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Effect of quasiparticles injection on the ac response of a superconductor
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We calculate the ac linear response of a superconductor in a nonequilibrium electronic state. The nonequi-
librium state is produced by injecting quasiparticles into the superconductor from normal leads through asym-
metric tunnel contacts. The dissipative part of the response is proportional to the total density of the injected
quasiparticles regardless of the imbalance between the numbers of electronlike and holelike excitations. At
fixed quasiparticle density, the lower their effective temperature, the stronger is the dissipation.
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I. INTRODUCTION

Over the years, measurement of the impedance was used
extensively in the studies of spectra of elementary charge
carriers in normal metals and superconductors. In the case of
normal-metal single crystals, measurements of surface im-
pedance in conditions of cyclotron resonance were instru-
mental in the reconstruction of the Fermi surface geometry.!
In superconductors, the temperature dependence of the im-
pedance allowed one to investigate the appearance of the
BCS gap in the spectrum of quasiparticles.” Recent interest
to the ac response of superconductors is driven by its appli-
cation for studying new materials>* and by the use of well-
studied superconductors as material for high-quality resona-
tors. Depending on the problem, it is important to realize the
lowest possible dissipation rate of a resonator or its well-
defined response to a perturbation. The former goal is central
for superconducting qubit physics>® and quantum optics,”®
where one is interested in achieving the longest possible co-
herence times. The latter one is important, e.g., for the use of
superconductors in microwave kinetic inductance detectors.’

To interpret the measured impedance, one has to compare
it with theoretical predictions. However up to now, no mi-
croscopic calculations of impedance of superconductors un-
der nonequilibrium conditions were available. The frequency
and temperature dependence of the complex conductivity of
a superconductor within the BCS theory was first evaluated
in the seminal paper of Mattis and Bardeen,'? where the limit
of short electron mean-free path (the “dirty superconductor”
limit) was considered. The nonlocal conductivity of a clean
superconductor was derived by Abrikosov, Gorkov, and
Khalatnikov."' Later works of Nam'? were aimed at bridging
the two limiting cases. The theory developed in Refs. 10-12
addresses superconductors at thermal equilibrium. If desired,
this condition is fairly easy to achieve at not-too-low tem-
peratures. Indeed, even the early measurements have demon-
strated the hallmarks of the BCS behavior of the dissipative
part of the impedance, including its thermal-activation be-
havior at subgap frequencies.'> At the same time, experi-
ments involving impedance measurements in nonequilibrium
conditions relied on heuristic extension of Mattis-Bardeen
formula, amounting to the replacement of the equilibrium
quasiparticle distribution function in the formula by a non-
equilibrium one.>!*

1098-0121/2010/82(13)/134502(9)

134502-1

PACS number(s): 74.25.N—, 74.40.Gh

The goal of this paper is to microscopically evaluate the
linear ac conductivity of a superconductor in a concrete setup
allowing a controlled perturbation of the quasiparticle distri-
bution function. To this end, we analyze the steady state
and linear ac conductivity of a mesoscopic superconductor
brought out of equilibrium by electron tunneling through two
junctions connecting the superconductor to normal leads (N-
I-S-I-N structure—see Fig. 1); the structure is biased by a
constant voltage V. The advantage of the mesoscopic setting
is in the simplicity of the nonequilibrium quasiparticle dis-
tribution: it may be fully controlled by the electron tunneling
in the superconductor while for bulk samples it inevitably
depends on the relaxation mechanisms.!>~!7 Particle-hole im-
balance in the bulk may be achieved by electron injection'®
while symmetric particle-hole excitation was widely investi-
gated in connection with the idea of microwave stimulation
of superconductivity.!” In a mesoscopic N-I-S-I-N structure,
the imbalance is simply related to the ratio of the conduc-
tances of the two tunnel junctions. One may neglect the re-
laxation of quasiparticles inside the mesoscopic supercon-
ductor if the corresponding rate is small compared with the
tunneling rates. This sets, of course some limitation on the
size of the superconductor and conductances of the junctions.

