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We show that high-resolution optically pumped NMR �OPNMR� studies can reveal spin-dependent optical
transitions between valence- and conduction-band Landau levels in bulk semiconductors such as GaAs. The
OPNMR signal intensity exhibits oscillations as a function of pump photon energy that evolve with magnetic
field. In contrast to standard polarized magnetoabsorption measurements, OPNMR is sensitive to the polar-
ization of the photoexcited electron spins �i.e., the difference between spin-up and spin-down electron popu-
lations rather than the sum�. This allows one to clearly resolve the spin dependence of optical transitions that
might normally be obscured in conventional magnetoabsorption studies. The data are in good agreement with
theoretical calculations of the transitions from the spin-split light-hole Landau levels in the valence band to the
conduction-band Landau levels of GaAs.
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I. INTRODUCTION

Knowledge of the electronic structure of crystalline solids
is vital to understanding their electronic, transport, and opti-
cal properties. Traditionally, magnetic fields have played an
important role in determining band structure, with cyclotron
resonance or magnetoabsorption being used for semiconduc-
tors. For spintronics and other applications, it is particularly
desirable to understand the spin-dependent band structure.
Optically pumped NMR �OPNMR� is the combination of
light excitation for optical pumping of semiconductors with
radio-frequency �rf� �NMR� detection of nuclear spins. OP-
NMR results in significant sensitivity enhancements over
typical thermal polarizations of the nuclear spin system, and
signals are localized to regions of a sample where the light is
absorbed. OPNMR has been used to study diverse phenom-
ena including optically generated Overhauser effects,1 dipo-
lar spin order,2 the manifestation of skyrmions,3 the frac-
tional quantum Hall ground state,4 and electron spin
polarization.5

In OPNMR, semiconductors are optically pumped using
circularly polarized photons to polarize the conduction-
electron spins.6 These spin-polarized electrons subsequently
polarize the nuclear spins through a Fermi-contact hyperfine
interaction, substantially enhancing the NMR signal
strength.7–10 The sign and magnitude of the OPNMR signal
will depend on the average electron spin polarization
�Sopt����� created through optical pumping.6,11 As such, OP-
NMR is inherently sensitive to the sign and magnitude of the
electron spin polarization and is thus very different from �but
complementary to� magnetoabsorption, which is sensitive to
the net optical absorption and which does not explicitly de-
pend on the electron spin polarization. As an illustrative ex-
ample, it is well known that purely circularly polarized light
does not generate 100% polarized electrons in bulk GaAs:
Due to the optical selection rules, �− circularly polarized
light will excite “spin-up” electrons from heavy-hole states
in the valence band, and will also excite “spin-down” elec-
trons from light-hole valence states. On average, the oscilla-

tor strength of the light-hole transitions is smaller than that
of the heavy holes by a factor of 3; however, this ratio can
vary significantly at particular photon energies in a magnetic
field due to the formation of spin-split Landau levels

OPNMR studies to date have shown a connection be-
tween the macroscopic features in the optical absorption,
�����, where �� is the photon energy, and the characteristic
variation in OPNMR signal intensity for optical excitation
below the bandgap ����Eg�.1,12,13 Above Eg, oscillations in
the OPNMR intensity were observed as a function of photon
energy; however, a detailed analysis of their physical origin
was lacking. Such phenomena had been reported previously
in several bulk semiconductors and in quantum wells.8,14–16

In one report on AlxGa1−xAs /GaAs quantum wells, the peri-
odic features in the OPNMR intensity were attributed to for-
mation of Landau levels7,8 but it was suggested that such
phenomena would not be observable in bulk samples due to
the impurity concentration.17 In a recent study, we attributed
the oscillatory features in OPNMR of GaAs to Landau
levels18 but without a corresponding match to specific tran-
sitions between the levels, for which theoretical calculations
are critical.

Here we show that OPNMR, in conjunction with theoret-
ical calculations and optical magnetoabsorption, can be a
powerful tool for understanding the band structure and spin-
dependent optical transitions in semiconductors. We demon-
strate that the weaker transitions from the light-hole Landau
levels dominate the OPNMR signals. We report on OPNMR
spectra of 69Ga spins in bulk semi-insulating GaAs polarized
by a narrowband laser in two different external �B0� mag-
netic fields of 4.7 tesla �T� and 7.0 T. These experiments
combined with magnetoabsorption allow one to measure the
complicated spin-split valence-band Landau levels, resolving
details of the electronic spin structure of the valence bands of
GaAs.

