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We discuss and compare different approximations to the particle-particle response function in the p-d
�three-band� Hubbard model for the CuO2 plane of superconducting cuprates. Besides the relevance for un-
derstanding the role of correlations in high-Tc superconductors, the interest in the CuO2 plane is due to the
presence of three incompletely filled valence bands. The bare ladder approximation �BLA� was employed long
ago in the context of Auger core-valence-valence spectroscopy of late transition metals while the time-
dependent �TD� Gutzwiller approximation �GA� is a much more sophisticated and recent development. The
validity of both is assessed by comparing with exact-diagonalization results from a finite six-site cluster. We
find that for standard parameter sets TDGA and BLA yield two-hole spectra in excellent agreement with the
exact ones. Although the interaction is comparable to the kinetic energy, the system is far from the extreme
Mott limit often assumed in cuprates, where the Mott insulating character is completely local. In order to
identify possible fingerprints of the extreme Mott regime we artificially reduce the bandwidth. We find that the
BLA breaks down while the TDGA keeps near the exact results. Our findings provide a simple criterion to
identify doped and undoped extreme Mott insulators.
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I. INTRODUCTION

In order to characterize the properties of strongly corre-
lated electron systems, a knowledge of the two-body Green’s
function is crucial. It is hardly necessary to recall1 that it
appears in the equation of motion of the one-body Green’s
function and determines the electron self-energy through the
scattering amplitude. The two-body Green’s function with
two pairs of equal times, P�t− t��, is known as the particle-
particle response function and it contains more direct infor-
mation on the strength of the electron interaction than any
one-body quantity. This can be seen in the dilute limit of the
Hubbard model. When the on-site repulsion U is much larger
than the bandwidth, the Fourier transform P��� has sharp
resonances, or antibound pair states, at energy U above the
continuum. These resonances appear in the Auger spectra of
closed-shell systems �or hole diluted systems� and allow for
a direct determination of the strength of the Coulomb
interaction.2,3 While one would expect Auger spectroscopy to
be an ideal tool for the determination of the strength of Cou-
lomb interactions in dense systems too, one obstacle for a
widespread use has been the lack of an adequate understand-
ing of the two-body Green’s functions itself. This problem
has currently become of great interest in superconducting
cuprates because the standard classification of cuprates as
doped Mott insulators4 due to a strong local Coulomb inter-
action has been put into question.5

The response function can be computed exactly in the
case of two holes added to a closed-shell system and related
to their Auger spectra, as shown by Cini and Sawatzky.2,3 For
nearly filled systems the bare ladder approximation �BLA�
has been proposed long ago6 and validated in several cases
while the time-dependent Gutzwiller approximation �TDGA�
is a recent proposal which has clarified the role of the prox-

imity to a Mott insulating phase in the two-body correlation
of dense systems.7,8

Cuprates are particularly “simple” transition metals in the
sense that only a hybridized band of mainly Cu dx2−y2 and
oxygen px/y orbitals crosses the Fermi energy. In the elec-
tronic structure of the corresponding three-band Hamiltonian
a band with mainly Cu character is separated by the charge-
transfer gap � from the oxygen bands. In the present paper
we compare the BLA approximations and the TDGA and
assess their respective merits, generalizing the previous one-
band results in the more realistic context of the three-band
model. The validity of both approaches is checked from a
comparison with exact-diagonalization results for a finite
cluster.

We show that for the realistic parameter sets used in the
literature9,10 the resulting two-hole spectra are rather similar
for BLA and TDGA, indicating that the underlying ground
states are not in a “extreme” or “pure” Mott limit defined
below. We also use parameter sets in the extreme Mott limit
where we find significant differences between both ap-
proaches. This provides a simple criterion to decide the Mott
character of a given doped or undoped insulator.

