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We show through an exact numerical solution of the phonon Boltzmann equation that the lattice thermal
conductivity of graphene is dominated by contributions from the out-of-plane or flexural phonon modes,
previously thought to be negligible. We connect this unexpected result to the anomalously large density of
states of flexural phonons compared to their in-plane counterparts and to a symmetry-based selection rule that
significantly restricts anharmonic phonon-phonon scattering of the flexural modes. The result is found to hold
in the presence of the ripples known to occur in graphene, phonon-isotopic impurity scattering, and rigidity of
the flexural phonon branch arising from the long-wavelength coupling between flexural and in-plane modes.
Finally, accurate inclusion of the momentum conserving Normal phonon-phonon scattering processes within
the context of a full solution of the phonon Boltzmann equation are shown to be essential in accurately
describing the graphene thermal conductivity, in contrast to the more commonly used relaxation time and long
wavelength approximations.

DOI: 10.1103/PhysRevB.82.115427 PACS number�s�: 63.20.kg, 63.22.Rc, 66.70.�f, 65.80.Ck

I. INTRODUCTION

Since it was first exfoliated several years ago, graphene
has been the subject of intense interest because of its unusual
material properties and its potential for technological
applications.1–4 Its high carrier mobilities, room-temperature
ballistic carrier transport,1–4 and the observation of the
quantum-Hall effect5 reflect the high material quality and
suggest possible use in future nanoelectronic devices.

Most of the research activity thus far has focused on the
electronic properties of graphene while its thermal properties
have been less studied. Recently, the phonon thermal con-
ductivity of suspended graphene, �L, was measured using a
novel Raman technique6,7 and room-temperature values
ranging from about 3000 W /m K to 5000 W /m K were re-
corded. These extremely high values are consistent with the
high thermal conductivity of other carbon-based materials
such as diamond,8–10 graphite,11 and single-walled carbon
nanotubes �SWCNTs�.12,13

Vibrations in the graphene lattice are characterized by
two types of phonons: those vibrating in the plane of the
layer with linear transverse and longitudinal acoustic
branches �TA and LA�, and those with vibrations out of the
plane of the layer—the so-called flexural phonons �ZA and
ZO�. For many years it has been tacitly accepted that only
in-plane acoustic phonons carry heat in graphene and the
out-of-plane phonon contribution can be ignored.14–17 This
stemmed from the fact that the flexural acoustic �ZA�
phonons have vanishing group velocities for wave vector, q
→0, and the connection made between large flexural mode
Grüneisen parameters18 and strong phonon-phonon Umklapp
scattering.

Recently, we argued that, contrary to well-established be-
lief, the ZA phonon modes in suspended graphene carry most
of the heat.19 We connected this unexpected result to the
large density of modes for ZA flexural phonons resulting

from their quadratic dispersion and to a selection rule for
three-phonon scattering that arises from the reflection sym-
metry perpendicular to the graphene plane, and which
strongly restricts the phase space for this scattering. Our the-
oretical result was found to be consistent with measurements
of �L for graphene supported on SiO2 substrates.19

In the present work, we provide a detailed account of our
theoretical approach to describe phonon thermal transport in
suspended graphene. This approach is based on an exact nu-
merical solution of the linearized Boltzmann transport equa-
tion �BTE�. In particular, it accurately incorporates the in-
elastic phonon-phonon scattering, which is primarily
responsible for the thermal resistance. In the next section, we
discuss two unique features that contribute to the anoma-
lously large thermal conductivity of suspended graphene: �1�
the large flexural phonon density of states and �2� the selec-
tion rule for anharmonic phonon scattering in two-
dimensional �2D� layers, which we rigorously show is valid
to all orders in the phonon-phonon scattering. The section
following details the BTE approach to calculate �L. In Sec.
IV, �L and its per branch contributions are presented as a
function of temperature and of the length of the graphene
sheet. The importance of the Normal phonon-phonon scatter-
ing processes in suspended graphene emerges from employ-
ing the full BTE solution, in contrast to the conventional
relaxation-time approach. The commonly used14–17,20–23 long
wavelength approximation to the three-phonon scattering
rates is shown to be of questionable validity, particularly for
graphene. Also the effects on �L of the long wavelength
renormalization of the flexural phonon branch arising from
the coupling between in-plane and out-of-plane phonon
modes is investigated,24,25 as are the ripples known to occur
in graphene.26,27 Finally, we examine the reduction in �L due
to phonon scattering by C13 isotopes.
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II. DENSITY OF STATES AND SELECTION RULE

