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In this work the superconducting properties of disordered MgB2 in applied magnetic field are studied within
the ��� model, by taking into account the presence of both interband and intraband scattering with impurities.
This approach allows to extract the suppression of the critical temperature Tc and the enhancement of the upper
critical field Hc2

, as a consequence of the introduction of impurities in the samples. We analyze the dependence
of Hc2

on temperature, anisotropy of the electronic structure, and intraband � and � band scattering rates.
Comparing our numerical calculations with experimental data on irradiated samples, we find that irradiation
defects mainly affect the mobility of � carriers. These results rationalize why the Hc2

anisotropy of irradiated
samples is quickly reduced with increasing doses and full suppression of superconductivity occurs at rather
low-resistivity values. Moreover, our calculations point out that disorder in the � bands affects only weakly the
coupling constants and thus it could yield a significant enhancement of Hc2

without severe suppression of Tc.
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I. INTRODUCTION

The discovery of superconductivity in MgB2 �Ref. 1� pro-
voked a great excitement in the scientific community as a
consequence of its peculiar and remarkable properties. It be-
comes superconducting at 39 K �which is a surprisingly high
value if compared with other intermetallic compounds�, it is
notably simple in composition and structure and conven-
tional electron-phonon mechanism gives rise to supercon-
ductivity. Moreover one of the most interesting aspects of the
physics of MgB2 resides in the multigap character of its su-
perconductivity. This feature which had been theoretically
predicted in 1959,2 found its paradigm in MgB2, which is
characterized by the presence of two distinct energy gaps
which open in the � and � sheets of the Fermi surface and
by weak interband scattering which does not average the
characteristics of each band.

The simple structure of MgB2 and the conventional char-
acter of its coupling mechanism allow for an accurate and
reliable description of its physical parameters by detailed ab
initio calculations. Considering its unique characteristics, a
further and deeper investigation of the rich physics which
characterizes this material has been strongly encouraged
since its discovery.

In this respect, a special attention has been given to the
effects of impurities. In fact in the presence of disorder a
peculiar behavior is expected for multigap superconductors,
where the scattering with impurities involves electrons of
different bands, with different characteristics, which gives
origin to a great variety of physical phenomena that are not
observed in isotropic single-gap materials. Moreover a selec-
tive introduction of impurities which differently affect the
two bands can effectively tune the superconducting param-
eters of MgB2, whose properties can be significantly im-
proved.

This is the case of the upper critical field, Hc2
, whose

peculiar behavior can be explained only within a two-band
model. Indeed Hc2

, in comparison with single-gap supercon-
ductors, exhibits large values and upward curvatures close to
Tc, does not scale with the resistivity in dirty samples, and its

anisotropy in different samples can be an increasing or de-
creasing function of temperature.3–9 These aspects have been
extensively investigated theoretically10–13 showing how the
occurrence of different scattering rates in the two bands can
explain many of the observed features. These models evi-
dence that in disordered samples interband scattering is no
more negligible and causes a reduction in Tc down to a satu-
ration value but they do not take into account the role of
intraband scattering in suppressing Tc. In experimental data
of disordered MgB2, Tc, far from saturating, is completely
suppressed at rather low levels of disorder �residual resistiv-
ity values on the order of 80 �� cm, which roughly corre-
spond to a scattering rate of 0.6 eV �Ref. 14�� and this can be
well explained by a smearing of the partial density of states
�PDOS� caused by intraband scattering mechanisms.15 Two
bands play a role also in this context: indeed the partial DOS
of � band N� is more affected by scattering mechanisms than
the partial DOS of � band N� because it vanishes at 0.7 eV
above the Fermi energy and it can be significantly reduced if
the smearing involves states above this value. This further
asymmetry between � and � bands can strongly affect the
superconducting properties of disordered samples. All these
aspects should be carefully considered for a complete under-
standing of the Hc2

behavior.
In this paper we further extend the zero-field analysis of

Ref. 15 by studying Hc2
of MgB2 in the presence of disorder

within the ��� model. Both the effects of interband and in-
traband scattering mechanisms in suppressing Tc are taken
into account. This allows for a self-consistent comparison
with experimental data in which interband and � and � in-
traband scattering rates are simultaneously determined. The
analysis of the upper critical field of irradiated samples
shows that irradiation produces defects which mainly affect
the mobility of � band carriers. This result makes it clear
why suppression of superconductivity occurs at rather low-
resistivity values.

