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We investigate the ordering of oxygen and nitrogen interstitials in hcp Zr, Hf, and Ti using the corresponding
oxygen-oxygen and nitrogen-nitrogen interactions obtained in the state-of-the-art first-principles calculations.
Two main contributions, chemical and strain induced, to the interstitial-interstitial interactions are obtained by
different techniques. We find that there is the strong repulsion between interstitial atoms at the nearest- and
next-nearest-neighbor coordination shells, which is solely determined by the chemical interaction determined
on a fixed ideal lattice, while both contributions are important for more distant coordination shells. The Monte
Carlo simulations reveal the existence of three stoichiometric compositions, MeI1/6, MeI1/3, and MeI1/2, for the
ground-state structures of interstitials, having different ordering types. Our results for the structures of oxygen
interstitials are in good agreement with existing experimental data for the Ti and Hf alloys. In the case of Zr-O
interstitial alloys, we correctly predict the general type of ordering, although the detailed structure is at
variance the experimental observations. The ordering transition temperatures in some cases are overestimated
by a factor of 2. We also predict the ordering type of nitrogen interstitials in hcp Ti, Zr, and Hf, which are
similar to those in the case of oxygen interstitials.
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I. INTRODUCTION

Interstitial solid solutions are formed when atoms of an
element having relatively small size, such as hydrogen, oxy-
gen, nitrogen, boron, or similar, occupy interstitial lattice po-
sitions between atoms of a host metal. One of the most in-
teresting and experimentally well-studied interstitial solid
solutions is an oxygen alloy in hcp Ti, Zr, and Hf. These
metals and their alloys have a wide range of technological
applications due to their outstanding properties such as high
corrosion resistance even in aggressive environment, me-
chanical strength, biocompatibility, and relatively high melt-
ing point. Zirconium is widely used in the nuclear energetics
as cladding for nuclear fuel rods due to its low absorption
cross section. The high strength-to-weight ratio of titanium
alloys makes them indispensable for aerospace and navy ap-
plications. In all these cases, oxygen interstitials play impor-
tant role in the structural stability and other properties of the
group-IV materials.

The solubility of oxygen in these metals is large: namely,
up to 33, 29, and 20 at. % of oxygen can be dissolved in the
octahedral interstitial sites �see Fig. 1� of the hcp Ti, Zr, and
Hf, respectively, at room temperature.1 The latter is a conse-
quence of the relatively large size of the octahedral sites in
the hcp lattice, so that when oxygen atoms are dissolved in
these metals, they produce relatively small lattice distortions.
This is clearly reflected in the moderate rate of the concen-
tration lattice expansion determined as 1 /a�da /dx�, where a
is the lattice constant and x is the concentration of interstitial
atoms in the interstitial sites, which is of an order of 0.02–
0.17, while, for instance, in the case of such bcc metals as V,
Nb, and Ta it varies between 0.47 and 0.69.2 In the latter
case, it results in quite restricted solubility of oxygen and
displasive transformation of the host lattice due to the oxy-
gen ordering.3

Ordered structures of oxygen interstitials in hcp Ti were
studied in the x-ray diffraction experiments by Holmberg,4

who established the low-temperature structure of TiO0.33 al-
loy ���-Ti3O�. Later, the hcp Ti-O solid solutions have been
investigated by different authors,1,5–8 using x-ray, electron,
and neutron-diffraction methods as well as by calorimetry,
and the consensus at the moment is that oxygen atoms oc-
cupy up to 50% of the octahedral sites forming at this com-
position the so-called ��-Ti2O phase below 800 K. Another
ordered phase, the so-called �� phase, is formed at lower
temperatures and low oxygen content.1 Let us note, however,
that the �� phase combines two different structures for dif-
ferent ranges of oxygen compositions, one for TiOx�1/6 and
the other for TiO1/6�x�1/3.

The ordering of oxygen interstitials in hcp Zr is quite
different: if oxygen atoms avoid each other in the nearest-
neighbor �0001� planes of the octahedral interstitial positions
in Ti, they occupy every layer in Zr. Although the solubility
of oxygen in Zr is slightly less than in Ti, about 29 at. % at
room temperature, the ordering of oxygen interstitials seems
to be less clear and more complex including the formation of
long period superstructures �LPSs�.1,8–12 Oxygen ordering in
hcp Hf is again different from that in Zr, however, it is simi-
lar to that in Ti in one respect: oxygen atoms occupy the
octahedral sites in every second �0001� layer.1,13 As in the
case of Ti-O interstitial alloys, one can distinguish two dif-
ferent types of the oxygen superstructures: one TiOx�1/6
compositions and the other one for TiO1/6�x�0.25 alloys.

