorated� starting lattice.

Thus, a systematic approach to the prediction of phase dia-
grams requires the identification of all thermodynamically
stable phases in the system and their lattices.

In this work, we demonstrate at the example of the qua-
sibinary and quasiternary �Al, Ga, In� antimonides, how the
low-temperature part of their phase diagrams can be pre-
dicted without any input from experiment, via an unbiased
global exploration of the energy landscapes of these systems
combined with the computation of the Gibbs free energy on
ab initio level. In particular, the calculation of the quasiter-
nary phase diagram at low temperature is based not only on
information about the quasibinaries but also includes addi-
tional data drawn from the landscape of the quasiternary sys-
tem. This constitutes an important step beyond the usual pro-
cedure of generating the quasiternary phase diagram by
extrapolation from the three quasibinary ones.

The semiconductor AIIIBV systems are of great impor-
tance both in basic science research and in technological ap-
plications. Thus, the phase diagrams of the corresponding
ternary nitrides,11,12 phosphides,13,14 arsenides,13,15 and
antimonides13,16 have been investigated, since they provide
information regarding the crystal growing process, and the
stability of the material at working conditions. In particular,
the antimonide based AIIIBV semiconductor compounds have
received much attention because of their applications in ma-
terials science and engineering,17 e.g., for infrared optoelec-
tronic devices.18,19 A number of studies have been reported
on the liquid-solid phase equilibria in MSb-M�Sb, where
M , M�=Al, Ga, or In �Refs. 20–30� since such information
plays a key role in the growth of antimonide semiconductor
crystals by liquid phase epitaxy. However, experimental ther-
modynamic data regarding the low-temperature part of their
phase diagrams commonly assumed to exhibit a miscibility
gap do not exist, especially for the quasiternary system. Nev-
ertheless, this region of the phase diagram is no less impor-
tant than the high-temperature part because the location of
the miscibility gap informs the thermodynamic conditions, at
which the final materials and products can be used without
risking a failure due to the decomposition of the solid solu-
tion at low temperatures, e.g., room temperature TR.

Thermodynamic modeling has been called upon for a long
time to supplement experiment in deriving phase diagrams1,8

and there are several studies in the literature addressing the
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liquidus-solidus equilibria and miscibility gaps for the qua-
sibinary systems MSb-M�Sb �M , M�=Al,Ga, In�.16,31–34 In
Ref. 28 the two-sublattice model was used to describe the
solidus curve in the AlSb-InSb system, and in Refs. 31 and
32 the regular solution model was applied to the solid phase
in the quasibinary AlSb-GaSb and AlSb-InSb systems. Jian-
rong and Watson16 improved the regular solution model by
adding temperature-dependent variables to describe the
GaSb-InSb system, and Ishida et al.35 constructed the qua-
siternary phase diagram by extrapolating from the three qua-
sibinary ones.

In all of these studies, the miscibility gaps were predicted
via the extrapolation of thermodynamic functions, obtained
at temperatures close to the liquid-solid equilibrium, to the
low-temperature regions. However, these extrapolations are
not satisfactory for several reasons. First, the models have
been fitted to the experimental solidus and liquidus curves,
but not to the thermodynamic potentials of the solid phase,
such as heat-capacity data or the chemical potential. Second,
one employs very simple models for the solidus curve �ideal
or regular solution� while the nonideal behavior of the sys-
tem is taken into account only by the model of the liquid
phase. Third, one does not take into consideration that the
variations in the heat capacities with temperature may cause
crucial changes in the critical parameters, especially when
extrapolating from high temperatures. Fourth, deducing the
miscibility gap of the quasiternary system by extrapolating
from the quasibinary ones is highly problematic since then
by construction the maximum of the gap must lie on the
boundary of the phase diagram. Finally, no information about
possible ordered crystalline phases is included. As a conse-
quence, the critical parameters derived are not satisfactory
and are spread over a range of several hundred degrees. As
will be demonstrated using the unbiased approach described
below, the extrapolated miscibility gaps can differ by 200 K
from the ones based on the ab initio calculations, and the
low-temperature phase diagram of the quasiternary system is
not only quantitatively but also qualitatively incorrect.

Recently, we have developed a general strategy to predict
and compute phase diagrams in the low-temperature regime
including both crystalline and solid-solution phases without
recourse to any experimental information such as underlying
lattices.36,37 This approach employs a combination of global
explorations of the energy landscape of the system38 for
many different compositions, using empirical potentials, and
local optimizations of the structure candidates determined,
on the ab initio level.