We find the steady-state electron distribution at arbitrary
asymmetry between the conductances of tunnel junctions,
and at finite temperature 7" and voltage V, assuming these
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FIG. 1. N-I-S-I-N structure: the superconductor is connected to
two normal leads—maintained at different voltages (bias V=Vj
—V;)—via tunnel junctions characterized by tunneling rates I'g, I';.
The superconductor is also subject to a weak electromagnetic field
oscillating with frequency .
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two scales small compared to the quasiparticle energy gap A.
In the case of unequal conductances of the two tunnel junc-
tions, charge imbalance is created along with a perturbation
of the energy distribution of quasiparticles. We evaluate the
complex ac conductivity of the superconductor in this non-
equilibrium state and show that only the energy mode of the
quasiparticle distribution enters in the proper generalization
of the Mattis-Bardeen formula. At eV, ,kzT<<A we cast the
result for conductivity in terms of 7 and quasiparticle density
ng,. That form extrapolates between the equilibrium result
(where n,, is a function of T only) and the nonequilibrium
one, where n,, is a function of V and 7, with arbitrary ratio
eV/kgT.

In the next section, we formulate the problem in terms of
matrix Green’s functions. The steady state of the electrons in
the superconductor formed in the presence of finite bias ap-
plied to the N-I-S-I-N structure is found in Sec. III, where we
also establish the correspondence between the descriptions in

qap

terms of the matrix distribution function F (¢) and the scalar
distribution function of quasiparticles f (the latter was used
in the original Mattis-Bardeen theory for the ac conductivity
at equilibrium). Using the description in terms of f;, we con-
sider the effect of electron-phonon collisions on the quasi-
particle kinetics. It allows us to determine the conditions
under which the intrinsic quasiparticle relaxation is negli-
gible compared with the effect of tunneling. The ac conduc-
tivity at low temperature and bias (but at arbitrary eV/kgT) is
analyzed in Sec. IV. Throughout the paper, we use units
h=kg=1.

II. ELECTRON DYNAMICS IN A SUPERCONDUCTOR
SUBJECT TO dc BIAS AND WEAK ac FIELD

We consider a diffusive superconductor connected to two
normal leads, left (L) and right (R), via tunnel barriers and
exposed to an external, time-dependent electric field. The
system properties can be described in terms of disorder-
averaged matrix Green’s functions for the superconductor,

gvs(k,t,t’), and for the electrodes, gv,»(pi,t,t’), i=L,R. Each
of the matrices G has the form, in Keldysh space

A
0= &) (M

The elements of this matrix are 2 X2 matrices in Nambu

particle-hole space. The superconductor Green’s function
obeys the Dyson equation

-— - 2 v
[i@%_{M_EF}”@A}QS(&LI»

2m

1 . .
- J dr"’ > Gs(k',1,1")Gs(k, 1", 1)
2TV W

= f5(t—t’)+Jdt”E T’G(pnt.!Gs(k, 1", 1').  (2)

i.p;
Here A(r) is the vector potential, which is related to the
electric field via E=—dA/dt. The coefficient 1/7 is the im-
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purity scattering rate and vg is the density of states at the
Fermi level in the superconductor. The matrix element 7; for
tunneling into lead i determines the dimensionless conduc-
tance g,-=8772VSV[T,-2 of junction i, where v; is the density of
states in the lead. The assumption

8L+ 8r<8s> (3)

where gg is the normal-state conductance of the supercon-
ductor, justifies the use of the tunneling Hamiltonian from
which the last term in Eq. (2) is derived. The same assump-
tion enables us to neglect small spatial variations in the order
parameter, which we take to be uniform, real, and time inde-
pendent. The last two conditions amount to a choice of
gauge.

Since we are interested in the linear response to the ex-
ternal field, we first consider the system in the absence of
field but with the leads at different potentials. This is the
focus of the next section.

III. NONEQUILIBRIUM STEADY STATE

When there is no external field (A=0), the Green’s func-
tions are isotropic in momentum space and depend on the
difference r—¢'. Then the semiclassical Green’s functions

v i v

G(t—t’,n)=—f dé&G(p,t—1'), n= Lo 4)
m lp
where §p: p2/ 2m—Ep, depend only on the time difference,
and not on the momentum direction n. Therefore, we omit
the argument n for the rest of this section. In the normal

leads, the elements of le- are (in the frequency domain)

éR:é\’z? A‘lAz_%g’ (5)

GX=Gra, - n,G (6)
with
n(e—evV; 0
( ) ), n(s)=tanh(i).
0 n(e +eV,)) 2T
(7)