In contrast to the oxygen interstitial alloys, the informa-
tion about nitrogen interstitial alloys in hcp Ti, Zr, and Hf is
very restricted and mostly concerns the solubility of nitro-
gen. For instance, nitrogen has quite restricted solubility in
Ti, which strongly depends on temperature and is about 17
at. % at 1170 K.14 The solubilities of nitrogen in Zr and Hf
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are about 20 and 30 at. %, respectively, at 800 K.15,16 There
is no information about nitrogen ordering in the interstitial
positions.

In this paper we investigate the ordering of oxygen and
nitrogen interstitials in the hcp Ti, Zr, and Hf on the basis of
first-principles calculations of the interstitial-interstitial inter-
actions and subsequent statistical thermodynamics simula-
tions. Microscopic theory of interstitial solid solutions was
developed about four decades ago by Khachaturyan �see Ref.
17 and references therein� within the concentration wave
theory. The essential ingredient of this theory is the
Krivoglaz-Kanzaki-Khachaturyan model �KKKM� for the
strain-induced interactions,18 which originate from large lo-
cal lattice distortions around interstitial atoms. It has been
believed for a long time that they, in fact, play a dominant
role in the interstitial ordering. The chemical parts of inter-
actions between interstitials were considered to be short
range and used as a fitting parameter to existing experimental
data.2,19–22

In our investigation, both of these interactions, chemical
and strain induced, will be obtained by the state-of-the-art
first-principles techniques based on density-functional theory
�DFT�.23 Let us note that the latter has become possible only
recently with the advent of computers. One of the first ab
initio investigations of the carbon-carbon interactions and the
phase stability in cubic TiCx system was performed by Ko-
rzhavyi et al.24 in 2002. The carbon-carbon interactions in
bcc Fe have been recently calculated by Domain et al.25,26

Tao et al.27 calculated the relative stability of some set of
ordered hydrogen interstitial structures in hcp Ti and Mg.

II. METHODOLOGY

A. Configurational Hamiltonian

We assume that interstitial-interstitial interactions are in-
dependent of their configuration or their distribution in the
interstitial sites, and thus their configurational energetics can
be studied within the Ising model for a two component alloy
of occupied and vacant interstitial sites. The corresponding
Hamiltonian is

H =
1

2�
p

�
i,j�p

Vp
�2��xi�xj +

1

3�
t

�
i,j,k�t

Vt
�3��xi�xj�xk + ¯ .

�1�

Here, Vp
�2� and Vt

�3� are the effective two- and three-site inter-
actions for the corresponding coordination shell, p, and tri-
angle, t; �xi=xi− �xn� is the deviation of the occupation num-
bers, where xi is from its average value, �xn�=x, and xi takes
on values 1 if site i is occupied by an interstitial atom and 0
otherwise. The concentration and volume dependence of in-
teractions are assumed here.

B. Effective interactions

The effective cluster interactions describe a response of
the system to a given rearrangement of atoms on the lattice
under given external conditions, and thus they are tempera-
ture dependent due to, for instance, contribution from the
electronic and vibrational thermal excitations, which depend
on the alloy configuration. However, we will neglect these
effects, assuming that the chemical, Vp

�2�-ch, and strain-
induced, Vp

�2�-si, interactions are dominant in this case, and
the whole effective interaction is given by their sum, Vp

�2�

=Vp
�2�-ch+Vp

�2�-si. Here, the chemical part of the effective in-
teraction is associated with certain configurational energy
due to the redistribution of the atoms in the ideal �undis-
torted� lattice positions. The subsequent local relaxations,
minimizing the elastic energy, then give rise to the strain-
induced interactions. The chemical interactions are, in gen-
eral, multisite due to the quantum-mechanical nature of the
interatomic bonding, while the strain-induced interactions
are pairwise in the �quasi�harmonic approximation for the
lattice force constants, which will be assumed in this work.