Here we use the term “extreme Mott” insulator to specify
a Mott insulator in which the insulating character is solely
due to the local physics, i.e., does not need antiferromagnetic
�AF� correlations as in a Slater picture.11 We prefer to use the
adjective extreme because it is hard to make a sharp distinc-
tion between Slater and Mott insulators since at intermediate
interaction strengths the two mechanisms can cooperate. To
see this consider a half-filled single-band Hubbard model on
a bipartite lattice with interaction strength close but below
the critical value Uc of a pure Mott transition,11 i.e., a metal-
insulator transition in which all magnetic correlations have
been suppressed. Allowing for an AF state, simple estimates
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show that one finds an insulator with a gap of order U rather
than the AF interaction. Suppressing AF correlations instead
the system is metallic. Clearly the Mott and the Slater effects
cooperate. It is custom to call a correlated insulator with a
gap of order U a Mott insulator, which justifies the use of the
adjective extreme or pure for the insulator above Uc. The
same concept applies to the three-band Hubbard model in the
charge-transfer regime4,12 with the charge-transfer energy �
playing the role of an effective U.

It was proposed early on by Anderson that upon doping
superconductivity evolves from the correlated insulating
state and the single-band Hubbard model was considered ad-
equate for its description. Indeed it is generally believed that
at sufficiently low energies, the three-band model can be
mapped onto a one-band model with an effective on-site re-
pulsion U��. It is still under debate what is the limit of
validity of this mapping. We will show below that the map-
ping does not hold at the energies relevant for Auger spec-
troscopy.

The paper is organized as follows. In Sec. II we briefly
review the relevance of the two-body response to Auger
spectroscopy and the theoretical state of the art. In Sec. III
we present the model and the approximations used through-
out the paper. In Sec. IV we present the approximate results
and the comparison with exact diagonalization and finally we
conclude in Sec. V.

II. RELEVANCE TO AUGER SPECTROSCOPY

The core-valence-valence �CVV� Auger spectroscopy of-
fers a unique opportunity to observe the two-hole local den-
sity of states �LDOS� of the two interacting final-state holes
for completely filled bands, such as the d band of Cu Ag or
Au. In a CVV Auger process an incoming photon produces a
core hole that is subsequently filled by a valence-band elec-
tron. The excess energy is transferred to a second �Auger�
electron, that is ejected from the sample leaving the system
in a two hole state. Studying the energy distribution of the
Auger electrons one can obtain information on the excita-
tions of the system with two electrons removed from the
valence band. Neglecting interactions the Auger spectra
would consist of a continuum given by the self-convolution
of the single-hole LDOS.13 Instead, real spectra in strongly
correlated systems, such as transition metals, considerably
differ and have an atomiclike character. This was explained
by Cini2 and by Sawatzky3 who studied the problem of two
holes in an otherwise full band described by the Hubbard
model. In this extremely dilute hole limit the problem is
exactly solvable.

The effect of a large Hubbard on-site interaction U is to
split-off a two-hole resonance from the continuum, which is
an antibound state. The line shape is very sensitive to the
on-site Coulomb energy to bandwidth ratio U /W, making the
Auger spectroscopy, in principle, an ideal technique to deter-
mine its strength. Using atomic Auger matrix elements, and
accounting for multiplet effects, relativistic corrections, crys-
tal field, and some minor corrections, the theory reproduces
well the detailed spectral shapes in several cases,14–16 with a
single adjustable repulsion parameter. Recently a successful

ab initio calculation17 of the Zn and Cu spectrum was re-
ported.

However, the Auger spectra from incompletely filled
bands tend to be disappointingly broad, smooth, and feature-
less even in magnetic materials where correlations are obvi-
ously important. The reason is that the polarizable open band
with its continuum of excitations coupled to the core hole
produces a superposition of spectra arising from several or-
thogonal many-body states with a core hole. Moreover, the
two final-state holes propagate in the excited valence back-
ground and interact with the screening cloud, thus the two-
hole-one-electron continuum comes into play. Very sharp
structures cannot arise since any two-hole resonances have
efficient intraband decay channels and broaden. On top of
this, the open-bands theory must account for the quantum
coherence between hole creation and decay �the so-called
one-step model, see, e.g., Refs. 16 and 18–20�. Nevertheless,
unrelaxed spectral features still exist.21 These can be as-
signed to the two-hole states and calculated with P���. On
the other hand, a spectacular cleanup of the spectral profile
can be achieved by important experimental refinements such
as Auger-photoelectron coincidence spectroscopy
�APECS�,22 where rather sharp details can again be seen.23