The potentials V; in the leads are measured from the super-
conductor chemical potential. Using Eq. (5), Eq. (6) can be
rewritten as

ﬁi(s) = (

A

GX=2n% + 201, (8)

1

where

1
n? = 5[}’1(8 - eV[) + I’l(8 + eVi)]’

nl1 = %[n(s —eV) —n(e+eV)]. 9)

The superconductor Green’s function GVS is determined by
Eq. (2); taking the difference between Eq. (2) and its conju-
gate, and using Egs. (4), we find
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[8%Z+iA%y,GvS]=— i[FLGvL+FRGvR,és], (10)

where I';= 77'1/,~Ti2 are the tunneling rates and v; are the densi-
ties of states in the leads i=L,R. This equation must be
supplemented by the normalization condition,?! which in the
frequency domain takes the form

Gy(e)Gyle) = 1. (11)
Isolating the R(A) component of Eq. (10) gives
IfIR(A)GAg(A) _ é?(A)I_AIR(A) =0, (12)
where
HRW = (e £, = iTp)7, +iA%,. (13)

In view of the R(A) component of the normalization condi-
tion in Eq. (11), (ég(A))2= 1, the solution to Eq. (12) can be
written as
ég(A) — I:IR(A)/ER(A), (14)
where

&V = +[(e £l = iTg)* - A7 (15)

In the limit I';— 0, Eq. (14) reduces to the well-known semi-
classical BCS expression.?! When I';#0 the excitations in
the superconductor have finite lifetime due to tunneling into
the normal leads and this causes broadening of the density of
states.?>?3 In what follows we assume that the broadening is
much smaller than the gap, I'; +1'x <A. Equivalently, we can
express this condition as

gr+8gr<A/S (16)

since the dimensionless conductance, defined in the text be-
fore Eq. (3), equals g;=8wl;/ 8, where 6=1/(vsV) is the
level spacing in the superconductor of volume V.

We now consider the Keldysh component of Eq. (10). It
may be written in the form

HRGE - GKHA = —iT | (GX G4 - GRGE) - iT(GEGA - GRGE).
(17)

Its left-hand side can be simplified as follows: first, we use

Eq. (14) to rewrite HX™ in terms of GX™; then we replace

the advanced Green’s function with the retarded one employ-

ing the orthogonality condition [the Keldysh component of

Eq. (11)]

GRGY + GEGy =0.
Multiplying the resulting equation by é’; from the left and
using again (é§)2=f, we arrive at
(& + 8)G§ =il (G] - G§GLGY) +iTp(Gy - G{GRGY).

(18)

If [¢|<A, the sum &+&" is of the order of A, i.e., much

larger than I', and T'y. However, if |g|>A this quantity is

proportional to these small parameters and can be approxi-
mated as
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ER+EAxi(rR+FL)g<§i—§1—A), (19)
where
&N = + (e +i0%) - A*]"2 (20)

Consistently with this approximation, the Green’s functions
G in the right-hand side of Eq. (17) should be taken at
zero order in I';’s. Using Egs. (8) and (14), after some alge-
bra we obtain

A 1 1 o g2 — A?
G?:(g—g){no(srz+1ATy)+n] A , (21

where (a=0,1)

a a
a_ anL + FRnR
Ip+Tg

with nf . of Eq. (9). We stress that Eqs. (19)—(22) are valid
for arbitrary ratio I'; /Iy, and are not restricted to junctions
with conductances smaller than the conductance quantum,
the conditions of applicability being given by Egs. (3) and
(16). Equation (21) is the finite-temperature, small-
broadening [Eq. (16)] counterpart of the zero-temperature,
finite-broadening expression for the Keldysh Green’s func-
tion of a mesoscopic N-I-S-I-N structure derived in Ref. 24.

(22)

The matrix ég depends on the voltages V;, Vy via Egs.
(9) and (22). However, under steady-state conditions these
two quantities are not independent and, as we discuss in the
next section, the state of the superconductor is fully deter-
mined by their difference V=V -V;,.

A. Current and potentials

The results of the previous sections rest on the steady-
state assumption. It means that the total current flowing out
of the superconductor must vanish. This requirement, as we
show below, defines the division of the applied bias between
the two tunnel junctions connecting the superconductor to
the normal leads.