The effective interactions can be calculated by different
first-principles methods. If the pair interactions are dominat-
ing, which is the case of the systems considered in this paper,
the most straightforward way to obtain the chemical part of
the effective cluster interactions in the dilute limit is to cal-
culate the total energies of two large supercells: one where
two interstitials are in position of a given coordination shell
and the other one, where they are far enough to prevent their
interaction. The lattice positions, of course, should be fixed
and the same in both calculations. If the size of the supercell
is not large enough to provide the isolation of the two inter-
stitials, the effective cluster interaction can be obtained in
equivalent calculations of three supercell as28,29

Vp
�2� = E2,p + E0 − 2E1. �2�

Here, E0, E1, and E2,p are the total energies �per cell� of
supercells �of the same size� without interstitials, with one
interstitial atom and two interstitial atoms at the pth coordi-
nation shell. As has been mentioned, if all the atoms are in
the ideal lattice and interstitial positions, this formula yields
the chemical contribution to the effective pair interaction at
the pth coordination shell, Vp

�2�-ch. If all the atomic positions
are relaxed �note, however, that the translation vectors, i.e.,
the global geometry and the volume of the system, should be
fixed�, Vp

�2� is the total effective interaction. This means that
the strain-induced interactions can be obtained as the differ-

FIG. 1. �Color online� Octahedral sites �small spheres� in hcp
structure �large light spheres�.
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ence of Vp
�2� and Vp

�2�-ch, which is, in fact, just the difference
of relaxation energies of two impurities and a single impu-
rity,

Vp
�2�-si = E2,p

rel − 2E1
rel. �3�

There are two drawbacks of this method. First of all, it
yields interactions in the dilute limit, although, strictly
speaking, the interactions defined in Eq. �2� are concentra-
tion independent, since it is based on the total energies of the
systems having different compositions. However, in the di-
lute limit, when the size of the supercell is large enough, one
can neglect the small difference of the concentrations. The
other drawback is the fact that it can only be used for few
several nearest-neighbor interactions due to the limitations of
the size of the supercell in the total-energy calculations.

The method, which can be used as complementary in or-
der to obtain the long-range chemical effective interactions
as well as multisite interaction, is the screened generalized
perturbation method �SGPM�.30,31 The starting point in the
SGPM is the electronic structure of a random alloy for a
given composition and external conditions obtained in the
coherent-potential approximation �CPA�.32–34 As soon as it is
known, the one-electron contribution to the effective cluster
interaction of any type can be determined by using perturba-
tion technique, which leads to a simple analytical expression
in terms of multiple-scattering theory quantities known from
the corresponding electronic structure calculations. This
means that the SGPM allows one to determine any given
effective cluster interaction, pairwise, or multisite.

The main drawback of the SGPM is its reduced accuracy
in the case of alloys where either there is large charge trans-
fer between alloy components or the CPA error is too large.
The first error, however, is relevant only for the effective pair
interactions, which have an additional electrostatic contribu-
tion given by the screened Coulomb interactions.31,35 The
problem here is due to the use of the atomic sphere approxi-
mation �ASA� for the one-electron density and potential,
which is usually used in the CPA-based methods. Neverthe-
less, since the screened electrostatic interactions are usually
short range, the tail or the long-range part of the pair effec-
tive interactions is usually reproduced quite accurately.

As for the CPA error, it is system dependent. In the case
of interstitial alloys, where an alloy is formed by vacant in-
terstitial sites �vacancies� and solute atoms �oxygen, nitro-
gen�, it may be large. However, since it is related to the
so-called local environment effects in the electronic struc-
ture, it affects mostly the nearest-neighbor interactions,
where the local environment effects are mostly pronounced.
Anyway, the answer to the question if the method is appli-
cable to a particular system or not can be given only by
applying this method and checking its results, for instance,
by comparing the SGPM interactions with those obtained by
other more accurate methods. As has been demonstrated in
Ref. 24 in the study of phase equilibria in the cubic TiCx
interstitial ordered alloys, the SGPM works well in this kind
of systems.

As for the strain-induced interactions, their long-range tail
can also be estimated within the first-principles calculations
assuming that local atomic displacements are small and

thereby only harmonic contribution is important. In this case,
the force acting on a host atom due to two interstitials and
the resulting displacement can approximately be given by a
superposition of the forces and displacements produced by
each interstitial atom. Thus, using the Hellmann-Feynman
forces from the first-principles calculations of the host atoms
around a single impurity, Fi �before relaxation�, local dis-
placements of the host atoms, ui �after relaxations�, and defi-
nition �3�, one can arrive to the following equation for the
strain-induced interactions in such a superposition model
�SM�:

Vp
�2�-si = −

1

2�
i

��Fi
1 + Fi

2��ui
1 + ui

2� − Fi
1ui

1 − Fi
2ui

2� . �4�

Here, the summation is performed over all the host atoms
and Fi

1�2� and ui
1�2� are the forces and displacements induced

either by the first �1� or second �2� interstitial atom, respec-
tively.