II. EXPERIMENT

Experiments were carried out on semi-insulating GaAs
obtained from ITME, Warszawa, Poland �sample character-

PHYSICAL REVIEW B 82, 085209 �2010�

1098-0121/2010/82�8�/085209�5� ©2010 The American Physical Society085209-1

http://dx.doi.org/10.1103/PhysRevB.82.085209


istics: growth direction �100�, thickness 400 �m, mobility
5630 cm2 /V s�. The samples were each mounted in a home-
built single-channel transmission line probe inside a
continuous-flow cryostat �Janis-200 Supertran�, to maintain
the sample temperature at 6�0.2 K.

The 69Ga OPNMR experiments were recorded at a Lar-
mor frequency of 48.09 MHz �B0=4.7 T� and 70.77 MHz
�B0=7.0 T�. The spectra were collected using pulse
sequences consisting of a saturating rf train �SAT�,
followed by a period of continuous-wave laser irradiation,
	L �120 s�, a single 


2 pulse, and signal acquisition �ACQ�:
SAT−	L− 


2 −ACQ. The saturating train consisted of 50 

2 rf

pulses separated by 1 ms each. The data acquisition and pro-
cessing were performed using a Tecmag Apollo console. The
	L period of 120 s was selected to attenuate effects due to
spin diffusion while still providing sufficient signal-to-noise
ratios for analysis.11 The experimental procedure used also
includes recording a reference spectrum in a single shot
without laser irradiation, which we term the “Boltzmann”
signal. The purpose is to record the resonance frequency of
the 69Ga nuclei in the sample at 6 K populated by thermal
processes and not due to coupling to the optically oriented
electrons or to the laser.

A tunable continuous-wave frequency-stabilized
Ti:Sapphire laser �Coherent 899–21, �500 kHz linewidth�
pumped by a 532 nm solid-state diode laser �Spectra Physics
Millenia X� was used as an optical excitation source. The
wavelength of the Ti:Sapphire output was measured with an
Ocean Optics HR-2000 spectrometer �resolution of 0.035
nm�. The linearly polarized output from the laser was con-
verted to �+ or �− polarized light using a quarter-wave re-
tarder, centered at 825 nm �retardation tolerance is within �

50
for the range used in these experiments�. In all the experi-
ments presented here, the laser power was kept constant at
2.5 W /cm2. The sample was irradiated with the incident
beam parallel to the external magnetic field, and the beam
diameter was 4�1 mm. The laser was blocked only during
the saturating rf train and between acquisitions; it was on
during the pulse sequence and during acquisition.

III. RESULTS AND DISCUSSION

69Ga and 71Ga OPNMR signals of GaAs are characterized
by spectra whose sign changes with the helicity of light used,
with positively phased signals when exciting with �− circu-
larly polarized light and negatively phased signals with �+

circularly polarized light �Figs. 1�a� and 1�b�, respectively�.
Further, the OPNMR signal intensity exhibits complicated
oscillations as a function of above-gap photon energy
�Eg�1.521 eV�, shown for 69Ga in Figs. 1�c� and 1�d� for
�− and �+ excitation. These oscillations change their peak-
to-peak spacing as a function of magnetic field, as well, and
OPNMR measurements at 4.7 and 7.0 T were reported.18

Similar oscillations have been observed previously in several
bulk semiconductors and quantum wells but the physical ori-
gin for the observed behavior in bulk samples was previously
unknown.8,14–16

We have found that effects of the spin-split valence-band
Landau levels can be observed in the bulk OPNMR spectra.

By combining our experiments with theoretical calculations
�Fig. 2�, we can identify the specific transitions responsible
for the oscillations. Because the OPNMR signals depend ex-
plicitly on the spin polarization of the conduction electrons
rather than on the sum of transitions that pump spin-up and
spin-down electrons �as is the case for polarized magnetoab-
sorption�, we show that the additional structure associated
with light-hole-to-conduction-band transitions can be re-
solved by the OPNMR signals which otherwise may be dif-
ficult to detect in magnetoabsorption.

