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Inelastic neutron-scattering experiments and lattice-dynamical calculations are reported on a series of rare-
earth orthophosphates RPO4 �R=Tm, Er, Ho, and Tb�. The experimental phonon spectra for the compounds are
in good agreement with our model calculations. The lattice-dynamical model is found useful for the calculation
of various thermodynamic properties such as the lattice specific heat, thermal expansion, and equation of state
of these compounds. The RPO4 compounds are known to transform to the scheelite �body-centered tetragonal,
I41 /a� or monoclinic phase �P21 /n� at high pressures. Our calculations show that while the scheelite phase
stabilizes at high pressure due to its lower volume, the monoclinic phase may occur as an intermediate phase
depending on the ionic size of the R atom. The latter phase is stabilized at higher temperature �at high pressure�
due to its high vibrational entropy. A pressure-temperature phase diagram is proposed.
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I. INTRODUCTION

Orthophosphates formed by mixed lanthanides are of par-
ticular interest since a relatively high concentration of vari-
ous lanthanides is present in the waste resulting from repro-
cessing of light water reactor spent fuel in the recent years.
The main potential applications include host matrices for im-
mobilization of certain types of radioactive wastes,1,2 solid
ion conductors,3 and multilayered weak-bonded ceramic
composites.4 The pure rare-earth lanthanide orthophosphates
�RPO4� are structurally divided into two classes: the first half
of the series �La-Gd� has monoclinic structure with space
group P21 /n while the second half of the series �Tb, Lu, Y,
and Sc� has the tetragonal zircon structure with space group
I41 /amd. Stabilization of RPO4 in the zircon or monoclinic
structure is effected by the size of the R-site cation. In both
the structure types, phosphorus is in fourfold coordination
with oxygen forming isolated tetrahedra. The rare-earth atom
is in eightfold coordination in the zircon structure, while the
monoclinic modification, allowing a dense packing of oxy-
gen atoms, the coordination of the R-site cation becomes
ninefold. The excellent refractory properties at high tempera-
tures, high radiation-damage resistance, and good chemical
stabilities have prompted systematic investigations by many
workers.5 These include studies of optical,6 transport,7

phonon,8,9 and thermochemical properties,10–12 the variation
in thermal and mechanical properties with respect to the rare-
earth constitutions13,14 and radiation effects15,16 by various
theoretical and experimental techniques.17–20 However, we
are not aware of a systematic assessment of the phonon spec-
tra and the associated thermodynamic properties and possible
phase transformations in the heavy lanthanide orthophos-
phates.

With regard to the zircon versus other distorted structures,
high-pressure Raman spectroscopic and x-ray diffraction
studies have also been reported21–25 for rare-earth phosphates
and vanadates. Zircon-structured compounds are known to
transform to the scheelite phase �body-centered tetragonal,

I41 /a� and monoclinic phase �P21 /n� at high pressure and
temperature. Zircon-structured YbPO4 and LuPO4 have been
found to undergo phase transitions23 to a tetragonal scheelite
�I41 /a , Z=2� structure at 22 GPa and 19 GPa, respectively.
X-ray diffraction studies22 performed on ScPO4 and YPO4

under nonhydrostatic conditions showed zircon-to-scheelite
phase transition. However, more recently, high-pressure
x-ray diffraction measurements on orthophosphates such as
YPO4 and ErPO4 up to 30 GPa using neon as pressure-
transmitting medium showed a zircon-to-monoclinic
�P21 /n , Z=4� phase transition at 19.7 GPa and 17.3 GPa,
respectively. The phase transition is found to be reversible
upon decompression. Raman measurements for TbPO4 car-
ried out up to about 15 GPa indicate a transformation24 from
zircon to a lower crystal symmetry phase, most likely mono-
clinic, at around 9.5 GPa. Further, TmPO4 shows transforma-
tion to a monoclinic phase with increasing pressure at 16
GPa.