II. THEORY

Following Mansor and Carbotte12 the strong-coupling lin-
earized gap equations for a multiband system in the presence

PHYSICAL REVIEW B 82, 134512 �2010�

1098-0121/2010/82�13�/134512�10� ©2010 The American Physical Society134512-1

http://dx.doi.org/10.1103/PhysRevB.82.134512


of an external magnetic field, which determine the upper
critical field Hc2

, are

�̃i�n� = �T�
m,j
���ij�m − n� − �ij

� �

+ �mn� 1

2�T
�	ij	
 j�m��̃ j�m� , �1�

�̃i�n� = �n + �T�
m,j


�ij�m − n� + �mn� 1

2�T
�	ij�sgn �̃�m�

�2�

with


i�n� =
2

��i
i



0

�

dqe−q2
tan−1�q��i
i

��̃i�n��
� , �3�

where the dependence on the magnetic field is contained in
the variables �i defined as follows:

�i =
e

2
Hc2

�T��vFi

ab�2. �4�

In the above equations, vFi

ab are the Fermi velocities on the ab
plane for each band, �n the Matsubara electron frequencies,
�ij the electron-phonon coupling parameters, �ij

� the Cou-
lomb pseudopotential, and 	ij the matrix elements relative to
the scattering rate with impurities.

The parameter 
i in Eq. �3� is the ith band anisotropic
effective-mass parameter �see Ref. 16� which contains the
dependence on the orientation of the applied field with re-
spect to the crystal axes. Assuming, as it is usually done for
MgB2, an isotropic � band structure and a quasi-two-
dimensional � band structure, we have


� = 1,


���� = �cos2��� + � sin2��� ,

where � is the angle between the applied field and the c axis,

and �=
m�

ab

m�
c is the ratio between the ab-plane and the

c-direction � band masses.
In order to put Eqs. �1� and �2� in a simpler form which

allows to obtain, in some cases, the analytic expression for
the critical field, we introduce two approximations. First of
all we ignore retardation effects and use the “two-square-
well” approximation ���� model, see, e.g., Ref. 17�, which
allows to put the equations in a BCS-type form. The appli-
cability and accuracy of the results that can be obtained in
this model have been already verified in the calculations of
the critical temperature in disordered MgB2 samples in the
absence of magnetic field.15 Moreover we focus our attention
on systems with high level of impurities and then we assume
that both bands are in the dirty limit. In the case of MgB2 the
definition of the dirty limit must be considered separately for
each conduction band, which means that the coherence
length of the ith band ��i� should be much larger than the
mean-free path of the same band ��i� li�. In ordinary MgB2
samples, in the � band, as a consequence of its very large

coherence length ��, the condition for the dirty limit ���

� l�� is usually fulfilled while the � band in usually in the
clean limit. In our model we require that both bands are in
the dirty limit; this condition can be satisfied when disorder
is artificially introduced in the system, as in the case of irra-
diated samples.

The Eliashberg equations for the energy gap of a multi-
band superconductor within the two-square-well approxima-
tion are the following:

�̃i�n� = �T�
j

��ij − �ij
� � �

��m���c


 j�m��̃ j�m�

+
1

2�
j

	ij
 j�n��̃ j�n� ,

�̃i�n� = �n
1 + �
j

�ij� +
1

2�
j

	ij sgn �n. �5�

Here �ij�m−n�=�ij����m���c�����n���c� and �c is a
characteristic cut-off frequency.

