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This work describes further development of the confinement theory used for fitting of the Raman-
spectroscopy signal obtained from nanostructured materials. We present a simple algebraic method for the
incorporation of an anisotropic phonon-dispersion function into the phonon confinement model. The anisotropy
is shown to have particular effects on low-dimensional systems, of sizes below �15 nm, even for systems with
low anisotropy such as Ge. Experimental verification of the model is provided by fitting the Raman signal from
Ge nanowires grown on quartz substrates. The interplay between the temperature change due to Raman laser
heating and the size of the nanostructures is discussed.
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I. INTRODUCTION

Raman spectroscopy is rapidly becoming a standard tool
for the characterization of low-dimensional systems, such as
quantum dots, nanowires, and microcrystalline structures.1–3

Its popularity is due to the wealth of information that it can
provide regarding nanostructures. For instance, one can de-
duce sample chemical composition, structure,4 and physical
properties such as thermal conductivity5 of nanostructures
based entirely on Raman spectra. Since the properties of bulk
materials may differ from those of nanostructures, assign-
ment of the Raman peak positions as well as peak shapes
may require simulations and modeling.

The phonon mode calculations in nanostructures may re-
quire different modeling for polar and nonpolar materials.
For example, Thonhauser and Mohan6 have calculated the
phonon spectrum in Si �111� nanowire and solved for eigen-
vectors in free-standing wires of several diameters.
Fonoberov and Balandin7 derived an integral equation within
a dielectric-continuum model to show that, while the fre-
quency of confined polar-optical phonons in zinc-blende
nanocrystals is equal to that of the bulk crystal phonons, the
confined polar-optical phonons in wurtzite nanocrystals have
a discrete spectrum of frequencies different from those of the
bulk crystal.

In addition, there are several theoretical models for simu-
lations of Raman scattering that have been developed to in-
terpret Raman spectra obtained on nanostructured materials.
For example, Thonhauser and Mohan8 use a bond-
polarizability model with the eigenfrequencies obtained from
spring-and-mass model of the Stillinger and Weber type8 to
calculate the ratio between the intensities of different polar-
izations. Based on such ratio, the nanowire diameter can be
determined theoretically.

Another model, which has gained much popularity within
the Raman community to describe nanostructured materials,
is called the phonon confinement model. Although this
model is somewhat simplistic, it can be reliably applied to fit
the measured Raman data and to reproduce the position and
width of the Raman peak obtained from nanostructured ma-
terials. This model was first formulated by Richter et al.9 and

expanded by Campbell and Fauchet.10 A detailed account of
this work was summarized by Fauchet and Campbell in
1988.11 The authors recognized then that “this issue deserves
further studies” due to several controversial results that arose
from this model. The simplicity of the phonon confinement
model �also commonly referred to as Richter-Cambell-
Fauchet �RCF� model�, and the need for a fast, nondestruc-
tive way to determine the size of nanostructures have stimu-
lated the relatively frequent use of this model to study
nanoscale materials.2 However, inadequacies associated with
this approach continue to be debated. For instance, some
authors, such as Adu et al.,12 have investigated possible rea-
sons for the wide discrepancy found in the literature concern-
ing the parameters used in the RCF model.

In this work, we undertake to resolve issues directly re-
lated to these discrepancies, such as the parameters used
within the RCF model to describe the phonon-weighting
function. We show that the problem stems from a misinter-
pretation of the phonon-weighting function that was initially
proposed by Richter et al.9 We note that the RCF model does
not take into account surface effects and cannot predict Ra-
man peaks arising from them, which can be done by models
suggested, for example, in Refs. 6, 7, and 13. Instead, the
strength of the RCF model is its ability to give a fast estima-
tion of the nanostructure size, when it is applied properly, as
well as to provide a means to determine the temperature that
develops due to the Raman laser heating.2,14

In addition to resolving the problem of the phonon-
weighting function, we show in this paper how the isotropic
RCF model can be generalized for nanostructures fabricated
from materials with anisotropic phonon-dispersion proper-
ties. This issue is of special importance for highly anisotropic
materials such as titanium oxide, which possesses strongly
anisotropic dispersion relations. This problem has previously
been discussed in the literature.15–18 One of the most elegant
ways to solve the anisotropy problem was proposed by Pail-
lard et al.19 and involved averaging over phonon frequency
using a Brout sum.20 Our proposed approach does not in-
volve averaging. Instead, following a purely algebraic ap-
proach, the calculation takes into account phonon dispersion
in each relevant crystallographic direction. All the discussion
presented here stays within the framework of the phonon
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confinement model as proposed by Richter et al.,9 which is
based on the assumption that the bulk phonon dispersion
holds in nanostructures.