In the methods, Sec. II, we present a description of our
approach, which includes several parts: a general description
of the methodology �Sec. II A�, details of ab initio calcula-
tions, and the global exploration procedure �Sec. II B� fol-
lowed by details of calculation of the enthalpy of formation
�Sec. II C� and the construction of the phase diagrams �Sec.
II D�. The results are presented in Sec. III, including the fit
parameters derived for the miscibility gaps. Subsequently,
the calculated data are interpreted and discussed in Sec. IV.

II. METHODS

A. General approach

Our general approach to the determination of structure
candidates has been given in detail elsewhere38,39 and our

methodology for the study of the low-temperature region of
phase diagrams is described in Ref. 37. Here we just outline
the main steps of the method. The �meta�stable phases ca-
pable of existence correspond to locally ergodic regions on
the enthalpy landscape of the chemical system under inves-
tigation. At low temperatures, these regions are basins
around local minima of the potential energy while at elevated
temperatures locally ergodic regions can encompass many
�often structurally related� local minima. A prominent ex-
ample of the latter case is the many disordered atom arrange-
ments that contribute to a disordered alloy or solid-solution
phase.

Finding these regions requires the use of a global optimi-
zation method to identify local minima, as well as a local
optimization procedure for the subsequent refinement at an
ab initio level. For the global search, we permit free varia-
tion in the atom positions and cell parameters, keeping the
ionic charges fixed, where the energy is computed using an
empirical potential. These global searches are performed for
many different compositions in the given chemical system
and several numbers of formula units Z in the simulation
cell. Note that one is interested not only in the thermody-
namically stable phases but also in as many of the metastable
ones as possible. After a structure candidate has been found,
it is locally optimized at an ab initio level. If many local
minima exhibit the same cation-anion superstructure, we
generate additional ternary structures belonging to the same
superstructure, and locally optimize them at an ab initio
level. One should note that this general procedure does not
rely on any underlying lattice or any information regarding
the existence or nonexistence of ordered crystalline com-
pounds or solid solutions in the chemical system. By analyz-
ing the large set of local minima found, we can identify
possible crystalline or solid-solution phases. In a second
step, we compute their free energies and determine the ther-
modynamically stable ones.

For the comparison of the cation-anion arrangements of
the various structure candidates we employ the algorithm
CMPZ �CoMPare Zell�compare cell�,40 implemented in the
program KPLOT,41 in order to identify possible structure
families that would indicate the existence of, e.g., solid-
solution phases. If all the structures belonging to the same
superstructure exhibit essentially the same energy, we treat
them as being part of the same locally ergodic region and
compute the local free energy of this region. From this, we
can then calculate the excess free enthalpy �Gibbs free en-
ergy� as a function of composition and temperature, and de-
duce the existence or nonexistence of a miscibility gap in the
system. If no solid-solution phase is found, we employ the
convex-hull method for the enthalpy of formation of the vari-
ous stoichiometric crystalline phases, in order to identify the
thermodynamically stable phases at 0 K.

B. Ab initio calculations and global exploration:
Technical details

For the ab initio energy calculations we employ the pro-
gram CRYSTAL 2006.42 Here, we use a heuristic algorithm
described in detail in Refs. 43 and 44, which is based on a
nested sequence of line search minimizations. Finally, the
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energy as function of the volume E�V� is obtained by inter-
polation of the calculated data points with the standard Mur-
naghan formula.45

In this work, all calculations were performed on both the
Hartree-Fock �HF� and density-functional theory �DFT�
level. For the DFT calculations the Becke’s three parameter
functional46 �B3LYP� and local density approximation von
Barth-Hedin �LDA-VBH� functionals were employed. The
basis sets were taken from the literature.47

The empirical potential employed during the global
search for local minima consisted of a damped Coulomb
term plus a Lennard-Jones-type potential, where the
Lennard-Jones parameters �ij =ri+rj are given by the sum of
the ionic radii of atoms i and j with charge qi and qj �see
Table I�. As a global optimization algorithm, stochastic simu-
lated annealing48,49 runs based on random Monte Carlo
walks on the energy landscape with decreasing temperature
parameter were used, for each fixed composition with up to
20 atoms/simulation cell. Both atom positions �85% of all
Monte Carlo steps� and the parameters of the periodically
repeated simulation cell �15% of all Monte Carlo steps� were
freely varied during the random walks. The supercells gen-
erated contained up to 32 atoms for quasibinary and up to 40
atoms for quasiternary systems, the limitation being the com-
putational expense of the ab initio local optimization of cell
parameters and atom positions.