Earlier we have reported lattice-dynamical studies and
neutron-scattering measurements for zircon-structured
silicates26,27 �MSiO4, M =Zr, Hf, U, and Th� and phosphates9

�LuPO4 and YbPO4�. We have shown that the stability of
the monoclinic phase in zircon-structured compounds is re-
lated to the ionic size of the M atom. The monoclinic phase
is found to be unstable for the silicates with the smaller Hf
and U ions and it becomes stable, for example, with the
larger Th ion. Now we have investigated rare-earth phos-
phates to understand the thermodynamic behavior of RPO4
�R=Tm, Er, Ho, and Tb�. The potential parameters for
LuPO4 and YbPO4 �Ref. 9� are used as the starting point for
calculations of these compounds. The calculated phonon
densities of states agree well with neutron spectroscopic
measurements carried out on polycrystalline samples of these
compounds. A transferable interatomic potential model is
used to study high-pressure phase transitions. The calculated
phase diagrams are in fair agreement with the reported ex-
perimental observations.
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II. STRUCTURE

The zircon phase belongs to a tetragonal structure �space
group I41 /amd, Z=2� and contains 2 f.u./primitive cell. The
R and P atoms reside in special Wyckoff sites 4a �0, 3/4, 1/8�
and 4b �0, 1/4, 3/8�, respectively. The R atoms are eightfold
coordinated while P atoms are fourfold coordinated to O at-
oms. All of the O atoms reside in the 16h �0,v ,w� site. The
high-pressure scheelite structure belongs to body-centered te-
tragonal structure with space group I41 /a and 2 f.u./primitive
cell. The R and P atoms reside in special Wyckoff sites 8d �0,
1/4, 5/8� and 8c �0, 1/4, 1/8�, respectively. The R atoms are
eightfold coordinated and the P atoms are fourfold coordi-
nated to O atoms. All the O atoms reside in the 16f �u ,v ,w�
site. While going from zircon-to-scheelite structure the unit
cell is doubled along the c axis. The polyhedra formed in
both the zircon and scheelite phases are all regular. The
monoclinic structure belongs to the space group P21 /n. The
cell contains 4 f.u. for a total of 24 atoms. All the R, P, and O
atoms in the unit cell reside in the 4e �u ,v ,w� sites according
to the Wyckoff notation. R and P atoms are in ninefold and
fourfold coordinated to O atoms, respectively. In the mono-
clinic structure the R atoms have ninefold coordination and
form distorted polyhedra due to the inclusion of the ninth
oxygen atom in the regular polyhedra. The crystal structures
of all the phases are shown in Fig. 1.

III. EXPERIMENTAL

The inelastic neutron-scattering measurements for
TmPO4, ErPO4, HoPO4, and TbPO4 are carried out using the
high-resolution medium-energy chopper spectrometer at the
Intense Pulsed Neutron Source of Argonne National Labora-
tory. High-purity, zircon-structured polycrystalline samples,
prepared by a precipitation method described elsewhere,28

were placed inside a sealed aluminum container. The data
have been collected with incident neutron energy of 200
meV over a wide range of scattering angles, corresponding to
the momentum transfers Q from 11 to 20 Å−1. These spectra
summed over Q represent a close appropriation of the pho-
non density of states and contain minimal contribution from
magnetic scattering of the rare-earth ions due to the vanish-
ing magnetic form factor at high Q. In order to reduce the
multiphonon scattering the measurements are carried out at
15 K.

IV. LATTICE-DYNAMICAL CALCULATIONS

Our lattice-dynamical calculations involve semiempirical
interatomic potential consisting of the long-range Coulombic
and short-range terms. This approach allows us to take into
consideration the vibrational entropy contribution to the
Gibbs free energy, which is normally not included in ab ini-
tio calculations. The contribution is found to be important
while calculating the zircon-to-monoclinic phase transition
as discussed later in Sec. V C. The interatomic potential is
given by the following expression:

V�r� =
e2

4��0

Z�k�Z�k��
r

+ a exp� − br

R�k� + R�k��
�

−
C

r6 − D exp�− n�r − r0�2

2r
� , �1�

where “r” is the separation between the atoms of type k and
k�. R�k� and Z�k� refer to effective radii and charge param-
eters of the atom of type k, respectively. C is an empirical
parameter, a=1822 eV and b=12.364. The covalent nature
of the P-O bond is accounted for by including a bond-
stretching term as given by the third term in Eq. �1�. The
polarizability of oxygen atoms is included in the frame work
of the shell model.29,30 Parameters of the potential are deter-
mined such that the calculated crystal structure in the zircon
phase of the compounds obtained from free-energy minimi-
zation at T=0 K is close to that determined using diffraction
experiments. Further, the calculated phonon frequencies have
real values for all the wave vectors in the Brillouin zone. The
potential thus satisfies the static and dynamic equilibrium
conditions of the crystal system. The interatomic potential
model is further exploited for the calculation of crystal struc-
tures at high pressures by minimization of the free energy at
T=0 K with respect to the lattice-parameter and atomic-
position variations, while keeping the space-group symmetry
unchanged. The good agreement between the calculated and
experimental thermodynamic properties �as discussed later�
and phase diagrams indicate that the transferable model is
quite reasonable.

The effective radius parameter for the short-range interac-
tions in the interatomic potential may be expected to be pro-
portional to the ionic radius for similar atoms in similar en-
vironment. In our earlier work on MSiO4, we found that the
radius of the atom at the M site played an important role in
determining the high-pressure phase. The potential param-
eters for LuPO4 �Ref. 9� are used as the starting point for
calculation of RPO4. The effective radii parameters of the
rare-earth atoms in the short ranged are optimized to repro-
duce the experimentally observed phase transitions. Further
details are discussed in Sec. V C. The optimized values are
R�Tm�=2.110 Å, R�Er�=2.130 Å, R�Ho�=2.155 Å, and
R�Tb�=2.208 Å. The potential satisfactorily reproduces the
available experimental values of the lattice parameters and
fractional atomic coordinates in the zircon phase of the vari-
ous phosphates �Table I�.

The phase diagrams of compounds are calculated by com-
paring the Gibbs free energies of the compounds in various
phases. The Gibbs free energy of the nth phase is given by

Zircon Scheelite Monoclinic

FIG. 1. �Color online� Ball and stick representation of the zircon
�space group I41 /amd�, scheelite �I41 /a� and monoclinic �P21 /n�
phases of RPO4 �R=Tm, Er, Ho, and Tb�. The solid circles denote
R, P, and O atoms in decreasing order of size.
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TABLE I. Comparison between calculated structural parameters �at T=0 K� of zircon, monoclinic and scheelite phases of TmPO4,
ErPO4, HoPO4, and TbPO4 and available experimental data �Refs. 28–31�. The experimental zircon phase structural parameters of TmPO4,
ErPO4, and TbPO4 are at ambient temperature and pressure while for HoPO4 the data is at 12 K and ambient pressure. For zircon structure
�body-centered tetragonal, I41 /amd� the R �Er, Ho, Tb, and Tm�, P, and O atoms are located at 4a �0, 0.75, 0.125�, 4b �0, 0.25, 0.375�, and
16h �0,v ,w�, respectively. For monoclinic structure �space group P21 /n� the R, P, and O atoms are located at 4e �u ,v ,w�. For scheelite
structure �body-centered tetragonal, I41 /a� the R, P, and O atoms are located at 8d �0, 0.25, 0.625�, 8c �0, 0.25, 0.125�, and 16f �u ,v ,w�,
respectively.