II. RCF MODEL

A. Phonon weighting function

The RCF model is applied in cases where the Raman
spectra are obtained not from an infinite lattice but rather
from nanostructures with finite dimensions. Equation �1� de-
scribes a wave function for a phonon of wave vector q0 in an
infinite crystal with a periodic function u�q0 ,r�, where r is
the space vector,

��q0,r� = u�q0,r�e−iq0r. �1�

Richter et al.9 proposed to use a “phonon-weighting func-
tion” W�r� to describe a phonon in a microcrystal with finite
dimensions,

��q0,r� = W�r���q0,r� = ���q0,r�u�q0,r� . �2�

The typical choice of W�r� is of a Gaussian W�r�=exp�
−r2 / �2��2��, where � is a constant and matched individually
for a given measurement setup and material3,12 in accordance
to the sample’s dimensions. Initially, Richter et al.9 proposed
a Gaussian as an approximation to simplify the calculations
of integrals �see Eqs. �3� and �8� which will be described in
the following�. Current computational applications allow one
to calculate exact integrals numerically, thus more precise
phonon-weighting functions than Gaussian can be readily in-
corporated. In this work, we discuss incorporation of the pre-
cise phonon-weighting function, namely, the square wave,
the reason for which will be discussed next. We compare this
choice with the earlier proposed weighting functions and
show that when the parameter � of the Gaussian is chosen
properly, both models give identical results. In addition, we
show that current computational technology, where numeri-
cal integration can be carried out effectively, makes it pos-
sible to incorporate anisotropy into the RCF model, where
Raman scattering from the relevant crystallographic planes
can be taken into account. The model is tested against ex-
perimental results obtained from nanowire structures.

For a given ���q0 ,r�, the Fourier coefficient C�q0 ,q� are
then obtained in Eq. �3�,

C�q0,q� � � d3r���q0,r�e−iq·r. �3�

For one-phonon scattering, q0=0 is assumed.
For a Gaussian weighting function of the form W�r�

=exp�−r2 / �2��2��, the Fourier coefficient is in general of the
form

�C�0,q��2 = � �exp�− 0.5q2�2��2. �4�

The value of the parameter � in the Gaussian is highly
disputed in the literature �see, for example, values summa-
rized by Adu et al.12 from various literature sources�. Adu et
al.12 have shown that any results can be calibrated to fit to
the RCF theory, if the “universal parameter” � is varied. In

fact, the origin of this parameter lies in a proper choice of the
spatial function W�r� function �Fig. 1�.

In case of nanowires, it is intuitive to use square-wave
function W1�r� �Fig. 1� to represent the nanowire in the Car-
tesian coordination system �x ,y ,z� in the following way:

W�x,d� = 1 for − d/2 � x � d/2,

else W�x,d� = 0 �same for the z direction� ,

W�y,L� = 1 for − L/2 � y � L/2,

else W�y,L� = 0. �5�

This type of square-wave function confines the structure in
space. The Fourier transform of the rectangular function is
sinc� qd / a

2� �, where sinc�x� is defined through sin��x�
�x and the

parameter a is the crystal constant �the lattice size of Ge is
a=5.64 Å �Ref. 21��. In the majority of publications, the
Gaussian form is chosen due to the simpler evaluation of
integrals involved in the RCF model.3,9,10 For the Gaussian
to match the square-wave function, especially after the Fou-
rier transform �which provides the “window” in q space for
calculations�, the standard deviation ��� in the Gaussian
W�r�=exp�−r2 / �2��2�� should be equal to the distances of
all points in the square wave from the center, normalized to
the number of the points. In other words, the standard devia-
tion for any confined shape with a characteristic size d in a
given direction �x, y, or z� should be

� = �	x2
 =��
−d/2

d/2

x2dx

�
−d/2

d/2

dx

=
d

�12
. �6�

Figure 2 shows a comparative plot for the Gaussian and
the square-wave function in r space and in q space for �
from Eq. �6� with those from the literature.9,10 The seminal
papers by Richter et al.9 and Campbell and Fauchet10 gave
different reasoning regarding the Gaussian width. In case of
Richter et al.,9 the authors suggested that the phonon ampli-
tude falls to the value of 1 /e at the crystallite boundary. In q
space, the Gaussian built upon our procedure of “mapping”
the Gaussian into a square-wave function in Eq. �6� falls
completely on the major cycle of the Fourier-transformed
square wave. The Gaussian proposed by Richter et al.9 fol-
lows closely the Fourier-transformed square wave as well.
On the other hand, Campbell and Fauchet10 suggested that

FIG. 1. Representation of a nanowire with the face size d and
length L, and the respective weight functions W1�r� �square-wave
function, dashed� and W2�r� �Gaussian, solid line�.
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the phonon amplitude should be exp�−4�� at the boundary of
the crystallite. This gives a much narrower window than the
crystallite shape and results in a very wide Fourier-
transformed Gaussian.

In order to compare this result to the results of the major-
ity of other publications, we turn to the literature as summa-
rized by Adu et al.12 For their discussion, Adu et al.12 use
coefficient �C�0,q�� of the following form:

�C�0,q�Adu�2 = � exp�− 0.5q2d2/�2� . �7�

To be consistent, we perform the comparison through the
parameter � in Eq. �7�. The relation between the parameters
in Eqs. �4� and �7� is �2= d2

2�2 . A literature summary of the
work of Adu et al.12 gives reported results in the range 1.4
���10.4, depending on the publication. The “universal
value” for � found by Adu et al.12 themselves is 6.3. To
match between Eq. �7� and our Eq. �4� with �=d /�12, the
parameter � is �=�6=2.44, in case of the properly confined
Gaussian corresponding to the rectangular function. Table I
shows a comparison between the Gaussian parameters used
in various publications, this time in terms of the parameter �
where, for convenience, all literature Gaussian-based phonon

confinement functions were converted into �C�0,q��2=
��exp�−0.5q2�2��2 form.

It must be noted that despite these discrepancies, many
authors who have applied the RCF model to the analysis of
Raman data from nanowire samples have obtained reason-
able results, which scaled with the size of the investigated
nanostructures. Although the � varied from publication to
publication, the difference could be attributed to other pa-
rameters which influence the line shape of the measured Ra-
man signal, such as strain and the induced heat within the
nanostructure.2

In Sec. IV we fit our experimental data using square-wave
weighting function �equivalent to the Gaussian phonon-
weighting function with the parameter � from Eq. �6��. The
fits will be presented after the discussion of the derivation of
the dispersion equations for RCF model in anisotropic sys-
tems.