The current leaving through the left tunnel contact is
given by

1 A Ak AR AL ApAr  Apa
Ip=evsTy f de T 7,(GRGE + GG - GRGK - GXGM)].
(23)
The current I into the right contact is found by replacing

L— R. Therefore the total outgoing current is

2

I 1)\A
IL+IR:€VS de R A _(FLn1L+FRn1R) (24)

& & e
and must be zero under steady-state conditions, as discussed

above. [We used Egs. (8), (14), and (21) in derivation of Eq.
(24).] In other words, the requirement

IL+IR:0 (25)

determines the relationship between the voltages V;, V, that
enter as parameters in Eq. (22).
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Let us consider explicitly the regime of low temperatures
and voltages so that max{eV,,eVy,T}<A. Then the follow-
ing approximate expression for the functions nL(R) are valid
at energies |&|> A:

n}(g) = — 2 sinh(eV;/T)exp(- |&|/T). (26)
Substituting into Egs. (24) and (25) we obtain the condition
I'; sinh(eV,/T) + I'y sinh(eV,/T) = 0. (27)

Introducing the bias V=V3—V;, we find from this equation
that

I'g sinh(eV/T)
\I2 + T2 4+ 21", T cosh(eVIT)

sinh(eV,/T) = — (28)

Thanks to this relation, we can re-express voltages V;, Vi in
terms of the bias V, and the nonequilibrium steady state in
the limit eV, T<<A is fully determined by these quantities.

B. Quasiparticle distribution function

In the preceding sections we have found an explicit ex-
pression for the nonequilibrium Keldysh Green’s function for
the biased superconductor, Eq. (21). In this section we derive
the relationship between the Keldysh Green’s function and
the distribution function f for the Bogoliubov quasiparticles.

Our starting point is the definition of GAf (in the time
domain) in terms of creation and annihilation operators

(e (D:h (DD ALepy(@),en (@ )]>)
([eh (0,h: (D Lep (0),¢,, ()]
(29)

GK(tt)— E(

. . 1 . .
The sum over single-particle states .-, with energy &, is
equivalent to the integration over their energy &, in Eq. (4).
Next, we perform the Bogoliubov transformation from elec-
tron Operators c,,;, ¢, to quasiparticle operators a,,, B,
Cn) = U Oy + Uy ;w Cm| = umﬁm - Uma/; (30)

with amplitudes u,,, v,, given by

I, &
=1- 2=—<1+—’">,
|um| |vm| 2

€m

UpUm=—7"" (31)

and €,=1 §i+A2 being the quasiparticle energy. Introducing
the distribution function (we assume equal population of the
two spins)

F(&) =) = (BB (32)

using Eq. (31), and taking the Fourier transform with respect
to t—t' we obtain
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. 1
Gs(e) =2 Re5—= A2{(8%z +iA7)[1-2f%(e)]
Ve -

~2Ve? - A%f%(e)} (33)

with the energy and charge modes of the distribution func-
tion f(&,,) defined as

E(s)—-[f(\’s2 A?) + f(— 2= A7),

fQ(S)——[f(\r 67— A7) - fl= &2 - AY)]. (34)

Hence the Keldysh Green’s function can be presented in the
form

GK=GRF - FG, (35)
where
A
l—f'v)ZfQ(s).
e )

(36)

=sgn e[1-2f%(e)]1 - |—|A<AZ+

We note that the matrix distribution function F is not diago-
nal. This is in contrast with the usual assumption®>? that in
nonequilibrium situations this matrix can be expressed as a
linear combination of the identity matrix and 7, only. Never-
theless, there are only two independent degrees of freedom
since the off-diagonal 7, term is proportional to the 7, term.
In fact, Eq. (36) shows that the trace of F is directly related
to the energy mode f£ while the traceless part possesses an
additional density of states factor compared to the charge
mode f2 of the quasiparticle distribution function.

Comparison of Eq. (36) with the solution of the Kinetic
equation for ég, Eq. (21), enables us to find the explicit
expressions for the distribution function modes

1
fe) = Sl —sgn en’(e)],

fe)=~ 2| |\'8 2~ A%nl(e) (37)

and the voltages V;, Vj are related by Eq. (25). At low tem-
perature and bias 7,eV<<A, at leading order in e we ob-
tain, using Eq. (28)

fE(e) = d(eVIT)e ®T (38)

with

O(eVIT) = \I7 + T2+ 2T, Ty cosh(eV/T) (39)

I+
while at this order f¢ vanishes due to Eq. (27).