C. Computation of the enthalpy of formation

After the energies of the local minima for structure can-
didates that belong to the solid-solution-like phase have been
obtained, it is possible to calculate the enthalpy of formation
of a compound AxB1−x by the following formula:

� fH�M1−xMx�Sb� = �E�M1−xMx�Sb�� − �1 − x�E�MSb�

− xE�M�Sb� , �1�

where �E�M1−xMx�Sb�� is the average energy of the structure

candidates belonging to the sphalerite structure family,
E�MSb� and E�M�Sb� are the energies of the boundary com-
pounds MSb and M�Sb, respectively, and x is the fraction of
M�Sb in the overall composition �M , M�=Al, Ga, or In�.
We note that for nonzero pressure, there should also be a
term p��V�AxB1−x��−xV�A�− �1−x�V�B��, where V�AxB1−x�,
V�A�, and V�B� are the molar volumes of the minima con-
tributing to the solid-solution state and of the pure com-
pounds, respectively. However, the contribution of this term
to the overall energy balance is usually too small to have a
significant influence at standard pressures.

Obviously, this procedure yields a finite number of data
points for different values of x and the Redlich-Kister
polynomial50 was used to fit the results,

� fH�x� = x�1 − x��
i=0

N

ai�1 − 2x�i, �2�

where ai are the fitting parameters. Usually, one only consid-
ers the first couple of terms in the polynomial expansion
since the total number of data points would not justify the
use of higher-order polynomials.

Of course, if the compound AxB1−x is an ordered crystal-
line compound, only one minimum contributes to the locally
ergodic region, and the energy average trivially equals the
energy E�AxB1−x�. Furthermore, these data points should be
treated individually and it is usually not appropriate to try to
fit � fH�x� with some kind of polynomial function, the ener-
gies of such ordered structures do not change smoothly as a
function of x since these structures are usually not simply
related to each other.

D. Construction of the phase diagram

As mentioned above, the Gibbs energy of formation with
respect to the pure compounds �x=0 and x=1� is then calcu-
lated by adding the standard entropy of mixing Smix�x�
=−R�x ln�x�+ �1−x�ln�1−x��,

� fG�x� = RT�x ln�x� + �1 − x�ln�1 − x��

+ x�1 − x��
i=0

N

ai�1 − 2x�i, �3�

where R=8.31451�J / �mol K�� is the universal gas constant.
�Of course, if we are dealing with an ordered compound
AxB1−x, only one minimum contributes and the additional
entropy term equals zero.� From � fG�x�, the phase diagram

TABLE II. The Redlich-Kister polynomial fitting parameters of the enthalpy of formation �according to
Eq. �1�� for solid-solution phases in the MSb-M�Sb systems �M , M�=Al, Ga, or In� at standard pressure
obtained in the present work �in joule�.

System

HF DFT-B3LYP DFT-LDA-VBH

a0 a1 a0 a1 a0 a1

AlSb-GaSb 1764.1 45.1 2964.6 16.6 3472 61.2

AlSb-InSb 5866.4 −139.1 5756.2 113.2 5627.7 −1.3

GaSb-InSb 4185.5 84.5 4427.6 −140.8 4434.2 39.9

TABLE I. Ionic radii of atoms r�q� ��Å�� and charges q used in
the present work for the global landscape explorations of the semi-
conductor AIIIBV systems.

Al Ga In Sb

q +3 +3 +3 −3

r�q� 0.57 0.62 0.8 2.4
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can now be obtained by means of the so-called convex-hull
method51 since the thermodynamically preferred combina-
tion of phases corresponds to linear combinations of appro-
priately chosen boundary phases with fractions x1 ,x2 , . . . , of
A that minimize the total Gibbs energy of the system.
We note that as long as � fH�AxB1−x� can be described
by a sufficiently low-order Redlich-Kister polynomial, there
will never be more than two boundary phases for a given
value of x. Furthermore, since limx→0�� fG�x� /�x=−� and
limx→1�� fG�x� /�x=+�, these boundary phases will never
occur at x=0 or x=1 for nonzero temperature.

