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In order to consistently explain controversial experimental results on superconducting states observed by
different probes in typical iron-based superconductors, we construct a realistic multiband s�-wave pairing
model by combining the quasiclassical formalism with the first-principles calculation. The model successfully
resolves the controversies in contrast to the fact that simplified models such as two-band s�-wave one fail to
do. A key in the model is the existence of relatively small gaps which leads to material-dependent peculiarities.
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I. INTRODUCTION

The discovery of the iron-pnictide superconductor
LaFeAs�O1−xFx� �Ref. 1� made a striking impact on materials
science, because this compound includes the element of the
most familiar ferromagnetic metal, Fe, as a main component.
The transition temperature Tc in the so-called “1111” com-
pounds RFeAs�O1−xFx� �R=Pr, Nd, and Sm� exceeds 50 K,
which is the highest except for high-Tc cuprates. In addition
to the high transition temperature, the variety of related ma-
terials is quite rich. For example, “122” compounds
�A1−xBx�Fe2As2 �A=Ba, Sr, and Ca, B=K, Cs, and Na� and
“11” compounds Fe�SexTe1−x� are the typical family materi-
als, whose element substitutions are widely possible.2 In par-
ticular, the superconductivity is surprisingly robust against
substitutions of Ni and Co for Fe.

In contrast to the discovery rush of family compounds,
their superconducting states still remain elusive. There is no
established pairing-symmetry model explaining all experi-
mental results consistently. In the early days, puzzling ex-
perimental data were reported. In spite of sharp resistivity
drops and clear Meissner signals at the superconducting tran-
sition Tc, the jump of C /T, where C is the specific heat and
T is the temperature, was hardly observable in 1111 com-
pounds. The reason was initially ascribed to a large phonon
contribution which masks an electronic one. Afterwards, a
tiny but clear jump at Tc and the concave-down temperature-
dependent C /T below Tc were confirmed in not only 1111
compounds3,4 but also structurally equivalent
LaFeP�O1−xFx�.5,6 These features are characteristic of a typi-
cal multigap superconductor, in which rather small supercon-
ducting gap coexists with large main gaps.7,8 In this paper,
we clarify that such a multigap structure consistently ex-
plains all experimental observations of 1111 compounds by
means of a realistic five-band s�-wave gap model based on a
first-principles calculation. A striking result of the model is a
natural reproduction of the nuclear magnetic relaxation rate
1 /T1 below Tc.

On the other hand, 122 compounds experimentally exhibit
large jumps and exponential behavior in C /T like conven-
tional superconductors.4,9–11 Moreover, the power law in the

T dependence of 1 /T1 below Tc is different from that of 1111
compounds.2,12–15 In fact, an angle-resolved photoemission
spectroscopy �ARPES� study reported that all gaps fully
open and the difference between their gap amplitudes is not
so significant.16 In this case, we reveal that the multigap
structure according to ARPES data can consistently explain
the specific heat and 1 /T1 data without any assumptions ex-
cept for s�-wave paring symmetry.17,18 From the present
analyses on 1111 and 122 compounds, it is found that the
existence of the relatively small gap gives rise to the material
variety. We believe that this fact has a key role on the quest
for the high-temperature superconducting mechanism. In this
paper, in order to confirm the multigap idea, we examine
low-lying excitations in their superconducting states through
C /T and 1 /T1.

II. MODELING AND CALCULATION METHOD

Let us present a procedure to construct the realistic
multiband-gap model. For the band structure around the
Fermi level EF, we perform first-principles calculations,19

which provide multiple Fermi surfaces and their density of
states �DOS� at EF. In the evaluation of superconducting
gaps for multiband superconductors, we select key data
among all experimental ones. For example, ARPES measure-
ments are so successful for 122 compounds16 that the gap
amplitudes on each band are available in the 122 cases. On
the other hand, ARPES data for 1111 compounds20,21 are not
so clear as 122 ones. Therefore, we instead utilize data of the
specific heat5 and the penetration depth22,23 in 1111 cases to
estimate the gap amplitudes. Those data clearly suggest that
the pairing symmetry is full gap but a small single or small
multigaps coexist with main large gaps.22–27

Here, we write down on the expression for C /T using the
quasiclassical treatment on multiband systems due to lack of
explicit literatures, while we can refer Refs. 28–30 for 1 /T1
in the multiband quasiclassical treatment. The T dependence
of C /T is calculated by the second derivative of the free
energy. The free energy can be evaluated by the quasiclassi-
cal theory of superconductivity,31,32 which is a mean field but
convenient treatment in evaluating superconducting proper-
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ties. To calculate C /T and 1 /T1, we need the T dependence
of the multiple superconducting pair-potential �� on each
band. For this purpose, we solve the gap equations for
multiband superconductors.33 With Matsubara frequency
�n= �2n+1��T, the gap equation is written as

�� = 2�T �
�n�0

�
�

	��f��i�n� , �1�

��
� = 2�T �

�n�0
�
�

	��f�
†�i�n� , �2�

where � and � stand for the band index and 	�� is the ef-
fective coupling constant. In addition, 	��=N�	�� /N� with
N� being DOS at EF for � band. 	�� comes from the intra-
band interaction and 	��, where ���, gives the pair hop-
ping between the different bands. The effective coupling
constants 	��’s are given as parameters to reproduce the ex-
perimental results for the superconducting gaps.