To summarize this part, we have shown that the contro-
versy regarding the choice of parameters within the Gaussian
confinement function in analysis of Raman line shapes mea-
sured from nanostructures can be resolved by consideration
of the rectangular confinement function. The proper choice
of the parameters within the Gaussian has been controversial
since the publication of the RCF model in which Richter
et al.9 have used a weighting function of W�r�
=exp�−2r2 /d2� while Campbell and Fauchet have used
W�r�=exp�−8�2r2 /d2�, where d is the characteristic size of
the nanostructure. In each case, the question was: to which
value should the Gaussian function decay at the boundary of
the crystallite? We have shown that the square wave sets
clearly the proper boundary conditions at the edges of nano-
crystallites. Our results set by a rectangular phonon confine-
ment function are in closer agreement with the choice of
Richter et al.,9 who proposed that the Gaussian falls to the
value of 1 /e at the crystallite boundary.

In Sec. IV, we fit our Raman data using phonon-weighting
function with the square profile. Ma et al.22 indicate hexago-
nal cross section of the nanowires grown under experimental
conditions similar to ours. We note that the weighting func-
tion with the square-wave profile is an approximation in this
case.

B. Dispersion relations

The RCF model proposes the following Lorentzian form
for fitting of a Raman signal:

I�w� � � d3q�C�0,q��2/��w − w0�q��2 + ��/2�2 , �8�

where w0�q� is the phonon-dispersion function. It should be
noted that many authors perform the integration over the q in
the first Brillouin zone �BZ� �i.e., Refs. 2, 10, and 18�. We
point out that this is incorrect since the periodicity of the
lattice is broken at the very moment when the weighting
function �which is the “confinement function”� W�r� is intro-
duced. Thus, the correct way is to integrate q from −� to �.
For small crystal shapes, where d is only several times bigger
than the lattice parameter, the difference between integration
over the BZ and from −� to � can become important. How-
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FIG. 2. �a� Phonon weighting function W�x� calculated with d
=50 arbitrary units. �i� square function; �ii� based on W�x�=exp�
−x2 / �2��2�� with � from Eq. �6�; �iii� �dashed� Proposed by Richter
et al. �Ref. 9�; and �iv� �dashed-dotted� proposed by Campbell and
Fauchet �Ref. 10�. �b� The corresponding �C�q��2. Only the plots
corresponding to plots �iv� and �iii� in �a� are marked, the rest of the
lines fall closely together.

TABLE I. Values of the Gaussian parameter � in �C�0,q��2=
��exp�−0.5q2�2��2 from this work and from different literature
sources, where d is the parameter for nanostructure size in the
phonon-weighting function.

� Literature source

d
2 Reference 9
d

4� Reference 10
d

6.3	�2
Reference 12

d

10.4	�2
���

d

1.4	�2

Values summarized from
the literature in Ref. 12

d
�12

This work, in accordance with Eq. �6�
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ever, since the RCF model assumes the validity of bulk pho-
non dispersion for nanostructures, we discuss only sizes of
nanostructures which are �roughly� at least ten times bigger
than the lattice size of the bulk material. Under these condi-
tions, the integration over the q in the first BZ is valid.

Also the form of w0�q� is somewhat controversial in the
literature, where “an isotropic” dispersion function w0�q� is
typically applied.2,10 This may work when the crystal struc-
ture of the nanostructured material is known and is the same
for all crystallographic planes of the investigated particles.
Bassi et al.18 discuss the importance of using w0�qx ,qy ,qz� in
an anisotropic crystal. For powders which can exhibit aniso-
tropy of phonon dispersion, Paillard et al.19 proposed a sum
rule which averages over different phonon branches in all
relevant crystal directions. We point out that this is a good
approach only when all directions are considered to be
equivalent. In the case of nanowires, however, there are dif-
ferent dimensions in various directions. Thus, weighting
functions W�r� with different parameters for nanostructure
size are used for each space direction. Consequently, an av-
erage w0�q� is not the proper way to describe the system,
although it was shown to work when the dispersion proper-
ties of materials are not highly anisotropic.12,18 We note that
another approach for averaging was proposed by Prosandeev
et al.,23 involving averaging over the possible crystallite di-
rections using rotation invariants. This approach was useful
to deal with the integral Raman intensities of powders. The
approach discussed in this work is different: rather than av-
eraging on the integral Raman intensities in various direc-
tions, it implicitly includes the phonon-dispersion function in
several relevant crystallographic directions, under the as-
sumption that the bulk phonon dispersion holds for nano-
structures, and that the same surface-selection rules apply.

In summary, the importance of a proper w0�qx ,qy ,qz� is
twofold: first, it accounts for a strong anisotropy in aniso-
tropic crystals, where the “isotropic” function w0�q� is sim-
ply inappropriate. Second, it accounts for dimensionality in
crystals, where the appropriate length scales in the x, y, and
z directions differ, as in nanowires.

In this section, we demonstrate a simple algebraic ap-
proach which allows one to include an anisotropic
w0�qx ,qy ,qz� in the RCF model. This approach is based on
the following assumptions: �1� the derivation is performed in
the framework of the RCF phonon confinement model,
which assumes that the bulk phonon modes can be used to
describe nanostructures. No surface modes are taken into ac-
count. �2� This derivation assumes that the Raman surface-
selection rules, which are valid for bulk, hold for the nano-
structures.

