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We have measured second-harmonic generation �SHG� from graphene and other graphitic films, from two
layers to bulk graphite, at room temperature; all samples are mounted on a 300 nm oxide layer of a Si�001�
substrate. With 800 nm, 150 fs fundamental pulses, the anisotropic response was recorded for combinations of
p-, s-, and diagonally polarized fundamental and second-harmonic beams as the samples were rotated about
their normal. Graphene samples display SHG signatures only slightly different from that of the bare substrate
which shows SHG with fourfold rotational symmetry. All other layered systems show threefold symmetry,
although the ratio of isotropic to anisotropic response varies with the number of layers. A model based on linear
light propagation in layered media with interface dipole and bulk quadrupole SHG sources is presented for the
analysis. We show that data from all layered samples can be understood in terms of well-known linear optical
properties, the SHG response of the bare substrate and four independent, complex nonlinear dipole suscepti-
bility tensor elements of the graphene/air interface.
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I. INTRODUCTION

In the last few years, there has been intense research into
graphene and few-layer graphitic films �hereafter referred to
collectively as C-films�, both to study fundamental physics
and to develop new nanoelectronic devices. Since one can
easily obtain C-films with any integer number of layers, they
offer a unique opportunity to determine how nonlinear opti-
cal properties of a layered system evolve, in this case from
atomically thin graphene to bulk graphite. In this paper, we
report experimental results for second-harmonic generation
�SHG� from this family of layered materials, all mounted on
an oxidized Si�001� substrate. With a 800 nm, 150 fs funda-
mental beam, the SHG is measured as a function of azi-
muthal rotation angle of the sample. A model based on linear
light propagation in a layered system with interface dipole
and bulk quadrupole sources is developed and used to ana-
lyze the SHG behavior.

Graphene is an atomically thin layer of hexagonally ar-
ranged carbon atoms. When stacked in a Bernal �AB� ar-
rangement, it forms natural graphite. Here, we use microme-
chanical exfoliation to make graphene and other C-films.
This involves mechanically cleaving flakes of natural graph-
ite �e.g., using tape�, and depositing them on a substrate,
silicon with a layer of SiO2, which makes the graphene
visible.1,2 This technique typically generates C-films tens of
microns across. Exfoliated graphene and multilayered films
are nearly defect free, and are only weakly bonded to the
substrate.3 However, exfoliated samples are generally only
useful for fundamental science research due to the small
sizes of the samples produced, as well as the inability to
control the film thickness. Multilayer graphene of large area
can be made using an epitaxial growth technique, involving
the vacuum graphitization of SiC at high temperatures.4,5

This typically generates 5–40 layers of graphene, although
there is usually a non-negligible degree of disorder/defects in
the lattice; the stacking arrangement is not hexagonal-Bernal,
and the layer next to the SiC is often doped �metallic�.

Several optical techniques are commonly used to obtain
the properties of C-films. Graphene absorbs �2% of near-

infrared and visible light, making it difficult to detect opti-
cally. When placed on a layered substrate �e.g., 300 nm SiO2

on Si as is used here�, interference effects make few-layer
C-films optically visible, and the number of layers may be
determined exactly for sufficiently thin samples.1,2 Raman
spectroscopy is also commonly used to discriminate between
one, two, and three layers, and also to characterize defects.6,7

Optical pump-probe techniques have been used to analyze
the carrier cooling dynamics of photoexcited carriers in both
epitaxial and exfoliated graphene.8,9

Nonlinear optical processes are known to provide insight
into material properties, such as structural symmetry or band
structure.10–14 A notable example is the use of SHG to probe
surfaces of centrosymmetric media. Because dipolar SHG is
symmetry forbidden in the bulk of such media, the two
dominant contributions are a surface-dipole-induced SHG,
and a bulk-quadrupole contribution. The surface dipole con-
tribution is often stronger, thus making SHG a useful surface
probe of structural, charge transfer, and adsorbate effects.
There has been little experimental investigation into the non-
linear optical properties of graphene and other C-films. How-
ever, as we have shown earlier, SHG from graphene mounted
on an oxidized silicon substrate shows strikingly different
symmetry characteristics than that from bilayer or bulk
graphite.15 In this paper, we offer a comprehensive set of
results from SHG experiments on the family of C-films
mounted on an oxidized Si substrate and a theoretical analy-
sis of those results. The SHG intensity depends on the num-
ber of layers, the polarizations involved, and azimuthal angle
of sample rotation. Using known linear optical properties and
film thickness, we show that all results can be understood in
terms of four complex dipolar nonlinear susceptibility tensor
elements that govern the graphene/air interface.

The remainder of this paper is organized as follows: the
following section gives the theoretical basis for describing
SHG from a C-film /SiO2 /Si multilayer system, Sec. III de-
scribes the experimental setup used to observe SHG from the
family of layered systems while Sec. IV gives the experi-
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mental results and the extracted graphene/air surface dipolar
tensor elements. This is followed by some conclusions.

