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We have performed an ab initio study of structural, elastic, lattice-dynamical, and thermodynamical prop-
erties of rare-earth hexaborides LaB6 and CeB6. The calculations have been carried out within the density-
functional theory and linear-response formalism using pseudopotentials and a plane-wave basis. Thermody-
namical properties of LaB6 and CeB6 obtained from quasiharmonic approximation are in a good agreement
with the available experimental data. We also present the complete phonon-dispersion curves, phonon density
of states, and mode-Grüneisen parameters and compared with the experimental measurements. A sizable
difference between the vibrational contribution to entropy of LaB6 and CeB6 is found. The thermal electronic
contribution to entropy and specific heat is found to be important for CeB6.
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I. INTRODUCTION

Rare-earth hexaborides �RB6� have been attracting much
attention because of their interesting electronic and magnetic
properties, which include metallic, semiconducting
�EuB6,YbB6�,1 superconducting �YB6 �Ref. 2��, fluctuating
valence �SmB6 �Ref. 3��, and heavy fermion behavior �CeB6
�Ref. 4��. These wide range of properties result from a com-
plicated interplay between the lattice structure and the
lattice-dynamical and electronic properties of RB6’s. RB6
compounds crystallize in cubic CsCl structure �space group
Oh

1� with rare-earth atoms occupying the cube corners while
boron octahedra at the body-center position. In such a struc-
ture, each rare-earth atom is surrounded by eight boron oc-
tahedra. This unique cage structure of the RB6’s has impor-
tant implications on their lattice-dynamical properties which
determine their thermodynamical behavior to a great extent.
Along these lines, Mandrus et al.5 have shown that the tem-
perature dependence of the specific heat and resistivity of
LaB6 could be explained well by using a model of La ions as
independent Einstein oscillators embedded in a Debye
framework of boron ions.

The structural, elastic, vibrational, and thermodynamical
properties of LaB6 and CeB6 have been investigated experi-
mentally by several groups. But the results are sometimes
contradictory or insufficient. Detailed Raman-scattering in-
vestigation of divalent and trivalent hexaborides has been
reported by Refs. 6–8. The lattice dynamics of RB6 com-
pounds show a number of peculiar features, such as very flat
acoustic mode dispersion along most of the high-symmetry
directions of the Brillouin zone �BZ� and an observation of a
low-frequency Raman-active mode which is not expected
based on the symmetry considerations.6 This mode has been
assigned to defect or two-phonon scattering which involves
zone-boundary LA modes. Various significantly different val-
ues have been reported for the measured elastic compliance
constants for CeB6, especially C12, in the literature; Ref. 9
gives C12=−93 GPa while Nakamura et al.10 report a value
of 53 GPa for the same constant. There are, also, similar but
smaller differences among the various experimental reports
on the bulk modulus values of the each compound �LaB6

�Refs. 11–15� and CeB6 �Refs. 9, 10, 16, and 17��. Experi-
mental phonon-dispersion curves measured with inelastic
neutron scattering are reported by Smith et al.18 and Kunii et
al.19 for LaB6 and CeB6, respectively. But these studies give
the dispersions only for the acoustic modes and the lowest
optic mode.

Thermodynamical properties, such as entropy, specific
heat, thermal-expansion coefficient, and temperature-
dependent equation of state �EOS� of LaB6 and CeB6 have
been the subject of many studies over the years. The thermo-
dynamical properties of LaB6 has an extra importance for the
analysis of the thermal properties of RB6’s because they are
used as the nonmagnetic reference values to extract the mag-
netism related thermal properties of all the other RB6’s.19

This practice assumes identical vibrational thermal proper-
ties for all RB6’s which needs to be proved or refuted by
sound theoretical methods. Temperature-dependent specific
heat as function of magnetic field and magnetic entropy of
LaB6 and CeB6 were studied by Refs. 20 and 21.

On the theoretical side, Guo-Liang et al.22 have investi-
gated the elastic and thermal properties of LaB6 in the frame-
work of density-functional theory �DFT� with a quasihar-
monic Debye model. Phonon and thermodynamical
properties of alkali hexaborides have been studied by Shang
et al.23 The flatness of the acoustic branch of hexaborides
and its dependence on the valence of the metal is investi-
gated from first principles by Ref. 7.

Although there are a number of first-principles study of
lattice-dynamics7,24 and thermal properties of LaB6 by using
different approximations, there is no comparable study on
CeB6, to the best of our knowledge. So, a comparative ab
initio study of elastically, vibrational, and thermodynamical
properties of LaB6 and CeB6 would be helpful in understand-
ing peculiarities of caged structures.

