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Static equation of state of bcc iron
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Body-centered-cubic (bcc) iron is one of the most investigated solid-state systems. Using four different
density-functional methods, we show that there is a magnetic transition close to the ground-state volume of bcc
Fe, which originates from the particular magnetic band structure. The common equation of state functions,
used to determine the basic ground-state physical quantities from the calculated total energies, cannot capture
the physics of this magnetic transition leading to serious underestimation of the Fe bulk modulus. Ignorance of
the magnetic transition found here is reflected by large scatter of the published theoretical bulk moduli of
ferromagnetic bec Fe. Due to the low performance of the exchange-correlation functionals, most of the erro-
neous results are accidentally in good agreement with the experimental values. The present finding is of
fundamental importance, especially taking into account that bcc Fe is frequently used as a test system in
assessing the performance of exchange-correlation approximations or total-energy methods.
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The exact form of the exchange-correlation (XC) density
functional is not known. The most common approximation,
the local-density approximation, has been remarkably suc-
cessful in many applications, but fails for some systems, e.g.,
transition metals and transition-metal oxides. Significantly
better agreement between experiment and theory for the ba-
sic ground-state properties of transition metals was achieved
by introducing gradient corrections, which led to the gener-
alized gradient approximation (GGA) (Refs. 1-6) or to the
subsystem functional.””!!" However, it is still difficult to de-
scribe all kinds of solids satisfactorily with a particular
exchange-correlation functional.!>'# Therefore, alternative
functionals are continuously designed and taken into use. It
is very important to test the accuracy of these approxima-
tions by using well-established test systems. The same ap-
plies also when assessing the performance of newly devel-
oped electronic-structure methods.

The bec iron (a-Fe) is one of the most severe test
systems.!>!15-19 This is due to the enormous significance of
Fe in numerous technological applications, but also to the
challenges related to magnetism and open 3d electronic
shell. The most basic physical quantities considered when
assessing the performance of an ab initio approach are the
ground-state volume [described here by the equilibrium
Wigner-Seitz radius (Rws)] and bulk modulus (B). The
ground-state properties of ferromagnetic bcc Fe have been
investigated by different groups using various first-principles
methods. A few representative results are listed in Table I for
two common density-functional approximations: Perdew-
Wang-91 (PWO91) (Ref. 3) and Perdew-Burke-Ernzerhof
(PBE).* The theoretical Rysg are basically close to each other.
The agreement with the experimental equilibrium radii is
also satisfactory, although it is well known that both GGA
functionals underestimate slightly the ground-state volume
of Fe. However, it is interesting that the bulk moduli from
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different authors scatter significantly (from 144 to about 215
GPa, in comparison with the experimental values from about
160 to about 170 GPa), even when the same computational
tool and exchange-correlation approximation was adopted.

In this Brief Report, we investigate the static equation of
state of ferromagnetic bcc Fe using four different first-
principles methods. We show that the inconsistency of the
bulk moduli from different calculations originates from a
volume-induced magnetic transition taking place at about 2%
lattice expansion.

The four employed density-functional methods are the ex-
act muffin-tin orbitals (EMTO) method,'’>® the projector
augmented wave method'®>7 as implemented in Vienna ab
initio simulation package®®®! (VASP), a pseudopotential
method® (CASTEP), and the augmented plane-wave plus lo-
cal orbitals method® (WIEN2K). Below we briefly describe
the most important numerical details for each of these tools.
Calculations were carried out within the scalar-relativistic
approach and employed the PBE generalized gradient ap-
proximation for the exchange-correlation functional.* In
EMTO calculations, we used spdf basis set and 29 X?29
X 29 uniformly distributed & points in the irreducible Bril-
louin zone. The self-consistent calculations were performed
within the soft-core approximation and the total energy was
obtained from the self-consistent charge density using the
full charge-density technique'’%* In VASP, CASTEP, and
WIEN2K calculations, Brillouin zone sampling was performed
by the Monkhorst-Pack scheme.® In VASP, the chosen plane-
wave cut-off energy (700 eV) and k mesh (49 X49X49 k
points) lead to convergence in total energy within 0.1 meV
per atom. The CASTEP calculations were run through the Ac-
celrys Materials Studio Modeling 4.2 interface by using the
ultrasoft pseudopotential. The same cut-off energy and k
mesh were used to sample the Brillouin zone as in VASP. In
WIEN2K calculations, the plane-wave cut-off energy was 306
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TABLE 1. Equilibrium Wigner-Seitz radius (Rws, in Bohr’s radius ag) and bulk modulus (B, in GPa) of ferromagnetic bce Fe from
theoretical and experimental data. The different gradient-corrected XCs are the PBE (Ref. 4) and PW91 (Refs. 3 and 6). Details about the
employed theoretical tools can be found in the corresponding references.