Equation �5� can be written in the matrix form


�
̂�n��−1 −
�̂

2
�
̂�n��̃�n� = �̄ , �6�

where we have defined

�̄ = �̂�T �
��m���c


̂�m��̃�m� �7�

with

�̂ = �̂ − �̂�,


̂ = 
i�ij ,

�̂ = �	�� 	��

	�� 	��
� , �8�

where the matrices �̂ and �̂� are defined as

�̂ = ���� ���

��� ���
� =�����0�
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N��	���

N��0�
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� �
= ��0�
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N��	��� + N��	���

N��	���
N��	��� + N��	���

N��	���
N��	��� + N��	���

N��	���
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N��	��� + N��	���
N��	���

� ,

�9�

where the values of the coupling parameters �ij�0� have been
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taken from the first-principles calculations available in
literature18 ����0�=1.017, ����0�=0.213, ����0�=0.155,
and ����0�=0.448, and the scaling law for the pseudopoten-
tial has been assumed according to Ref. 19, with ��0�

=0.0503.
Following Ref. 15 we take account of the effect of intra-

band scattering rates assuming that both �̂ and ��̂ depends
also on the values of 	�� and 	�� via the PDOS N� and N�.

From Eqs. �6� and �7� and the definitions in Eqs. �8� and

�9� we obtain an equation for the new gap �̄,

�̄ = �̂�T�
m

�Â�m��−1�̄ , �10�

where the matrix Â�n� is defined as

Â�n� = 
�
̂�n��−1 −
�̂

2
� . �11�

Another approximation can be introduced considering the
level of disorder present in the system. In fact when both
bands are in the dirty limit the inverse tangent in Eq. �3� can

be expanded and we obtain the following expression for the
quantity 
i�n�:

�
i�n��−1 � ��̃i�n�� +
�i

3��̃i�n��
. �12�

Also, the second of Eq. �5�, in the dirty limit, can be approxi-
mated in the following way:

��̃i�n�� �
1

2�
j

	ij

and this can be used in the second term of Eq. �12� where

�i

3��̃�n��
�

�i

3/2�	ii + 	ij�
.

This yields the following expression for Â�n�:

Â�n� � ���̃�
�0�� +


���

3/2�	�� + 	���
+

	��

2
−

	��

2

−
	��

2
��̃�

�0�� +
��

3/2�	�� + 	���
+

	��

2
� �13�

with

��̃i
�0�� = ��n��1 + �ii + �ij� .

In order to reduce the number of free parameters, we assume
a linear relationship between the total scattering rate 	tot
�	��+	�� and the �� interband scattering rate 	��=a	tot,
where the constant can be evaluated from the analysis of the
zero-field critical temperature Tc as a function of resistivity
�for details about this procedure see Ref. 15�. Thus, we can
obtain from the gap Eq. �10� the value of the upper critical
field as a function of a minimal set of parameters �see the
Appendix for details�,

Hc2
� Hc2


T,	tot,
	��

	��

,����� . �14�

Here, the dependence on the different characteristics of the
two bands and on the orientation of the applied field is con-
tained in a single parameter ���� defined as

���� =

������

��

=
�vF�

ab �2

�vF�

ab �2
���� . �15�

From a numerical analysis of the solutions of Eq. �10� we
can study the behavior of the critical field varying the four
variables which appear in Eq. �14�.

In order to understand the role played by each of these
quantities, in the following we present the results of the nu-
merical calculations of the upper critical field at T=0 K
�Hc2

�0��, obtained assigning two typical values to one of the
parameters in Eq. �14� and varying the two remaining param-
eters within a realistic range.

It is worth noting that each point of the surfaces reported
in the graphs presented in the next sections corresponds to a
different Tc value; indeed Tc, like Hc2

�0�, depends both on

	tot, through the interband scattering rate, and on
	��

	��
, be-

cause of the smearing of the partial DOS.15 This will be
discussed later in comparison with experimental data.

III. THEORETICAL RESULTS

A. Hc2
(0) versus �, �tot, and

���

���

In the graphs �Figs. 1�a� and 1�b�� we show how the de-
pendence of Hc2

�0� on the total scattering rate 	tot and on the

ratio between the intraband scattering rates
	��

	��
can be

strongly modified by the value of �. We consider the cases of

field parallel to the ab plane ��� �
2 �=

�vF�
ab �2

�vF�
ab �2

� m�

M�
�0.1� and per-

pendicular to the ab plane ���0�=
�vF�

ab �2

�vF�
ab �2 �0.7� �the values of
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� and � band Fermi velocities are taken from the first-
principles calculations of Ref. 20�.