The thermodynamical properties of a solid are determined
mostly by the vibrational degrees of freedom, since, gener-
ally the electronic degrees of freedom play a noticeable role
only for metals at very high temperatures.25 Investigations by
several groups26–29 show that first-principles DFT treatments
within the quasiharmonic approximation �QHA� provide a
reasonable description of the thermodynamical properties of
many bulk materials below the melting point. Quasiharmonic
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approximation lets one take into account the anharmonicity
of the potential at the first order: vibrational properties can
be understood in terms of the excitation of the noninteracting
phonons. The temperature dependence of phonons is deter-
mined via thermal expansion of the volume of the material.
Carrier et al.29 have shown that even at high-temperature and
high-pressure conditions QHA provides an efficient way to
calculate reasonably accurate thermodynamical properties. In
ab initio quasiharmonic calculations there are two main ap-
proaches; one is to compute the temperature-dependent
phonon-free energy from phonon frequencies calculated at
different lattice constants and find the equilibrium lattice
properties by fitting an equation of state to total free
energy.28,30,31 Another approach is to calculate the phonon
frequencies and their first and second volume derivatives at
zero temperature and then calculate all thermal quantities in
terms of these quantities by varying only the temperature of
the thermal occupation number in the corresponding
formula.32 Earlier, the quasiharmonic approximation was
used to calculate the thermodynamical properties of many
monatomic crystals such as Si,26 Ag,28,30 Al,31,32 Li,31 Na,31

W,32 Cu,33 C,34 and Cs.35 In addition to these elements,
Grabowski et al.36 have also calculated the linear thermal
expansion and heat capacity of Pb, Au, Pd, Pt, Rh, and Ir. In
recent years, quasiharmonic approximation has been applied
with great success to more complex materials such as alloys
�Al3Li,37 NiAl,38 and PdTi �Ref. 38��, hydrides �TiH2 �Ref.
39��, oxides �SiO2,40 ZrO2,41 PuO2,42 and MgO �Ref. 43��,
perovskite MgSiO3,44 �-Mg2SiO4,45 hexaborides �CaB6,23

SrB6,23 BaB6,23 YbB6 �Ref. 46��, GaN,47 and ZnSe.48

In this paper, our aim is to help resolve the inconsistencies
in experimental data of elastic constants and bulk modulus of
lanthanum and cerium hexaborides, investigate the source of
low-frequency “anomalous” Raman peak in RB6 compounds
and compare the lattice contribution to various thermody-
namical properties of LaB6 and CeB6. Toward that end, we
use the linear-response theory within density-functional
theory framework with the local-density approximation
�LDA� to the exchange-correlation energy to calculate the
lattice structure, elastic constants, zone-center normal modes,
phonon dispersions and the dispersion in mode-Grüneisen
parameters, and thermal properties, such as the temperature
dependence of volume expansion coefficient, bulk modulus,
and heat capacity of two hexaborides; LaB6 and CeB6 by
calculating the free energy of these materials for a series of
lattice constants and fitting the resulting free energy to an
equation of state at several temperatures. The paper is orga-
nized as follows. In Sec. II, a brief description of theory and
technicalities of the computational procedure is given. In
Sec. III, we present and discuss the results we have obtained
and compare them with available experimental data. Finally,
in Sec. IV, we give our conclusions.

II. THEORETICAL AND COMPUTATIONAL DETAILS

The EOS of a crystal at a given temperature T is con-
structed as49

P = − � �F

�V
�

T

, �1�

where F is the Helmholtz free energy. In the quasiharmonic
approximation, F is given by

F�V,T� = E�V� + Fel�V,T� + Fvib���qj�V��,T� , �2�

where E�V� is the static contribution to the internal energy at
volume V and can be easily obtained from standard DFT
calculations. Fel�V ,T� given in Eq. �2� is the thermal elec-
tronic contribution to free energy and is given by Fel=Eel
−TSel. Here Eel is the electronic excitation energy and is
given by50

Eel�V,T� =	 n��,V�f����d� − 	�F

n��,V��d� , �3�

where n�� ,V� is the electronic density of states �DOS� at
energy � and volume V, f��� is the Fermi distribution func-
tion. The electronic entropy Sel is defined as

Sel�V,T� = − kB	 n��,V��f���ln f��� + �1 − f����ln�1

− f�����d� . �4�

Thermal electronic contribution to free energy is generally
considered to be negligible away from the melting point of
the material under consideration. The electronic entropy to
the lowest order in temperature is estimated by Watson and
Weinert as51

Sel =
�2

3
n��F�kB

2T , �5�

where n��F� is the electronic DOS at the Fermi level. So for
materials with a high DOS at the Fermi energy, one would
expect a sizeable contribution from the electronic degrees of
freedom which is found to be the case for CeB6 and dis-
cussed below in Sec. III.

Fvib in Eq. �2� is the vibrational contribution to free en-
ergy and is given by

Fvib���qj�V��,T� = kBT	
0

�L

ln�2 sinh
��

2kBT
�g���d� , �6�

where kB is the Boltzmann constant, �L is the largest phonon
frequency, and g��� is the phonon density of states

g��� = 

qj

��� − �q,j�V�� , �7�

where �q,j�V� is the frequency of the jth phonon mode at the
wave vector q in BZ at lattice volume V, and ��¯ � is the
Dirac delta function. In the actual calculations, the Dirac
delta function in Eq. �7� is approximated by a Gaussian of
width �1 meV, and the sum over the q is carried out over a
dense k grid which will be discussed at the end of this sec-
tion.