Relaxation-induced structures are minor when the bands
are almost completely filled and the main effects are
captured16 by a theory24 in which the equilibrium density of
holes �filling� is the small parameter. The response function
P is worked out6,25,26 by a diagrammatic analysis inspired by
the T-matrix approximation by Galitzki27 and its
extensions.28 This approximation consists in performing a
ladder resummation using Hartree-Fock �HF� Green’s func-
tion and we will refer to it as BLA. The more sophisticated
self-consistent dressing of the Green’s function with the
T-matrix self-energy failed to improve over the BLA at larger
repulsion and larger hole filling. The reason why the BLA
works better is that the error due to the neglect of the dress-
ing of the Green’s function tends to cancel with the error due
to the neglect of vertex corrections in accord to what is found
in other contexts.29

The BLA is remarkably successful in cases such as Ni and
Pd.25 However, if the hole filling and the interaction strength
are increased, eventually the BLA breaks down.

In recent years two of us have shown7,8 that the TDGA
can overcome the difficulties of the BLA resulting in two-
particle spectra in excellent agreement with exact-
diagonalization results also for partially filled bands and
strong interaction. The TDGA approximation takes into ac-
count both the renormalization of the quasiparticle bands due
to correlations and the vertex corrections through an effec-
tive interactions among quasiparticles. These vertex correc-
tions are crucial close to a Mott insulating state. These re-
sults, however, were limited to the one-band Hubbard model
and here we consider the extension to the three-band model
as usually applied to the cuprates.

We cannot yet afford a comparison with experiments
since only early measurements are available30–32 and they
resulted in broad Auger line shapes with no signatures of
sharp two holes features. APECS data are probably needed to
have the necessary details. Furthermore, the calculation of
the relaxed part of the spectrum is, at present, numerically
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too demanding and hence it cannot be carried out unless
reliable approximations are proposed. We here address im-
portant preliminary questions: which is the best approxima-
tion for the response function, how far we can rely on it, and
how the proximity to a Mott insulator state affects the re-
sults. We emphasize that the response function is of interest
in itself since, as we shall show, it provides significant in-
sight on the Mott transition7 in the three-band model.

III. MODEL AND APPROXIMATION SCHEMES
TO THE RESPONSE FUNCTION

We consider the CuO2 plane with a single orbital per
atom, i.e., the dx2−y2 orbital for copper and a p orbital for
oxygen. Within each primitive cell, the two oxygen atoms
have been labeled as Ox and Oy according to their position
with respect to the Cu atom, as shown in Fig. 1. The distance
between the Cu and O atoms is d /2 with d the lattice spac-
ing. With one orbital per atom we expect three energy bands.
In the parent compound two of them are fully occupied by
electrons while the remaining one is half filled.

We introduce the creation �annihilation� operators ci� �ci�
† �

of holes at site i with spin �. The Hamiltonian of the system
is taken of the Hubbard-type form,

H = H0 + H1 �1�

with the one-particle part,

H0 = �
i�

�ici�
† ci� + �

i�j�

tijci�
† cj�, �2�

where �i=�d ,�p for a Cu or a O, respectively. The hopping
tij = tpd for nearest-neighbor Cu-O and tij = tpp for nearest-
neighbor O-O. The on-site repulsive interaction is modeled
as

H1 = �
i

Uini↑ni↓ �3�

with Ui=Ud ,Up for a Cu or an O, respectively. In Eq. �3� the
operator ni��ci�

† ci� is the number operator for a hole at site

i with spin �. For simplicity interatomic interactions are ne-
glected.

Our aim is to compute the response function

Pij�t� =
1

i
��N

�0��T�ci↑�t�ci↓�t�cj↓
† cj↑

† 	��N
�0�
 , �4�

where i= �� ,m� is a collective index that labels an �
= px , py ,d atom in the mth cell. We will use the notation
Pij = Pmn

�� when the explicit form of the collective indices is
needed. In Eq. �4�, ��N

�0�
 is the system ground state with N
holes, T represents the time-ordered product, and c�t� are the
hole operators in the Heisenberg picture. In the � space the
response function can be expressed using the Lehmann rep-
resentation as

Pij��� = �
�

A��i�A�
��j�

� + �EN−2
��� − EN

�0�� − i	
− �

�

B�
��i�B��j�

� + �EN
�0� − EN+2

��� � + i	

with

A� = ��N
�0��cj↓

† cj↑
† ��N−2

��� 
, B� = ��N+2
��� �cj↓

† cj↑
† ��N

�0�
 . �5�

Here, the states ��M
���
 are eigenstates of the Hamiltonian H

with M holes and energy EM
���.