Method  XC Rws (ag) B (GPa)
Theory FLAPW PBE 2.634 (Ref. 20), 2.634 (Ref. 21), 2.635 (Ref. 22), 186 (Ref. 20), 194 (Ref. 21), 200 (Ref. 22), 186 (Ref. 23),
2,643 (Ref. 23), 2.652 (Ref. 24), 2.636 (Ref. 16) 188 (Ref. 24), 198 (Ref. 16)
FLAPW PWO91 2.630 (Ref. 25), 2.637 (Ref. 26), 2.642 (Ref. 27), 186 (Ref. 25), 189 (Ref. 26), 174 (Ref. 27), 172 (Ref. 28),
2.662 (Ref. 28), 2.660 (Ref. 29) 169 (Ref. 29)
PAW  PBE 2.634 (Ref. 15) 185 (Ref. 15)
PAW  PW9I 2.631 (Ref. 30), 2.634 (Ref. 31), 2.641 (Ref. 32), 194 (Ref. 30), 174 (Ref. 31), 172 (Ref. 32), 174 (Ref. 18),
2.634 (Ref. 18), 2.671 (Ref. 33) 176 (Ref. 33)
US-PP  PW91 2.657 (Ref. 34), 2.650 (Ref. 35), 2.653 (Ref. 18) 160 (Ref. 34), 176 (Ref. 35), 151 (Ref. 18)
US-PP  PBE 2.699 (Ref. 36) 144 (Ref. 36)
US-AE  PWO1 2.634 (Ref. 18) 175 (Ref. 18)
FPKKR PW91 2.630 (Ref. 25), 2.645 (Ref. 37) 188 (Ref. 25), 184 (Ref. 37)
MEAM PWI1 2.665 (Ref. 38) 173 (Ref. 38)
LMTO PWO1 2.639 (Ref. 39), 2.689 (Ref. 40) 176 (Ref. 39), 215 (Ref. 40)
FPLMTO PBE 2.617 (Ref. 41) 201 (Ref. 41)
EMTO PBE 2.640 (Ref. 42) 194 (Ref. 42)
Expt. 2.668 (Ref. 43), 2.668 (Ref. 44), 2.666 (Ref. 45), 173 (Ref. 43), 167 (Ref. 44), 169 (Ref. 45), 172 (Ref. 46),

2.661 (Ref. 46), 2.671 (Ref. 47), 2.662 (Ref. 48), 168 (Ref. 47), 170 (Ref. 48), 172 (Ref. 49), 172 (Ref. 50),
2.667 (Ref. 49), 2.667 (Ref. 50), 2.671 (Ref. 51), 168 (Ref. 51), 159 (Ref. 52), 170 (Ref. 53), 166 (Ref. 54),

2.666 (Ref. 52), 2.670 (Ref. 53), 2.669 (Ref. 54),

2.662 (Ref. 55)

172 (Ref. 55)

eV and the Brillouin zone was sampled by 28X28X28
k-point mesh. The muffin-tin radius was set to 2.0 Bohr’s
radius (ag). The EMTO, VASP, CASTEP, and WIEN2K total
energies were computed for atomic radii R=2.50ag—2.80ay
with an interval of 0.01ag.