C. Details of calculations

The supercell total-energy calculations for the chemical
and total effective pair interactions according �2� have been
performed by the projector augmented-wave �PAW�
method36 as is implemented in the Vienna ab initio simula-
tion package �VASP�.37 The generalized gradient
approximation38 has been used for the exchange-correlation
energy. The energy cutoff was 500 eV. Other details of the
supercell calculations are as follows. Two hcp supercells,
containing 54 atoms �3�3�3 hcp unit cells� and 200 atoms
�5�5�4�, have been used. The Monkhorst-Pack grid39 with
subdivisions along each reciprocal-lattice vector 2�2�2
and 6�6�6 has been used in the 200- and 54-atom super-
cell calculations, respectively. The total-energy calculations
have been carried out at theoretical equilibrium lattice con-
stants of supercells with one interstitial atom.

The theoretical lattice constants for pure metals are listed
in Table I together with the corresponding experimental
data.40 As one can see the agreement between theory and
experiment is as usual quite reasonable. In Table II we show
the concentration lattice expansion coefficients obtained in
the single-impurity calculations for the 54-atom supercell to-
gether with experimental data.40 The agreement between
theory and theoretical results is satisfactory, taking into con-

TABLE I. Experimental �room temperature� �Ref. 40� and the-
oretical �0 K� lattice parameters �in Å� of pure metals.

Ti Zr Hf

Experiment

a 2.9511 3.2321 3.1971

c 4.6843 5.1477 5.0606

Theory

a 2.9317 3.2370 3.2035

c 4.6444 5.1831 5.0589
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sideration that these coefficients should depend on the inter-
stitial configuration and they are obviously different in the
single-impurity calculation and concentrated interstitial al-
loys investigated in the experiment.

The SGPM effective interactions have been calculated by
the exact muffin-tin orbital method.41 In this case the inter-
stitial sublattice has been treated as a random alloy of inter-
stitial atoms and vacant positions using the CPA. The corre-
sponding on-site and intersite screening constants for the
screened Coulomb interactions have been obtained in the
locally self-consistent Green’s function calculations as de-
scribed in Ref. 35. The atomic sphere radii ratio of the host
and oxygen �interstitial� sublattices has been chosen to be
1.5, which minimizes the error due to the ASA by providing
the close values of the one-electron potentials of the metal
host and the empty spheres of the interstitial sites at the
atomic sphere radii. For such a ratio, the on-site screening
constant for the oxygen-vacancy alloy on the interstitial sub-
lattice was 1.0 in the single-site DFT-CPA calculations.35

Let us also note that the multipole moment correction to
the one-electron potential and energy has been used in the
calculations.35,42 As has been shown,31,35 the latter provides
the accurate configurational energetics of the alloys on the
ideal lattice as in the total-energy calculations as well as in
the case of the SGPM interactions.

III. EFFECTIVE INTERACTIONS OF INTERSTITIALS

The octahedral interstitial sites form a simple hexagonal
lattice in the hcp structure �see Fig. 1�. Detailed information
about the coordination shells of interstitial sites is given in
Table III.

A. Effective chemical oxygen-oxygen interactions

In Fig. 2 we present the chemical part of the effective pair
interactions obtained in the 200- and 54-atom supercell cal-
culations using Eq. �2� and by the SGPM. One can see that
the agreement between supercell calculations is quite good,
which means that the 200-atom supercell is large enough to
produce the quantitatively accurate results at least for the
first several coordination shells. It is also clear that both
methods produce very close results, so the SGPM can indeed

be used for the assessments of the long-range chemical ef-
fective pair interactions.

The characteristic feature of the chemical effective inter-
actions in all the systems is the large positive interactions at
the first two coordination shells, especially at the first one.
This means that oxygen atoms strongly repel each other at
the first two coordination shells, i.e., when oxygen atoms are

next to each other in the �12̄10� and �0001� planes. At the
same time, the chemical interactions are relatively short
range: more distant interactions are several orders of magni-
tude less than those at the first two coordination shells. This
validates the use of a restricted set of the effective pair in-
teractions in the configurational Hamiltonian, at least in the
cases where it does not concern the stability of long period
superstructures, whose formation can be affected by the so-
called Fermi-surface effects leading to a specific contribution
from the long-range effective interactions.

Another important point concerns the multisite effective
interactions. As has been noted, Eq. �2� is valid only if the
contribution from the multisite interactions can be neglected.
The strongest multisite interaction found in the SGPM cal-
culations is for the triangle formed by the sides, which cor-
respond to the first, second, and third coordination shells of
the octahedral interstitial positions. In TiO alloys it is about
0.63 mRy, while in ZrO and HfO it is 0.42 mRy. These
values are one order of magnitude less than the correspond-

TABLE II. Experimental �room temperature� �Ref. 40� and theoretical values �0 K� of the concentration
expansion coefficients, Lxx= 1

a
da
dx and Lzz= 1

c
dc
dx , of oxygen and nitrogen interstitial solid solutions.