Experimental
�Ref. 32�

TmPO4 �zircon�
0 GPa, 300 K

Calculated
TmPO4 �zircon�

0 GPa, 0 K

Calculated TmPO4

�scheelite�
0 GPa, 0 K

Experimental
�Ref. 32�

ErPO4 �zircon�
0 GPa, 300 K

Calculated
ErPO4 �zircon�

0 GPa, 0 K

Calculated
ErPO4 �scheelite�

0 GPa, 0 K

a �Å� 6.839 6.76 4.82 6.860 6.79 4.83

c �Å� 5.986 6.20 11.35 6.003 6.21 11.41

u 0 0.271 0 0.271

v 0.164 0.645 0.164 0.646

w 0.355 0.559 0.356 0.559

Volume/primitive
cell �Å3� 140.0 141.8 131.8 141.2 143.3 133.1

Experimental
�Ref. 33�

HoPO4 �zircon�
0 GPa, 12 K

Calculated
HoPO4 �zircon�

0 GPa, 0 K

Calculated HoPO4

�scheelite�
0 GPa, 0 K

Experimental
�Ref. 34�

TbPO4 �zircon�
0 GPa, 300 K

Calculated
TbPO4 �zircon�

0 GPa, 0 K

Calculated
TbPO4 �scheelite�

0 GPa, 0 K

a �Å� 6.833 6.82 4.85 6.941 6.90 6.89

c �Å� 6.0166 6.24 11.47 6.070 6.29 11.63

u 0 0.272 0 0.273

v 0.163 0.648 0.162 0.652

w 0.356 0.559 0.358 0.560

Volume/primitive
cell �Å3� 140.4 145.4 134.9 146.2 149.8 139.0

Calculated TmPO4

�monoclinic�
11 GPa, 0 K

Calculated ErPO4

�monoclinic�
10 GPa, 0 K

Calculated HoPO4

�monoclinic�
10 GPa, 0 K

Calculated TbPO4

�monoclinic�
10 GPa, 0 K

a �Å� 6.44 6.46 6.49 6.55

b �Å� 6.58 6.60 6.63 6.69

c �Å� 6.45 6.47 6.49 6.53

� �deg� 105.3 105.2 105.1 105.0

Volume �Å3� 264 266 270 277

Calculated �TmPO4�
�monoclinic�
11 GPa, 0 K

Calculated �ErPO4�
�monoclinic�
10 GPa, 0 K

Calculated �HoPO4�
�monoclinic�
10 GPa, 0 K

Calculated �TbPO4�
�monoclinic�
10 GPa, 0 K

u v w u v w u v w u v w

R 0.258 0.156 0.088 0.258 0.156 0.089 0.258 0.157 0.089 0.259 0.158 0.089

P 0.144 0.157 0.588 0.144 0.157 0.588 0.146 0.158 0.588 0.148 0.158 0.588

O1 0.249 0.325 0.497 0.249 0.324 0.497 0.250 0.324 0.496 0.251 0.323 0.496

O2 0.260 0.099 0.764 0.262 0.100 0.763 0.262 0.100 0.762 0.264 0.101 0.760

O3 0.105 0.206 0.671 0.106 0.206 0.670 0.108 0.207 0.670 0.110 0.207 0.670

O4 0.227 0.506 0.048 0.227 0.507 0.048 0.227 0.508 0.048 0.228 0.510 0.047
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Gn = �n + PVn − TSn, �2�

where, �n, Vn, and Sn, respectively, relate to internal energy,
lattice volume and vibrational entropy of the nth phase. The
Gibbs free energy of various phases is compared at different
pressures for a particular temperature. Thus we obtain the
phase diagram.

V. RESULTS AND DISCUSSION

A. Phonon density of states

The calculated Raman and IR zone-center phonon fre-
quencies for all compounds in the zircon phase are shown in
Fig. 2. The calculated Raman modes are in good agreement

with the experimental data,20 i.e., within a 4% deviation. The
experimental data for the IR modes are not available. The
effect of mass and radii variation in the R atom is not sig-
nificant in the Raman-active modes whereas A2u and Eu
modes show slight effect.

The calculated partial phonon density of state in the zir-
con phase is shown in Fig. 3. From the partial density of
states we observe that the R atoms contribute only up to 50
meV. The P and O atoms span the entire spectral range of
0–145 meV. The modes above 115 meV are purely due to
P-O stretching vibrations. The partial density of states is fur-
ther used to calculate the neutron-weighted phonon density
of states �Fig. 3� via the relation.

gn�E� = B�
k
�4�bk

2

mk
	gk�E� , �3�

where B is the normalization constant and bk, mk, and gk�I�
are neutron coherent scattering length, mass and partial den-
sity of states of the kth atom in the unit cell, respectively.
The weight factors in barns/atomic mass unit used in our
calculation for various atoms are: Tm=0.038, Er=0.052,
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FIG. 2. The comparison between the calculated �T=0 K� and
experimental �Ref. 13, T=300 K� zone-center phonon frequencies
for zircon phase of RPO4 �R=Tm, Er, Ho, and Tb�. The calculated
infrared-active modes are also shown. The closed and open symbols
represent the experimental and calculated frequencies in the order
stated. The frequencies are plotted in the order of TmPO4, ErPO4,
HoPO4, and TbPO4 from below �1 cm−1=0.124 meV�.