A. Cini-Sawatzky theory and bare ladder approximation

We start considering the case of completely filled bands.
Then, the addition part in Eq. �5� vanishes and the response
function becomes

Pij��� = �0�ci↑ci↓
1

� − H + i	
cj↓

† cj↑
† �0
 �6�

with �0
= ��0
�0�
 the hole vacuum ket. Using the Dyson equa-

tion

1

� − H + i	
=

1

� − H0 + i	
+

1

� − H0 + i	
H1

1

� − H + i	
,

�7�

we can easily obtain a system of coupled equations which
allows us to build P��� in terms of the noninteracting re-
sponse function P0���. As an example we can build the
Cu-Cu matrix element Pmn

dd ���,

Pmn
dd ��� = Pmn

0,dd��� + �
�=d,px,py

U��
s

Pms
0,d����Psn

�d��� , �8�

where the s sum runs over the cells of the two-dimensional
lattice. In a similar manner we can write an equation for the
Cu-O and O-O matrix elements of the response function.
Using a matrix notation in the �dd , pxpx , pypy	 space, the total
system of coupled equations can be represented as

P̂mn��� = P̂mn
0 ��� + �

s

P̂ms
0 ���ÛP̂sn��� , �9�

where the Coulomb matrix Û is defined according to

Û � �Ud 0 0

0 Up 0

0 0 Up
� . �10�

FIG. 1. �Color online� Schematic representation of the atoms
arrangement in the considered cluster for CuO2 planes. As it can be
seen from the figure the nearest-neighbors distance between copper
and oxygen is always d /2 both in the x and in the y directions.
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Following Sawatzky,3 Eq. �8� decouples in the basis of
delocalized Bloch states with momentum q, and the problem
reduces to the solution of a 3
3 linear system. Denoting by

P̂q��� the Fourier transform of the response function in q
space it is straightforward to show that

P̂q��� = 
Î − P̂q
0���Û�−1P̂q

0��� , �11�

where Î is the identity matrix. The desired local response is
obtained as

Ploc
����� � Pmm

�� =
1

�
�
q

Pq
�����

with � the number of unit cells in the system. We also define
the total response

Ptot��� = �
�

Ploc
����� .

At finite filling the above result is no longer exact since
the two holes can interact with the background holes as well.
In the dilute limit �low filling� an excellent approximation is
to compute the response by summing a ladder series with
Hartree-Fock �bare� propagators leading to the BLA. The
result can be obtained from Eq. �11� by replacing the �zeroth-
order� Green’s function in P0 by the HF Green’s function,
i.e., the Green’s function of the HF Hamiltonian �see Appen-
dix�,

HHF = �
i�

��i + �i
HF�ci�

† ci� + �
i�j�

tijci�
† cj�. �12�

For Hubbard-type interactions the �spin-compensated� HF
self-energy is simply

�i
HF = Ui�ni
/2 �13�

with �ni
 the average occupation number in the hole picture
of the ith atom �ni���ni��.

B. Time-dependent Gutzwiller approximation

The derivation of the TDGA equation in the p-d Hubbard
model is a straightforward generalization of the derivation
presented in Refs. 7 and 8 for the single-band Hubbard
model and it is briefly sketched below.

The starting point is the Gutzwiller wave function33–35

that is defined according to

��
 = P̂g�

 ,

where P̂g partially projects out doubly occupied sites from
the state �

. We assume �

 to be a BCS state since the
response function P can be thought of as the response to a
time-dependent pairing field which induces time-dependent
pairing correlations. This variational freedom is necessary to
calculate P but the actual ground state will be nonsupercon-
ducting.