For �=0.1 �Fig. 1�a�� the surface shows a maximum
which shifts to higher values of 	tot as the ratio

	��

	��
de-

creases. For �=0.7 �Fig. 1�b�� the first maximum disappears
while the second one is lowered but can still be observed.

These results reproduce the experimental observations
which show that the critical field is higher when the field is
parallel to the ab plane. Moreover an increase in the value of
� can also be interpreted as a reduction in the electronic-
structure anisotropy which disappears for �=1, i.e., for the
totally isotropic case �fully isotropic bands and equal values
for the Fermi velocities in � and � bands�. The flattening of
the surface when � is increased entails a lower effect of
impurities on the critical field of isotropic materials.

As well known, the interband impurity scattering reduces
the anisotropic character of the system and yields a crossover
from two-gap to single-gap behavior, as observed in irradi-
ated samples with critical temperature value below 10 K
�Ref. 21� and estimated total scattering rate over 10 000 K.15

In Fig. 2�a� we report the case of the two-gap behavior
�	tot=2500 K and 	��=150 K��D�600 K� and that of
single-gap behavior �	tot=10 000 K and 	��=600 K��D�.

Looking at the two graphs it is possible to notice that
when the level of disorder introduced in the system is low

enough to preserve the multigap behavior �Fig. 2�a�� there is
a significant Hc2

�0� dependence on � for all the values of
	��

	��

but steeper when 	���	��. In the region of single-gap be-
havior �Fig. 2�b�� the sharp maximum, which appears in the
surface when the field is parallel to the ab plane ���0.1�
and 	���	��, can still be observed while the value of
Hc2

�0� is nearly constant along the � axis for 	���	��.
These results make clear how in MgB2 the effects of the
anisotropy on Hc2

are due to both the multiband characteris-
tics, which disappears in highly disordered systems as a con-
sequence of interband scattering with impurities, and to the
quasi-two-dimensional character of the � band, which tends
to survive when the disorder is introduced mainly in the �
band.

In Fig. 3�a� we show the dependence of Hc2
�0� on 	tot and

� when the intraband scattering rate is higher in � band than
in � band �	���	��� while in Fig. 3�b� we consider the
opposite situation of � band dirtier than � band �	��

�	���. In the first case a pronounced maximum appears for
low � values and 	tot around 2000 K. In the second case we
can notice that while the maximum is significantly lowered,
the Hc2

�0� reduction observed with increasing 	tot is much
slower and Hc2

�0� for high level of disorder is significantly
higher for each value of �.

(a)

(b)

FIG. 1. Hc2
as a function of 	tot and

	��

	��
for: �a� field parallel to

the ab plane—�����0.1 and �b� field perpendicular to the ab
plane—�����0.7.

(a)

(b)

FIG. 2. Hc2
as a function of

	��

	��
and � for: �a� dirty limit

case—	tot=2500 K and �b� extremely dirty limit case—	tot

=10 000 K.
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These results evidence the primary role in determining
Hc2

played by the asymmetry of the disorder present in the
two bands. This is particularly relevant considering the ef-
fects of the smearing of the partial DOS, which are stronger
on N��	���. In fact when 	���	�� the smearing of N� re-
duces more significantly the values of the coupling param-
eters of MgB2, then both the critical temperature and the
critical field are more rapidly reduced by the introduction of
disorder �see the evolution of the surface along the 	tot axis
on Fig. 3�a��.

B. Anisotropy of the critical field—�H

The primary role played by the � band evidenced in the
previous discussion can be noticed also studying the aniso-

tropy parameter 	H=
Hc2

��=�/2�

Hc2
��=0� , which can be evaluated from

Eq. �14� for different values of the temperature, of 	tot and
	��

	��
.
In Fig. 4 we show the dependence of 	H�T=0 K� on 	tot

in the case of equal level of disorder in the two bands �
	��

	��

=1�, in the case of � band dirtier than � band �
	��

	��
=5� and in

the opposite situation �
	��

	��
=0.2�. Observing the plot we can

notice that in all cases the anisotropy is reduced with increas-
ing 	tot but when 	���	�� this effect is much stronger and

the anisotropy can be totally eliminated by the introduction
of a small amount of disorder in the system. Instead, in the
opposite case �	���	��� the anisotropy remains around 3
also at the largest level of disorder.