One may also obtain the distribution function f¢ by solv-
ing the kinetic equation for quasiparticles. The latter method
is convenient to assess the effects of relaxation. The relax-
ation rate of quasiparticles is an intrinsic property of a super-
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conductor. On the other hand, the tunneling rate I
=g,6/(8m)=g;/ (8mv,V) scales inversely with the volume of
the superconductor at fixed conductance of the junction.
Clearly, one may neglect the intrinsic relaxation only if the
conductances g; are sufficiently large and volume V is suffi-
ciently small. The aim of the next section is to quantify these
conditions. For intrinsic relaxation, we will concentrate on
the dominant at low temperatures mechanism?!” of phonon-
assisted relaxation.

C. Kinetic equation for quasiparticles

In the kinetic equation approach, the effects of interaction
are described by adding to the rate of change in the occupa-
tion numbers due to tunneling an appropriate collision inte-
gral I. In the case of electron-phonon interaction, one can
derive a set of coupled kinetic equations for the two modes
of the quasiparticle distribution function, f£ and f¢

S =T+ Tafon =T+ FEEfON + FEEFON),
(40)

_fQ—_ [FLf1L+FRflR] Lf2+ 12{7%, N}

+1?{fE,fQ,N}, (41)

where T'=T, + g, fo;=(1-nY)/2, and f,;=n}/2. Neglecting
the collision integrals, in the steady-state df/dt=0 we re-
cover immediately the result Eq. (37). The subscripts r and s
are used to distinguish, in the electron-phonon collision in-
tegrals, quasiparticle recombination and scattering processes,
respectively, and we take the phonon distribution function N
to be the thermal equilibrium one

(42)

We characterize the electron-phonon collision rate by the
scattering rate, 1/7,,, for normal electrons off phonons at the
critical temperature 7.7 We consider the limit of low tem-
perature and bias, in which case the electron-phonon interac-
tion has a small effect on the quasiparticle distribution as
long as tunneling is the main scattering process. Considering
relaxation rate for an arbitrary small perturbation!” of the
quasiparticle distribution function, one might conclude that
the corresponding condition for that is (1/7,,)(T/ A)?<T.
(The small factor (T/A)7? here suppresses the low tempera-
ture scattering rate for quasiparticles compared to that of
normal electrons at T,..) However, for the specific case of
out-of-equilibrium distribution created by tunneling the con-
dition for the rate 1/7,, is even softer, see Eq. (50) below.
Evaluating the correction to the charge mode f€ due to the
weak electron-phonon relaxation at low temperatures, we
find that such correction to Eq. (37) vanishes at leading order
in e due to the relation Eq. (27). We now consider the
energy mode. The collision integrals Ifx contain terms qua-
dratic in f9, which we can neglect since f¢ vanishes at lead-
ing order, as discussed above. The nonvanishing terms are'”
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1 “ g’ A?
If: 3J ds',—ﬁ(8+s')2<l+—,>
TphA A Ve'2-A ce

X[(l _ff)(l _fff)Nshe’ - EfE( a+£’ + 1)] (43)

for recombination processes and

1 € g’ A?
R
’ 7'phA3 JA ¢ V’s'z—Az(s &) ee’

X[(1 = SN s = FE(L = fE) Ny + 1)]
* ,8—, _ a2 _ A_2>
+J5 de \ﬂm(s & ) (1 cs’

X[(1 = /AL (N + 1)

—fE =N ¢ (44)

for scattering processes.
We solve the kinetic Eq. (40) by iterations, writing f in
the form

fr=r0 —FfE“) (45)
ph

with f£©) given in Eq. (38). At leading order in ¢™*'7, only

the scattering collision integral If is present. It is satisfied by
any Boltzmann distribution function, such as the one in Eq.
(38). Indeed, let us consider the terms in square brackets in
the second line of Eq. (44); in the low temperature and bias
regime they are approximately

®e "IN, ., — Pe (N, 1 +1)=0 (46)

in agreement with the detailed balance in the absence of
recombination. Similarly, the terms in square brackets in the
last line of Eq. (44) add up to zero. Therefore, at order e /7
there are no corrections to the distribution function.