The specific-heat capacity at constant volume in the
quasiharmonic approximation is the sum of a vibrational
contribution,

Cv
�vib� = kB	

0

�L � ��

2kBT
�2

csch2� ��

2kBT
�g���d� �8�

and an electronic contribution
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Cv
�el� = T� �Sel

�T
�

V

. �9�

Due to anharmonicity, the heat capacity at a constant pres-
sure, Cp, is different from the heat capacity at a constant
volume, Cv. At high temperatures, Cv goes to a constant
which is given by classical equipartition law: Cv�3NkB,
where N is the number of atoms in the system while Cp,
which is what experiments determine directly, is proportional
to T. Cp can be obtained from Cv by

Cp = Cv + 	v
2BVT , �10�

where 	v is the volume thermal-expansion coefficient and B
is the bulk modulus which is given by

B�T� = V� �2F

�V2�
T

. �11�

The vibrational contribution to the entropy of the crystal
is given by

Svib = kB	
0

�L 
 ��

2kBT
coth

��

2kBT
− ln�2 sinh

��

2kBT
��g���d� .

�12�

The present results have been obtained thanks the use of
the ABINIT code,52 which is based on pseudopotentials and
plane waves. It relies on an efficient fast Fourier transform
algorithm53 for the conversion of wave functions between
real and reciprocal space, on the adaptation to a fixed poten-
tial of the band-by-band conjugate-gradient method,54 and on

a potential-based conjugate-gradient algorithm for the deter-
mination of the self-consistent potential.55 Technical details
of computation of responses to atomic displacements and
subsequent computation of dynamical matrices can be found
in Refs. 56 and 57 while the calculation of elastic constants
in the linear-response framework are given in Ref. 58.

The interaction between the valence electrons and nuclei
and core electrons is described by using Troullier-Martins59

and optimized type pseudopotentials. As the exchange-
correlation potential we use the LDA of Perdew-Wang60

functional. Spin polarization is not considered in the present
study. Lanthanum, cerium, and boron pseudopotentials are
generated by using the OPIUM code.61 We have treated the 5s
�2.02�, 5p �2.02�, 5d �2.02�, and 6s �2.19� electrons of La,
the 5p �1.82�, 5d �1.89�, 4f �2.19�, and 6s �2.75� electrons of
Ce, and the 2s �1.14� and 2p �1.49� electrons of B as valance
configurations with corresponding cutoff radii in atomic
units.

For both LaB6 and CeB6, integrations over the Brillouin-
zone volume are found to converge for a mesh of a 4
4

4 Monkhorst-Pack grid62 which corresponds to four points
in the irreducible zone. In order to deal with possible con-
vergence problems for metals, Fermi-Dirac scheme with
smearing parameter �=0.02 Ha is used. The cutoff energies
of 35 and 55 Ha were found to be enough for convergence of
all the reported quantities for LaB6 and CeB6, respectively.
Phonon dynamical matrices were computed ab initio for a
4
4
4 q point mesh; Fourier interpolation was then used
to obtain the dynamical matrices on a 64
64
64 q point
mesh, which is used for the calculation of all quantities that
involve an integration over the phonon modes. This mesh is

TABLE I. Calculated lattice parameter a0 �in Å� and positional parameter of boron atoms xB for LaB6 and
CeB6 given with experimental results. Zero-temperature theoretical lattice constants are calculated without
including zero-point effect.

Material
Temperature

�K�

Experimental Theoretical

a0

�Å� xB

a0

�Å� xB

LaB6 0 4.1277 0.1997

10 4.1527a, 4.15112b 0.1993a 4.1429

50 4.15121b 4.1431

100 4.1528a, 4.15168b 0.1994a 4.1436

200 4.1542a, 4.15345b 0.1994a 4.1452

300 4.1561a, 4.15553b 0.1995a 4.1474

CeB6 0 4.1542 0.2002

10 4.13493c 4.1692

60 4.13522c 4.1694

100 4.13562c, 4.1323d 0.19909d 4.1697

220 4.13740c 4.1715

298 4.1397d 0.19923d 4.1731

300 4.13899c 4.1731

aReference 64.
bReference 65.
cReference 66.
dReference 67.
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found to be satisfactory for the convergence of the calcula-
tion of thermal quantities.

To summarize, the following quantities were obtained
from DFT and density-functional perturbation-theory
�DFPT� calculations: �i� total energies at a range of lattice
constants and �ii� for each lattice constant, the dynamical
matrices for the 4
4
4 set of q points; Fourier interpola-
tion was used to obtain the dynamical matrices on the 64

64
64 set of q points. This set of results was then used to
calculate the thermal behavior, as described below. The ther-
mal electronic contribution to the free energy and electronic
entropy calculations are found to converge with a 16
16

16 k-point sampling and Gaussian smearing of width 0.001
Ha.