In some cases �e.g., InSb� where there is a very large g
factor,19 magnetoabsorption can be used to determine the
spin splittings in the conduction band;20 yet, in GaAs and
many other materials, the g factor is small. Consequently, the
conduction bands are nearly spin degenerate �shown in blue
and labeled C0, C1, C2 in Fig. 2�. However, in GaAs as seen
in Fig. 2, spin splittings in the valence band are large enough

FIG. 1. Representative 69Ga OPNMR spectra at 4.7 T recorded
for �a� �− and �b� �+ excitation ��=815 nm� showing the phase
inversion of the NMR resonance between light helicities and the
69Ga OPNMR signal intensity �integrated peak area� as a function
of photon energy for �c� �− and �d� �+ excitation.

FIG. 2. �Color online� Calculated spin-split valence-band and
conduction-band Landau levels in GaAs at 4.7 T. Black �thick� lines
correspond to heavy holes, red �thin� lines to light holes, and blue
lines �labeled C0, C1, C2� to conduction band levels. Solid lines are
for spin-up and dashed lines are for spin-down states. These assign-
ments are only approximate due to band mixing. Only the lowest
few Landau levels of each type are shown. Spin-up and spin-down
states for the conduction band are nearly degenerate and are not
resolved in this figure.
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to be resolved by OPNMR. OPNMR is sensitive to the sign
of the polarization �i.e., the direction of the nuclear spin po-
larization with respect to the external magnetic field�,
thereby providing information on the spin-dependent elec-
tronic states and optical transitions of GaAs.

69Ga OPNMR signals were measured for both light he-
licities as a function of excitation energy in order to observe
the effect of optical pumping at 4.7 T ��− and �+, Figs. 1�c�
and 1�d�, respectively�. It is evident from Fig. 1 that the
OPNMR intensity is dependent on both excitation energy
and light helicity, in a manner similar to oscillations ob-
served in magnetoabsorption measurements.21

To theoretically predict and identify the oscillations in the
OPNMR signal intensity several steps are needed. First, we
calculate the energy levels of bulk GaAs in a magnetic field.
Determination of the energy levels and eigenfunctions is
achieved by numerically solving a set of coupled effective
mass equations based on the Pidgeon-Brown model.22,23 In
the effective mass theory, we retain conduction electrons,
heavy, light, and split-off holes. The resulting Hamiltonian
factors into a set of 88 matrices, each of which corre-
sponds to a specific magnetic manifold and is described in
detail elsewhere.24,25 Results of our electronic structure cal-
culation, using known band parameters for GaAs �Ref. 26�
are displayed for the spin-split valence and conduction bands
at 4.7 T in Fig. 2.

After the electronic levels and states are determined, we
then calculate the optical absorption from the imaginary part
of the dielectric function �2. Using Fermi’s golden rule, and
the notation in Ref. 24, we find that for undoped systems,

�2���� =
e2

�2����2 �
n,�;n�,��

	
−�

�

dkz
ê · P� n,�
n�,���kz�
2

 ���En�,��
n,� �kz� − ��� , �1�

where n and n� are the Pidgeon-Brown manifold numbers, �
and �� label the eigenvectors, �=��c /eB is the magnetic
length, and �En�,��

n,� �kz�=En�,���kz�−En,��kz� is the transition
energy. The interband optical matrix elements are,24

ê · P� n,�
n�,���kz� = �

m,m�

an,m,�
� �kz�an�,m�,���kz�

��N�n,m�
�N�n�,m����m
�ê · P� �
m�� , �2�

where ê is the unit polarization vector of the radiation inci-
dent along the z axis, an,m,� are the complex expansion coef-
ficients of the envelope wave functions, and �N�n,m� are the
orthonormal harmonic oscillator functions.

Because GaAs is a relatively wide band-gap material, we
find that the conduction band states are almost completely
pure spin states �the mixing of the opposite spin state
through the k� · p� interaction is less than 2%�. As a result, if
we restrict the sum in Eq. �1� over the final conduction-band
states of a given spin, we can calculate the absorption for a
given spin type. For example, using either �+ or �− light, �↑
represents the amount of absorption that creates spin-up elec-
trons, �↓ represents the amount of absorption that creates

spin-down electrons, and the total magnetoabsorption is
given by �=�↑+�↓. The conduction-band spin polarization
is therefore ��↑−�↓� / ��↑+�↓�.

The electrons recombine on a time scale much faster than
the NMR time scale; therefore, the nuclear spins will expe-
rience an average electron spin polarization. Due to their fast
spin-relaxation time, photoexcited holes do not contribute
strongly to the OPNMR signal intensity.27 Instead, the OP-
NMR of GaAs is dominated by the conduction-band spin
polarization.