We define the uncorrelated single-particle density matrix
�i�j����
�cj��

† ci��

 and the pair matrix �i�,j��
��
�cj��ci��

, which satisfy the following constraints:36

�2 − � = ���, 
�,�� = 0. �14�

All the quantities � and � are assumed to be time dependent
due to the action of the pairing field.

The first step is to construct the charge rotationally invari-
ant energy functional E����H��
 in the GA. This is more
easily done by rotating at each site the fermion annihilation
and creation operators to a basis where the anomalous expec-
tation values vanish.37 Then, one derives the GA with one of
the known techniques38,39 and rotates back to the original
operators. Restricting to a nonmagnetic state, �i↑j↑=�i↓j↓, one
finds

E
�,�,D� = �
i�

�i�ii� + �
i�j�

tijzizj� ji� + �
i

UiDi �15�

with �ij���i�,j� and with the hopping renormalization fac-
tors,

zi =

�1

2
− Di + Jiz��Di − Jiz − Ji + �Di − Jiz + Ji�

�1

4
− Ji

2

. �16�

Here we defined

Jix =
1

2
��i↑,i↓ + �i↑,i↓

� � ,

Jiy =
i

2
��i↑,i↓ − �i↑,i↓

� � ,

Jiz =
1

2
��i↑,i↑ + �i↓,i↓ − 1� ,

Ji � �Ji� , �17�

and the double occupancy

Di = ���ni↑ni↓��
 .

The ground state is found by minimizing Eq. �15� with the
constraints, Eq. �14�, leading to the static �0, �0, J0, and D0.
�We use the nought to indicate quantities evaluated at the
minimum.� We will consider a paramagnetic normal metal
thus �0=Jx

0=Jy
0=0 and

zi
0 =

���ii�
0 − Di

0��1 − �ii
0 + Di

0� + �Di
0��ii�̄

0 − Di
0�

�ii�
0 �1 − �ii�

0 �
, �18�

where we defined the total density on site i as �ii=���ii�
=2�ii↑=2�ii↓. It is useful to define the Gutzwiller quasiparti-
cle Hamiltonian at the minimum,

HGA = �
ij�
� �E

�� ji�
�

�0
ci�

† cj�

= �
i�

��i + �i
GA�ci�

† ci� + �
i�j�

tijzi
0zj

0ci�
† cj�, �19�

where the local Gutzwiller self-energy is
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�i
GA =� �E

��ii�
�

�0
− �i �20�

and coincides with the Lagrange parameter of the slave bo-
son method.38

To compute the response function we add a weak time-
dependent pairing field

F�t� = �
i

�f ie
−i�tci↓ci↑ + H.c.�

to the Hamiltonian in Eq. �1�. This produces small time-
dependent deviations 	��t�=��t�−�0. In addition, since F
does not conserve the particle number, it induces pairing cor-
relations �, which we compute in linear response.

Previously,34,35,40 the energy was expanded to second or-
der in terms of particle-hole fluctuations, leading to effective
matrix elements for charge and spin excitations. For a normal
paramagnet neither those channels nor 	D fluctuations mix
with the particle-particle channel, thus simplifying the for-
malism. The remaining part follows text book computations
in nuclear physics.36 Expanding the energy up to second or-
der in 	� and � one finds

	E = �
k��

�k�	�k�� + �
i

Vi�Jix
2 + Jiy

2 � . �21�

Here �k� denotes the GA dispersion relation obtained by di-
agonalizing the GA Hamiltonian �19�. The effective on-site
particle-particle interaction is

Vi =
Ui − 2�i

GA

1 − �ni

. �22�

The response function can be readily derived from the
equations of motion of the pair matrix in a normal system
after using the constraint, Eq. �14�, to express the first term
in Eq. �21� as a quadratic contribution in �.36 The pair-
correlation function is given by the same ladder expression
�11� of the BLA but with the zeroth-order Green’s function
replaced by time-ordered Green’s function of the GA Hamil-
tonian �see Appendix� and the effective interaction,

Û � �Vd 0 0

0 Vp 0

0 0 Vp
� . �23�

IV. RESULTS

A. General structure of the spectra

The two-hole LDOS of copper and oxygen 
see Secs.
IV B and IV C� can be obtained from the imaginary part of

P̂loc���. This can be calculated from Eqs. �11� and �A5� for
both BLA and GA. The results given by these two methods
differ one from the other because of the different way BLA
and GA introduce and treat electronic correlations. The BLA
introduces correlation effects only through the Coulomb ma-

trix Û, so the diagram for P̂q
0 shows a pair of HF Green’s

function. In the Gutzwiller approach, instead, electronic cor-

relations are present not only in Û, but also in P̂q
0 by means

of the renormalized hopping parameters and on-site energies.