Ti Zr Hf

O N O N O N

Experiment

Lxx 0.027 0.054 0.037 0.031 0.025

Lzz 0.085 0.171 0.038 0.062 0.040

Theory

Lxx 0.049 0.065 0.050 0.059 0.024 0.042

Lzz 0.084 0.087 0.034 0.024 0.103 0.104

TABLE III. Coordination shells of the octahedral interstitial
sites.

N lmn d

1 001 c /2

2 100 a

3 101 �a2+c2 /4�1/2

4 002 c

5 110 a�3

6 102 �a2+c2�1/2

7 111 �3a2+c2 /4�1/2

8 200 2a

9 201 �4a2+c2 /4�1/2

10 112 �3a2+c2�1/2
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ing pair effective interactions at the first three coordination
shells and therefore they cannot influence the ordering of
oxygen. This also means that the concentration dependence
of the effective interactions is relatively weak and the super-
cell calculations should produce reliable results for the inter-
actions.

B. Strain-induced oxygen-oxygen interactions

The results of the calculations for the oxygen-oxygen
strain-induced interactions by different methods are pre-
sented in Fig. 3. The strain-induced interactions have been
obtained in the direct calculations using Eq. �3� for the 54-
and 200-atom supercells as well as using superposition
model given by Eq. �4�. In the latter case, we have used the
forces and displacements of the host atoms up to the 13th
coordination shell, which have been determined in the
single-impurity calculations of the 200-atom supercell. It is
clear that the size of the supercell affects the strain-induced
interactions in a relatively higher degree than in the case of
the chemical interactions. This can be due to the long-range
nature of the strain effect, which appears to be much more
suppressed due to the periodic boundary conditions in the

small supercell. Nevertheless, the difference is not that large
to affect the simulation results.

One can also see that the strain-induced interactions given
by the SM are in reasonable agreement with directly ob-
tained in the supercell calculations. The only exception is the
strain-induced interactions at the first coordination shell. The
failure of the SM to produce the nearest-neighbor strain-
induced interaction is due to the fact that this model does not
take into consideration the direct elastic interaction between
interstitials themselves, which is quite large when they are
next to each other. Moreover, the superposition approach is
also violated in this case: both the displacements and forces
of the host atoms around the two close to each other inter-
stitial atoms are different from the sum of the forces and
displacements produce by each interstitial atom.

In Fig. 3 we also show the results for the strain-induced
interactions obtained by Blanter et al. in Ref. 43 within the
phenomenological KKKM,17,18,44 which has been frequently
used in the past. The force constants or dynamical matrix of
the host metal and the concentration lattice expansion coef-
ficients, related to static atomic displacements in the continu-
ous consideration, are used in this model to determine the

FIG. 2. �Color online� Chemical part of the effective pair inter-
actions of the oxygen interstitial alloys in Ti �upper panel�, Zr
�middle panel�, and Hf �lower panel� obtained in the 200- and 54-
atom supercell calculations by the PAW method and SGPM.

FIG. 3. �Color online� Strain-induced interactions of oxygen at-
oms in Ti �upper panel�, Zr �middle panel�, and Hf �lower panel�
obtained in the 200- and 54-atom supercell calculations from Eq.
�3� as well as in the SM and phenomenological KKKM �Ref. 43�.
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strain-induced interactions. All these parameters are deduced
from the available experimental data.43 It is clear that the
KKKM does not describe properly the strain-induced inter-
actions in these alloys. Of course, it does not mean that it is
not valid at all because the presented results are specific for
the approximations and assumptions adopted in Ref. 43.
However, this result shows that one really needs a first-
principles theory when it comes to quantitative modeling of
the interatomic interactions.

In contrast to the chemical part of the effective pair inter-
actions, the strain-induced interactions are negative at the
first two coordination shells; i.e., the local lattice relaxations
around two interstitial atoms in the corresponding positions
lead to their mutual attraction. However, it is clear that it is
much weaker than the strong chemical repulsion. One can
also see that the strain-induced interactions decay very
slowly with the distance giving a substantial contribution to
the effective pair interactions at the distant coordination
shells.