The Rysg and B are usually determined by fitting the cal-
culated total energies to some equation of state function. The
Murnaghan, Morse, and Birch-Murnaghan (B-M) forms are
the most commonly used fitting functions.®~70 It is well
known that the bulk modulus is very sensitive to the data
used and to the employed equation of state. In our study, all
three mentioned fitting functions have been used to evaluate
the Rys and B of ferromagnetic bee Fe. It was found that the
B-M function is the best and most adjusting function of these
fitting functions as it leads to the smallest scatter of the bulk
modulus for different fitting intervals. Therefore, in Table II
we present Ryg, B, and the standard deviation (o) from the
B-M fitting for different sets of data points in Table II.

For all four first-principles methods adopted here, the
equilibrium Rwg and B remain almost constant when using
the data points between R=2.50ag—2.65a5 and R
=2.50ag—2.70ag. Namely, using the fitting interval below
2.70ag generates the smallest equilibrium Ryyg, largest B, and
smallest standard deviation o. When we include the energy
points beyond 2.70ay (fitting intervals R=2.50ag—2.75ap
and R=2.50ag-2.80ag) we find that Rysg increases slightly
but B decreases significantly. The marked increase of o in-
dicates that the fitting quality becomes worse when the en-
ergies calculated for R=2.70ay are also included. We as-
cribe the pronounced change in the bulk modulus of
ferromagnetic bce Fe to a volume-induced magnetic transi-
tion near 2.70ag.

In order to understand the above data-set-dependent equa-
tion of state of bee Fe, we investigated the magnetic moment
of ferromagnetic bee Fe as a function of the volume (Fig. 1,
left axis). It is noted that there is a well-distinguished jump
in the magnetic moment around 2.7ag. Such a jump influ-
ences the total energy and makes the data points with
R>2Tap deviate from the equation of state determined by
the rest of the data points (R<<2.7ag). In Fig. 1 (right axis)
the calculated (VASP-PBE) total energies are shown along
with the B-M fits for intervals 2.5ag—-2.7ag and
2.5ag—-2.8ag. The fit on the data points between
2.5ag—2.7ag reproduces rather well the calculated total en-
ergies. However, the fit including all points between
2.5ag—-2.8ay clearly underestimates the total energies at both
low (around 2.55ay) and high (around 2.7ag) volumes, re-
sulting in a reduced bulk modulus as compared to the first fit
function. Fixed spin calculations were also performed within
the 2.7ag—2.8ay interval using the estimated moments ob-
tained by extrapolating linearly the magnetic moments from
the interval R=2.60az—2.68ag. These additional results (not
shown) indicate that indeed the sudden increase in the mag-
netic moment significantly affects total energy. Finally, we
note that similar calculations were carried out using the
Ceperley-Alder”! LDA functional parametrized by Perdew
and Zunger’? and the PW91 (Refs. 3 and 6) GGA functional.
These results demonstrate that the same phenomenon is
found also by other exchange-correlation functionals but the
suitable energy range for fitting depends slightly on the em-
ployed functional.

The implication of our findings is that, due to the mag-
netic transition around R=2.7ag, the total energies should be
fitted using the values obtained for volumes smaller than this
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TABLE II. Equilibrium Wigner-Seitz radius (Rys, in ag), bulk
modulus (B, in GPa), and standard deviation (o) for ferromagnetic
bee Fe obtained by the theoretical tools (EMTO, VASP, WIEN2K, and
CASTEP). The equation of state was determined using the Birch-
Murnaghan fitting function for data points calculated between
2.50ag-2.65ag, 2.50ap-2.70ag, 2.50ag-2.75ag, and
2.50ag-2.80ag, respectively.