�3� This discussion includes only two major modes �LO
and TO� as allowed by Raman surface-selection rules for

appropriate surface orientations, respectively. These modes
are interpolated for the construction of the w0�qx ,qy ,qz�
function.

With regards to the third assumption, the aim of this paper
is to demonstrate the effects of the inclusion of the aniso-
tropy into the RCF model. Two cases are considered: one
where the Raman-scattering directions considered in 	001
 or
	110
 crystallographic directions. The other case considers
Raman scattering in 	111
, 	112
, and 	110
 crystallographic
directions. The derivation of the w0�qx ,qy ,qz� for the latter
case is given in the Appendix. We note that the formalism
presented here allows one to include any modes that are
likely to contribute to the Raman scattering in accordance to
surface-selection rules.

In order to calculate w0�qx ,qy ,qz�, we match the boundary
conditions for w0�q� in the three major crystallographic di-
rections of the nanostructures under study. In our experi-
ments, Ge NWs are oriented along the 	110
 axes. For sim-
plicity, we choose to work in the Cartesian system of
coordinates, approximating the shape of the NW as a rectan-
gular box.

In the following, we choose dispersion relations in three

orthogonal directions, namely, �110�, �001�, and �11̄0�. The
bulk phonon dispersion in Ge along these three high-
symmetry directions are readily available from literature.24,25

Presently, based on the backscattering geometry in our ex-
periments, we follow the Raman selection rules4 that dictate
that for backscattering from �001 planes the allowed phonon
mode is LO polarized and for the backscattering from �110
is TO polarized.

First, we write an analytical form for the dispersion in
bulk Ge using data from Ref. 24 by the following Fourier-
type expansion. We fit on data from24 using Eq. �9�,

w�q� = A0 + �
n

An cos�n�q� . �9�

The parameter q in Eq. �9� is the normalized parameter of the
reciprocal lattice. The obtained parameter values for Eq. �9�
are summarized in Table II and represented in Fig. 3.

The step presented below �Eqs. �10�, �11a�–�11c�, and
�12�� is used to calculate w0�q� which is a three-dimensional
�3D� form for w0�q1 ,q2 ,q3� where q1, q2, and q3 are the

wave-vector parameters in the �110�, �001�, and �11̄0� direc-
tions. �Our particular choice stems from the fact that the Ge
NWs that are discussed in the experimental section were
grown along the 	110
 direction.� This w0�q1 ,q2 ,q3� is the
function which appears in Eq. �8� and is required for simu-
lations of the Raman signal. The general form of the
w0�q1 ,q2 ,q3� basically involves a superposition of three

TABLE II. Parameters used to fit the phonon dispersion using Eq. �9� for three major crystallographic
axes in Ge. Two of the relevant axes in a nanowire are considered in 	110
 crystallographic directions.

Relevant mode
A0

�cm−1�
A1

�cm−1�
A2

�cm−1�
A3

�cm−1�
A4

�cm−1�

	110
 TO 284.9 15.13 2.84 0.65 0.21

	001
 LO 286.3 24 −8.4 2.8 −0.9
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properly parametrized forms of Eq. �9� to accommodate the
three possible solutions for w110�q1�, w001�q2�, and w11̄0�q3�,

w0�q1,q2,q3� = C0 + �
i=1

3

�
n=1

�

Cn
i cos�n�qi� , �10�

where we have performed an expansion up to n=4. The 13
coefficients of cos functions are obtained by solving 13
boundary equations as discussed next.

The function given in Eq. �10� is defined through fulfilling
the following conditions:

w0�q1,0,0� = w110�q1� , �11a�

w0�0,q2,0� = w11̄0�q2� , �11b�

w0�0,0,q3� = w001�q3� , �11c�

where w110�q1�, w11̄0�q2�, and w001�q3� are given by Eq. �9�
with the appropriate parameters from Table II.

To obtain w0�q1 ,q2 ,q3� it is required to solve boundary
equations which would fulfill the common boundary condi-
tions,

w0�0,0,0� = constant = w110�q1 = 0� = w11̄0�q2 = 0�

= w001�q3 = 0� �12�

at the � point of the first Brillouin zone. This constitutes the
first necessary boundary equation �out of 13�, and Eqs.
�11a�–�11c� constitute the remaining 12 necessary equations
for any arbitrary point q between 0 and 1 in the normalized
wave-vector space �or, more generally, in the first Brillouin
zone�, in order to obtain the parameters of Eq. �10�.

In our case, where q1, q2, and q3 are the wave-vector

parameters are in the �110�, �11̄0�, and �001� directions, the

parameters summarized in Table III were obtained. Param-
eters summarized in Table III constitute the solution for Eq.
�10� and can be readily used for anisotropic materials �with

major axes �110�, �11̄0�, and �001�� in Eq. �8�. The resultant
reconstructed anisotropic phonon-dispersion function is
shown in Fig. 4.

C. Application

In this section, we test the use of isotropic vs anisotropic
phonon-dispersion functions and discuss the influences of the
preferential nanowire growth directions on the Raman spec-
tra. Since our Raman setup and the samples �as will be pre-
sented in Sec. IV� allow us to perform measurements on
single nanowires rather than on nanowire ensembles, we do
not take into account any size distribution effects throughout
this work. Thus, in this section �as well as in Sec. IV� we
discuss simulations based on a discrete size of a single nano-
structure.