II. SURFACE SHG THEORY

The samples we consider theoretically and experimentally
consist of C-films of various layer thickness mounted on a
300 nm SiO2 layer on a Si�001� substrate in air at room
temperature. Although there may be some degree of surface
roughness to the C-film and substrate, the substrate is known
to be smooth at the scale of the wavelengths involved, and it
is assumed that the C-film conforms to the substrate surface.
We therefore treat all samples as being optically flat. A laser
beam with frequency �, which is incident on a sample at an
angle �, generates second-harmonic polarization sheets
through dipolar effects at all interfaces �above the C-film,
between the C-film and the SiO2, and between the SiO2 and
the Si�. There is possibly a bulk quadrupolar contribution
from the C-film and a similar contribution from the Si. How-
ever, in the latter case since we do not intend to examine the
SHG from the substrate in detail, all SHG from the substrate
will be treated phenomenologically as originating from the
top of the Si, generated by the downward propagating field
immediately above the Si.

Depending on the crystal symmetry involved, it can be
difficult to separate the surface and bulk contributions.
Graphite is in the D6h

4 space group; it has a threefold axis of
symmetry, as well as a sixfold screw axis �a vertical shift of
one layer spacing, followed by a 60° rotation leaves it un-
changed�. Therefore, the surface has threefold rotational
symmetry �C3v� while the bulk effectively has sixfold rota-
tional symmetry. A rank-3 tensor �nonlinear susceptibility as-
sociated with dipole-induced SHG� can be sensitive to a
threefold rotational symmetry whereas a rank-4 tensor �non-
linear susceptibility associated with quadrupole-induced
SHG� is not sensitive to a sixfold rotational symmetry.
Therefore, any bulk-quadrupole contribution to the SHG
from the bulk of a C-film is isotropic with respect to an axial
rotation. Furthermore, it is known that under either p- or
s-polarized illumination, there is no isotropic s-polarized
bulk quadrupole SHG.11 Finally, any bulk contribution scales
with the sample thickness, and therefore approaches zero in
the thin-film limit. In our analysis, the bulk contribution is
assumed to be significantly smaller than the surface and in-
terface contributions, and is ignored. A failure in this ap-
proximation would manifest itself as a discrepancy between
the theory and experimental results for thicker samples. We
come back to this assumption below.

To describe all the interface SHG contributions, we use
the transfer matrix method and Green’s function formalism
suggested by Sipe et al.11,16 The SHG from an interface be-
tween two media may be treated as originating from either
media �that is, the dipolar polarization sheet may be treated
as being above or below the interface�. In calculating the
SHG, the fundamental E-field may be evaluated above or
below the interface. Any combination of these describes the
same physical process, but must use a different �renormal-
ized� nonlinear susceptibility tensor to be consistent. One
convenient standard is the vacuum interface model suggested

by Gielis et al.17 whereby the fundamental fields are calcu-
lated and produce an SHG polarization sheet in an infinitesi-
mal vacuum gap between the media. Note that the presence
of an infinitesimal vacuum gap will not change any linear
propagation effects. From surface to substrate, the system is
modeled as follows �Fig. 1�: a 2� polarization sheet above
the top surface at z=0 �medium 1, effectively vacuum�, a
C-film of thickness d2=0.34 nm�number of layers �me-
dium 2�, an infinitesimally thin vacuum interface containing
a second 2� polarization sheet at z=−d2, a layer of SiO2 of
thickness d3=300 nm �medium 3�, a second vacuum inter-
face containing a 2� polarization sheet at z=−d, and finally
bulk Si�001� �medium 4�. Both the surface and bulk Si con-
tributions are treated phenomenologically as being generated
in the Si.

The z direction is defined to be the surface normal, and
the beam propagates in the x-z plane with propagation con-
stant k. The determination of the SHG field involves four
steps: calculation of the fundamental E-fields at the three
relevant interfaces �above the top surface, between the
C-film and the SiO2, and the downward propagating compo-
nent in the SiO2 /Si interface�, determining the SHG polar-
ization induced in the top two interfaces and the top of the Si
in terms of the incident E-field and the interface nonlinear
susceptibility tensor elements, calculating the radiated
E-field from each SHG source, and finally adding them co-
herently.

To determine the effects of propagation, it is necessary to
consider the index of refraction. Because the index of refrac-
tion is usually defined for a bulk medium, it is not clear if an
index of refraction has physical meaning for a medium only
a few atoms thick �graphene or few-layer graphite�. How-
ever, when analyzing the reflection from thin C-films on oxi-
dized Si, Blake et al. noted that graphene may be treated
optically as bulk graphite with a thickness of 0.34 nm �the
extension of the � orbitals out of plane� and that multilayer
C-films may be treated similarly.1 While the ordinary index
of refraction �o� is easily measured, the extraordinary index
of refraction �e� of graphite is difficult to measure, and there
are variations reported in the literature. The values used here
are obtained from the Handbook of Optical Constants of Sol-
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FIG. 1. �Color online� Diagram of interface structure including
hypothetical vacuum interface in which the surface SHG occurs. A
possible bulk contribution from the C-film is ignored.
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ids, and references therein using the assumption that there
are no significant features near the wavelengths used here.18

For an incident fundamental wavelength of 800 nm, these
are: n2,o���=3.08+1.88i, n2,e���=1.37, n2,o�2��=2.62
+1.29i, and n2,e�2��=1.35. The accepted indices of refrac-
tion of the other media �air, SiO2, Si� are readily available:
n1���=n1�2��=1, n3���=1.45, n3�2��=1.47, n4���=3.71
+0.0085i, and n4�2��=5.67+0.37i where the subscript refers
to the medium.