C. Total effective interactions of oxygen and nitrogen
interstitials

The first seven total effective pair interactions of oxygen
interstitials obtained in the PAW supercell calculations are
shown in Table IV. One can see that the size of the supercell
has a pronounced effect on the interactions starting from the
third coordination shell, which is especially large in the case
of the Ti-O interstitial alloys. In the case of the Zr-O alloys,
the interaction at the third coordination shell is positive in
the 54-atom supercell calculations �repulsion of interstitial
atoms�, while it is negative �attraction of the interstitial at-
oms� in the 200-atom supercell calculations. Such a depen-
dence on the size is mainly due to the strain-induced inter-
actions. Unfortunately, we could not use larger supercells
due to exceeding computational demands. Nevertheless, the
observed differences are not so dramatic. In particular, we
find the same ground-state structures in Zr-O alloys indepen-
dently if we use the 54-atom or 200-atom supercell interac-
tions. Thus, we believe that the 200-atom supercell interac-
tions should produce a qualitatively correct picture of the
interstitial ordering.

In order to test the effective pair interactions, we have
calculated the oxygen activity coefficients in hcp Hf using

the 200-atom supercell interactions. The results are presented
in Fig. 4 together with the experimental data from Refs. 45
and 46. The calculations have been done by the method de-
scribed in Refs. 47 and 48. The theoretical and experimental
values of the oxygen activity are normalized by the maximal
experimental oxygen activity, aexp

max, for the maximum inves-
tigated oxygen concentration in the interstitial sites, 21 at. %.
It is clear that the agreement between theoretical and experi-
mental data is very good. Similar results have also been ob-
tained for the oxygen activity in hcp Zr and Ti, although the
agreement with the experimental data was slightly worse.

The effective interactions of nitrogen interstitial alloys ob-
tained in the 200-atom supercell calculations are shown in
Table V. They exhibit the behavior very similar to that ef-
fective interactions in oxygen interstitial alloys: a very strong
repulsion at the first two coordination shells and quite strong
attraction for the more distant coordination shells. This
means that the nitrogen atoms in group-IV metals should
form ordered structures similar to those formed in the oxy-
gen alloys.

IV. INTERSTITIAL ORDERING

The effective pair interactions obtained in the 200-atom
supercell calculations have been used in the Monte Carlo
simulations in order to determine the ordered structures and
transition temperatures of the oxygen and nitrogen intersti-
tials. In doing so, we have neglected the following effects:

TABLE IV. Effective pair interactions �in mRy�, Vp
�2�, of oxygen

interstitial alloys in hcp Ti, Zr, and Hf obtained in the 200-atom
supercell calculations. The values in parentheses are from the 54-
atom supercell calculations.

N lmn Ti-O Zr-O Hf-O

1 001 38.00 �42.47� 34.85 �30.16� 34.06 �34.54�
2 100 6.48 �7.54� 8.84 �8.86� 10.74 �10.27�
3 101 2.28 �4.29� −1.67 �0.72� 1.97 �4.02�
4 002 −3.68 �−2.72� −2.18 �−2.43� −3.93 �−4.67�
5 110 −3.86 �−2.76� −2.58 �−2.22� −1.23 �−0.76�
6 102 −3.02 �−1.50� −1.87 �−1.90� −1.33 �−2.08�
7 111 −1.82 �0.13� −0.41 �−0.51� 0.07 �−0.21� FIG. 4. Comparison of the calculated �solid line� and experi-

mental �filled squares� oxygen activity in hcp Hf.

TABLE V. Effective pair interactions �in mRy�, Vp
�2�, of nitrogen

atoms in hcp Ti, Zr, and Hf.

N lmn Ti-N Zr-N Hf-N

1 001 31.10 31.10 25.59

2 100 1.84 5.34 5.62

3 101 −0.78 −1.46 0.40

4 002 −1.11 −0.58 −1.01

5 110 −2.10 −1.56 −1.62

6 102 −1.79 −0.76 −1.78

7 111 −1.01 −0.46 −0.95
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�1� the renormalization of the interactions due to thermal
lattice expansion; �2� the contribution to the configurational
thermodynamics from lattice vibrations; and �3� the concen-
tration dependence of the effective interactions, which com-
bines two effects: the concentration lattice expansion and
electronic structure renormalization. Besides, the results,
which will be presented below, are obtained without the mul-
tisite effective cluster interactions and long-range effective
pair interactions obtained by the SGPM and SM.