0.00

0.02

0.04

0.06

0.08

0.00

0.02

0.04

0.00

0.02

0.04

0 50 100 150
0.00

0.02

0.04

M

TmPO4
ErPO4
HoPO4
TbPO4

D
en

si
ty

of
st

at
es

(m
eV

-1
)

P

O

Total

Zircon

E (meV)

FIG. 3. �Color online� The calculated partial densities of states
of the orthophosphates in their zircon phase.

FIG. 4. Comparison between the experimental �T=300 K� and
calculated �T=0 K� neutron-weighted phonon densities of states in
the zircon phase of RPO4 �R=Tm, Er, Ho, and Tb�.
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FIG. 5. �Color online� The calculated specific heat in the ambi-
ent pressure phase of RPO4 �R=Tm, Er, Ho, and Tb� at P=0.
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Ho=0.051, Tb=0.043, P=0.107, and O=0.265. The values
of the neutron-scattering lengths of various atoms can be
found from standard references.31,35 The calculated neutron-
weighted one phonon density of states �Fig. 4� are in good
agreement with our measured data on RPO4 �R=Tm, Er, Ho,
and Tb�. The spectra consist of phonon bands centered at
about 24, 40, 68, 83, and 125 meV. There is a band gap in the
energy range of 90–115 meV. The total phonon densities of
states for RPO4 are very similar due to the fact that the com-
pounds are isostructural and the masses of the rare-earth at-
oms �R=Tm, Er, Ho, and Tb� are nearly same.

B. Thermodynamic properties

The calculated phonon density of states �Fig. 3� is used
for the calculation of various thermodynamic properties such
as the lattice specific heat, Grüneisen constant, thermal ex-
pansion, etc. in the zircon phase of TmPO4, ErPO4, HoPO4,
and TbPO4. The temperature dependence of the specific heat
�Fig. 5� exhibits the same profile for all the members in this
study.

The calculation of thermal expansion is carried out under
quasiharmonic approximation. Each mode contributes to vol-
ume thermal expansion29 equal to �V= 1

BV�i�iCVi�T�, where,
�i�=−�lnEi /�lnV� and CVi are the mode Grüneisen parameter
and specific heat, respectively, of the phonons in the ith state.
The calculated pressure dependence of phonon modes is
used for the calculation of energy dependence of Grüneisen

parameter ��E� �Fig. 6�, which in turn is used for the calcu-
lation of thermal expansion �Fig. 7� using the relation given
above. The band gap from about 85 to 115 meV in the den-
sity of states appears also in the Grüneisen parameter plot.

0 50 100 150

0

1

2

3 TmPO4
ErPO4
HoPO4
TbPO4Γ

(E
)

E (meV)

Zircon

FIG. 6. �Color online� The calculated Grüneisen parameter as a
function of RPO4 �R=Tm, Er, Ho, and Tb� at P=0.
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FIG. 7. �Color online� The calculated thermal-expansion behav-
ior of RPO4 �R=Tm, Er, Ho, and Tb� at P=0.
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FIG. 9. The calculated phase diagrams of TmPO4, ErPO4,
HoPO4, and TbPO4 and as obtained from the free-energy calcula-
tions. The experimental data for ErPO4 and TmPO4 are taken from
Ref. 36 while the datum for TbPO4 is from Ref. 24. The transition
to monoclinic phase in TmPO4, ErPO4, and TbPO4 is calculated at
10.8 GPa, 8 GPa, and 3 GPa, respectively, above 300 K. Experi-
mentally the transition in these compounds at ambient temperature
is observed on compression at 16 GPa, 17.2 GPa, and 9.5 GPa,
respectively, and might have involved some hysteresis. Zircon,
monoclinic and scheelite in the figure indicate the calculated phase
stability regions for RPO4 �R=Tm, Er, Ho, and Tb�. TmPO4 on
compression goes directly from zircon-to-scheelite structure below
300 K while it goes from zircon-to-monoclinic and then to scheelite
structures above 300 K.
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C. Free energy and phase diagram