The symbols in Fig. 4 mark, on each line, the value of 	tot
necessary to get Tc�20 K. As a consequence of the smear-
ing of the partial DOS, which depend separately on the
single parameters 	�� and 	��, very different values of 	tot
give the same Tc. In particular, the value of 20 K is obtained
by the couples of parameters: 	���3500 K 	���700 K;
	��=	���3200 K; and 	���2000 K 	���10 000 K.

These values make it clear the main role of 	�� in deter-
mining Tc. This can be understood considering that Tc is
mainly determined by the largest coupling constant ���,
which scales with N��	���, which in turns is much more
affected than N� by the finite lifetime of carriers.15

To explain the fast suppression of anisotropy with increas-
ing impurities in the case of 	���	�� three main effects can
be considered: �i� the increase in interband scattering mecha-
nisms which mixes anisotropic � and isotropic � carriers;
�ii� the increase in isotropic intraband scattering in aniso-
tropic � band; �iii� the reduction in N� and thus of ���,
without any reduction in ���. From a formal point of view

the first two mechanisms make the Â�n� matrix less sensitive
to the angular dependence expressed by the 
� parameter
�see Eq. �11�� and the third one tends to equalize the diagonal

terms of �̂ matrix �see Eq. �8��. In the case 	���	�� only
interband scattering mechanisms �which within our approach
scales with 	tot� are effective in reducing the anisotropy but
this mechanism comes out much less effective than intraband

�-� scattering on the Â�n� matrix. As a consequence of this
the anisotropy diminishes rather slowly with increasing dis-
order.

In any case, looking at the plots we see that the measured
value of the anisotropy of the critical field provides a crite-
rion to evaluate the level of disorder present in the single
bands. In fact for samples with Tc around 20 K if the aniso-

(a)

(b)

FIG. 3. Hc2
as a function of � and 	tot for: �a�

	��

	��
=5 �� band

dirtier than � band� and �b�
	��

	��
=0.2 �� band dirtier than � band�.

2000 4000 6000 8000 10000 12000
0

1

2

3

4

5

T
c

= 20 K

γ H

γ
tot

(K)

γ
σσ

= 0.2 γ
ππ

γ
σσ

= γ
ππ

γ
σσ

= 5 γ
ππ

FIG. 4. �Color online� 	H�0 K� vs 	tot—The three curves rep-
resent the case of 	��=0.2	�� �black solid curve�, 	��=	�� �blue
dashed curve� and 	��=5	�� �red dotted curve�. The round sym-
bols correspond to Tc�20 K.
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tropy is larger than 2 �	H�2� � band is dirtier than � band;
if the anisotropy is nearly suppressed � band is dirtier than �
band.

IV. COMPARISON WITH EXPERIMENTS

In the previous sections we introduced the parameters
which determine the upper critical-field value of MgB2 in the
presence of disorder. Now we will show how our self-
consistent model allows to establish some general results on
the nature and the role of disorder in superconducting MgB2
by the comparison with experimental data of irradiated
samples. To understand this we consider Eq. �14�.

We notice that when T and � �and then ����� are fixed by
the experimental conditions, Hc2

is determined by the values

of 	tot�	��+	�� and the ratio
	��

	��
but at the same time also

Tc is related to 	tot and
	��

	��
and this introduces a severe

constraint. Indeed, in irradiated MgB2 a universal Tc vs �0
behavior has been evidenced14 and this allows to define a Tc

vs 	tot curve once the ratio
	��

	��
has been fixed. At low level of

disorder �where the effects of the smearing of partial DOS
are negligible� Tc is independent of intraband scattering rates
�and thus also of their ratio� and we can safely assume 	��

�	�� �see below�. In this regime, Tc depends only on the
interband scattering rate which is assumed to be proportional
to 	tot �	��=a	tot with a=0.067 �Ref. 22��. Thus, consider-
ing the theoretical expectation for Tc vs 	�� it is possible to
determine 	tot from the measured Tc and the only free vari-
able

	��

	��
is left in Eq. �14� to fit Hc2

�T�. At high level of
disorder Tc becomes independent of interband scattering rate
which makes Tc saturating and intraband mechanisms be-
come dominant. In this regime, Tc is determined by both the
parameters 	tot and the ratio