In fact, we have found that the multisite and long-range
effective pair interactions may change the transition tempera-
tures within 10–15 %. However, the ordered structures re-
main the same, which means that the first seven interactions
reproduce the qualitative picture of the ordering. Let us note
that the long-range effective pair and multisite interactions
contribute in some way to the effective pair interactions ob-
tained in the supercell calculations. This means that a special
care should be taken to include the interactions obtained by
different methods. The neglect of the thermal and concentra-
tion lattice expansions should lead to the overestimation of
the ordering temperatures. However, the accurate description
of the phase equilibria, including the phase diagrams of these
systems, requires the calculation of the free energy of differ-
ent phases and it is beyond the scope of the present paper.

The Monte Carlo calculations have been done for several
different occupations of the interstitial sites, including 1/6,
1/3, and 1/2, which correspond to the stoichiometric compo-
sitions of the observed ordered structures. The size of the
supercell has been varied from 12�12�12��2� to 24
�24�24��2�, but it has little effect on the transition tem-
peratures and no effect on the resulting ground-state struc-
tures.

A. Oxygen ordering

In Fig. 5–7 we show the ground-state ordered structures
of oxygen and nitrogen interstitials in the IVB transition met-
als determined in the Monte Carlo calculations. In the case of

oxygen interstitials, the theory reproduces all the experimen-
tally known ordered structures in the hcp Ti and Hf �Refs. 1
and 6�: TiO1/6, TiO1/3, TiO1/2, HfO1/6, and HfO1/3. The occu-
pation of the interstitial sites in these structures can be un-
derstood in terms of the competition between different effec-
tive pair interactions and the availability of the interstitial
positions, which changes with the oxygen concentration.
There is, however, one common feature for all the structures:
the nearest-neighbor interstitial positions of oxygen atoms
are vacant. This is apparently due to the extremely strong
repulsion of oxygen and nitrogen atoms at the first coordina-
tion shell, which has been identified above as “chemical”
effect.

One can notice that the oxygen ordered structures in Zr
are different from those in Ti and Hf. This is mainly due to
the effective interaction at the third coordination shell, which
is negative, i.e., attractive, in Zr, while it is positive and
relatively large in Ti and Hf. The possibility of oxygen atoms
occupy the third coordination shell in Zr results in the ap-
pearance of oxygen atoms in every �0001� layer, which con-
trasts with the ordering of oxygen in Ti and Hf, where they
occupy only every second layer.

The calculated ground-state structure of ZrOx alloys for
x�1 /3 is given by a mixture of pure Zr and ZrO1/3 �b�
shown in Fig. 6. At the same time, as has been found in the
neutron-diffraction study by Arai and Hirabayashi,10 the
structure of ZrO1/6 is isomorphic with that of TiO1/6 �Fig.

FIG. 5. �Color online� The ground-state structures of the MeI1/6
interstitial alloys. Only interstitial positions are shown. Filled sym-
bols are oxygen atoms in the interstitial positions.

FIG. 6. �Color online� Ground-state structures of MeI1/3 inter-
stitial alloys.

FIG. 7. �Color online� Ground-state structures of MeI1/2 inter-
stitial alloys.
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5�a��. However, the neutron-diffraction pattern consists of
peaks related to the TiO1/6 as well as to the ZrO1/3 �b� struc-
tures; i.e., oxygen atoms do not form homogeneously or-
dered structure. This discrepancy between the theory and ex-
periment is most probably due to the fact that the sensitivity
of effective interaction at the third coordination shell basi-
cally determines the stability of ZrO1/3 �b� structure to the
details of the calculation, such as the size of the supercell.
Since this interaction is relatively small, it can also be af-
fected by different factors such as concentration or lattice
parameter. The lattice vibrations can also be important for
the accurate thermodynamic simulations in this case.

Let us note that it is very difficult �we have not been
actually able� to produce the ZrO1/3 �b� structure, presented
in Fig. 6�b� in the Monte Carlo simulations. The resulting
structure is a combination of the ZrO1/3 �b� structure but with
alternating sequences of oxygen layers, ABC and ACB, di-
vided by the “antiphase” boundary, ZrO1/3 �c�, presented in
Fig. 6�c�. In Fig. 8 we show the snapshot obtained in one of
the Monte Carlo simulations. This is, in fact, in agreement
with the existing experimental data,8 according to which the
LPS of this type exists for the oxygen occupation close to
this composition with a relatively short period, about several
layers. At the same time, the theoretical period strongly de-
pends on the computational details, reflecting that it is non-
equilibrium nature. It is quite possible that the accurate the-
oretical description of the LPS requires the use of not only

more accurate models for the effective interactions but also
consideration of the specific inhomogeneous lattice distor-
tions due to the existence of the “antiphase boundaries.” If
the oxygen composition in the octahedral sites exceeds 1/3,
an additional structure precipitates in the Monte Carlo simu-
lations, ZrO1/2, as shown in Fig. 7�b�.