Method 2.50-2.65 2.50-2.70 2.50-2.75 2.50-2.80
Rys
EMTO 2.640 2.640 2.643 2.645
VASP 2.642 2.642 2.644 2.646
WIEN2K 2.636 2.635 2.636 2.638
CASTEP 2.618 2.618 2.620 2.621
B
EMTO 190.72 189.67 179.84 171.37
VASP 187.03 187.48 179.91 171.91
WIEN2K 192.46 193.78 188.99 179.78
CASTEP 213.42 212.98 200.18 191.67
g
EMTO 0.000009 0.000012 0.000142 0.000213
VASP 0.000009 0.000009 0.000117 0.000192
WIEN2K 0.000011 0.000014 0.000084 0.000202
CASTEP 0.000017 0.000028 0.000173 0.000232

critical value. This is because the commonly used fitting
functions cannot capture the above magnetic transition. It is
important to realize that the improved agreement between
the experiment and theory for B when including the larger
volumes is only accidental. This can simply be understood
by considering the equilibrium volume. The calculated Ryyg
for bee Fe (static conditions) is slightly smaller than the ex-
perimental Ryyg. Therefore, one would expect slightly larger
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FIG. 1. (Color online) Magnetic moment per atom (in ug, solid
symbols connected with solid lines, left axis) and total energy (in
mRy, open squares, right axis) of ferromagnetic bee Fe as a function
of the atomic radius R (in ap). The magnetic moments were ob-
tained by the EMTO, vASP, WIEN2K, and CASTEP methods and the
total energy by the VASP method. The corresponding B-M fits are
shown for the intervals 2.5ag—2.7ag (black dashed line) and
2.5ag-2.8ag (red solid line).
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FIG. 2. (Color online) Upper panel: theoretical (VASP) spin-
resolved DOS of ferromagnetic bec Fe at three different volumes,
R=2.65ap (green dashed line), R=2.70ag (blue solid line), and
R=2.75ag (red dashed-dotted line). Lower panel: band structure of
the majority and minority spin channels for R=2.65ag (green solid
circles) and R=2.75ay (red open squares).

B compared to the experiment, which is indeed the case, if B
is calculated properly by considering only the volumes be-
low the magnetic transition.

An explanation for the observed magnetic transition can
be found in the electronic structure of bec Fe by monitoring
the density of states (DOS) around the Fermi energy (Ep).
Figure 2 (upper panel) shows the spin-resolved DOS for the
ferromagnetic bcc Fe for R=2.65ap, 2.70ag, and 2.75ag.
With increasing volume the exchange splitting increases,
shifting the Fermi level toward larger (smaller) energies
within the majority (minority) bands. Indeed, one can see
that around R=2.7ag, Ef hits the bottom of the pseudogap in
the minority DOS [N*(E)] and reaches the shoulder of the
majority DOS [N'(E)]. Therefore, by increasing the radius
beyond ~2.7ag, N'(Ep) rapidly increases resulting in de-
creasing occupation in the minority channel. At the same
time, N'(Ep) experiences a drop from shoulder to bottom,
which is accompanied by a small increase in the majority
occupation number. The combined effects lead to a sudden
increase in the magnetic moment, in line with Fig. 1. A de-
tailed analysis of the band structures of bcc Fe indicates’?
that the above transitions occur in the minority 75, band near
the I' point and majority 7,, band near the P point. The
calculated (VASP-PBE) energy bands are shown for the high-
symmetry k directions in Fig. 2 (lower panel). As the volume
increases the width of the valence band decreases due to
decreased interatomic interaction, which leads to the occupa-
tion of the minority spin band near the I" point and deoccu-
pation of the majority spin band near the P point at Ey.

We have shown that the choice of the fitting interval

132409-3



BRIEF REPORTS

affects strongly the calculated bulk modulus of bee Fe, which
is in this respect more sensitive quantity than the volume.
This is due to the magnetic transition found around
R=2.7ag. Such magnetic transition is explained by the spin-
resolved density of states specific to ferromagnetic bcc Fe.
Our finding explains the large scatter found in the values of
B in literature and has remarkable implications concerning,
e.g., the test use of the bee Fe. The better agreement obtained
between the experimental and theoretical bulk moduli by in-
cluding the volumes above the volume of the magnetic tran-
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sition onset is artificial and erroneous and reflects the inac-
curacies of the best-performing exchange-correlation energy
functionals for Fe and other 34 transition metals.
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