	��

	��
and this occurs in a non-

trivial way because, as discussed above, the partial DOS N�

and N� depend in different ways on the intraband scattering
rates. Therefore at high level of disorder the values of 	tot

and of
	��

	��
are determined by both the experimental Tc and

Hc2
�T�.
In Fig. 5 we report the comparison between the results of

our theoretical model and the critical-field measurements on
MgB2 thin films irradiated with � particles,23 for the case of
applied field parallel to the ab plane �we choose this direc-
tion because even small disorientation of the film affects the
evaluation of Hc2

parallel to c axis�. The plots show that our
model describes with a good accuracy the experiments, and
it is able to catch both the change in the slope and the change
in the curvature of the phase diagram.

The values of the fitting parameters for each theoretical
curve are reported in Table I. For all the samples analyzed
we obtain 	���	�� and the ratio increases with increasing
	tot �decreasing Tc�. This result needs to be compared with
different experimental evaluations of intraband scattering
rates in irradiated samples. In particular, the analysis of
normal-state magnetoresistivity allows a separate evaluation
of 	�� and 	��.24,25 These measurements show that indeed
unirradiated thin films usually exhibit cleaner � band while
the irradiation makes � scattering rate progressively higher

whereas � scattering rate is less affected. The inset of Fig. 6
shows

	��

	��
given in Table I as a function of 	tot. The values

estimated by magnetoresistivity measurements24,25 are also
reported. A roughly linear behavior is clearly seen. More-
over, we notice that in the limit of small 	tot,

	��

	��
tends to 1.

These results imply that defects produced by irradiation
�atoms displacements� affect mainly the � band. This can be
understood considering that light B atoms are more easily
displaced after interaction with particles than heavier Mg at-
oms. As the two-dimensional � orbitals are confined in B
planes, the relaxation rate of � band carriers is more affected
than that of delocalized three-dimensional � bands by
strongly defected B planes.

Assuming the linear relationship between
	��

	��
and 	tot re-

ported in the inset of Fig. 6, Hc2
�0� as a function of Tc can be

calculated. This is reported in Fig. 6 as a continuous line. We
notice that starting from high-Tc values �close to the clean
limit�, with increasing the level of disorder �and thus de-
creasing Tc� Hc2

�0� increases, reaches a maximum �for Tc

�31 K� and finally it monotonically decreases with decreas-
ing Tc. This behavior has been indeed observed in disordered

0 5 10 15 20 25 30
0

4

8

12

16

µ 0H
c2

(T
)

T (K)

Irradiated MgB
2

thin films

from ref. [20]

FIG. 5. �Color online� Comparison of the results of our calcu-
lation �continuous lines� with measured values of upper critical field
parallel to the ab plane ��= �

2 � on oriented thin films disordered
with �-particle irradiation. In order to preserve the validity of the
approximations adopted in the theoretical calculations we focus our
attention on samples with Tc�26 K, which we can assume to be in
the dirty limit.

TABLE I. The measured values of Tc and the evaluated values

of 	tot and
	��

	��
for the samples analyzed. Symbols refer to Fig. 5.

Symbol
Tc

�K�
	tot

�K�
	��

	��

�� 26 2800 4.8

�� 20.5 4400 5.6

�� 17 5500 5.9

++ 12.5 7300 7.7

�� 7.5 12000 14
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MgB2.14,26 For a quantitative comparison we report only ex-
perimental data on rather heavily irradiated MgB2 samples so
that they can be safely considered in the dirty limit.23,26,27

Moreover the extrapolation of Hc2
�0� is more reliable when

data are available also for temperature close to 0 K. The
agreement is quite good.

Another quantity which can be compared with experimen-
tal data is the upper critical-field anisotropy 	H. In Fig. 7 	H
calculated for T=0.7Tc is reported and compared with ex-
perimental data on irradiated samples.23,27,28 In the calcula-
tion of 	H the same linear relationship between

	��

	��
and 	tot

previously obtained is assumed. As discussed in the previous
section, since 	H is strongly dependent on the ratio

	��

	��
, this

is a good test of our model. In the light of this consideration
the agreement with the experimental data is very satisfactory.