In addition, the bare Hubbard repulsion parameters in Û are
replaced by the effective V�, see Eq. �23�, which contains
vertex corrections. It is interesting to notice that Eq. �22� is a
general expression returning, for a given approximation
scheme, the effective interaction consistent with that ap-
proximation. As an example by replacing �i

GA with the
Hartree-Fock self-energy, we obtain the bare Coulomb pa-
rameters entering the BLA.

The results presented in this section are for the cuprate
parameters taken from Ref. 9, i.e., tpd=1.6 eV, tpp=
−0.6 eV, ���p−�d=2.75 eV, Up=3.6 eV, and Ud
=7.9 eV. In the following we will refer to this set of param-
eters as the “physical parameter set.” To address the spectra
closer to the Mott transition we will also consider smaller
values of the hopping amplitudes tpd and tpp.

In Fig. 2 we show the general structure of the single-hole
DOS and the two-hole DOS for the three-band Hubbard
model, both computed by the GA including zi and �i

GA but
excluding hole-hole interactions. We have evaluated the
single-hole DOS at � /2 so as to have an overlap between the
one-body and the two-body excitations. Here the two-hole
noninteracting DOS corresponds to the trace of the imagi-
nary part of Eq. �A5� summed over all momenta q. The
one-hole DOS is composed of two bands where the lower
�upper� one has mainly contributions from copper �oxygen�
states. The two-hole DOS shows three-bands with copper-
copper, copper-oxygen, and oxygen-oxygen excitations. A
positive �negative� sign corresponds to particle addition �re-
moval� so that Im Ptot

0 changes sign at �−2EF=0 with EF the
Fermi energy.

For the system under consideration we have one hole per
copper so that the lower band in the one-hole DOS is half
filled �the zero of the energy axis references the Fermi en-
ergy�. Notice that copper oxides are insulating at half filling
while we are considering a metal. It is legitimate to ask if
one can incorporate this behavior in the bare Green’s func-

-5 0 5 10 15 20
ω [1/eV]

-0.1

0

0.1

0.2

0.3

0.4

0.5

ρ(
2ω

),
Im

P0 to
t(ω

)[
1/

eV
]

ρ(2ω)
Im P

0

tot
(ω)

FIG. 2. �Color online� Single-hole DOS ��� /2� �dashed� and
noninteracting two-hole DOS �red solid� for the three-band Hub-
bard model computed within the GA. For the single-hole DOS the
energy has been scaled by a factor of 2 to make one-body features
overlap with the corresponding two-body structures.
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tion. We will see below that for realistic parameters the GA
approximation does not predict a paramagnetic correlated in-
sulating state at half filling, although such state is possible.
This already points to a situation in which the system is not
in the extreme Mott limit. We can reproduce the insulating
behavior, of course, by extending the variational freedom of
the Gutzwiller wave function to have AF order �not shown�.
For simplicity we will restrict to paramagnetic states so our
results are strictly valid away form half filling where the
ground state is paramagnetic.

Upon the inclusion of Coulomb interactions the new poles
of the response function are determined by Eq. �11�. When,
in a first step, we ignore the off-diagonal elements of
Pq

0,����� �i.e., ���� then the poles of Pq
����� are deter-

mined from 1−U�Pq
0,�����=0 in the BLA approximation

and 1−V�Pq
0,�����=0 in the TDGA. This is exemplified in

Fig. 3 which for both copper and oxygen displays the real
and imaginary part of Pq

0,����� for momentum q= �0,0� to-
gether with the inverse of the Hubbard repulsion parameters.
The dominant �undamped� excitations appear at energies for
which Re Pq

0,�����=1 /U� and Im Pq
0,�����=0; in Fig. 3

these energies are indicated by a solid dot. Note that the
lower energy pole �at ��8 eV� in the Cu LDOS is un-
damped only for q= �0,0�. In fact, the total two-hole LDOS
is finite at this energy �thick gray line� and hence damping
for other momenta must be present.