Zircon-structured rare-earth phosphates are known to
transform to monoclinic or scheelite phase at high pressure.
Monoclinic and scheelite phase transitions are known to be
very competitive. Earlier we have reported lattice-dynamical
calculations for the zircon-structured natural silicates,27

MSiO4 �M =Zr, Hf, Th, and U�, where the thorium com-
pound with the largest ionic radius at the M site shows tran-
sition to monoclinic phase at high pressure while other com-
pounds �M =Zr, Hf, and U� transform to the scheelite phase.
For the rare-earth compounds RPO4 �R=Tm, Er, Ho, and
Tb�, Tm has the smallest ionic radii among the four rare-
earth atoms. So initially we started with the calculations for
TmPO4. The zircon-to-monoclinic phase transition has been
experimentally observed36 in TmPO4 at 16 GPa and ambient
temperature. So we have chosen a value of the radius param-
eter of Tm atom such that the model produces a dynamically
stable monoclinic phase at high pressure. For the radius pa-
rameter R�Tm�=2.110 Å, our calculation for the monoclinic
phase at 0 K shows unstable phonon modes below 10.8 GPa
and stable phonons above that pressure. Because of this we
have not shown the free-energy difference 
Fig. 8�b�� below
this critical pressure and abscissa in Fig. 8�b� does not go
down to zero.

As mentioned in Sec. III we have included vibrational
entropy while calculating the free energies. We find that at
pressures above 10.8 GPa and temperatures above 300 K, the
monoclinic phase has lower free energy as compared to the
zircon phase, and the phonon modes are also stable. The
transition to monoclinic phase is therefore expected at this
critical pressure and shown in Fig. 9 accordingly. Thus,
phase transition in TmPO4 is calculated at 10.8 GPa which
has been experimentally36 observed at 16 GPa and might
have involved some hysteresis. The experiment does not
show any further phase transition up to 25 GPa. However,
our free-energy calculation shows that the monoclinic phase
further transforms to the scheelite phase at higher pressure
above 300 K �Fig. 9�.

Further, the free-energy calculations have been used for
obtaining the phase diagram �Fig. 9� of TmPO4 over a wide

range of pressure and temperature. TmPO4 on compression
goes from “zircon-to-monoclinic and then to scheelite” struc-
tures above 300 K; however, it goes directly from “zircon-
to-scheelite” structure below 300 K.

The radius parameter in the short-ranged part of the po-
tential is related to the ionic radius. Shannon37 ionic radii of
Tm, Er, Ho, and Tb atoms are 0.994 Å, 1.004 Å, 1.015 Å,
and 1.04 Å, respectively. The radii parameters of the rest of
the rare-earth atoms �Er, Ho, and Tb� in other compounds
were obtained by scaling the ionic radii of R �Er, Ho, and Tb�
atoms to the ratio of the radius parameter and ionic radius of
Tm atom in octahedral coordination. The values of the scaled
radii parameters are: R�Tm�=2.110 Å, R�Er�=2.130 Å,
R�Ho�=2.155 Å, and R�Tb�=2.208 Å. The calculated
phase diagrams of various lanthanide orthophosphates, RPO4
as shown in Fig. 8 indicate phase transition as found in the
experiments.24,36 Ab initio total-energy calculations for

FIG. 10. �Color online� Mean-square ampli-
tudes of various atoms arising from the phonons
of energy E �integrated over the Brillouin zone�
at T=300 K and P=11 GPa in various phases of
TmPO4.
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FIG. 11. The calculated equation of state of RPO4 �R=Tm, Er,
Ho, and Tb� at T=0. For TmPO4, our calculations show zircon-to-
scheelite transitions at 0 K. For the rest of the compounds we ob-
serve zircon-monoclinic-scheelite transition as a function of pres-
sure at 0 K.
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TbPO4 �Ref. 38� also indicate a similar structural phase tran-
sition at about 9.6 GPa. The experimental datum of the tran-
sition pressure is not available for HoPO4. However, as the
ionic radius of Ho lies between those of Er and Tb atom,
zircon-structured HoPO4 is also expected to transform to
monoclinic phase as seen in our calculations. The potential
reproduces well the observed atomic lattice parameters and
fractional atomic coordinates in the zircon phase �Table I�.