A. Fundamental beam propagation

First, it is necessary to determine the fundamental E-fields
above the top surface and in each vacuum interface. The
E-field in any medium u, in full form, is the sum of those
generated by the upward �+� and downward �−� propagating
fields of s and p polarization,

Eu��r� = �ŝEu�
s + p̂u�Eu�

p �eikuzzeikxx. �1�

The spatial phase dependence of the E-field �ku ·r�, which is
defined as propagating in the x-z plane, has been split into its
z component �kuzz� and x component �kxx�; if all interfaces
are parallel to the x-y plane, kx does not depend on the me-
dium. The direction of the p-polarized field p̂�E�

p explicitly
depends on whether it is upward �+� or downward �−� propa-
gating whereas the direction of the s-polarized field ŝE�

s does
not. Using the axes defined above, these directions are

p̂� =
kxẑ � kuzx̂

�ku�
,

ŝ = ŷ . �2�

The E-field may therefore be described using the vector

eu�z� = �eu+�z�
eu−�z� � = � Eu+eikuzz

Eu−e−ikuzz
� . �3�

The top�bottom� element is the upward �downward� propa-
gating field in medium u. The s and p polarizations are
treated separately. The E-fields at various depths may then be
related using the product of transfer matrices, m̄uv at an in-
terface between medium u and v, and m̄u�du� for propagation
through medium u of thickness du. The transfer matrices are
given by

m̄u�du� = �eikuzdu 0

0 e−ikuzdu
� ,

m̄uv =
1

tuv
� 1 ruv

ruv 1
� . �4�

Here, ruv and tuv are the Fresnel reflection and transmission
coefficients for the u to v interface. Note that tuv, ruv, and kuz
depend on the polarization, and in the case of p-polarization,
both the ordinary and extraordinary indices of refraction. The
transfer matrix through a composite system is the product of
the transfer matrices of each element. At opposite ends of a
composite system �i.e., from medium 1 at z=0 to medium 4
at z=−d�, the E-fields are related by e1�0�=m̄14e4�−d�, where

m̄14=m̄12m̄2�d2�m̄23m̄3�d3�m̄34. Therefore, the composite
transfer matrix for the system may be written in terms of the
total effective transmission and reflection coefficients,

m̄14 =
1

t14
ef f�t14

ef ft41
ef f − r14

ef fr41
ef f r14

ef f

− r41
ef f 1

� . �5�

At position z, the total field in each direction is

Ey = e+
s �z� + e−

s �z� ,

Ez = �e+
p�z� + e−

p�z��sin��� ,

Ex = �− e+
p�z� + e−

p�z��cos��� . �6�

Above the top surface, the E-field is the incident field E1−
propagating downwards and its reflection,

e1�0� = �r14
ef f

1
�E1−, �7�

where the reflection coefficient may be found from Eq. �5� to

be r14
ef f =

m14
1,2

m14
2,2 , and the superscripts for m refer to the row and

column number. The E-field components can then be directly
calculated using Eq. �6�.

The E-field in the first and second vacuum interfaces can
be calculated in a similar manner,

e1�− d2� = m̄12m̄2�− d2�m̄21e1�0� �8�

for the first vacuum interface, and

e1�− d� = m̄13m̄3�− d3�m̄32m̄2�− d2�m̄21e1�0� �9�

for the second vacuum interface, and the E-field above the
top surface, e1�0�, has been determined from Eq. �7�.

B. Nonlinear susceptibility tensor elements

At the top surface of the C-film, the dipolar source for
SHG is P=�����E1E1��z+�, where E1 is the fundamental
E-field above the surface, and the delta function implies an
SHG polarization plane immediately above the top surface.
The tensor ����� is the second-harmonic dipolar susceptibil-

ity tensor �̄ specific to the C3v symmetry of the surface of a
multilayered C-film, rotated about an angle � relative to the
standard crystal axis �mirror plane perpendicular to ŷ�. This
tensor has four independent nonzero elements: �11, �15, �31,
and �33. The polarization density �neglecting the spatial de-
pendence for now� may be written in the standard notation as
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P = 	Px

Py

Pz

 = 	 cos�3���11

t − cos�3���11
t 0 0 �15

t − sin�3���11
t

− sin�3���11
t sin�3���11

t 0 �15
t 0 − cos�3���11

t

�31
t �31

t �33
t 0 0 0


	
Ex

2

Ey
2

Ez
2

2EyEz

2ExEz

2ExEy


 . �10�

The t superscript refers to the fact that this is specific to
the top surface �air/C-film interface�. Graphene, in contrast,
has C6v symmetry. In that case, the tensor is the same with
the exception that �11

t =0 and it is immediately clear that the
anisotropy vanishes.