III. RESULTS AND ANALYSIS

A. Atomic structure and lattice parameters

Rare-earth hexaborides crystallize in cubic CsCl-type

structure which belong to the space group Oh
1�Pm3̄m�. The

rare-earth atom is located at the 1a �0, 0, 0� Wyckoff position
while the octahedral boron molecule B6 is placed in the 6f
Wyckoff position with relative coordinate: �1/2, 1/2, x�,
where x is the positional parameter. The primitive unit cell
contains seven atoms.

The static results for lattice constant a0, the bulk modulus
B0, and the pressure derivative of the bulk modulus B0� are
obtained by fitting the static total energies versus lattice con-
stant to Vinet equation of state,63

E�V� = E0 + 9B0V0�eA�1−x��A−1�1 − x� − A−2� + A−2� ,

�13�

where V0 is the equilibrium volume, x= �V /V0�1/3, B0 is the
bulk modulus, and A=3�B0�−1� /2, where B0� is the pressure
derivative of the bulk modulus. The temperature-dependent

parameters of EOS �E0, V0, B0, and B0�� are obtained from
least-squares fitting procedure. They can be used to calculate
the temperature-dependent pressure-volume relations and
pressure and temperature dependence of bulk modulus as63

P�V� = 
3�1 − x�
x2 �B0eA�1−x� �14�

and

B�P� = − B0e�A�1−x����1 − A�x−1 − 2x−2 + A� . �15�

Table I shows the equilibrium lattice parameter a0 and
positional parameter x for the materials LaB6 and CeB6 along
with some experimental data in different temperatures. Con-
sidering the exclusion of the zero-point effects at zero tem-
perature the calculated quantities of the present work are in a
very good agreement with the experimental ones. The calcu-
lated lattice parameter of LaB6 has 0.6% and of CeB6 has
only 0.5% discrepancy with the measurements.

The calculated and experimental bulk moduli, its pressure
derivative and elastic constants are given in Table II. Experi-
mental results given in the table show large discrepancies
among themselves partly because of different techniques
used in obtaining them. For LaB6, the calculated bulk modu-
lus of the present study best agrees with the recent study of
Ref. 15 with a discrepancy of about 2%. The calculated bulk
modulus value of CeB6 slightly overestimates the reported
ultrasonic measurement of Lüthi et al.17 For CeB6, the ex-
perimental elastic constants study of Ref. 9 reports a nega-
tive C12 value which was not found in our calculations or in
other experiments.10,17 Our calculated elastic constants of
LaB6 and CeB6 are comparable with each other.

TABLE II. Bulk Modulus B0 �in GPa�, pressure derivative of the bulk modulus B0�, and elastic compliance
constants �in GPa� of LaB6 and CeB6.

Method B0 B0� C11 C12 C44

LaB6 This work 180 3.79 466 37 88

Expt. �Ref. 11� 163 453.3 18.2 90.1

Expt. �Ref. 12� 172

Expt. �Ref. 13� 188 478 43 84

Expt. �Ref. 14� 142�15

Expt. �Ref. 15� 184 463 45 89

Expt. �Ref. 68� 164�2, 173�7

Calc. �Ref. 15� 185

Calc. �Ref. 22� 182.4

CeB6 This work 173 3.91 452 34 98

Expt. �Ref. 16� 166 3.15

Expt. �Ref. 10� 191 472 53 78

Expt. �Ref. 9� 406 −93 78

Expt. �Ref. 17� 168 473 16 81

Expt. �Ref. 17� 182 508 19 79
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B. Phonons

1. Normal modes at the Brillouin-zone center

In rare-earth hexaborides, the primitive cell contains
seven atoms, giving rise to 21 normal modes. The group
theory analysis allows decomposing the vibrations at the 

point as


 = A1g � Eg � T1g � T2g � 3T1u � T2u.

One of the T1u modes is acoustic mode and corresponds to a
pure translation of the whole crystal. Three of the optical
modes with symmetries A1g, Eg, and T2g are Raman �R�
active. The remaining two T1u modes are infrared �IR� ac-
tive, T1g and T2u modes are optically inactive.

In Table III we have presented the calculated Brillouin-
zone-center phonon frequencies and mode-Grüneisen param-
eters along with the available experimental data. As it is clear
from the table, for both of the materials, our results are in
good agreement with the experimental ones except in some
modes with those reported by Ref. 71. For the frequencies
that have an experimental counterpart, the error is equal or
less than 5%. This difference is much smaller for LaB6 �
�1.7%�. In the Raman-scattering measurements, it was
found that the frequencies of the A1g and Eg modes of
hexaborides decrease systematically with increasing lattice
constant.69,72 Experimentally, Raman frequencies �lattice
constant� of the CeB6 is somewhat higher �lower� than LaB6.
In our calculations, to obtain phonon frequencies of these
materials, we have used the theoretical lattice constants
which was found to be higher for LaB6. Because of that, in
our results the frequencies of the aforementioned Raman
modes of CeB6 are found to be lower than those of LaB6
contrary to the experiments. The experimental mode-
Grüneisen parameters of the Raman study of Teredesai et
al.14 is about 30% lower than our calculated ones but con-
sidering the recent high-pressure Raman study of Godwal et
al.68 the discrepancy is only around 8%.