In Table VI we show the calculated transition tempera-
tures for five oxygen alloys. The transition temperatures are
about twice as high as experimental data for the interstitial
oxygen alloys in Ti. There can be many reasons for such
spectacular disagreement. Among them is the neglected vi-
brational contribution in this work, which can be quite large
due to small mass of interstitials. We also use zero-
temperature theoretical values for the lattice parameters,
which take into consideration neither thermal lattice expan-
sion nor quite strong concentration lattice expansion existing
in these alloys. Let us note in this respect that the negative
�attractive� effective interactions have the strongest effect on
the ordering temperature. It is quite clear if one compares the
transition temperatures and effective interactions for Ti and
Hf: the strongest repulsive interactions at the first coordina-
tion shell are practically the same. This means that the tran-
sition temperature is strongly affected by the sign and the
values of more distant interactions. Let us also note that the
case of the MeO1/3 alloys, two ordering transitions, occurs,
which is in agreement with existing experimental and theo-
retical analyses.

B. Nitrogen ordering

As has been mentioned, the effective interactions in the
nitrogen alloys �see Table V� are similar to those in oxygen
alloys. In particular, the effective interactions at the first and
second coordination shells are very strong and repulsive,
while the interactions at more distant coordination shells are
attractive. The interactions at the third coordination shell are
now negative �attractive� in the Ti-N and Zr-N interstitial
alloys and positive in Hf-N. This means that the ordering of
nitrogen in Ti and Zr should be similar to that of oxygen one
in Zr. This is indeed the case, as one can see in Figs. 5–7,
where we show the ground-state structures of nitrogen inter-
stitial solid solutions in hcp Ti, Zr, and Hf obtained in the
Monte Carlo simulations. As in the case of ZrO system, there
are no stable stoichiometric ordered structures in TiN1/6 and
ZrN1/6: their ground state is formed by the mixture of pure
metals and TiN1/3 and ZrN1/3, which have exactly the same
structure as ZrO1/3.

FIG. 8. �Color online� A snapshot of a low-temperature structure
of ZrO1/3 obtained in the Monte Carlo simulations. Filled symbols
are oxygen atoms in the interstitial positions.

TABLE VI. Order-disorder transition temperatures �in K� of
oxygen interstitials.

Phase Theory Experiment

TiO1/6 1200 700

TiO1/3 2120; 1300 780; 850

TiO1/2 2860

ZrO1/3 1430; 900 810

HfO1/6 600 730

HfO1/3 1300; 860
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In this respect, it is interesting to consider the nitrogen
ordered structures in Hf. Up to 30 at. % of nitrogen can be
dissolved in Hf, however, there is no experimental informa-
tion about ordered phases. The effective pair interaction at
the third coordination shell is positive in this case, and, as a
result, the ground-state structure of HfN1/6 is the same as in
the case of TiO1/6. However, the ground-state structure of
HfN1/3 is equivalent to that of ZrO1/6, where oxygen atoms
occupy every �0001� plane of the interstitial positions. This is
of course due to the fact that the value of the interaction at
the third coordination shell is quite small, so it does not play
the decisive role in the final energy balance.

Finally, In Table VII we show the transition temperatures
for the ordered nitrogen interstitials. In the case of MeN1/3
compositions, two ordering transitions are observed in the
Monte Carlo simulations. Let us note, however, that the heat
capacity has a very shallow maximum at the high-
temperature transition, unusual for the usual phase transi-
tions. Obviously, an additional investigation is needed to

clarify the details of this phenomenon, which is beyond the
scope of the present investigation.

V. CONCLUSIONS

The ordering of interstitial oxygen and nitrogen in hcp Ti,
Zr, and Hf has been investigated theoretically in the statisti-
cal thermodynamics simulations by the Monte Carlo method
with the effective interactions obtained in the state-of-the-art
first-principles calculations. For oxygen interstitial alloys, we
obtain all the experimentally observed ordered structures but
ZrO1/6, for which the experimental information is actually
not certain. There is no experimental information about or-
dered structures in nitrogen interstitial alloys, and we predict
that nitrogen ordering should be similar to that of oxygen.

Although it is clear that the obtained interactions provide
physically correct picture of the ordering phenomena, an ad-
ditional investigation is needed to find the role of concentra-
tion and temperature dependence of the interactions, as well
as vibrational effects. The calculations, which take these ef-
fects into consideration, can finally lead to the complete and
accurate theoretical description of the phase equilibria in
these systems.
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