III. RESULTS

For each chemical system, several hundred global optimi-
zation runs �using simulated annealing� were performed for a
number of different compositions each, at a pressure of 0 Pa.
We performed calculations for five different compositions
�3:1, 2:1, 1:1, 1:2, and 1:3� besides the limiting binary phases
for all three MSb-M�Sb systems �M , M�=Al, Ga, or In� and
for ten different compositions �1:1:1, 1:1:2, 1:2:1, 2:1:1,
1:2:2, 2:1:2, 2:2:1, 1:1:3, 1:3:1, and 3:1:1� for the quasiter-
nary system. For each composition, we found for the set of
structure candidates with the lowest energies, that the energy

differences between the candidates were very small �com-
pared to kBTR�. Furthermore, these candidates belonged to
the same structure family �cations and anions arranged ac-
cording to the sphalerite type in agreement with experimen-
tal observation13�, indicating a solid-solution behavior for the
three quasibinary and the quasiternary systems. To explore
the energy landscape of all four systems in more detail, a
number of structure candidates belonging to the sphalerite
structure family were generated by permutation of the cation
positions followed by two local optimization runs: first with
the empirical potential and subsequently on ab initio level.
As a next step, we calculated the enthalpy of formation in the
three quasibinary systems for each composition x according
to formula �1�. The parameters for a fit of � fH�x� with a
Redlich-Kister polynomial for all of the quasibinary systems
are listed in Table II. From this data we calculated Gibbs
energies according to formula �3� of the solid phase and pre-
dicted the location of the miscibility gaps. The critical pa-
rameters are listed in Table III. In Figs. 1–3 the predicted
binodal curves for HF and DFT �with functionals B3LYP and
LDA-VBH� based calculations and plots of the miscibility
gaps based on literature data are shown. As a next step, we
calculated the enthalpies of formation for the quasiternary
system for each composition xb and xc by the following
formula:

TABLE III. The critical parameters for the MSb-M�Sb systems �M , M�=Al, Ga, or In� systems at standard pressure obtained in the
present work. Tc is the critical temperature of the decomposition in K and xc is the concentration of the second compound. The literature data
�xc

lit and Tc
lit� are based on extrapolation from the liquidus-solidus region.

System

HF DFT-B3LYP DFT-LDA-VBH Literature data

xc Tc xc Tc xc Tc xc
lit Tc

lit Ref.

AlSb-GaSb 0.48 106 0.5 178 0.49 209 0.5 207 31

AlSb-InSb 0.52 353 0.49 346 0.5 338 0.5 217, 180 28 and 32

GaSb-InSb 0.49 252 0.52 267 0.49 267 0.5 466 16

FIG. 1. �Color online� The miscibility gap in the AlSb-InSb
system. Black solid curve based on HF calculations, red dashed
curve based on DFT-B3LYP calculations, magenta dotted curve
based on DFT-LDA-VBH calculations, blue �upper� and green
�lower� dashed-dotted curve based on the extrapolated data from
liquid/solid equilibria, �Refs. 28 and 32� respectively.

FIG. 2. �Color online� The miscibility gap in the GaSb-InSb
system. Black solid curve based on HF calculations, red dashed
curve based on DFT-B3LYP calculations, magenta dotted curve
based on DFT-LDA-VBH calculations, blue dashed-dotted curve
based on the extrapolated data from liquid/solid equilibria �Ref. 16�.
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� fH�Al1−xb−xcGaxbInxcSb�

= �E�Al1−xb−xcGaxbInxcSb�� − �1 − xb − xc�E�AlSb�

− xbE�GaSb� − xcE�InSb� , �4�

where �E�Al1−xb−xcGaxbInxcSb�� is the average energy of the
structure candidates belonging to the sphalerite structure
family, E�AlSb�, E�GaSb�, and E�InSb� are the energies of
the boundary compounds AlSb, GaSb, and InSb, respec-
tively, xb is the fraction of GaSb and xc is the fraction of
InSb in the overall composition. The parameters for a fit of
the excess Gibbs energy for the quasiternary system are
listed in Table IV. From this data we calculated Gibbs ener-
gies of the solid phase using a Redlich-Kister model and
predicted the location of the miscibility gaps according to the
following formula:

�Gsol = � fHAlSb-InSb + � fHAlSb-GaSb + � fHGaSb-InSb − TSmix

+ xAlSbxGaSbxInSb�
i=1

3

xiLi, �5�

where � fHMSb−M�Sb are the enthalpies of formation of the
quasibinary systems �M , M�=Al, Ga, or In�, obtained ear-
lier in the present work �according to Eq. �1��; Li� fitting
parameters �see Table IV�; Smix� ideal entropy of mixing.
Figure 4 depicts the isothermal sections of the predicted bin-

odal curves �HF-based calculations� of the phase diagram for
the AlSb-GaSb-InSb system at temperatures 250 K, 350 K,
450 K, 520 K, and 570 K, respectively, clearly showing the
maximum of the miscibility gap inside the ternary region.
The same behavior was observed with both DFT methods.