Figure 8 shows typical plots of the differences in the free
energies of competing phases as a function of pressure for all
RPO4 compound under study. We find that the monoclinic
phase is stabilized compared to the zircon phase 
Fig. 8�b��
at comparatively lower pressures when the radius of the R
atom is larger. However, the scheelite phase is stabilized over
the monoclinic phase 
Fig. 8�c�� at a higher pressure in case
of larger R atom. The free-energy difference plot for zircon-
to-scheelite phase transition 
Fig. 8�a�� in TmPO4 is also
calculated at 200 K.

In order to understand the nature of phase transition in
RPO4, we have plotted �u2
 �Fig. 10� of atoms for TmPO4 in
various phases. We will concentrate on the low-energy pho-
non modes since these modes are believed to be responsible
for phase transitions in these compounds. We observe that in
the zircon and scheelite phases the low-energy modes up to 5
meV involve equal amplitude of various atoms. These modes
are largely acoustic in nature. For 5–20 meV, the calculated
�u2
 values of P and O atoms are nearly the same which
indicates translation of PO4 tetrahedra as a whole. On the
other hand, in the monoclinic phase, the low-energy modes
up to 10 meV involve smaller amplitudes of Tm and P atoms
in comparison to O atoms, indicating simultaneous rotation
and translation of PO4 and TmO8. Further, the various oxy-
gen atoms constituting the PO4 tetrahedra in the monoclinic
phase have significantly different values of their vibrational
amplitudes, indicating distortions of the PO4 tetrahedra. The
presence of low-energy libration of PO4 and TmO8 polyhe-
dra in the monoclinic phase seems to play a key role for the
zircon-to-monoclinic phase transition. However, the libra-
tional modes in the zircon and scheelite phases occur above
20 meV. Further, the comparison of �u2
 of various atoms in
various phases at low energies shows that the absolute values

of �u2
 for Tm and P atoms are nearly same in all the phases.
However, in the monoclinic phase the absolute value of �u2

for oxygen atoms is very high compared to that in the zircon
and scheelite phases. This may be primarily due to shift of
the oxygen vibrations at low energies which, in turn, result in
low-energy librational modes in the monoclinic phase.

The calculated equations of state are shown in Fig. 11 for
the ambient and high-pressure phases. The structure of the
high-pressure phases are obtained by minimization of Gibbs
free energy with respect to the structure variables while
keeping the space group unchanged. The experimental data36

of equation of state for ErPO4 shows 4% volume drop at the
zircon-to-monoclinic phase transition while our calculations
show 1.5% drop in volume. The bulk modulus values
�experimental36 and calculated19� are compared with our cal-
culated bulk modulus values. As seen from Table II the bulk
modulus values are over estimated by our calculation.

VI. CONCLUSIONS

Inelastic neutron-scattering measurements of the phonon
density of states carried out on polycrystalline samples of
RPO4 �R=Tm, Er, Ho, and Tb�, in the zircon phase are in
good agreement with our lattice-dynamics calculations. The
calculated free energies show that zircon is the stable struc-
ture of RPO4 at low pressures and at ambient temperature,
and a transformation to an intermediate monoclinic phase
occurs on compression, followed by the formation of the
scheelite structure at higher pressures. The good agreement
between various calculated and experimental dynamical
properties indicates that our interatomic potential model is
reasonable. The calculated free energies in various phases of
RPO4 show that stability of intermediate monoclinic phase is
determined by the ionic size of the R atom.
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TABLE II. The elastic constants and bulk modulus in zircon phase �at P=0 GPa and T=0 K� of ErPO4, HoPO4, TbPO4, and TmPO4 �in
GPa units�. The experimental values are at ambient pressure and room temperature.

Elastic constant Calc. TmPO4 �zircon� Calc. ErPO4 �zircon� Calc. HoPO4 �zircon� Calc. TbPO4 �zircon�

C11 275 270 265 251

C33 411 407 401 388

C44 81 79 77 72

C66 10 9 7 4

C12 40 38 36 33

C13 136 134 130 124

B�calc.� 176 174 170 161

B 147.2b 168a 143.4b 138.8b

aExpt. �Ref. 28�.
bTheory �Ref. 12�.
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