The results shown in Figs. 5–7 demonstrate that, within
the considered assumptions �dirty limit, undoped samples�,
our model reproduces quite well the behaviors experimen-
tally observed. Interestingly, the considered series of data are
obtained with different irradiation techniques �i.e., particles,
fast neutrons, and thermal neutrons�. This implies a universal
nature of disorder introduced by irradiation: this had already
been suggested by the Tc vs �0 curve but now it emerges
more clearly. Our results make it clear that irradiation pro-
duces a unique kind of disorder, mainly localized in B
planes, thus affecting mainly � band carriers. In the light of
this result we come back to the Tc vs �0 relationship. It was
remarked14 that in MgB2, in comparison with single band
superconductors like A15 materials, Tc is suppressed at a
rather low �0 values if compared with saturation resistivity.
This means that the superconductivity is suppressed when
the mean-free path is still much longer than the interatomic
distance. Now we know that defects produced by irradiation
mainly affect � band. Thus resistivity dominated by the more
conducting � band assumes rather low values, whereas Tc is
suppressed by the strong disorder affecting the � band. In-
deed, looking at Table I, for the samples with Tc=7.5 K,
	���11 000 K. Assuming the Fermi velocity of � band
vF�

�6.3�105 m /s �Ref. 20� we evaluate the mean-free
path of � band around 4.3 Å, close the interatomic distance.
This nicely explains the apparent inconsistency between the
behaviors of MgB2 and A15 superconductors. On the other
hand such very low mean-free path indicates that the system
may be so heavily affected by disorder that the same ap-
proach is no longer applicable for its description. Indeed, as
emphasized in Ref. 15, in presence of extreme disorder
�mean-free path comparable with interlayer distance� one
cannot neglect Anderson localization effects, which increase
the effective Coulomb repulsion29 and changes in the phonon
modes,30 making the dependence of partial DOS on the re-
laxation rates unreliable.

V. CONCLUSIONS

We investigated the effects of impurities on the upper
critical fields of MgB2 taking into account the effects of in-
terband and intraband scattering mechanisms. In MgB2 the
former mechanism is negligible with respect to the latter but
mixing � and � Cooper pairs has the crucial role of reducing
Tc. Intraband mechanisms have the role of reducing the car-
rier diffusivities; in addition, within our approach, they cause
also a smearing of DOS, reducing the coupling parameters
and thus Tc. The inclusion of this additional effect, not con-
sidered before, allows for a self-consistent analysis of the
experimental data and for an evaluation of the intraband scat-
tering rates of each band. For artificially disordered samples
we found that irradiation affects mainly the � band and the
ratio 	�� /	�� increases progressively with increasing doses.
This explains well why the anisotropy 	H of irradiated
samples is quickly suppressed even at low level of
irradiation.28 Indeed, within our model, the increase in 	��

reduces the anisotropy much more effectively than the in-
crease in 	��. Moreover a dirtier � band rationalizes why in
MgB2 Tc is completely suppressed at rather low-resistivity
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FIG. 6. �Color online� Hc2
�0 K� vs Tc �field parallel to the ab

plane�. In the inset the relationship between 	tot and
	��

	��
obtained by

the fit values in Table I. Values estimated by magnetoresistivity
measurements in Refs. 24 and 25 are also reported; in these cases
the values of 	ii are defined as 	ii=	ii

irr−	ii
unirr, where 	ii

irr�unirr� is
the scattering rate of the ith band for the irradiated �unirradiated�
sample�.
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FIG. 7. �Color online� The anisotropy parameter 	H evaluated at
T=70%Tc.
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values in comparison with other superconductors.14 In fact
for very dirty � band and rather clean � band, resistivity
values, determined by the most conducting � band, remain
rather low, whereas Tc comes out suppressed by a significant
reduction in the partial � DOS.