IV. DISCUSSION AND CONCLUSION

In this study, we have found that all quasibinary anti-
monides exhibit a thermodynamically stable solid-solution-
like phase at low temperatures, regardless of whether the
energy was calculated on a HF or DFT �both with B3LYP
and LDA-VBH functionals� basis. Figures 1–3 depict quite
good agreement between all three, i.e., HF �black curve�,
DFT-B3LYP �red curve�, and DFT-LDA-VBH �magenta
curve�, calculations. Since it is difficult to choose the most
accurate ab initio method to calculate enthalpies of forma-
tion without experimental data about the system, using dif-
ferent methods gives a feeling for the quantitative validity of
the results and the limits of the miscibility gap location. In
spite of an apparently big difference between the HF and the
DFT calculations for AlSb-GaSb, it is, nevertheless, within
the expected range of errors: in earlier work, we have esti-
mated the range of error in the location of the miscibility gap
for different ab initio methods as 50–100 K.37 Thus, we can
expect, that for the AlSb-GaSb system the miscibility gap
curves obtained via HF and DFT indicate the limits of the
actual miscibility gap location in this system.

In contrast, the miscibility gaps extrapolated from high-
temperature data for AlSb-InSb and GaSb-InAb differ by
about 200 K from the gaps based on ab initio calculations. In
Sec. I, we have already mentioned, that no direct experimen-
tal data exist for the miscibility gaps. Thus, the results we
have obtained appear to be more convincing for the AlSb-
InSb and GaSb-InAb systems, than extrapolations from high
temperatures since all three ab initio methods give essen-
tially the same result.

The same behavior was observed in the calculations for
the quasiternary system AlSb-GaSb-InSb: no thermodynami-
cally stable ordered compounds exist, and the low-

FIG. 3. �Color online� The miscibility gap in the AlSb-GaSb
system. Black solid curve based on HF calculations, red dashed
curve based on DFT-B3LYP calculations, magenta dotted curve
based on DFT-LDA-VBH calculations, blue dashed-dotted curve
based on the extrapolated data from liquid/solid equilibria �Ref. 31�.

TABLE IV. The fitting parameters of the enthalpy of formation
�according to Eq. �5�� for solid-solution phases in the AlSb-GaSb-
InSb systems at standard pressure obtained in the present work �in
joule�.

Parameters HF DFT-B3LYP DFT-LDA-VBH

L1 6870 11352 −236

L2 −6465 −7577 −2672

L3 39646 19952 15185

FIG. 4. �Color online� The five isothermal projections of the
phase diagram for the AlSb-GaSb-InSb system at 250, 350, 450,
520, and 570 K, based on the HF calculations. Red curve −250 K,
blue curve −350 K, magenta curve −450 K, cyan curve −520 K,
and black curve −570 K.
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temperature phase diagram exhibits a dome-shaped miscibil-
ity gap with a maximum inside the ternary region,
irrespective of whether the enthalpies of formation of the
quasiternary compounds were computed on HF or DFT ba-
sis. This is in stark contrast to the results obtained from
extrapolating only the quasibinary data,35 where the maxi-
mum of the gap is located on the GaSb-InSb boundary.
Clearly, the extrapolated phase diagrams currently available
for the technologically important quasibinary and quasiter-
nary mixed semiconductor systems MSb-M�Sb �M , M�
=Al,Ga, In� and AlSb-GaSb-InSb, respectively, are not re-
ally satisfactory.

However, as we have demonstrated in this study, combin-
ing the global exploration of the whole quasiternary energy
landscape with the calculation of enthalpies and free energies
of formation on ab initio level for the ordered and solid-
solution compounds determined during this search, allows us
to address this problem and both predict and compute the
low-temperature part of phase diagrams. This general ap-
proach also yields the answer to the fundamental �and often
ignored� question, whether the thermodynamically stable
phases of a particular system are ordered compounds or solid
solutions, without needing any input from experimental data.
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