Results of our calculations for the spin-up absorption
��↑�, spin-down absorption ��↓�, and conduction-band polar-
ization are shown in Fig. 3. In our simulations, we used �+

and �− circularly polarized light. In numerically calculating
the integral in Eq. �1�, the Dirac delta function in Fermi’s
golden rule is replaced by a Lorentzian. In Fig. 3�a�, we plot
the theoretical calculations of the total magnetoabsorption of
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FIG. 3. �Color online� �a� Theoretical calculations of absorption
of �− light by bulk GaAs at 4.7 T. Blue dashed line shows the
absorption that produces spin-up electrons ��↑, primarily from
heavy hole transitions�. Red dotted-dash line shows the absorption
that produces spin-down electrons ��↓, primarily from light-hole
transitions�. Black solid line shows total absorption, �↑+�↓. Peaks
in �a� marked with an * result from valence-band mixing and are
associated with heavy-hole spin-up to conduction-band spin-up
transitions. Transitions between valence band heavy hole �H� or
light hole �L� to conduction band �C� Landau levels are indicated by
the labels in �a�. �b�–�d� Depiction of the 69Ga OPNMR signal
intensity as a function of photon energy for: �b� �− polarized light
and 4.7 T, �c� �+ polarized light and 4.7 T, and �d� �+ polarized
light and 7.0 T. The experimental data �black symbols� are com-
pared with the calculated electron polarization �solid red line�,
��↑−�↓� / ��↑+�↓�.
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�− light �upper black line�, spin-up absorption �↑ �blue
dashed line�, and spin-down absorption �↓ �red dotted-
dashed line� in a magnetic field of 4.7 T. The theoretical
calculations for all curves were shifted in energy by 6 meV
to account for the shift due to Coulomb interactions �i.e., the
exciton binding energy� which were not included in our cal-
culations. The main transitions are labeled by the dominant
character of the transition. For example, L0 to C0 is a light-
hole Landau level 0 to conduction band Landau-level 0 tran-
sition. The “*” marks in Fig. 3�a� correspond to weaker tran-
sitions from heavy-hole Landau levels which result from
valence-band mixing.

For �− excitation in Fig. 3�a�, the total absorption �upper
black line� is dominated by optical transitions from the
heavy-hole spin-up Landau levels �solid black lines, Fig. 2�
to conduction-band spin-up Landau levels. However, there
are also optical transitions from the light-hole spin-up Lan-
dau levels �solid red lines, Fig. 2� to the conduction-band
spin-down Landau levels for �− excitation. These light-hole
transitions are difficult to see in absorption spectra since the
light-hole transitions are weaker �by a factor of 3� than the
heavy-hole transitions and are separated by only a few mil-
lielectron volts from the dominant heavy-hole transitions.

In Figs. 3�b�–3�d�, we plot a combination of 69Ga OP-
NMR experimental data �black symbols� at the two magnetic
fields, 4.7 T and 7.0 T, for �− irradiation �at 4.7 T� and �+

irradiation �at 4.7 T and 7.0 T�. �The OPNMR signal inten-
sity at 7.0 T with �− irradiation is too weak to produce mean-
ingful data; this attenuation of the OPNMR spectra is in
agreement with theory.9� Superimposed onto the experimen-
tal OPNMR data are the calculated electron spin polariza-
tions �red solid lines� for these fields and light helicities. It is
evident that the oscillations of the OPNMR intensity are de-
pendent on magnetic field, with peaks �and valleys� moving
further apart as the external magnetic field strength is in-
creased from 4.7 to 7.0 T. The oscillations in the OPNMR
intensity follow a pattern that also depends on light helicity.

A plot of the electron spin polarization shows whether
peaks in the absorption came from transitions from heavy- or
light-hole Landau levels. When we look at the conduction-
band spin polarization for �− excitation �red solid line, Fig.
3�b��, we see that the features which arise in the electron spin
polarization are dominated by the transitions from the light-
hole Landau levels. These light-hole spin-up to conduction-
band spin-down transitions are very weak and barely visible
in the plot of the total magnetoabsorption for �− excitation;
however, these transitions are well resolved in the OPNMR
data as a function of photon energy. We find that the

conduction-band spin polarization is particularly sensitive to
regions of photon energy where the total spin-polarized mag-
netoabsorption ��↑+�↓� and the differential magnetoabsorp-
tion ��↑−�↓� are different from one another, which occurs
principally at the peaks of the light-hole transitions.