The ZA phonons in graphene have a quadratic dispersion
over a wide range of the 2D Brillouin zone: �ZA�q�=�ZAq2,
where �ZA is a positive constant and q is the 2D phonon
wave vector. The corresponding density of phonon modes,
DZA���=1 / �4��ZA�, is also constant. The mean number of
phonons per unit � about � is N���=n0���D���, where
n0��� is the Bose distribution function. Note that for �→0
NZA��� diverges as 1 /�. In contrast, the in-plane acoustic
branches have linear dispersion, �in�q��vinq with Din���
=� /2�vin

2 , and, as �→0, Nin���→constant. Thus, the ratio,
NZA��� /Nin���=vin

2 /2�ZA� diverges as �→0. Using accu-
rately fit values for vTA and �ZA obtained from an optimized

Tersoff empirical interatomic potential,28,29 we find
NZA��� /NTA����1 throughout the frequency range of ZA
phonons, being about 9 at the � corresponding to room tem-
perature and still larger than 3 at the Brillouin zone bound-
ary. For LA phonons, the corresponding ratios are even
larger at about 20 and 7, respectively. Thus, for any tempera-
ture, the vast majority of thermally excited phonons come
from the ZA branch. Furthermore, while the group velocities
of ZA phonons are negligible, for very small q, they exceed
8000 m/s near the zone boundary, a speed more than half that
of the TA phonons and far from negligible.

A selection rule on phonon-phonon scattering in flat
graphene is revealed by examining the lattice potential en-
ergy, �, with respect to its equilibrium value

��. . .r��i�i
. . .� = �

n=2

�
1

n! �
�1�1,. . .,�n�n

�
�1,. . .,�n

��1. . .�n
��1�1; . . . ;�n�n�u�1

��1�1� ¯ u�n
��n�n� . �1�

Here, r���=R� ��+u��� specifies the instantaneous location
of the �th atom in the �th unit cell, and R� �� and u���

give the equilibrium position and instantaneous displace-
ment from equilibrium for that same atom. The nth
order interatomic force constants �IFCs� are given by:
��1. . .�n

��1�1 ; . . . ;�n�n�= �n�
�u1��1�1�,. . .,�un��n�n� �0, where the de-

rivative is evaluated at the equilibrium lattice positions, as
indicated by the vertical bar. The harmonic part in Eq. �1�
corresponds to n=2; the remaining terms for n	3 comprise
the anharmonic part.

The potential must be invariant under the symmetry op-
erations of the lattice. Equating like terms in the expanded
potential before and after a symmetry operation yields a re-
lation between nth order IFCs �Ref. 30�

�
�1�,. . .,�n�

��1�,. . .,�n�
��1��1�; . . . ;�n��n��
�1��1

¯ 
�n��n

= ��1,. . .,�n
��1�1; . . . ;�n�n� . �2�

Here, 
�� are scalar elements of a general rotation matrix
that can include inversion and the primes indicate the loca-
tions into which the corresponding unprimed positions are
mapped by the transformation. For a 2D lattice in the xy
plane, reflection about the z-axis maps the lattice into itself.
Inserting the corresponding reflection matrix in Eq. �2� gives
��1,. . .,�n

��1�1 ; . . . ;�n�n�= �−1�m��1,. . .,�n
��1�1 ; . . . ;�n�n�,

where m is the number of z components in the string,
�1 , . . . ,�n. For odd m, this can only be satisfied if

��1,. . .,�n
��1�1; . . . ;�n�n� = 0, m odd. �3�

In the harmonic approximation, Eq. �3� establishes a com-
plete decoupling of in-plane and flexural phonons because of
the vanishing of IFCs such as �xz��1�1 ;�2�2�, as has been

noted previously.24,25,27 The anharmonic terms are also con-
strained by Eq. �3� to have only even numbers of z compo-
nents in each nth order IFC. This results in the selection rule
that to all orders in anharmonic phonon-phonon scattering
in 2D crystals such as graphene only even numbers (includ-
ing zero) of flexural phonons can be involved. Since phonon-
phonon scattering provides the intrinsic thermal resistance,
this selection rule has a profound effect on phonon thermal
transport in graphene.