From the bottom surface of the C-film �C-film /SiO2 in-
terface�, the same symmetries apply since the SiO2 is amor-
phous. The same equations may be used with t replaced with
b, indicating possibly different susceptibility elements. It is
known, however, that the film is only weakly �van der Waals�
bonded to the SiO2 so a reasonable simplification is to as-
sume that the tensor is the same as that for the top surface.
Because the z axis is flipped �C-film above, rather than below
the polarization sheet�, the substitutions become

�11 = �11
t = �11

b ,

�31 = �31
t = − �31

b ,

�33 = �33
t = − �33

b ,

�15 = �15
t = − �15

b . �11�

Of particular note is the infinitesimally thin case which
applies �approximately� to monolayer and bilayer graphene:
the SHG is associated with a single tensor which is the sum
of the top and bottom tensors. For few-atom-thick samples, it
is unclear if the SHG should be treated as originating from
two separate polarization sheets instead of one, or whether
these polarization sheets are determined by the same set of
nonlinear tensor elements as for thicker samples. A single
polarization sheet �and nonlinear susceptibility tensor� can
always be used to model the measured SHG but then the
tensor elements depend on the number of layers. However, a
polarization sheet would be expected to be located in the
center of the C-film, and in this case, one may not expect any
SHG due to inversion symmetry for graphene and bilayer
graphene. Without examining the microscopic origin of the
SHG, we will show that a theory with equal tensor elements
for both surfaces is sufficient for any number of layers. A
failure in this assumption �i.e., if the tensor elements are
different for few-layer samples� will manifest as a diver-
gence between theory and experiment for thin samples
�likely 	�10 layers, at which point the properties of
graphene have evolved to those of bulk graphite�.

For graphene, the infinitesimally thin limit gives exactly
zero for all tensor elements. Physically, the SHG generated
from the top surface is exactly out of phase with that gener-
ated from the bottom surface. Note that if one considers a
single polarization sheet, an isotropic SHG signal would re-
sult. An inversion symmetry argument would give zero SHG
from graphene. For a multilayer C-film, this gives a purely
anisotropic tensor—all terms independent of � are zero,
while all terms which depend on � are doubled, thus gener-
ating an E-field of the form E
cos�3�� or sin�3�� depend-
ing on which polarizations are involved. An inversion sym-
metry argument would necessarily apply to both graphene
and bilayer graphene, therefore any SHG from bilayer
graphene disproves an inversion symmetry argument for thin
films. The infinitesimally thin limit implies a zero-absorption
and zero-depth film, and is not reached even in the case of
graphene, which absorbs �2%. However, this implies that
graphene may only generate a very weak isotropic SHG sig-
nal, in agreement with previous results.15 Furthermore, it is
expected that few-layer C-films only generate a strong three-
fold symmetric SHG signal with a weak isotropic component
which is also in agreement with previous results. The agree-
ment between the qualitative theoretical and experimental
results suggests that this model �interference between two
polarization sheets� is sufficient to describe SHG rather than
a model with one polarization sheet with thickness-
dependent tensor elements.

The SHG from the substrate is treated phenomenologi-
cally, and thus it is not necessary to consider the form of the
tensor. We assume only that the radiated SHG is fourfold
symmetric.

C. Radiated SHG

The fundamental E-fields at the relevant depths have been
calculated in terms of the incident field, and the SHG polar-
izations have been calculated in terms of the fundamental
E-fields. Next, it is necessary to calculate the E-fields gener-
ated by the 2� polarization sheets and, using the transfer
matrix formalism, determine the SHG radiated through the
top of the sample.

Since fields at frequency � and 2� are considered in the
following sections, lower-case quantities �m̄ and k� refer to
� fields, and upper-case variables �including the polarization
P� refer to 2� fields. E-fields �E and e� follow the same
notation as defined in Eqs. �1� and �3� since the implied
frequency is clear. Polarization directions �ŝ and p̂�� are in-
dependent of frequency.
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A polarization sheet in a vacuum generates an upward �+�
and downward �−� propagating wave with fields16

E� = Es�ŝ + Ep�p̂�,

Es� =
iK2

2Kz�0
ŝ · P ,

Ep� =
iK2

2Kz�0
p̂� · P , �12�

where K=2� /c is the wave number in air and Kz
=K cos���.

The SHG radiated from the top surface is the sum of the
upward propagating wave and the reflected part of the down-
ward propagating wave. This may be calculated using the
transfer matrix formalism, with a discontinuity in the E-field
corresponding to the polarization sheet. If the polarization
sheet is defined to be sandwiched between z=0+ and z=0−,
which is immediately above the top surface, then

e1�0−� = M̄14e4�− d� ,

e1�0+� = v + e1�0−� , �13�

where e4�−d� is the E-field at the top of the Si, e1�0+� is the

E-field above the system, M̄14 is the composite matrix from
Eq. �5�, and v is the discontinuity produced from the polar-
ization sheet from Eq. �12�,

vs =
iK2

2Kz�0
� ŝ · P

− ŝ · P
� ,

vp =
iK2

2Kz�0
� p̂+ · P

− p̂− · P
� . �14�

Through algebraic substitution, with the fact that e1�0+�
has no downward propagating component, it is possible to
solve for its upward propagating component Et

2� to obtain

Es,t
2� =

iK2

2Kz�0
Py�1 +

M14s
1,2

M14s
2,2 � ,

Ep,t
2� =

iK2

2Kz�0
��M14p

1,2

M14p
2,2 + 1�KxPz + �M14p

1,2

M14p
2,2 − 1�KzPx� .