It is interesting to address several nanocomposite struc-
tures, to demonstrate how the RCF model changes when an-
isotropy is applied on different structures. Figure 5 shows
several test shapes on which the application of the modified
RCF model will be discussed in the following.

1. Nanodots

In this section, we compare the results of the RCF calcu-
lations as obtained for a one-dimensional w�q� and an aniso-
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FIG. 3. Dispersion relations for the TO and LO modes allowed
in a backscattering geometry by the Raman selection rules in 	001

and 	110
 directions. Black circles: data from Ref. 24 �at 80 K�,
gray line: fit obtained by the curve of the type presented by Eq. �9�.

TABLE III. Parameters obtained for the construction of anisotropic phonon-dispersion function
w�q110,q11̄0 ,q001�. The coefficients represent the parameters in Eq. �10� with the boundary conditions of Eqs.
�11� and �12�. The data are presented with the room-temperature adjustments.

Relevant i mode in Ci
n

C0

�cm−1�
C1

i

�cm−1�
C2

i

�cm−1�
C3

i

�cm−1�
C4

i

�cm−1�

i=1 251 15 3.15 0.53 0.37

i=2 15 3.15 0.53 0.37

i=3 24 −8.4 2.9 −0.95
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FIG. 4. Anisotropic phonon-dispersion function
w�q110,q11̄0 ,q001� represented as a function of q001, q110 where q11̄0

was set to zero. The phonon-dispersion functions w100�q� and
w110�q� are marked in black.
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tropic w�q1 ,q2 ,q3�. The isotropic calculations were per-
formed using the “radial” form of Eq. �8�. This type of
approximation is frequently performed in the literature.2,12,18

For instance, in the case of quantum dots, the integration of
d3q is reduced to q2dq while for the nanowires, where the
inequality nanowire length
short facet diameter holds, the
integration over d3q is reduced to qdq. In this case, a one-
dimensional form of w�q� is used. An anisotropic calculation
with w�q1 ,q2 ,q3�, on the other hand, was performed using
Eq. �8� with d3q integration over q1, q2, and q3.

It is interesting to test how the crystallographic orienta-
tion influences the theoretical Raman signal both in d3q and
q2dq models. Thus, for q2dq case the calculations were per-
formed with the phonon-dispersion function w�q� in both the
	001
 or 	110
 crystallographic directions �Fig. 5� while for
the d3q model, the w�q1 ,q2 ,q3� was implemented as calcu-
lated from Eqs. �10�, �11a�–�11c�, and �12�, both in the three

�001 equivalent directions or along the �110�, �11̄0�, and
�001� orthogonal directions. For simplicity, we refer to the
latter calculation as “�110� d3q” calculation hereafter, al-
though the �001� direction is involved in this case as well.
We do not show a derivation of the w�q001,q010,q100� phonon
function since it is straightforward when Eqs. �10�, �11a�–
�11c�, and �12� are implemented.

In addition, Eq. �8� was modified to account for the local
laser heating so that it can be later used in the fitting of the
measured data,

I�w� � � d3q�C�0,q��2/��w − w0�q,T��2 + ���T�/2�2 ,

�13�

where T is the temperature which develops due to the local
heating and w0�q ,T� is given by26–28

w�T� = w0 + w0�exp�− 3��
0

T0

��T��dT�� − 1�
+ A�1 +

2

ex − 1
� , �14�

where ��T� is the coefficient of linear thermal expansion, �
is the mode Grueneisen parameter,27 and x=�w0�q� / �2KBT�,
where KB is the Boltzmann constant and T is the total tem-

perature of the irradiated spot.26 Similarly, ��T� is given
by26,28

��T� = B�1 + � 2

ex − 1
�� + B��1 + � 3

ey − 1
� +

3

�ey − 1�2� ,

�15�

with x defined as before and y=�w0�q� / �3KBT�.26,28 In this
case, the parameter B� is kept constant at a value published
for c-Ge by Burke et al.26 �B�=0.06 cm−1� while the param-
eter B is retrieved from the fits as will be described in Sec.
III. For nanostructures, the following average parameters as
obtained from bulk c-Ge were used: A=−1.20.2 cm−1 and
B=0.750.15 cm−1, �see Sec. III B for details�. For com-
parison, parameters A and B for bulk c-Ge as given by Burke
et al.26 where A=−1.4 cm−1 and B=0.73 cm−1. In the fol-
lowing simulations, the parameter for temperature was kept
identical so that it will be possible to compare between the
outputs of the simulations. At this stage, the choice of this
parameter can be somewhat arbitrary. We used Tlaser
=50 °C. However, for the fits of the measured Raman data,
the influence of the temperature Tlaser will be discussed sepa-
rately in Sec. IV.

Figure 6 shows the results of the simulations. For bulk
material, all simulations converge to the same result �Fig.
6�c�� since w�q� contributes only at small q �q�0�. For the
nanodots with a diameter of 20 nm �Fig. 6�b��, the d3q and
q2dq integrals give the same results in case of the phonon-
dispersion function in �001 directions �labeled as “�001�” in
Fig. 6�. In case of w�q110,q11̄0 ,q001� �labeled in Fig. 6 as
�110� for simplicity�, the results of the simulations fall close
to the results obtained using the isotropic dispersion function
w�q110�, although they do not coincide due to the influence of
the phonon mode in �001� direction in the d3q model.