To calculate the correction due to recombination, we note
that e+&’ >2A, so that in the last term in square brackets in
Eq. (43) we can neglect N, in comparison to unity. The
square brackets then becomes approximately

e—(s+s')/T(1 _ q)Z) i (47)

i.e., they are of order ¢>*'T. For the correction we find
FE0 Z gmelT(y — q)z)Lfoo dsls—/
A% ), Je'2— A2

A? ,
X (8+8’)2<1+—,>e‘8 T, (48)
ee

After the substitution ¢’"=A+TXx, the integral can be evalu-
ated to give, at leading order

2 3
pr-ca-ererF{2F (2. o

[Note that at zero bias ®(0)=1 and the correction vanishes.]
From this equation we can estimate the ratio between the
leading term and the correction in Eq. (45) and find that the
iterative solution is applicable if
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L \/geA/T. (50)
’Tphr T

Under this condition, the electron-phonon relaxation leads
only to a small modification of the distribution function
given by Egs. (45) and (49). Albeit the correction Eq. (49) at
low energies (e~ A) scales with temperature predominantly
as e 227 it may exceed the corresponding term of expansion
of Eq. (37) in ¢™'T. That happens at large values of 1/ Tl
which still may satisfy Eq. (50). Note that according to Eq.
(50) the lower the temperature, the weaker is the constraint
on I

This concludes our analysis of the nonequilibrium steady
state of a superconductor for the specific problem of a finite-
bias tunnel injection of quasiparticles. In the next section we
consider the linear response of an out-of-equilibrium super-
conductor to an external ac field.

IV. ac CONDUCTIVITY OF N-I-S-I-N STRUCTURE
In this section we study the linear response of the super-
conductor to an external ac electric field oscillating at fre-
quency . Within linear response, the Green’s function és is
the sum of the zero-approximation isotropic part éo and a

small correction Gy, linear in A, which is anisotropic in mo-
mentum space

Gs(n)=Gy+G,(n), n=p/lp|. (51)

The correction é](n) determines the current density via

1 * A
Jo=- Zevsf de TI‘(V’?’ZG{(% (52)

where v=vn, vy is the Fermi velocity, and angular brackets
denote averaging over the momentum direction. We empha-
size that the calculation of the ac response that we present
here is not restricted to the particular nonequilibrium state
considered in the previous section; rather, it is valid for a
generic matrix distribution function F . which determines the
Keldysh part of the zero-approximation Green’s function éo
via Eq. (35).

The two terms in the sum in Eq. (51) obey the orthogo-
nality condition

G.G(s,0) + G,(,0)G_=0, (53)
where
G. =Gyle = wl2). (54)

An equation for él can obtained as before by considering the
difference between Eq. (2) and its conjugate and using Egs.
(4). Assuming A(7)=A e~ we find, at zeroth order in the
tunneling rates I';

Ay v oA 1. . 1

—iH,G, +iGH_+—G.,G, - —G,G_
2T 2T
=ievA (£,G_-G,7), (55)

where
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H.=(s = 0/2)7, +iA%,. (56)

The zero order in I'; approximation is valid when I';+T'p
<min{l/7,w,A}. In particular, the condition I',+T'x<<1/7
implies that the tunneling has a negligible influence on the
quasiparticle states; in fact, the only role of the leads is to
generate a nonequilibrium quasiparticle population, and the
calculation of the ac response does not depend on the spe-
cific way in which a nonequilibrium population is estab-
lished (as long as it does not substantially alter the quasipar-
ticle states).

Equation (55) can be solved for a generic relation be-
tween 1/7and A—see Appendix. Here we consider the dirty
limit 7A <1. To calculate the current, we only need the fol-
lowing expression for the Keldysh component:

GX=ievA ,7[GR#.(GR - GYF_+ F(GF - 612,61
(57)
with F . =F(e* w/2). The retarded and advanced Green’s

functions in this equation are given by Eqgs. (13) and (14).
Substituting Eq. (57) into Eq. (52), we arrive at

Jo=0(0)E,, (58)

where o(w) is the complex conductivity. It is convenient to
isolate its equilibrium zero-temperature kinetic part

o) == TN (59)