�15�

The 2� polarizations can then be used to find the radiated
E-field generated from the top surface. For simplicity, we
consider only incident and emitted s or p polarization. The s-
and p-polarized E-fields generated from a g-polarized �g is s
or p� fundamental field are a sum of products of nonlinear
tensor elements �x

t where x= �11�, �15�, �31�, and �33�, and
linear terms a, b, and c

Egs,t
2�

�Eg
��2 = Fct,11

gs �11
t sin�3�� ,

Egp,t
2�

�Eg
��2 = F�bt,11

gp �11
t cos�3�� + 


x

at,x
gp�x

t� ,

where

F =
iK2

2Kz�0
. �16�

The coefficients are listed in Table I.
The SHG contribution from the vacuum interface may be

calculated similarly. If the SHG polarization is on the plane
z=−d2 which is inside the infinitesimally thin vacuum inter-
face, then the E-fields across the structure are

e1�0� = M̄12M̄2�d2�M̄21e1�− d2
+� = M̄11e1�− d2

+� ,

e1�− d2
+� = v + e1�− d2

−� ,

e1�− d2
−� = M̄13M̄3�d3�M̄34e4�− d� ,

where

M̄11 = M̄12M̄2�d2�M̄21. �17�

The emitted SHG field above the system may then be
found through algebraic substitution as described before. The
results are the same as Eq. �16� but with the t replaced by b,
and coefficients given in Table II. The variable ẽ1��−d2� re-
fers to the upward �+� or downward �−� propagating E-field
at the top vacuum interface. The tilde �used here and below�
indicates that it is normalized to the incident E-field so that
the coefficients given are entirely unitless.

The final contribution is from the Si, which is treated
phenomenologically here. From symmetry considerations, it
is known that the total E-field produced from Si�001� �dipo-
lar and quadrupolar contributions� is fourfold symmetric, and
the s-polarized SHG E-field has no isotropic contribution.10

For linearly g-polarized �g is s or p� fundamental light it is
assumed that the h-polarized �h is s or p� SHG E-field Egh

2�

from the silicon depends on the downward propagating
g-polarized E-field in the SiO2 /Si interface e1−

g �−d�,

TABLE I. Radiated E-field coefficients from top surface.

ct,11
ss = �1+

M14s
1,2

M14s
2,2 ��r14s

ef f +1�2

ct,11
ps =−�1+

M14s
1,2

M14s
2,2 ��−r14p

ef f +1�2cos2���

bt,11
sp =−�

M14p
1,2

M14p
2,2 −1�cos����r14s

ef f +1�2

bt,11
pp = �

M14p
1,2

M14p
2,2 −1��−r14p

ef f +1�2cos3���

at,31
sp = �

M14p
1,2

M14p
2,2 +1��−r14p

ef f +1�2sin���cos2���

at,31
pp = �

M14p
1,2

M14p
2,2 +1��−r14p

ef f +1�2sin���cos2���

at,33
pp = �

M14p
1,2

M14p
2,2 +1��r14p

ef f +1�2sin3���

at,15
pp =2�

M14p
1,2

M14p
d −1��−r14p

ef f +1�cos2���sin����r14p
ef f +1�
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Egs
2� =

iK2

2Kz�0
�gs sin�4���e1−

g �− d��2,

Egp
2� =

iK2

2Kz�0
�
gp + �gp cos�4����e1−

g �− d��2. �18�

The � and 
 are phenomenological constants accounting for
both the surface and bulk contributions and are complex val-
ued. The angle � is taken relative to the �100� direction in
the Si. The SHG light is treated as originating from the top of
the Si, and must propagate through the system. From Eq. �5�,
and solving for the transmitted E-field to the top surface, T41,
the radiated SHG from the Si may be written as

Egs
2�

�Eg
��2 =

iK2

2Kz�0
sgs�gs sin�4�� ,

Egp
2�

�Eg
��2 =

iK2

2Kz�0
�
gp + �gp cos�4���sgp,

where

sgh = �M14,h
1,1 −

M14,h
2,1 M14,h

1,2

M14,h
2,2 ��ẽ1−

g �− d��2. �19�

The unitless parameter sgh incorporates all the linear optical
properties for the fundamental and SHG fields in the
multilayer structure.

D. Total SHG intensity

All of the SHG E-fields have now been evaluated at the
top surface of the system, and written in terms of the linear
optical properties, propagation distances, and nonlinear sus-
ceptibilities. These fields must be added coherently to find
the SHG intensity. The C-film SHG coefficients from the top
and bottom surfaces add together �ct,11

ss +cb,11
ss =c11

ss , etc.�,

along with the SHG from the substrate. The C-film is gener-
ally placed on the substrate at a random angle � relative to
the �100� direction of the substrate. The resultant SHG inten-
sity Igh

2���� may be analyzed in terms of Fourier components,

Igh
2����
�Ig

��2 = �F2�

m

fgh
m cos m�� − �m� , �20�

where the incident and outgoing polarizations are g and h,
respectively, and the Fourier elements fgh

m are constants de-
pendent on the number of layers. When the isotropic, three-
fold, and fourfold contributions add �modulus squared�, they
generate other Fourier elements �0,1,3,4,6,7,8� with a phase
shift dependent on the sample orientation �i.e., �3=�6=� and
�0=�4=0�. Because the fourfold contribution from the Si is
significantly weaker than its isotropic contribution and the
C-film’s threefold contribution �as shown in Secs. III and
IV�, the strongest remaining elements are 0,3, and 6.10,15

These Fourier elements are shown in Table III.
This gives the SHG intensity Fourier components in terms

of the C-film nonlinear tensor elements ��x�, calculable linear
parameters �a, b, c, and s� which depend on the number of
layers, and the effective nonlinear parameters of Si �� ,
�.
The linear parameters may be numerically calculated as de-
scribed above. Although this involves complex matrix calcu-
lations, the final results are unitless numbers that depend on
the number of layers. Some of these are shown in Figs. 2 and
3 for the parameters used in the experiment described here
�fundamental wavelength of 800 nm, 60° angle of incidence,
and sample structure described above�.