III. PHONON THERMAL TRANSPORT

To assess the significance of the large density of ZA pho-
non modes and of the selection rule, we calculate �L includ-
ing only the third-order anharmonic term in the lattice poten-
tial, which is typically dominant. Phonon thermal transport is
taken to occur across a graphene sheet having length, L, and
infinite width perpendicular to the direction of transport. We
have developed an exact numerical solution of the linearized
2D phonon BTE similar to that used previously for diamond
crystal structures31–33 and for SWCNTs �Ref. 34�

kBTv� · �T
�n�

0

�T
= �

����
�W�����

+ ��� − �� − ��

+
1

2
W�����

− ��� + �� − ���
− n�

0�n�
0 + 1��

1

��
bs . �4�

In Eq. �4�, v� is the phonon velocity for mode �= j ,q, where
j is the phonon branch index, n�

0 =1 / �exp������−1	 is the
Bose distribution function with �=1 /kBT, and ��

bs=L /2�v���
is a boundary scattering time �� indicates the component of
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v� in the direction of heat flow� whose form has been chosen
to recover both ballistic and diffusive limits for L→0 and
L→�, respectively.35 The first term on the right-hand side
�RHS� of Eq. �4� describes the inelastic anharmonic three-
phonon scattering, which couples together the nonequilib-
rium phonon mode distributions, proportional to �. The
sum is over the phase space of �� and �� that satisfy momen-
tum and energy ����� conservation: q�q�=q�+K, where K
is a graphene reciprocal lattice vector and � j�q��� j��q��
=� j��q��. This phase space is calculated on a fine grid
throughout the Brillouin zone using the full graphene phonon
dispersions, and it includes millions of Normal �N� and Um-
klapp �U� scattering processes. The three-phonon scattering
rates, W�����

� describe “+” processes of the form �+��↔��,
and “−” processes, �↔��+��.31–34 They involve matrix el-
ements, ������

� , which give the strength of a three-phonon
scattering event

������
� = �

�
�
����

�
����

������
� ��;����;�����eiq�·R��eiq�·R��,

�5�

where

������
� ��;����;����� = �

���

�����0�,����,��������
� ����

�������
−��,

� ,� ,� are Cartesian components, the �����0� ,���� ,�����
are third-order anharmonic IFCs, and the ���

� are phonon
eigenvectors, with �→−�⇒q→−q. The harmonic and an-
harmonic IFCs necessary to calculate phonon frequencies,
eigenvectors, and three-phonon scattering rates are obtained
from an optimized Tersoff empirical interatomic
potential,28,29 which gives improved fits to the ZA, TA, and
LA phonon branches.

Equation �4� is solved for the � using an iterative
approach.31–34 In zeroth order, the relaxation-time approxi-
mation �RTA� is obtained by setting �� and �� to zero
allowing solution of �

�0�. Using �
�0� on the RHS then al-

lows determination of �
�1�. The iterative process is contin-

ued until convergence is achieved. The � can be
related31–34 to the scattering times for each mode, ��, from
which �L is obtained as �L=� j� j with the per-branch contri-
butions given by

� j =
kB

4�2�

���� j�q��	2n0�� j�q�	�n0� j�q�	 + 1�v j

2�q�� j�q�dq .

�6�

Here, �=0.335 nm is the thickness of the graphene layer.36

IV. RESULTS AND DISCUSSION

Figure 1 shows the calculated �L at T=300 K, for phonon
transport along the “armchair” direction as a function of L
between 1 and 10 �m. Also shown are the corresponding
contributions from the ZA, TA, and LA branches. The domi-
nant contribution to �L comes from the ZA branch, which is
greater than TA and LA contributions combined and is
75% of �L at L=10 �m. This unexpected result reflects in

part the effect of the selection rule, which excludes all three-
phonon processes having an odd number �one or three� of
flexural phonons. Thus, for example, the following
+processes cannot occur: ZA+ZA↔ZA, ZA+TA↔TA,
ZA+TA↔LA, ZA+LA↔LA, ZA+ZA↔ZO, and ZA
+ZO↔ZO. We find that about 60% of both the N and U
three-phonon scattering phase space of ZA phonons is for-
bidden by the selection rule. The inset shows the contribu-
tions to each acoustic branch from Eq. �6� integrated up to
frequency, �, as a function of � for the case L=10 �m. The
extended rise of the ZA curve over almost the full range of
frequencies spanned by this branch shows that significant
contributions to �ZA occur throughout the Brillouin zone.