LW

which represents the purely inductive response of the super-
conducting condensate to the external field in the absence of
quasiparticles and where oy=2¢’*v¢D is the normal-state
conductivity of the superconductor with D=vlzp7'/ 3 the diffu-
sion constant. Using the relationship Eq. (36) between matrix
and quasiparticle distribution functions, assuming 0<w
<2A, and performing simple rearrangements, we find

fwd e(e + w) + A? 1

2 @ M)[(e+ w)- A7

o(w) = op(w) + 2iv|:
®

—'fA+wd e(e - w) + A?
Uy - (- 0]

* ele —w) +A?
_ f . de Ny Az]ff} . (60)

fE

Equation (60) may be viewed as a generalization of the
Mattis-Bardeen formula to an arbitrary quasiparticle distribu-
tion function f,. Note that Eq. (60) contains only the sym-
metric in & part of the quasiparticle distribution function.

We now use Eq. (60) to find the ac conductivity for the
biased N-I-S-I-N structure considered in Sec. III, concen-
trating on the limit of low temperatures and voltages,
max{eV;,eVg,T}<A. In this limit, ff is exponentially small
and approximately given by Eq. (38). If in addition to the
assumptions of low temperature and voltages made above,
the frequency is also much smaller than the gap, w<<A, we
find at leading order in A
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A
o(w) = O-'L{— m+2e 2 TD(eVIT)
iw

X [ exp(— w/2T)1(w/2T)
+2i sinh(w/2T)Ky(w/2T)]}, (61)

where [, and K, denote the modified Bessel functions of
zeroth order.

The effect of the finite bias on the ac response of the
superconductor described by Eq. (61) is contained in full in
the function ®, Eq. (39). In fact, as we now show, this func-
tion accounts for the nonequilibrium density of quasiparti-
cles. The quasiparticle density is given by [cf. Eq. (32)]

Ngp = ZVSJ dgf(g) = 4VSf

A

[

2
de ﬁf’f (62)

with ff defined in Eq. (34) and the factor 2 accounting for
spin. At low temperature and voltages, we can approximate
fF as [see Eq. (38)]

fE=d(eViT)e™®" (63)

and evaluating the integral at leading order in A we arrive at

[TAT
g, =4vs®(eVIT) WTe_A/T. (64)

Using this equation, Eq. (61) can be written as

o(w)=0'(w) +io"(w),

2A A
o (w) = o-N—sinhﬂK()(ﬂ) = o
w 2T

2T) N 27T vgA’

7A ® A n
o(w)=oy—|1- ‘w’2T1<—) — 1 (65
(@) UNw[ ¢ Nor 27T vgA (65)

At low temperature, even a small bias, V<A, may cause an
exponential increase in the quasiparticle density n,,, see Eq.
(64). That, in turn, enhances exponentially the dissipative
response o' (w). We note that the above result for the ac
conductivity in terms of the quasiparticle density preserves
its form even if we include the correction to the distribution
function due to the electron-phonon interaction [assuming
the condition Eq. (50) is satisfied]. Of course, the quasipar-
ticle density Eq. (64) should be corrected to account for
Eq. (49).

Equation (65) agrees with the results of Ref. 9, even
though in that work a different mechanism was considered to
be the source of the nonequilibrium distribution—a flux of
photons which break Cooper pairs. In Ref. 9, the ac response
of a nonequilibrium superconductor was calculated by re-
placing the Fermi distribution function in the expressions of
Mattis and Bardeen'® by a phenomenological one with an
effective chemical potential u*. In the resulting formulas, u*
was eliminated in favor of the density of quasiparticles by
means of Eq. (62). The pair breaking does not create imbal-
ance and the resulting quasiparticle distribution function con-
tains only the energy mode. Thus our Eq. (60) supports the
validity of the approach employed in Ref. 9.
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V. SUMMARY AND DISCUSSION

In this work we have derived an extension of the Mattis-
Bardeen formula for the ac conductivity of a dirty super-
conductor to include a nonequilibrium occupation of the qua-
siparticle states. Equation (60) shows that the charge imbal-
ance does not affect the linear response to external radiation.