The quasiclassical Green’s functions g��i�n�, f��i�n�, and
f�

†�i�n� follow the Eilenberger equations as:

�nf��i�n� = ��g��i�n� , �3�

�nf�
†�i�n� = ��

�g��i�n� , �4�

g�
2�i�n� = 1 − f��i�n�f�

†�i�n� , �5�

where Re g��i�n��0 for �n�0. The free-energy difference
between the superconducting and normal states,31,32,34,35

Fsn=Fsuper−Fnormal, is expressed as

Fsn = − 2�T�
�

�
�n�0

N��1 − g��i�n�
1 + g��i�n�

��f�
†�i�n�� , �6�

which demands the solutions of Eqs. �1�–�5�,

f��i�n� =
��

��n
2 + ����2

, �7�

f�
†�i�n� =

��
�

��n
2 + ����2

, �8�

g��i�n� =
�n

��n
2 + ����2

. �9�

The cut-off frequency �c is introduced as ��n�0
�c in Eqs. �1�,

�2�, and �6�.36 Equation �6� indicates that Fsn can be directly
evaluated by DOS N� obtained from first-principles calcula-
tions and the gap values ��.

Since C /T at constant volume is generally obtained by
C /T=�S /�T=−�2F /�T2, the specific heat in the supercon-
ducting state is expressed as

Cs − Cn

T
= −

�2Fsn

�T2 , �10�

where Cs�n� is the specific heat of the superconducting state
�normal state� and Cn /T is given by the Sommerfeld coeffi-
cient, 
n. Then, we numerically calculate �2Fsn /�T2 to obtain
Cs /T. As for 1 /T1,28–30 we also use N� and �� obtained in
the same framework.

III. CALCULATION RESULTS

A. 122 superconducting compounds

Let us present the calculation results. The first focus is
122 compounds. Figure 1�a� shows the band structure of
BaFe2As2. This result is obtained by using the generalized
gradient approximation �GGA� based on the measured struc-
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FIG. 1. �Color online� �a� The band structure calculated by the generalized gradient approximation using structural measurement values
of BaFe2As2. �b� The Fermi surfaces and the density of states at the Fermi energy. Indices ��=1, 2, 3, 4, and 5� are assigned from � �zone
center� to X. Temperature dependences of the superconducting pair-potential �� are displayed in �c� and �d�. Here, “B” of case B1 or B2
stands for BaFe2As2. �e� Temperature dependences of �Cs−Cn� /T. Cs�n� is the specific heat of the superconducting state �normal state�. �f�
Temperature dependences of the nuclear magnetic relaxation rate 1 /T1.
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tural data.37 The obtained Fermi surfaces are displayed in
Fig. 1�b�. The calculation gives DOSs at EF, which are input
parameters in the gap Eqs. �1� and �2� and the free energy
Eq. �6�. Each DOS at EF is written as N�, where � is num-
bered as �=1, 2, 3, 4, and 5 from � point �zone center� to X
as shown in Fig. 1�b� and �=1–3 �4–5� correspond to hole
�electron� bands. Throughout this paper, we adopt s�-wave
pairing model since other choices fail to reproduce the ex-
perimental data consistently. The positive �negative� sign is
assigned to �� of hole �electron� bands ��� are assumed to
be real�. The calculated T dependence of �� just follows the
ARPES result16 �case B1� as shown in Fig. 1�c�. On the other
hand, in Fig. 1�d� we prepare, for comparison, another data
set �case B2� with the minimum ��3� being slightly bigger
than the ARPES result. Figure 1�e� shows the T dependences
of C /T. Both cases B1 and B2 show no significant difference
from the weak-coupling single-band Bardeen-Cooper-
Schrieffer �BCS� result. One of the reasons is that the
weighting of the small-gap band is small compared to total
one, i.e., the ratio N3 /Nt is 0.2, where Nt is the total DOS
�Nt=��N��. Moreover, the gap-amplitude difference be-
tween the minimum ��3� and the maximum ��2� is not so
large, where ��3� / ��2��0.5��0.7� for case B1 �B2�. More-
over, ��2� /Tc�2, which is bigger than the single-band’s
value 1.76, just enhances C /T at Tc slightly. As a result, the
difference in C /T is not large among cases B1, B2, and
single-band BCS case. The T dependences of C /T in cases
B1 and B2 are consistent with the experimental
observations.4

On T dependence of 1 /T1, both the cases show significant
differences from the single-band BCS case as shown in Fig.
1�f�. The coherence peak just below Tc is absent in both
cases B1 and B2, because the cancellation between “+” and
“−” signs of �� is effective. In contrast, in the single-band
BCS case, even if the damping rate of the quasiparticle is
taken large as �=0.1Tc, the peak is clearly observable as

seen in Fig. 1�f�. Moreover, the low-lying excitation arising
from the small gap ��3� alters T dependence of 1 /T1 com-
pared to the single-band BCS case. We point out that the
five-band model case B1 successfully reproduces the experi-
mental results of C /T and 1 /T1.4,14