Finally, for the smaller shapes �d=5 nm, Fig. 6�a��, the
calculations for q2dq and d3q follow the line of the d
=20 nm results. As before, a good agreement is obtained
between the q2dq and d3q models for the dispersion relations
in 	001
 directions but the simulated results for the
w�q110,q11̄0 ,q001� give a higher asymmetry than the results of
the simulations with the isotropic q2dq model with the pho-
non dispersion in �110� direction due to the involvement of
the �001� phonon mode in the anisotropic d3q model.

To conclude this section, we point out that the 3D repre-
sentation of the phonon function w�q1 ,q2 ,q3� is important
for nanodots where the growth axis is such that different
crystallographic planes contribute to the Raman signal. In the
case of nanodots with �001 planes, when the dispersion
function is equivalent in all directions, the q2dq and d3q
models give identical results.

2. Nanowires

To compare between the d3q model for anisotropy and the
qdq model �as reduced from the d3q integration for the nano-
wires and a frequently used in literature to fit Raman
data12,18�, we perform simulations for nanowires with the

principal axes along �001�, �110�, and �11̄0� directions,
where the longitudinal axis is either along 	001
 or 	110

�Fig. 7�.

FIG. 5. Schematic drawing of hypothetical nanostructures with
different geometries and orientations. In this work, the RCF model
with the relevant anisotropy is applied to simulate Raman signal
from each of the nanostructures.
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For nanowires with a small diameter �d=5 nm�, both the
isotropic qdq model and the anisotropic d3q model show a
big difference in the shape of the signal depending on the
dispersion function, w�q�. The calculations for the isotropic
qdq model with w�q� for the allowed phonon mode in the
�110� crystallographic plane follows more closely the results
of the d3q calculations where the long dimension is along
�001� direction �the two short dimensions being along the

�11̄0� and �110� facets� but it is less asymmetric toward
lower wave numbers. The similarity in this case is because
the 	110
 phonon mode is predominant both in d3q and in
qdq models while the phonon mode in �001� in d3q model is
positioned along the long dimension of the nanowire and
contributes only close to q=0. For the nanowires with bigger
diameters, the difference between the simulations utilizing
different models �with similar crystallographic consider-
ations� almost vanishes �Fig. 7�b��.

From the simulations it is evident that the asymmetry ob-
served in previous studies12 might also be due to anisotropy.
The fact that this had not been noticed earlier may result
from the difficulty of tuning the predicted broadening param-
eter � in Eq. �8� or may be a consequence of the nanowire
growth axis. These considerations indicate that care should

be taken and the crystallographic orientation of three-
dimensional nanostructures should be accounted for in at-
tempts to analyze the size of the nanostructures from Raman
spectra using the RCF model.

Finally, we compare between crystallographically differ-
ently oriented nanowires within the d3q model for aniso-
tropy. For the shorter faces of the nanowire, we use the dis-
persion function w�q1 ,q2 ,q3� interpolated from the phonon-
dispersion modes either along 	001
 and 	110
 or 	111
 and
	112
 crystallographic axes. We assume the growth axis
along the 	110
 directions in both cases. In Sec. IV, these two
cases are used for fitting to the measured Raman data. Deri-
vation of w�q1 ,q2 ,q3� in the latter case is presented in the
Appendix.

Figure 8 shows the results of the simulations for nano-
wires of 9 nm diameter �Fig. 8�a�� and for bulk Ge �Fig.
8�b��. The simulations were performed for the room tempera-
ture, assuming no additional heating during exposure to the
laser. As expected, there are no differences in Raman signal
simulated for bulk Ge. As the size becomes smaller, the de-

FIG. 6. Calculated Raman peaks using the RCF theory for dif-
ferent cube diameters: �a� 5 nm; �b� 20 nm; and �c� bulk. Black,
dashed: one-dimensional �isotropic� calculation using q2dq calcula-
tions for w�q� in either 	001
 or 	110
 directions, as labeled in the
figure. Gray, solid: 3D �d3q� calculation with w�q1 ,q2 ,q3� all along
the three 	001
 equivalent directions �labeled as �001�� or along

�110�, �11̄0�, and �001� crystallographic directions �labeled as
�110��. In �c�, all of the plots overlap. In �a� and �b�, the peak area
was shaded as a visual aid.

FIG. 7. Calculated Raman peaks with the RCF theory for dif-
ferent NW �d1=d2�d3� diameters: �a� d1=d2=5 nm and �b� d1

=d2=20 nm. Black, dashed: one-dimensional �isotropic� calcula-
tion using qdq calculations for w�q� in either 	001
 or 	110
 direc-
tions, as marked in the figure. Gray: 3D d3q calculation with

w�q1 ,q2 ,q3� with �001�, �110�, and �11̄0� crystallographic planes,
where the longitudinal axis �d3� is either parallel to the �001� or
�110� direction.
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viations in the simulated signals become observable. How-
ever, as will be shown in Sec. IV, when both dispersion func-
tions are comparatively applied to fit the same Raman data,
these effects are not significant within the nanowire diameter
range of our experimental data.