The displacement patterns of the Brillouin-zone-center
modes are given in Fig. 1 together with the symbols for the
irreducible representations. The degenerate modes are repre-
sented only once. One of the T1u mode corresponds to the
acoustic phonon with displacement of the whole lattice to the
same direction. The other T1u is the only optical mode that
the boron octahedra move undeformed. The rest of the
modes are associated with deformations of the boron octahe-
dra. The breathing A1g mode and Eg modes are B-B bond-
stretching modes. The deformations of these modes are par-
ticularly large so they have the highest frequencies.

2. Static-dispersion curves, phonon density of states, and mode-
Grüneisen parameters

In this section we present the results of phonon-dispersion
curves, phonon density of states, and dispersion in mode-
Grüneisen parameters calculated at the theoretical equilib-
rium volume. The calculated phonon-dispersion curves and
phonon density of states for LaB6 and CeB6 are displayed in
Figs. 2 and 3, respectively, along with the available
experimental18,19 and theoretical24 results. The dispersion
curves are showed along the high-symmetry direction
X-
-R-M-
 of the Brillouin zone.

TABLE III. The Brillouin-zone-center phonon frequencies �in cm−1� and mode-Grüneisen parameters ���
of LaB6 and CeB6.

A1g�R� Eg�R� T2g�R� T1u�IR� T1u�IR� T1g T2u

LaB6 This work 1273 1116 694 848 176 576 503

Expt. �Ref. 69� 1258 1120 682

Expt. �Ref. 70� 1245 1115 675

Expt. �Ref. 71� 1240 1152-1112 690-670 1095-1070 210-170 533-500-460 790-700

Expt. �Ref. 14� 1251 1116 677 186 438

Expt. �Ref. 68� 1253 1129 678

� This work 1.41 1.32 1.07 1.09 2.76 0.12 1.25

Expt. �Ref. 14� 1.1 1.0 0.8 −0.6 2.1

Expt. �Ref. 68� 1.53 1.21 0.99

CeB6 This work 1228 1083 695 835 193 582 497

Expt. �Ref. 72� 1270 1142 680

Expt. �Ref. 73� 866

� This work 1.45 1.36 0.95 1.04 2.38 0.08 1.26
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FIG. 1. �Color online� Eigendisplacement patterns of the normal
modes of hexaborides at the Brillouin-zone center. �R: Raman ac-
tive, IR: infrared active, and Ac.: acoustic modes.�
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The details of the calculation of phonon density of states
and thermodynamical quantities are explained in Ref. 40.
Phonon density of states is obtained by a root sampling �or
histogram� method. Sampling a 64
64
64 Monkhorst-
Pack grid for phonon wave vectors q is found to be sufficient
in order to get the mean relative error in each channel of
phonon density of states.

For both LaB6 and CeB6, experimental phonon-dispersion
frequencies are available only up to 480 cm−1 and have a
good agreement with the calculated results as can be seen
from Figs. 2 and 3. The rapid flattening of the dispersion of
the acoustic modes away from the center of the BZ is de-
scribed excellently which was not achieved by the previous
ab initio investigation of the phonons of LaB6 by Monnier

and Delley.24 The differences showed in Fig. 2 are probably
due to the basis set limitation or k-point setting in the calcu-
lations of Monnier and Delley.24 For both Figs. 2 and 3, the
discrepancies between the calculated and measured phonon
frequencies at the R point around �400 cm−1 might occur
from two possibilities: as it is also conjectured by Ref. 24,
neutron measurements around the BZ boundaries might have
had problems because of the sample size and lower neutron
flux available at higher energies. Another possibility is that
there might be some processes that cannot be accounted in
the framework of DFPT around R point.

The available experimental and theoretical data are very
limited for phonon density of states. Kunii74 obtained the
density of states of LaB6 by point-contact spectroscopy
where the peaks are situated around 97, 194, 306, and
403 cm−1. In that study, phonon density of states is also
calculated from the neutron-scattering experiment done by
Smith et al.18 Schell et al.75 have also obtained similar peaks
from inelastic-neutron-scattering experiment on polycrystal-
line LaB6. Our calculated results are compatible with the
reported peaks in Refs. 74 and 75 except 194 cm−1 peak
which was also not observed in neutron-scattering experi-
ment of Smith et al.18

The anharmonicity of the vibrations can be examined by
computing the mode-Grüneisen parameters, defined for the
mode � at the wave vector q by