The large density of flexural modes combined with their
much smaller average frequencies ensures that their domi-
nant contribution to �L will extend over a wide temperature
range. Figure 2 illustrates this for L=10 �m with plots of
�ZA, �TA, �LA, and the combined contributions from the optic
phonon branches as a function of temperature, T. The results
are scaled by the total �L�T�, plotted as the black horizontal
line. For large T, the contributions from ZA, TA, and LA
branches approach a 1 /T behavior characteristic of high tem-
perature three-phonon scattering so their scaled values be-
come horizontal to match the scaled �L�T�. For low tempera-
tures, TA, LA, and optic phonons become frozen out and the
scaled �ZA increases.

As pointed out above, ZA phonons with small � are far
more prevalent than those with large �. As a result, N scat-
tering of ZA phonons is unusually strong compared to U
scattering. Since most materials have only linear acoustic
branches, such behavior is typically seen only at low tem-
perature, but for graphene it also occurs at much higher tem-
peratures. The thermal conductivity obtained from the RTA
solution of Eq. �4�, �RTA, treats N scattering events as inde-
pendent, resistive processes, which is physically incorrect
since with only N scattering, �L must diverge,37,38 a result
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FIG. 1. �Color online� Calculated �L at T=300 K as a function
of the sheet length, L, along the transport direction �black solid
curve�. Also shown are �ZA �red dashed�, �TA �blue dotted�, and
�LA �green dash-dotted� acoustic branches. Inset shows the total
contribution to each branch as a function of phonon frequency.
Units are also in W m−1 K−1. Saturated values for large � corre-
spond to �ZA�2600 W m−1 K−1, �TA�520 W m−1 K−1, and
�LA�315 W m−1 K−1.
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that is reproduced from our full calculations when U scatter-
ing and boundary scattering are removed. In most materials,
corrections38,39 to the RTA solution of the phonon BTE are
typically small around room temperature because of strong U
scattering. However, for graphene, �L lies considerably
above �RTA as shown in Fig. 3, which plots the per branch
contributions, �ZA, �TA, and �LA for T=300 K scaled by
their corresponding RTA values as a function of L. Note that
while the ZA branch shows the largest increase, �TA and �LA
also lie well above their RTA values. This is because as the
ZA phonon distribution function increases from its initial
RTA values, the scattering channel, ZA+ZA→TA,LA,
causes the TA and LA distribution functions to also increase.
The � process: TA,LA→ZA+ZA, maintains a balance be-
tween the distribution functions for the three branches.

Previous calculations of �L in graphene have used the
long-wavelength approximation �LWA� to the three-phonon
scattering rates.14–17,20–23 The LWA is widely used in phonon
transport models for both bulk and nanostructured systems.
In the LWA, the solid is represented as an elastic continuum

with only acoustic branches included. The expressions for
the three-phonon scattering matrix element in the LWA,
������

� qq�q� implicitly assumes that the wave vectors q,
q�, and q� of all three phonons involved in a scattering event
are small. However, it is well known that three-phonon U
scattering requires at least two phonons with large wave
vector.37 Thus, the small wave vector LWA assumption is, in
principle, incompatible with the very U processes that pro-
vide the thermal resistance. Instead, one might expect the
LWA to be appropriate only for low frequency N scattering.
In fact, this has been confirmed from first-principles
calculations,39 which have shown that the accuracy of the
LWA in silicon and germanium decreases rapidly with in-
creasing phonon frequency. In any case, N scattering is typi-
cally not included in LWA models of phonon
transport.14–17,20–23 This exclusion is motivated by the notion
that only U processes can provide thermal resistance. How-
ever, it ignores that fact that N processes provide the essen-
tial role of redistributing phonons to larger wave vectors so
that U scattering can take place. In the context of graphene,
we note finally that the LWA does not incorporate the sym-
metry of the three-phonon scattering matrix elements,
������

� , from Eq. �5�. As a result, it gives nonzero ������
� for

all three-phonon scattering processes that satisfy momentum
and energy conservation constraints including the large frac-
tion of these that must vanish because of the graphene selec-
tion rule.