As an explicit example, we considered properties of a
superconductor connected via tunnel junctions to two normal
leads. Application of a constant bias to the leads creates a
steady nonequilibrium state in the superconductor, see Sec.
III. We have evaluated bulk ac conductivity o(w) of such
N-I-S-I-N setup for low frequency w<<A of a weak external
field and low temperature (7<<A) while keeping fixed the dc
bias V. The role of the finite bias is to create a nonequilib-
rium quasiparticle density n,,. Remarkably, it is possible to
express the conductivity o(w) as a function of temperature
and n,, only, see Eq. (65). The dependence of o(w) on bias
V enters only through the V dependence of n,,. That simpli-
fication works even if electron-phonon relaxation is taken
into account [if the condition Eq. (50) is satisfied]. At zero
bias (V=0) the distribution n,, becomes the equilibrium dis-
tribution function, and Eq. (65) reduces to the conventional
Mattis-Bardeen formula.

As a further extension one may include the electron-
electron interaction. If sufficiently strong, it would lead to
the replacement of temperature 7 in the quasiparticle distri-
bution function with an effective temperature 7, Interest-
ingly, for a fixed nonequilibrium quasiparticle density, an
increase in temperature (or effective temperature) leads to a
lower dissipation.
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APPENDIX: SOLUTION TO EQ. (55)

In this Appendix we give some details on how to solve
Eq. (55). We begin with the equation for é’f
PN Ap oA 1 spa 1 Apa
—iH,GR+iGRH_+ —GR*GR - —GRGF
27 27

=—ievA,(G*7, - 2.GP). (A1)

Expressing H. in Eq. (A1) in terms of (A}’; by means of Eq.

(14) and making use of the retarded component of the or-

thogonality condition in Eq. (53)
GRGR 4 GRGE =0 (A2)

we bring Eq. (A1) to the form
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(- i~ i+ UDGRGR =~ ievA (G2, - 2.G8) (A3)

with the obvious notation [cf. Eq. (20)]

& =[(e = w2 +i0%)> - A?]"2. (A4)
Multiplying both sides of Eq. (A3) by éf and making use of
the normalization condition (G§)2= 1, we arrive at

AR evA ,

Gl =—F——F — A5
TR Ry (A3)

(7A-z - éf a\-zél_e) .
Consider now the equation for éf
A A Apa I Apa Ap A
—iH,GX+iGXH_+ 2—T(G’jG{< -GXGY

~ ~ 1 Apa4 A A
=~ ieVA(GL7, - 7.G5) - —(GIG] - GGY) (A6)
T

and the corresponding orthogonality condition

GRGK + GKGA + GRGX + GG = 0. (A7)
It is convenient to separate éf into a “regular” part, similar
in form to Eq. (35), and an “anomalous” one as follows:
GK=Gl+GY, G, =GYF_-F,G}, (A8)
where F t:ﬁ (e * w/2). A substitution of this definition into
the orthogonality condition in Eq. (A7) yields the much sim-
pler equation
GG+ GiGA =0. (A9)
Substituting Eq. (A8) into Eq. (A6) and using Eq. (A1) we

find the equation for G¢
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1
—iH,G%+iGIH_ t5s (GRGI - GIG*)
#F)G].
(A10)

=—ievA [GR(F %, - #.F ) — (F 7, —

The solution to this equation can be found by following the
procedure similar to that used above to solve for GR First,
we express H and H_ in terms of GR and G, respectively,

1\ apa
(—i§f+—>GfG°;—(—l§ +— )G“GA
2T

=—ievA [GR(F,%, - 2 F)GA).

(A11)

TF ) - (F,7, -

Then, using the orthogonality condition Eq. (A9), we elimi-
nate G* in favor of G¥

(—igk—ig" + UDGRGE
+F )G,
(A12)

=—ievA [GR(F %, - #.F_) - (F,#, -

The solution of this equation is obtained by multiplying both
sides by Gf and employing the normalization condition

(@ly=
N evA AL AR/ A A B NA
G= [F.7.—#.F_ - GXF. 7. - #.F_)G"].

§f+ §f +i/T
(A13)

Equations (A5) and (A13) are valid for I';<A, 1/ and arbi-
trary relation between A and 1/7. In the dirty limit A7<<1,
Egs. (A5) and (A13) can be, respectively, approximated as

GR = —ievA (7. - GR+.GY), (A14)

Gi=—ievA, qdF % - #F_ - GR(F % - #F_)G"].
(A15)
Substituting these equations into Eq. (A8) we find Eq. (57).
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