�q� = −
V

�q��V�
��q��V�

�V
, �16�

where V is the volume of the unit cell. Negative mode-
Grüneisen parameters correspond to a decrease in the mode
frequency with decreasing volume and are indicative of
structural phase transitions. Also negative �q� might lead to
negative thermal expansion. The mode-Grüneisen parameters
of LaB6 and CeB6 are found to be positive throughout the
high-symmetry directions of the Brillouin zone and are dis-
played in Figs. 4�a� and 4�b�, respectively. Since the acoustic
branches vanish linearly with a slope depending on the di-
rection of approach to the Brillouin-zone center, the corre-
sponding mode-Grüneisen parameters are discontinuous at
the 
 point. The �q�’s for the optical branches are found to
be very similar in shape and magnitude for LaB6 and CeB6
while the acoustic mode-Grüneisen parameters of LaB6 are
consistently higher than those of CeB6 along the whole re-
gion of the Brillouin zone as shown in Fig. 4. One prominent
feature of the Raman spectroscopy of RB6’s is a low-
frequency mode which has strong intensity at room tempera-
ture but disappears at very low temperatures. This mode,
which should not be Raman active based on symmetry con-
siderations, was originally observed at around 200 cm−1 and
assigned to optical T1u mode76 while later it was attributed to
the two-phonon scattering by the BZ boundary LA phonons
by Ogita et al.,6 among others. Based on a comparison of the
frequency of this mode versus the lattice constant for differ-
ent RB6’s, it was conjectured that the mode is anomalous,
i.e., its frequency decreases with decreasing lattice constant.
The calculated zone-boundary LA phonon frequencies for
LaB6 �CeB6� are 108, 103, and 104 �110, 115, and 116� cm−1

at X, R, and M points, respectively. They are, consistently,
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FIG. 2. �Color online� �a� Phonon-dispersion relations of LaB6.
Solid lines show the results of the present study and the dashed
lines are the frozen-phonon calculations of Monnier and Delley
�Ref. 24�. Experimental values �circles� are taken from Smith et al.
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FIG. 3. �Color online� �a� Phonon-dispersion relations of CeB6.
Solid lines show the results of the present study and experimental
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higher for CeB6 than for LaB6 which is inline with the ex-
perimental case. But, our calculated positive acoustic mode-
Grüneisen parameters for both LaB6 and CeB6 indicate that
there is no anomaly in volume dependence of the zone-
boundary acoustic modes. This finding does not rule out the
two-photon scattering possibility for the observed mode but
it calls into question the argument used by Ref. 6 to account
for the decreasing mode frequency with decreasing cage
space of the rare-earth atom. Findings of the present study
indicate that the observed behavior depends on the difference
in interaction between the rare-earth ion and the boron
framework rather than the different cage space in each RB6.

C. Thermodynamical properties

Temperature-dependent phonon contributions to Helm-
holtz free energy �Fvib��qj�V� ,T� of LaB6 and CeB6, com-
puted from Eq. �6�, are displayed in Figs. 5�a� and 5�b�,
respectively. These calculations are done at the relevant static
equilibrium lattice constant. Because of zero-point motion,
the zero-temperature value of �F does not vanish. This
quantity can be calculated from the asymptotic expression of
Eq. �6� as

�F0 = 	
0

�L ��

2
g���d� . �17�

Calculated effect of zero-point energy upon the volume
and bulk modulus for LaB6 is �V0 /V0=0.011 and �B0 /B0
=−0.026. Similarly for CeB6 we find, �V0 /V0=0.011 and
�B0 /B0=−0.025. The zero-point energy corrected equilib-
rium lattice constant of LaB6 �CeB6� is 4.145 Å �4.171 Å�
which is closer �further� to the experimental low-temperature

value of 4.153 Å �Ref. 64� �4.132 Å �Ref. 67�� than the
noncorrected value. The correction to the bulk modulus is
within the range of differences between the different experi-
mental reports.

The vibrational and the sum of vibrational and electronic
entropy of LaB6 and CeB6 are calculated from Eqs. �4� and
�12� and displayed in Figs. 5�c� and 5�d�, respectively. It is
clear from Fig. 5�c� that the electronic contribution to the
entropy for LaB6 is small and the sum and the vibrational
contributions are indistinguishable in the plot �Sel reaches
1.5kB at 800 K for LaB6�. On the other hand, Sel for CeB6 is
sizeable as can be discerned from Fig. 5�d�. The room-
temperature experimental entropy data �SRT=10kB� for LaB6
exists77,78 and is in perfect agreement with our calculated
value �SRT=10.11kB�, as can be seen from Fig. 5�c�. SRT of
CeB6 is measured as 11.8kB by Muratov et al.79 and Westrum
et al.80 which is about 14% higher than our computed value
�SRT=10.26kB�. The discrepancy between the experimental
and the calculated values stems from the fact that our calcu-
lated value corresponds to the sum of vibrational and elec-
tronic entropy while CeB6 has also magnetic entropy which
is not accounted for in our calculations. The difference of
�1.54kB is close to kB ln 6 which is the maximum magnetic
entropy possible for 2F5/2 multiplet of 4f electron of cerium
atoms.21,81 The magnetic contribution can also be calculated
with DFT derived parameters by using a model Hamiltonian
such as Heisenberg model,82 which is not considered in the
present work.