Several patterns may be noted from the constants a, b,
and c which effectively give weight to the nonlinear tensor
elements ��x�. Those for �11 are all greatest for two layers,
and decay with thickness �as shown in Fig. 2�. This is the
element which gives the threefold symmetry as shown in Eq.
�10�. All others �for �31, �33, �15� are weakest for two layers,
and increase with C-film thickness �as shown in Fig. 3�.
These elements give an isotropic contribution which adds to
that from the substrate, which will have a contribution which
decreases with C-film thickness. These observations agree
with those inferred in the thin-film limit: the strongest three-
fold SHG will result from bilayer graphene, and the aniso-

TABLE II. Radiated E-field coefficients from C-film /SiO2

interface.

cb,11
ss = �M11s

1,1 −
M14s

1,2M11s
2,1

M14s
2,2 −M11s

1,2 +
M14s

1,2M11s
2,2

M14s
2,2 ��ẽ1+

s �−d2�+ ẽ1−
s �−d2��2

cb,11
ps =−�M11s

1,1 −
M14s

1,2M11s
2,1

M14s
2,2 −M11s

1,2 +
M14s

1,2M11s
2,2

M14s
2,2 ��ẽ1−

p �−d2�− ẽ1+
p �−d2��2cos2���

bb,11
sp =−�−M11p

1,1 +
M14p

1,2 M11p
2,1

M14p
2,2 −M11p

1,2 +
M14p

1,2 M11p
2,2

M14p
2,2 �cos����ẽ1+

s �−d2�
+ ẽ1−

s �−d2��2

bb,11
pp = �−M11p

1,1 +
M14p

1,2 M11p
2,1

M14p
2,2 −M11p

1,2 +
M14p

1,2 M11p
2,2

M14p
2,2 ��ẽ1−

p �−d2�
− ẽ1+

p �−d2��2cos3���

ab,31
sp = �M11p

1,1 −
M14p

1,2 M11p
2,1

M14p
2,2 −M11p

1,2 +
M14p

1,2 M11p
2,2

M14p
2,2 �sin����ẽ1+

s �−d2�+ ẽ1−
s �−d2��2

ab,31
pp = �M11p

1,1 −
M14p

1,2 M11p
2,1

M14p
2,2 −M11p

1,2 +
M14p

1,2 M11p
2,2

M14p
2,2 ��ẽ1−

p �−d2�
− ẽ1+

p �−d2��2cos2���sin���

ab,33
pp = �M11p

1,1 −
M14p

1,2 M11p
2,1

M14p
2,2 −M11p

1,2 +
M14p

1,2 M11p
2,2

M14p
2,2 ��ẽ1+

p �−d2�+ ẽ1−
p �−d2��2sin3���

ab,15
pp =2�−M11p

1,1 +
M14p

1,2 M11p
2,1

M14p
2,2 −M11p

1,2 +
M14p

1,2 M11p
2,2

M14p
2,2 �

��ẽ1−
p �−d2�− ẽ1+

p �−d2��cos2����ẽ1+
p �−d2�+ ẽ1−

p �−d2��sin���

TABLE III. Fourier elements of the total SHG intensity.

fpp
0 = �
ppspp+a31

pp�31+a33
pp�33+a15

pp�15�2+
��ppspp�2

2 +
�b11

pp�11�2

2

fpp
3 =2R��
ppspp+a31

pp�31+a33
pp�33+a15

pp�15��b11
pp�11���

fpp
6 =

�b11
pp�11�2

2

fsp
0 = �
spssp+a31

sp�31�2+
��spssp�2

2 +
�b11

sp�11�2

2

fsp
3 =2R��
spssp+a31

sp�31��b11
sp�11���

fsp
6 =

�b11
sp�11�2

2

fps
0 =

�sps�ps�2

2 +
�c11

ps�11�2

2

fps
6 =−

�c11
ps�11�2

2

fss
0 =

�sss�ss�2

2 +
�c11

ss �11�2

2

fss
6 =−

�c11
ss �11�2

2
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tropy will decrease with thicker C-films. The variation in the
magnitude of the isotropic response with C-film thickness is
not obvious because the contribution from the C-film will
increase, and the contribution from the substrate will de-
crease for thicker films.

Once the linear parameters are incorporated, the Fourier
elements fgh

m only depend on the C-film and substrate nonlin-
ear tensor elements �x, �, and 
. This suggests the use of
simple fitting to find the tensor elements.