III. EXPERIMENTAL

A. Sample preparation and Raman characterization

Germanium nanowires were grown on quartz substrates
by chemical vapor deposition through the vapor-liquid-solid
mechanism.29 5 nm gold nanoparticles were used as catalysts
and germane was the source gas. The nanowires were nucle-
ated at 370 °C for 2 min and the temperature was reduced to
310 °C for the remaining 25 min of growth. The pressure in
the reactor was maintained at 30 Torr. Under these condi-
tions, the nanowires grow predominantly along the 	110
 di-
rections and have cross sections consisting of six surface
facets: four �111-type planes and two �100-type planes.22

Because the substrate is amorphous, the nanowires have
random spatial orientations. The wires grown using the 5 nm
gold catalysts can be seen in Fig. 9. Based on measurements
from scanning electron microscopy �SEM� images such as
Fig. 9, the diameter of the Ge nanowires is 4 nm greater than
the nominal catalyst diameter, with an uncertainty of
3 nm.30 Nanowires grown by the vapor-liquid-solid
method are frequently found to have a larger diameter than
that of the initial solid catalyst particles from which they
grow because of the volume expansion accompanying super-
saturation of the catalyst by the nanowire component �in this

case Ge� and the resulting eutectic melting event.30,31

Samples with Ge nanowires on quartz were measured
with a Nicolet Almega XR dispersive Raman spectrometer
from Thermofisher. The spectra were obtained with a 532 nm
laser at 0.045 mW power as measured at the sample plane.
The Raman spectrometer was equipped with a microscope,
where the 100	 objective �NA 0.80� was utilized.

Due to the fact that the phonon-weighting function, de-
scribing hexagonal profile predicted for the nanowires, re-
quires extensive numerical simulations, we used a square-
wave profile as an approximation. We tested the effects of
scattering both from �111 and from �100-types planes, to be
consistent with the findings by Ma et al.22 In each case, the
construction of the w�q1 ,q2 ,q3� phonon dispersion was dic-
tated by the orientation of the long axis of the nanowire
along 	110
 directions and the requirement of orthogonality.
Two different phonon-dispersion functions—namely,
w�q110,q11̄0 ,q001� and w�q110,q11̄1 ,q11̄2̄�—were used to de-
scribe the experimental data where the Raman radiation scat-
ters from either �111- or �001-type planes. The derivation
of w�q1 ,q2 ,q3� for the latter case is given in the Appendix.
As demonstrated in the next section, the difference in the
fitted parameters for the nanostructure size was insignificant
when either of the dispersion functions was used.

For discussion of the quality of fits presented in the next
section, we performed a mean squared error �MSE� test,32

defined as

MSE =� 1

N − M
�
j=1

N

�Ij
fit − Ij

experimental�2, �16�

where N is the number of the points in the Raman data, M is
the number of varied fit parameters, and I is the Raman in-
tensity at each wave number.

B. Estimation of the parameters A and B in Eqs. (14) and (15)

Typically, the parameters A and B are extracted from the
measurements of bulk properties of a material. For better
statistics, we obtained Raman data on c-Ge in a set of mea-
surements where the microfocus was scanned across differ-
ent locations on c-Ge surface. The RCF model with the di-
mension d→� was fitted to each Raman peak �not shown�.

FIG. 8. Raman signal simulated for �a� 9 nm diameter nanowires
and �b� for bulk. The long dimension of the nanowire is assumed
along 	110
 crystallographic directions in both cases. Dashed line:

the shorter faces were assumed along �11̄1� and �11̄2̄� planes; Solid

line: the shorter faces were assumed along �001�, �11̄0� crystallo-
graphic planes �see the inset drawing�.

FIG. 9. Secondary electron microscopy image of germanium
nanowires nucleated with 5 nm �nominal� diameter gold nanopar-
ticles on a quartz substrate.
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Thus for c-Ge, we obtained A=−1.20.2 cm−1 and B
=0.750.15 cm−1. The published data vary between A=
−1.4 cm−1 �Ref. 26� and A=−1.13 cm−1,27 whereas the de-
tailed analysis as well as the literature summary regarding
the variations in these parameters can be found in Ref. 27.

IV. RESULTS

The importance of local heating is demonstrated in Fig.
10. Upon irradiation with 0.5 mW laser power �either 532 or
780 nm wavelength�, Ge nanowires of 45 nm in diameter
sustained significant morphological damage. In all the fol-
lowing data the laser power was reduced to 0.045 mW,
where no damage was detected with the optical microscope.

Based on this damage analysis and on the recognition that
heating of nanostructures occurs during Raman measure-
ments �see, for example, reports by Piscanec et al.2 and
Faraci et al.14�, we included temperature as one of the pa-
rameters when fitting on the Raman data using the phonon-
confinement RCF model.

Figure 11 shows two typical sets of measured data along
with the resulting fits for the 93 nm nanowires �as deter-
mined from SEM�. Two Raman spectra obtained at two dif-
ferent spots in the sample are shown. The fits are presented
for calculations utilizing w�q110,q11̄0 ,q001� dispersion func-
tion. The best fits were obtained for 9.52 nm �Fig. 11�a��
and for 112 nm �Fig. 11�b��. The best temperature fits
were 370 K for the first spot and 375 K for the second. The
accuracy in temperature estimation is discussed in the fol-
lowing.

We note that when the fits were performed with
w�q110,q11̄1 ,q11̄2̄� dispersion function, only a slight deviation
from the above data was observed �within 10% of the nano-

structure size and temperature values calculated with
w�q110,q11̄0 ,q001��. The best fit converged with similar MSE
values �less than 1% difference in MSE�.

In order to test the interplay between the temperature and
the nanowire size and to estimate the accuracy, Fig. 12 shows
the convergence of the MSE and of the nanowire diameter as
a function of the fixed temperature upon fitting on the data
presented in Fig. 11. The data summarized in Fig. 12 show
that there is a clear minimum in MSE in both cases. Shaded
areas emphasize the regions where MSE varies within 10%
around its minimum value. If we set the sensitivity threshold
at 10% MSE variation, we obtain from Fig. 11�a� a nanowire
diameter of 9.5 nm with accuracy of 0.5 nm. Similarly, the
temperature varies within 20 K around its optimal value
of 370 K.