Magnetic entropy of rare-earth hexaborides with magnetic
rare-earth element is obtained by subtracting the entropy of
LaB6 from that of the rare earth by assuming that the vibra-
tional and electronic entropy of all RB6 compounds are ap-
proximately equal.21,81 We display the difference between the
vibrational and total �vibrational+electronic� entropies of
CeB6 and LaB6 in Fig. 6. One should note that vibrational
entropy of LaB6 is relatively higher than that of CeB6 but the
higher electronic entropy of CeB6 makes the difference in the
total entropy small. The upper portion of Fig. 6 shows tem-
perature dependence of the magnetic entropy CeB6 which are
obtained by taking the difference between our calculated en-
tropy and measured total entropy of CeB6.80 Two different
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curves correspond to the calculations including only the vi-
brational effects and sum of vibrational and electronic con-
tributions. As can be seen from the figure, inclusion of the
electronic entropy is crucial to obtain a constant magnetic
entropy at higher temperatures.

To calculate the thermal properties, the free energy of
LaB6 and CeB6 were calculated as a function of volume and
temperature. Calculations were performed on a primitive cu-
bic cell at a series of 11 equidistant lattice constants
�4.058–4.195 Å� for LaB6 and �4.084–4.222 Å� for CeB6.
At each different temperature we calculated the ab initio free
energy as a function of volume, and then performed a least-
squares fit of the results to a Vinet equation of state63 �Eq.
�13��. The equilibrium volume at temperature T, V0�T� is
obtained by minimizing free energy with respect to V. The
volume thermal expansion is defined as

��T� =
V0�T� − V0�Tc�

V0�Tc�
, �18�

where Tc is the reference temperature of 294 K. Our results
for volume thermal expansion of LaB6 and CeB6 are dis-
played in Figs. 7�a� and 7�b�, respectively. In the figure, the
dotted lines represent the volume expansion calculated by
considering only the vibrational degrees of freedom while
the solid line represent � due to both vibrational and elec-
tronic effects while the circles are experimental data from
Refs. 65 and 66. As expected, based on the free energies in
Fig. 5, the electronic contribution to � for LaB6 �CeB6� is
negligible �sizable�. The overall agreement for volume ther-
mal expansion is perfect for both materials.

The linear thermal-expansion coefficient is defined as
	�T�= 1

a�T�
da
dT , where a�T� is the equilibrium lattice constant

at temperature T. The temperature dependencies of the linear
thermal-expansion coefficients for lanthanum and cerium
hexaborides are given in Figs. 8�a� and 8�b�, respectively.
The agreement with respect to the experimental results of

Ref. 66 is better for LaB6 �CeB6� at low �high� temperatures.
Including the effect of thermal electronic contributions make
the agreement for CeB6 somewhat better. There are two
prominent features in the experimental low-temperature
linear-expansion coefficient of CeB6 below 10 K and around
40 K. The peak below 10 K is attributed to the Kondo effect
while the peak around 40 K is thought to be related to Jahn-
Teller effect or the flatness of the acoustic modes.66 While
Kondo effect is outside the scope of the present study, the
calculated vibrational contribution to the expansion coeffi-
cient indicates that the peak at 40 K is not due to the lattice
effects.

The temperature dependence of the bulk modulus of LaB6
and CeB6 are displayed in Fig. 9�a�. As an expected result,
bulk modulus value decreases with increasing temperature
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for both materials. Including the thermal electronic contribu-
tions increases the rate of change in B with T at higher tem-
peratures. We have also calculated the temperature depen-
dence of the pressure derivative of the bulk modulus and
presented it in Fig. 9�b� for LaB6 and CeB6. Unlike bulk
modulus, its pressure derivative increases with temperature
and this increment is mostly linear.

In Figs. 10�a� and 10�b� we display the specific heat of
LaB6 and CeB6, respectively. The solid �dotted� line is our
result for the specific heat at constant volume �pressure�.
Both of Figs. 10�a� and 10�b� contain four curves denoted as
Cv �vib� which is calculated from Eq. �8� and contains only
the vibrational contributions, Cv �vib+el� calculated as the
sum of Eqs. �8� and �9� and contains both electronic and the

vibrational effects, Cp �vib� and Cp �vib+el� are the constant
pressure specific heat calculated from Eq. �10� by using the
corresponding Cv. To be guide to eye, we should mention
that the order of these quantities from lower to higher in Fig.
10�b� is Cv�vib��Cp�vib��Cv�vib+el��Cp�vib+el�. At
low temperatures, our first-principles results agree well with
experiment for LaB6 with a slight underestimation while for
CeB6 the agreement is satisfactory with a slight overestima-
tion. At higher temperatures, for both materials, the calcu-
lated constant pressure specific heat overestimates the ex-
perimental results which is a well-known issue in ab initio
calculations. Inclusion of thermal electronic effects makes
the agreement somewhat worse at the high temperatures. In
CeB6, there exists two peaks in experimental specific-heat
values at temperature lower than 20 K because of the Kondo
effect which is not accessible with the methodology used in
the present study.