We see that the OPNMR experiments capture many of the
features predicted by theory and are dominated by the light-
hole-to-conduction-band transitions for optical pumping with
both helicities of light. The experimental curves are much
broader than the calculated curves, possibly due to broaden-
ing of the Landau levels from impurities in the sample.17

Nevertheless, these weakly observed features produce de-
monstrable effects when examining the OPNMR spectra
with respect to photon energy. By comparing shifts in the
peak positions in the calculated magnetoabsorption �domi-
nated by the stronger heavy-hole transitions� with the OP-
NMR signal—which is proportional to the conduction-band
spin polarization �and dominated by the weaker light-hole
transitions�—we can probe the spin splitting of the valence-
band Landau levels shown in Fig. 2.

IV. CONCLUSIONS

In conclusion, we have demonstrated that oscillations ob-
served with optical pumping above the band gap in OPNMR
experiments can be correlated with detailed theoretical cal-
culations of the Landau-level transitions from spin-split va-
lence bands. The OPNMR oscillations are dominated by the
weaker transitions from the light-hole Landau levels. Con-
ventional optical magnetoabsorption primarily measures the
threefold stronger transitions from the heavy-hole Landau
levels while the OPNMR is inherently most sensitive to
light-hole transitions, which generate large changes in the net
electron spin polarization. Differences in the transition ener-
gies arise from spin splitting of the valence bands. We an-
ticipate that OPNMR will become a powerful tool to inves-
tigate spin splitting of the electronic structures of both bulk
and nanostructured semiconductors.

ACKNOWLEDGMENTS

This work was supported by the National Science Foun-
dation under Grants No. DMR 0706313 and No. OISE
0530220, the National High Magnetic Field Laboratory, and
a grant from the Office of Naval Research �ONR� under Con-
tract No. 00075094. S.E.H. acknowledges support from the
Alfred P. Sloan Foundation and the International Center for
Advanced Renewable Energy and Sustainability �I-CARES�
at WU.

*Present address: Physics Group, BITS-Pilani, Hyderabad Campus,
India.
1 P. L. Kuhns, A. Kleinhammes, T. Schmiedel, W. G. Moulton,

E. Hughes, S. Sloan, P. Chabrier, and C. R. Bowers, Phys. Rev.
B 55, 7824 �1997�.

2 C. A. Michal and R. Tycko, Phys. Rev. Lett. 81, 3988 �1998�.

3 P. Khandelwal, A. E. Dementyev, N. N. Kuzma, S. E. Barrett,
L. N. Pfeiffer, and K. W. West, Phys. Rev. Lett. 86, 5353
�2001�.

4 N. N. Kuzma, P. Khandelwal, S. E. Barrett, L. N. Pfeiffer, and
K. W. West, Science 281, 686 �1998�.

5 P. Khandelwal, N. N. Kuzma, S. E. Barrett, L. N. Pfeiffer, and

RAMASWAMY et al. PHYSICAL REVIEW B 82, 085209 �2010�

085209-4

http://dx.doi.org/10.1103/PhysRevB.55.7824
http://dx.doi.org/10.1103/PhysRevB.55.7824
http://dx.doi.org/10.1103/PhysRevLett.81.3988
http://dx.doi.org/10.1103/PhysRevLett.86.5353
http://dx.doi.org/10.1103/PhysRevLett.86.5353
http://dx.doi.org/10.1126/science.281.5377.686


K. W. West, Phys. Rev. Lett. 81, 673 �1998�.
6 D. Paget, G. Lampel, B. Sapoval, and V. I. Safarov, Phys. Rev. B

15, 5780 �1977�.
7 S. E. Barrett, R. Tycko, L. N. Pfeiffer, and K. W. West, Phys.

Rev. Lett. 72, 1368 �1994�.
8 R. Tycko, S. E. Barrett, G. Dabbagh, L. N. Pfeiffer, and K. W.

West, Science 268, 1460 �1995�.
9 C. R. Bowers, Solid State Nucl. Magn. Reson. 11, 11 �1998�.