FIG. 10. �Color online� Laser damage of Ge nanowires on
quartz surfaces. ��A� and �C��: before Raman laser irradiation; ��B�
and �D�� after the irradiation. For B, a 532 nm laser was used while
for D, a 780 nm laser resulted in the same outcome. The region of
interest is marked by a circle. After irradiation, the nanowire could
no longer be seen. All pictures are shown to the same scale �the
scale bar is 5 �m�.
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FIG. 11. Nanowires with SEM-estimated value of d=93 nm.
Raman spectra on �a� and �b� were obtained at two different spots
on the same sample. Dotted line: measured data; gray solid line:
fitted data. The convergence of the relevant fit parameters is shown
in Fig. 12. The spot temperature and the nanowire diameter are
summarized in the figure area.

FIG. 12. Convergence of MSE and the development of nanowire
diameter as a function of fixed temperature in the fit. �a� Variations
in the fitted diameter and MSE for spectrum �a� in Fig. 11 and �b�
variations in the respective parameters for spectrum �b� in Fig. 11.
The shaded areas emphasize region of the possible solutions, where
MSE changes within 10%.
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For the set of data shown in Fig. 11�b�, the criterion of
10% MSE variation similarly falls within the temperature
range of 20 K, with a center at T=375 K. The diameter d
can be determined as 111 nm.

Application of the RCF model to additional Raman data
sets, obtained from different nanowires on the sample, al-
lowed us to estimate an average value for nanowire diameter
and the variance. The average value was d=102 nm,
which is in a good agreement with the SEM-estimated value
of 93 nm.

To summarize this section, we have performed fits using
the improved phonon confinement model on nanowires with
SEM value of d=93 nm. We tested the interplay between
the temperature and the size estimation, based on the MSE
analysis. The MSE shows a clear minimum for a certain
range of the diameter/temperature parameters, and the de-
rived nanostructure size is within the error bars of the SEM-
measured values. Advanced temperature sensing techniques
from confined spots, such as those based on near-field
radiometry,33 can be implemented in the future for cross ref-
erencing the data with the presented analysis.

V. CONCLUSIONS

In this work we have presented a way to improve the RCF
model by �a� pointing out the proper choice of parameters in
the Gaussian confinement function and by �b� introducing an
anisotropic dispersion function into the confinement model.
This demonstrates that anisotropy is of a particular impor-
tance for low-dimensional systems, where the broadening of
the signal is strongly affected by the phonon dispersion of
the material. The model has been tested on Ge nanowires
with diameter less than 15 nm, where the fitted diameter
values using our modified model were found to be in a good
agreement with the values obtained from SEM analysis.

The tests performed on the interplay between the nano-
wire size and the temperature arising from local Raman heat-
ing show that the fit to the temperature/nanowire size is
unique. On average, the fit converges best in the diameter
range of d=102 nm for Ge nanowires with SEM-
determined diameter of d=93 nm. Data analysis based on
MSE evaluation show that the temperature arising from laser
heating cannot be estimated to better than 20 K.
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APPENDIX: CALCULATION OF ANISOTROPIC PHONON
DISPERSION w(q11̄1 ,q11̄2̄ ,q110)

The anisotropic phonon-dispersion function
w�q11̄1 ,q11̄2̄ ,q110� was calculated following the derivation

given in Sec. II B. Due to the surface-selection rules, we

required that the backscattering in the �11̄1� direction results
in 2/3 of the TO intensity and 1/3 of the LO intensity.4 The
anisotropic phonon-dispersion function w�q11̄1 ,q11̄2̄ ,q110� is
required to fulfill the following set of equations:

w0�q,0,0� = w11̄1�q� , �A1a�

w0�0,q,0� = w11̄2̄�q� , �A1b�

w0�0,0,q� = w110�q� . �A1c�

Equation �A1b� is problematic since 	112
 directions are not
along any principle high-symmetry axes. Thus, a reconstruc-
tion from properly set boundary conditions is required. To do
this, we performed extrapolation by setting proper boundary
conditions using the known dispersion relations along the
high-symmetry crystallographic axes.

First, we rewrite Eq. �10� in the following form:

w0�q11̄1,q11̄2̄,q110� = C0

+ �
i=1

3

�
n=1

�

Cn
i cos�n�qi��q11̄1,q11̄2̄,q110�� ,

�A2�

where, as before, we performed an expansion up to n=4. The
variables qi� are the linear combinations of q11̄1, q11̄2̄, and
q110,

q1� = q11̄1 − 2q11̄2̄ , �A3a�

q2� = q11̄1 + q11̄2̄ , �A3b�

q3� = q110. �A3c�

This change in variables allows us to set the following
boundary conditions with the proper periodicity along the
principle crystallographic directions:

w0�q,0,0� = w11̄1�q� , �A4a�

w0�q

3
,−

q

3
,0� = w001�q� , �A4b�

w0�0,0,q� = w110�q� . �A4c�

Equations �A4a�–�A4c� allow to solve for coefficients Ci
n in

Eq. �A2�. Thus, w�q11̄1 ,q11̄2̄ ,q110� which fulfills Eqs.
�A1a�–�A1c� is constructed. As before, throughout this paper
we used LO phonon dispersion in 	001
 and TO in 	110

crystallographic directions.
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