Pressure dependence of unit-cell volume of LaB6 and
CeB6 are displayed and compared to experimental data in
Figs. 11�a� and 11�b�, respectively. The solid lines in both
figures are for T=294 K while dashed lines are for various
temperatures from 2 to 800 K separated by 100 K. For both
materials, pressure dependence of the unit-cell volume does
not change too much with respect to temperature in the given
range. In the experimental study of Teredesai et al.14 it has
been reported that for LaB6, there exists a phase transition
from cubic phase to orthorhombic phase at around 10 GPa,
which is not observed in the recent study of Godwal et al.68

For the cubic phase of two materials, the agreement between
the calculated and experimental values is very good with a
slight underestimation. For CeB6, if one takes into account
the spread in the experimental values of Ref. 16, the agree-
ment is better. For LaB6, the agreement between the experi-
mental data of Ref. 68 and our calculated results is excellent
as can be seen from Fig. 11�a�.

From the results presented so far, one question concerning
the ab initio calculation of thermodynamical quantities is the
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relation between the error in calculating the static equilib-
rium lattice properties, such as lattice constant and bulk
modulus, and ensuing error in the calculated thermodynami-
cal quantities. While investigating the thermal properties of
Cu, Narasimhan and de Gironcoli33 suggested that a better
value for the static value of a0 and B0 would be a good
indicator of a better description of finite-temperature proper-
ties. Since the lattice constant and bulk modulus values for
the materials considered in this paper are in a good agree-
ment with experimental measurements, our calculated ther-
modynamical quantities give compatible results with the ex-
perimental values.

IV. CONCLUSION

We have done a comprehensive ab initio investigation of
elastic, lattice-dynamical, and thermodynamical properties of
hexaborides of La and Ce within the density-functional and
density-functional perturbation-theory frameworks by using
quasiharmonic approximation to account for the anharmonic-
ity of the vibrations. LDA is found to underestimate �over-
estimate� the lattice constant of LaB6 �CeB6� by 0.5%. The
calculated bulk modulus of LaB6 is found to be slightly
higher than that of CeB6 which are both in the limits of
experimentally reported values. The effect of the zero-point
motion on the volume and bulk modulus of the both com-
pounds are found to be similar; the volume is enlarged by
1.1% while the bulk modulus decreases by �2.5% compared
to the no zero-point case. This finding is expected because
zero-point motion can be considered as a negative pressure
which causes expansion of the volume and an accompanied
softening which is indicated by the decreasing bulk modulus.

Concerning the elastic constants of LaB6 and CeB6, we
have found that the calculated C11 and C12 �C44� of CeB6 are
lower �higher� than those of LaB6. The results reported here
would be helpful in resolving the great disparity in reported
experimental values of C12, especially for CeB6 which is
reported to be in the range −93 �Ref. 9� to 53 GPa.10 Our
calculated value is closer to that of Ref. 10.

We have computed the zone-center vibrational frequen-
cies and their eigendisplacements and compared the results
to the Raman scattering and IR measurements reported in the
literature. The Raman-active modes involve displacement of

boron atoms and are expected to be similar in both of the
compounds because the rare-earth atoms are thought to in-
teract weakly with the covalently bonded boron octahedra.
Our results indicate that there is a appreciable effect of rare-
earth boron interaction manifested in especially for the A1g
mode frequency of LaB6 which is around 4% higher than
that of CeB6.

The dispersion of mode frequencies and their volume de-
pendence along with the projected phonons density of states
at zero pressure were calculated and compared to the litera-
ture data. The rapid flattening of the acoustic modes as one
goes away from the center of the BZ, which is thought to
have a signature in low-temperature thermal properties, is
found to be well reproduced for both of the compounds. The
phonon partial density of states indicate that the low-
frequency sharp peak is due to motion of the rare-earth spe-
cies while the higher frequency modes are almost solely due
to motion of boron octahedra in various patterns. The mode-
Grüneisen parameters were found to be positive across all
the investigated directions which indicate that mode frequen-
cies increase under pressure. Implication of this finding con-
cerning the low-frequency anomalous Raman mode of RB6
compounds is that the cage space frequency of zone-
boundary acoustic mode frequency needs to be reconsidered.

The entropy and specific heat of LaB6 is used as nonmag-
netic reference data for the rare-earth hexaborides. We have
investigated the vibrational and electronic entropy of LaB6
and CeB6 and found that the vibrational entropy of LaB6 is
appreciably higher than that of CeB6 while for the electronic
entropy the opposite is valid. As a result the difference in
total entropy of the two hexaborides can be considered as a
measure of the magnetic entropy of CeB6. For the other mag-
netic lanthanides a similar conclusion can be reached only
after an investigation of the electronic entropy.

We have also considered the temperature-dependent ther-
mal properties such as volume thermal expansion, linear-
expansion coefficient, bulk modulus and its pressure deriva-
tive, and constant volume and constant pressure specific
heat. Calculated quantities were found to be in reasonable
agreement with the experimental data except for the specific
heat and linear-expansion coefficient of CeB6 at low tem-
peratures. The discrepancy is due to the Kondo effect which
is not considered in the present study.
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