The fourfold anisotropy of the substrate is very weak
compared to that from the C-film, thus for qualitative discus-
sion, � may be ignored, and the phase of the substrate SHG
with the p-in, p-out combination may be taken to be real.15

Of particular note is that the �ps� and �ss� polarization com-
binations involve only the �11 tensor element. Therefore, this
can be determined to within a phase factor. For sufficiently
thin samples, both �pp� and �sp� combinations involve only
the �11 and 
pp or 
sp elements; therefore the phase of �11
may be determined. With thicker samples, using the �sp�
combination, only �11 and �31 contribute; therefore the mag-
nitude and phase of �31 may be found from the zeroth and
third Fourier elements �and for thin samples, the magnitude

and phase of 
ps may then be found if desired�. Finally, the
�pp� polarization combination involves both of these and �33
and �15, which leaves some ambiguity in solving for both of
the latter.

The theory described above applies only for s / p incident,
and s / p observed polarization but a similar analysis can also
be used for diagonally polarized incident light with observed
s polarization �ds�. This case is more complex because, as
suggested by Eq. �10�, the generated E-field has a complex
term proportional to sin�3��, and a complex term propor-
tional to cos�3��. The corresponding threefold symmetry
will therefore have a magnitude and phase shift involving
both terms. These may be calculated in the same way as the
other polarization combinations but is not explicitly shown
here. Since the Py polarization is observed, and it is gener-
ated by E-fields along x, y, and z, Eq. �10� shows that only
the �11 and �15 tensor elements are involved �for thicker
samples, where the substrate is blocked�. Thus, from the ze-
roth and third Fourier elements �and confirmed through the
phase of the third element� the magnitude and phase of �15
may be found. Finally, �33 may be found through the �pp�
combination.

III. EXPERIMENT

The SHG experiments were performed with exfoliated
C-films on a 300 nm oxidized Si�001� substrate. This al-
lowed the samples to be imaged optically and the number of
layers determined as discussed previously. The fundamental
beam is derived from a Ti:sapphire oscillator providing 1.0
nJ, 150 fs pulses with a center wavelength of 800 nm. These
pulses are attenuated to �0.06 nJ to avoid damaging the
samples, and focused onto the samples using a 0.12 numeri-
cal aperture microscope objective, generating an elliptical
spot size of approximately 7 �m�10 �m. An angle of in-
cidence of �=60° is used for all experiments. The 400 nm
SHG light is collected using an off-axis parabolic mirror and
separated from the fundamental light using a prism, and fur-
ther optically filtered before being measured with a cooled
photomultiplier tube and photon-counting electronics. The
samples are positioned on a set of translation and rotation
stages such that they can be rotated about the surface normal
while keeping a particular point in the beam focus. A half-
wave plate and polarizer are used to control the polarization
state of the fundamental light, and an additional polarizer
was used to select which SHG polarization to measure. All
four combinations of s- and p-polarized fundamental and
SHG light are measured, as well as diagonal-in, and s-out for
reasons described above.

The samples are imaged optically in a confocal arrange-
ment on a charge coupled device camera to maintain the
position of the focal spot relative to the samples. The posi-
tion of the axis of the rotation stage is only well defined to
within �10 �m. Thus, samples of diameter �20 �m are
used to avoid situations where the focal spot would drift off
the sample during rotation. It is often found, however, that
slightly different positions on a sample would give different
SHG intensities, due to imperfect crystal structure, glue from
the exfoliation process, or other sample inhomogeneities.

FIG. 2. �Color online� Magnitude �blue� and phase �red� of c11
ps

vs number of layers. The contributions to the SHG from the top and
bottom surfaces of the C-film add constructively for thin samples.

FIG. 3. �Color online� Magnitude �blue� and phase �red� of a31
pp

vs number of layers. The contributions to the SHG from the top and
bottom surfaces of the C-film add destructively for thin samples.
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These variations appear in Figs. 4 and 5 as deviations in the
data from the fit. Since the SHG intensity is very weak �a
few photons per second�, data was averaged over many ro-
tations of the sample to improve signal/noise.

IV. RESULTS AND ANALYSIS

Figure 4 shows the �pp� polarized SHG intensity from the
bare substrate and from graphene, both normalized to the
square of the incident intensity, and such that the average
signal from the substrate is taken to be unity. Over the course

of several measurements, it was found that the SHG from
graphene is at best marginally stronger than that from the
bare substrate. However, we do not attempt to extract tensor
information from these results because the experimental un-
certainty does not warrant it.

Results for �ps� SHG are also shown in Fig. 4 for a bi-
layer and �15-layer sample. It is clear that the sixth Fourier
element decreases with layer number. Results for �ss� polar-
ization combinations are qualitatively similar. Two data sets
from a �5-layer sample are shown in Fig. 5—one with �pp�
and one with �ds�. The third Fourier element always has the
same phase between �pp� and �sp� combinations, and in-
verted negative for �ps� and �ss� combinations as is shown in
Table III but is evidently shifted with diagonal polarization.