As noted in the second section above, the quadratic dis-
persion of the ZA branch causes NZA���1 /� as �→0.
This produces a macroscopic divergence in the phonon den-
sity with system size.40 It has been pointed out24,25 that cou-
pling between flexural and in-plane phonons renormalizes
the long wavelength ZA dispersion, and recent calculations25

have obtained this dispersion as �ZA�q�=�ZA�q�q2 where
�ZA�q�=�ZA�1+ �qc /q�2	1/4 and qc is a cut-off wave vector
such that for q�qc, the quadratic dispersion is recovered, but
in the long-wavelength region, q�qc, the graphene layer is
stiffened such that �ZAq3/2 which removes the divergence
in the phonon density. We have incorporated the ZA disper-
sion from Ref. 25 into our calculations of �L. We find that
doing so decreases �L by only about 1% for L=10 �m and
T=300 K.41 The smallness of this decrease is in part due to
the fact that the boundary scattering has already effectively
imposed a low-frequency cutoff on long-wavelength
phonons.

We have also estimated the effect on the selection rule
from the intrinsic ripples that occur in suspended
graphene.26,27 Using the amplitude and period of these
ripples, we have estimated their curvature and determined
from this an effective radius of a comparable SWCNT, which
we find to be 29 nm. This corresponds to a �400,400�
armchair SWCNT. Using our previously developed theory
for SWCNTs,34 we have calculated the strength of three-
phonon processes that violate the graphene selection rule and
find that at 29 nm radius, these are extremely weak. This
suggests that the selection rule for flat graphene should also
hold for graphene with ripples. On the other hand, in
multilayer graphene and graphite the selection rule is broken
by the weak interlayer coupling, which also creates a low-
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lying optic phonon branch. We therefore expect a reduction
in the �L for these systems compared to graphene.

We have also examined phonon scattering by isotopic
impurities31,33,34 by including 1.1% C13 in the C12 hexagonal
lattice. We find a decrease in �L of 10–15 % at room tem-
perature over the range L=1–10 �m. We note that the re-
sulting calculated value of �L3000 W /m K for L
=10 �m is consistent with measured values for graphene
flakes �see data point and error bars in Figs. 3 and 4 of Ref.
16�. This is particularly noteworthy given that there are no
adjustable parameters introduced in our thermal transport
calculation.

While direct experimental verification of the large ZA
contribution to �L is at present not available, recent measure-
ments on graphene supported by SiO2 substrates have been
performed that show a reduction in �L.19 These measure-
ments can be explained by a substrate scattering model in
which the ZA contribution to the �L for suspended graphene
described in the present work is dominant. They are also
consistent with strong breaking of the selection rule.

In connection with the above, it is straightforward to show
that the phonon-phonon scattering selection rule for single-
layer suspended graphene does not hold for multilayer
graphene and graphite because of interlayer coupling. How-
ever, since this coupling is weak, one might expect that they
will not strongly break the graphene selection rule. Another
effect of the interplanar interactions in multilayer systems
comes from the conversion of otherwise degenerate ZA pho-
non branches into low-lying optic branches whose contribu-
tions compared to the lone remaining ZA branch are reduced.
A qualitatively similar effect should occur in single-walled

carbon nanotubes, where the breaking of the reflection sym-
metry resulting from the nanotube curvature should enhance
phonon-phonon scattering compared to that in suspended
graphene.

V. SUMMARY AND CONCLUSIONS

Using an exact numerical solution to the phonon BTE, we
have shown that flexural phonons provide the dominant con-
tribution to the lattice thermal conductivity of suspended
graphene. This finding is a consequence of: �1� the large
density of flexural phonons associated with the quadratic ZA
branch dispersion and �2� the reflection symmetry of two-
dimensional graphene, which significantly restricts the phase
space for phonon-phonon scattering of the flexural modes.
The result holds for a wide range of graphene flake sizes and
temperatures in the range of current experimental interest. It
is also robust to inclusion of ripples, isotopic impurity scat-
tering, and long-wavelength stiffness of the ZA branch pro-
duced by coupling between flexural and in-plane modes. Fi-
nally, the importance of including Normal phonon-phonon
scattering in suspended graphene within the context of a full
solution of the phonon BTE rather than using RTA or LWA
approaches is highlighted.
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