As regards the upper critical field, our analysis makes it
clear that the increase in 	�� has the twofold and antithetic
effects of decreasing the coherence length �which increases
Hc2

� and of producing a smearing of the � DOS �which
reduces Tc and thus Hc2

�. Indeed, one of the main outcomes
of this work is the prediction that in order to increase Hc2

, it
would be more performing to introduce a kind of disorder
which affects selectively the � bands, being the � DOS and
consequently Tc less affected by the smearing. As regards
thin films, huge Hc2

values, close to the paramagnetic limit,
were observed in samples in which an anomalous upward
curvature of Hc2

parallel to c axis was also observed,8,9

which is another evidence of dirtier � band.10,13 Unfortu-
nately the nature of disorder present in thin films has not yet
been reproduced in bulk materials which would be more suit-
able for high-field applications. In bulk samples, in order to
include impurities which mainly affect � carriers, Mg was
substituted with Al,31,32 but, actually, Al substitution also
dopes the systems, thus emptying the � bands and strongly
reducing Tc.

33 A better candidate for increasing Hc2
without

suppressing Tc might be the substitution of Mg with Li,
which affects negligibly the electronic structure.34,35 This
was indeed tried36,37 but the amount of impurities that were
included was not enough to carry the system in the dirty

limit. Now that the physical reasons for which dirtier � band
may improve significantly the performance of MgB2 are bet-
ter understood, we wish such investigations could proceed
more quickly.
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DERIVATION OF Hc2 DEPENDENCE ON THE
PARAMETERS OF Eq. (14)

To obtain the expression for the upper critical field Hc2
we

start from Eq. �10� that we write in the form

M̂�̄ = 0

with

M̂ = �̂−1 − �T �
��m���c

Â−1�m� .

In order to determine the conditions on magnetic field and
temperature for the transition of the system from normal to
superconducting phase we set to zero the determinant of the

matrix M̂.
From Eq. �13� we obtain

�Â�n��−1 =
1

Det�n����n��1 + ��� + ���� +
	��

2

	��

2

	��

2
��n��1 + ��� + 
����� +

	��

2
�

with

�i = �
j

�ij ,

�i =
1

3/2�	ii + 	ij�
. �A1�

Here Det�n� is the determinant of Â�n�

Det�n� = a���n� − �1����n� − �2� ,

where a= �1+����1+��� and �1 ,�2 are the roots of the
equation

Det�Â�n�� = 0.

Introducing the matrices

�̂ = �1 + �� 0

0 1 + ��
� ,

�̂1 =
1

2
�	�� 	��

	�� 	��
� ,

�̂2 = ����� 0

0 
�����
� , �A2�

we obtain that M̂ can be written in the form

M̂ = �̂−1 − L1�T��̂ + L2�T���̂1 + �̂2� , �A3�

where the functions L1�T� and L2�T� in Eq. �A3� are defined
as
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L1�T� =
�T

a
�

��m���c

��m�
���m� − �1����m� − �2�

,

L1�T� =
�T

a
�

��m���c

1

���m� − �1����m� − �2�
.

In terms of the digamma function ��z�, L1�T�, and L2�T� take
the form

L1�T� =
�1

a��1 − �2�
���c − �1

2�T
+ 1�

− ��−
�1

2�T
+

1

2
�� −

�2

a��1 − �2�

�
���c − �2

2�T
+ 1� − ��−

�2

2�T
+

1

2
�� ,

L2�T� =
1

a��1 − �2�
���c − �1

2�T
+ 1� − ��−

�1

2�T
+

1

2
��

−
1

a��1 − �2�
���c − �2

2�T
+ 1� − ��−

�2

2�T
+

1

2
�� .

Assuming a linear relationship between the total scattering

rate and the �� interband scattering rate 	��=a	tot and de-
fining the parameter k=

	��

	��
, whose value indicates which is

the dirtier band in the system, we can express all the param-
eters relative to the scattering with impurities in terms of k
and 	tot, and, in particular, we have for the quantities �i de-
fined in Eq. �A1�,

���	tot,k� = 
3

2
	tot�a +

k

k + 1
��−1

,

���	tot,k� = 
3

2
	tot�a

N�

N�

+
1

k + 1
��−1

.

Moreover introducing the parameter ���� defined in Eq. �15�
we can write the matrix in Eq. �A2� in the form

�̂2 = ����� 0

0 ������
� ,

where ��= e
2Hc2

�vF�

ab �2 contains the dependence on magnetic
field.

In this way we have expressed the dependence of Hc2
in

terms of the set of parameters which appear in Eq. �14�.
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