B. 1111 superconducting compounds

We next turn to 1111 compounds. At first, based on GGA
with measured structural parameters,38 we obtain the band
structure of LaFeAsO as shown in Fig. 2�a�. The band index
is also numbered as �=1, 2, 3, 4, and 5 from � �zone center�
to M. The five Fermi surfaces are displayed in Fig. 2�b�,
where N1, N2, and N3�N4 ,N5� are the DOS at EF of hole
�electron� bands. We prepare two types of multigap struc-
tures, cases L1 and L2, whose T dependences of �� are
plotted in Figs. 2�c� and 2�d�, respectively. Case L1 considers
a medium gap between the maximum and minimum gaps
based on the experimental data of the specific heat3–5 and the
penetration depth,23 while case L2 gives four large gaps and
one small gap as case B1 in Fig. 1�c� according to recent
NMR experiments on slightly higher Tc materials.13,39,40

Figure 2�e� shows T dependence of C /T for both cases L1
and L2. When the amplitude difference between the mini-
mum and maximum gaps becomes large, the jump of C /T at
Tc decreases. In addition, case L1 reproduces the concave-
down behavior as observed in LaFeP�O1−xFx�.5 Thus, the
small-jump feature and the concave-down behavior in C /T
suggest not only the existence of a small gap but also that of
a medium-gap band, whose contributions are significant
compared to 122 compounds. We then expect that case L1 is
the most realistic candidate in reproducing the most of ex-
periments. On the other hand, we mention that a slightly
higher Tc case shows a large jump,39 which is consistent with
C /T of case L2 in Fig. 2�e�. The reason is identical to that as
explained in case B1.
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FIG. 2. �Color online� �a� The band structure calculated by the generalized gradient approximation using structural measurement values
of LaFeAsO. �b� The Fermi surfaces and the density of states at the Fermi energy. Indices ��=1, 2, 3, 4, and 5� are assigned from � �zone
center� to M. Temperature dependence of the superconducting pair-potential �� in �c� and �d�. Here, “L” of case L1 or L2 stands for
LaFeAsO. �e� Temperature dependences of �Cs−Cn� /T. Cs�n� is the specific heat of the superconducting state �normal state�. �f� Temperature
dependences of the nuclear magnetic relaxation rate 1 /T1.
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Figure 2�f� shows T dependence of 1 /T1 for both cases L1
and L2. We find that case L1 surprisingly exhibits T3 behav-
ior of 1 /T1 up to experimentally accessible low T. The low-
lying excitations due to the small gap push the exponential
behavior of 1 /T1 into a further lower temperature region.
Moreover, the peak just below Tc does not appear because of
the cancellation due to � signs.30 The most of 1111 com-
pounds show T3 dependence in 1 /T1 below Tc,

2,14 which
suggests that case L1 is the best as noted in Fig. 2�f�. On the
other hand, in slightly higher Tc 1111 materials,13,39 T depen-
dence of 1 /T1 shows T5 as case L2 in Fig. 2�f�, which are
principally equivalent to that for case B1 in Fig. 1�f�. Fur-
thermore, As-deficient 1111 compounds showing a slightly
higher Tc also exhibit T5 behavior as very recently reported
in Ref. 40. Although these results might be relevant to im-
purity effects, the essence can be understood by the story
described above.

IV. DISCUSSION

Here, let us discuss the other important experimental data,
i.e., superfluid density. In addition to C /T and 1 /T1, we in-
vestigate the T dependences of the superfluid density, which
are not shown here. On this measurement, the present model
and earlier two-band models show almost both equivalent
results consistent with experiments. This is because the num-
ber of gaps is not crucial, but only the existence of a small
gap is just of importance in contrast to C /T. On the other
hand, concerning the superfluid density, some phosphorus-
substitution compounds have recently revealed nodal fea-
tures in very low-temperature range.6,41 This problem is

deeply related to the superconducting mechanism while nu-
merical experiments by using the present treatment are on-
going to check the consistency.

Finally, we add a note in terms of the material variety and
the gap ratio. According to a recent specific-heat experiment
of Ba�Fe0.92Co0.08�2As2,42 the ratio between the maximum
and minimum gaps is around 0.4. This value is a magic num-
ber common for optimally doped materials exhibiting the
highest Tc, e.g., Ba1−xKxFe2As2, Ba�Fe1−xCox�2As2, and
LaFeAs1−O1−xFx. This may be not an accidental coincidence
because we do not presently know any different compounds.
The superconducting mechanism model has to explain the
coincidence.

V. CONCLUSION

In conclusion, we examined the validity of s�-wave sce-
nario for typical iron-based superconductors �122 and 1111
compounds� through the realistic model using the quasiclas-
sical formalism combined with first-principles calculations.
Consequently, we found that any anomalous properties ob-
served in the specific heat and the nuclear magnetic relax-
ation rate are fully reproducible by a set of gap amplitude
properly evaluated on each band without any extrinsic as-
sumptions, i.e., a requirement is just gap amplitude of each
band together with s�-wave symmetry.
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