10 S. E. Hayes, S. Mui, and K. Ramaswamy, J. Chem. Phys. 128,
052203 �2008�.

11 K. Ramaswamy, S. Mui, and S. E. Hayes, Phys. Rev. B 74,
153201 �2006�.

12 S. Mui, K. Ramaswamy, and S. E. Hayes, Phys. Rev. B 75,
195207 �2007�.

13 P. J. Coles and J. A. Reimer, Phys. Rev. B 76, 174440 �2007�.
14 C. A. Michal and R. Tycko, Phys. Rev. B 60, 8672 �1999�.
15 A. K. Paravastu, S. E. Hayes, B. E. Schwickert, L. N. Dinh,

M. Balooch, and J. A. Reimer, Phys. Rev. B 69, 075203 �2004�.
16 I. J. H. Leung and C. A. Michal, Phys. Rev. B 70, 035213

�2004�.
17 M. H. Weiler, Semiconductors and Semimetals �Academic, New

York, 1981�.
18 S. Mui, K. Ramaswamy, C. J. Stanton, S. A. Crooker, and S. E.

Hayes, Phys. Chem. Chem. Phys. 11, 7031 �2009�.
19 C. R. Pidgeon, D. L. Mitchell, and R. N. Brown, Phys. Rev. 154,

737 �1967�.
20 W. Gempel, X. Pan, T. Kasturiarachchi, G. Sanders, M. Edi-

risooriya, T. Mishima, R. Doezema, C. Stanton, and M. Santos,
Springer Proc. Phys. 119, 213 �2008�.

21 R. P. Seisyan, M. A. Abdullaev, and B. P. Zakharchenya, Sov.
Phys. Semicond. 7, 649 �1973� �Fiz. Tekh. Poluprov. 7, 958
�1973��.

22 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 �1955�.
23 C. R. Pidgeon and R. N. Brown, Phys. Rev. 146, 575 �1966�.
24 G. D. Sanders, Y. Sun, F. V. Kyrychenko, C. J. Stanton, G. A.

Khodaparast, M. A. Zudov, J. Kono, Y. H. Matsuda, N. Miura,
and H. Munekata, Phys. Rev. B 68, 165205 �2003�.

25 Al. L. Efros and M. Rosen, Phys. Rev. B 58, 7120 �1998�.
26 I. Vurgaftman, J. R. Meyer, and L. R. Ram-Mohan, J. Appl.

Phys. 89, 5815 �2001�.
27 I. Žutić, J. Fabian, and S. Das Sarma, Rev. Mod. Phys. 76, 323

�2004�.

OPTICALLY PUMPED NMR: REVEALING SPIN-… PHYSICAL REVIEW B 82, 085209 �2010�

085209-5

http://dx.doi.org/10.1103/PhysRevLett.81.673
http://dx.doi.org/10.1103/PhysRevB.15.5780
http://dx.doi.org/10.1103/PhysRevB.15.5780
http://dx.doi.org/10.1103/PhysRevLett.72.1368
http://dx.doi.org/10.1103/PhysRevLett.72.1368
http://dx.doi.org/10.1126/science.7539550
http://dx.doi.org/10.1016/S0926-2040(97)00093-3
http://dx.doi.org/10.1063/1.2823131
http://dx.doi.org/10.1063/1.2823131
http://dx.doi.org/10.1103/PhysRevB.74.153201
http://dx.doi.org/10.1103/PhysRevB.74.153201
http://dx.doi.org/10.1103/PhysRevB.75.195207
http://dx.doi.org/10.1103/PhysRevB.75.195207
http://dx.doi.org/10.1103/PhysRevB.76.174440
http://dx.doi.org/10.1103/PhysRevB.60.8672
http://dx.doi.org/10.1103/PhysRevB.69.075203
http://dx.doi.org/10.1103/PhysRevB.70.035213
http://dx.doi.org/10.1103/PhysRevB.70.035213
http://dx.doi.org/10.1039/b907588g
http://dx.doi.org/10.1103/PhysRev.154.737
http://dx.doi.org/10.1103/PhysRev.154.737
http://dx.doi.org/10.1007/978-1-4020-8425-6_49
http://dx.doi.org/10.1103/PhysRev.97.869
http://dx.doi.org/10.1103/PhysRev.146.575
http://dx.doi.org/10.1103/PhysRevB.68.165205
http://dx.doi.org/10.1103/PhysRevB.58.7120
http://dx.doi.org/10.1063/1.1368156
http://dx.doi.org/10.1063/1.1368156
http://dx.doi.org/10.1103/RevModPhys.76.323
http://dx.doi.org/10.1103/RevModPhys.76.323