Although for each sample and polarization combination,
the SHG intensity was measured for many angles �, the only
useful parameter values that may be extracted are the first
few elements in the Fourier series of I2����. Because the
fourfold contribution from the substrate is much weaker than
the threefold contribution from the C-film, only the zeroth,
third, and sixth elements are consistently larger than the
noise. In cases where there is a large third element ��pp�,
�sp�, �ds� polarization combinations�, the sixth element is too
weak to be seen. This pattern is comparable to that from bare
Si�001�; when the isotropic contribution is polarization sup-
pressed, an apparent eightfold symmetry arises due to the
fourfold symmetric E-field squared but when the isotropic
contribution is allowed, the interference between the �strong�
isotropic and �weak� fourfold E-field contributions gives a
fourfold symmetric signal with an unmeasurable weak eight-
fold component. Finally, neglecting the weak Si contribution,
the signal from the �ss� and �ps� combinations is of the form
sin2�3�� so the zeroth element and sixth element provide the
same information. Therefore, the most important Fourier el-
ements of the data are shown in Fig. 6. The intensity is
normalized such that the zeroth �isotropic� Fourier element
from the Si /SiO2 substrate is unity. When multiple samples
of the same thickness were available, the average was used,
and the error bars represent the variation. A few data points
vary significantly from the fit, and likely result from sample
imperfections where too few samples of the same thickness
were available to average over.

The trends in the data confirm those suggested in Figs. 4
and 5. The strongest anisotropic SHG occurs for bilayer
graphene and generally decreases with increasing C-film
thickness. The isotropic contribution behaves in a similar
manner for most polarization combinations. This is in agree-
ment with the theoretical predictions which assume interfer-
ence between SHG polarization sheets on either side of the
C-film, and hence that an inversion symmetry argument does
not apply for thin films. The extremely weak SHG from
graphene is also in agreement with the theory which predicts
destructive interference between the two interfacial SHG
sources.

The data is fit to the parameters shown in Table III for the
four complex parameters �x. This effectively involves choos-
ing values for all four �x to minimize the difference between
the theoretical and experimental Fourier components fgh

m .
These nonlinear tensor elements are

FIG. 4. �Color online� Normalized SHG signal as a function of
rotation angle �. Top two curves: �pp� data for the bare substrate
�black squares, lower curve� and graphene �red circles, upper
curve�, both fit to A+B cos 4� as suggested by Eq. �19�. Lower two
curves: �ps� data for a bilayer sample �blue circles, upper curve�,
and a �15-layer sample �green squares, lower curve�, both fit to
A cos2�3�� �as suggested by Eq. �16��. The absolute angle is the
same for the �pp� curves but is otherwise arbitrary.

FIG. 5. �Color online� For a �5-layer sample, both �pp� �black
squares� and �ds� �red circles� polarization combinations are shown.
The absolute angle is arbitrary, but is the same in both plots. Both
data sets are fit to A+B cos�3�+�0� and are normalized such that
the isotropic component of the SHG signal from the substrate would
be unity. The phase shift ��0�144°� associated with �ds� relative to
�pp� is evident.
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�11 = 0.6 + 2.4i ,

�15 = 0.2 − 0.7i ,

�31 = − 0.5 + 5.2i ,

�33 = − 0.17 + 0.19i . �21�

These values are normalized such that the �pp� SHG signal
generated from the Si /SiO2 substrate is unity, the phase of

pp is chosen to be zero, and the constant �F2�=1 in Eq. �20�.
For all values the radius of the uncertainty circle in the com-
plex plane is estimated to be about 25% of the modulus of
the coefficient.

It is worth emphasizing that the use of the four nonlinear
tensor elements associated with the dipolar contribution from
a single graphene/air interface is sufficient to account for the
trends in the data. It is particularly interesting that, as in the
case of linear optical propagation, no material constants have
to be changed in going from two layers to bulk; only the

C-film thickness needs to be changed in the calculations. If a
bulk quadrupolar contribution from the C-films exists, it
must be weak and, in any event, does not seem to be needed
to account for the variation in the SHG signal with number
of layers. Variations in the SHG signal with number of layers
is mainly accounted for by linear light propagation effects,
once multilayer interference is taken into account.

V. CONCLUSIONS

In summary, we have provided a theoretical foundation
and experimental data for the polarization and azimuthal an-
gular dependence of the SHG from graphene and few-layer
graphitic films on a SiO2 /Si substrate for various polariza-
tion combinations. All these data can be understood on the
basis of the linear optical properties of the thin-film system,
the SHG response of the silicon, and the four nonzero non-
linear dipolar tensor elements of a single air/graphene inter-
face. Values for these latter parameters were obtained rela-
tive to that of the silicon substrate. We explain why the

FIG. 6. �Color online� Fourier elements of I2���� for various polarization combinations: �top-left and right: zeroth and third element for
�pp�; second from top left and right: zeroth and third element for �sp�; third from top left: sixth element for �ps�; right: sixth element for �ss�;
bottom left and right: zeroth and third element for �ds� where the phase of the third Fourier element has been plotted as well�. The x axis is
the number of layers of graphene in each graph. The SHG intensity has been normalized to the square of the incident intensity, and
normalized such the isotropic contribution from the bare SiO2 /Si substrate is unity. The curves are fits using the equations in Table III.
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graphene itself shows zero anisotropic response and negli-
gible isotropic response through near complete cancellation
of SHG sources on both sides of the film. We also show why
bilayer graphene and all other films possess a sufficiently
strong anisotropic response, effectively suppressing the four-
fold symmetry of the SHG from the underlying Si substrate.
All variation in the SHG signal from bilayer graphene to
bulk graphite can be accounted for on the basis of linear
propagation, including interference, effects. Bulk quadrupo-

lar effects in the C-films, which at most can give rise to an
isotropic contribution to SHG, appear to be negligible.
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