In a single-band picture the lower band is described by a
one-band Hubbard model with an effective interaction Ueff.
The values of Ueff are such as to generate a two-hole anti-
bound state in the spectrum. It is interesting to observe that
our results in the three-band model show that no single poles
can be associated with the lower band. This is because the
putative resonance overlaps with the continuum of states in
which one hole is on the Cu band and one hole is on the O
band. Therefore it is already clear from this figure that the

single-band picture does not apply at the energies relevant
for Auger spectroscopy. For the same parameters, Fig. 3 will
only change little when the system is treated within the
TDGA. �Instead if the bandwidth is strongly reduced to drive
the system into an extreme Mott regime strong differences
between BLA and TDGA arise as it will be shown in Sec.
IV C.�

Taking also into account the off-diagonal elements
Pq

0,����� in the solution of Eq. �11� will induce a mixing
�tpd between Cu and O spectra. For the local response func-
tion Ploc

����� we therefore expect three features related to the
two copper and one oxygen excitation as discussed above.

B. Results for the physical parameter set

We define the filling n as the number of holes per Cu site.
Figure 4 shows Im Ploc

����� for both copper and oxygen com-
puted for a half-filled system �n=1� and the physical param-
eter set. As anticipated before the copper LDOS displays
three main features, one of which �at ��13 eV� arises due
to the coupling with the oxygen two-hole excitations, see top
panel. Similarly the Cu feature at ��15 eV is admixed with
the oxygen LDOS. On the contrary, the lower-energy copper
band at ��8 eV is not visible in the oxygen spectrum due
to its low weight, see bottom panel. Moreover it turns out
that the spectra obtained within the TDGA are not much
different from those computed within the BLA except for a
slight shift of the high-energy excitations. This shift can be
traced back to the different Fermi energies in the GA and HF
approximations which determines the location of the peaks
relative to 2EF. Quite generally one finds that for the same
number of particles EF

GA�EF
HF since �GA��HF. This is so

because in the GA the holes tend to avoid each other and
hence “feel” a reduced Coulomb repulsion �correlation ef-
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fect�. If, on the other hand, we refer the energies to the same
origin as that of the parameters of the Hamiltonian, hereafter
the “absolute scale,” the poles essentially coincide. This im-
plies that the disagreement among the approaches can be
traced back to the disagreement in the respective self-
energies. This is analogous to what was found in the single-
band Hubbard model �see Ref. 7 for a more detailed discus-
sion on this point�.

The spectra of the doped system are displayed in Fig. 5.
They are quite close to those of the half-filled model except
for a slight shift of the dominant excitations to lower energy
for both TDGA and BLA. In the absolute scale the poles do
not move so the shift can entirely be attributed to the in-
crease in the Fermi energy upon hole doping. The structure
of the two-hole LDOS does not differ significantly for the
various parameter sets available in the literature. Figure 6
shows the spectra for the undoped system calculated with the
parameter set of Ref. 10. The slightly larger shift of the BLA
spectrum to lower energies as compared to Fig. 4 is a con-
sequence of the larger difference EF

GA−EF
HF caused by the

increased ratio Ud / tpd.

C. Results near the extreme Mott limit

The previous results have shown that the inclusion of cor-
relations beyond the BLA has only a marginal influence on
the spectra for the “physical parameter set.” On the other
hand, our previous investigations on the one-band model7

revealed that the BLA and TDGA spectra are quite distinct
close to �or inside� the extreme Mott regime. The differences
are mainly reflected in �a� a strong bandwidth renormaliza-
tion of the TDGA and �b� a different behavior of the onsite
self-energies �i

GA which, as we shall show, has a large im-
pact on the two-hole excitations.

When the TDGA is applied to the one-band Hubbard
model the extreme Mott regime can be identified from the
appearance of the Brinkman-Rice metal-insulator41 transition
above the critical U=UBR. In the three-band Hubbard model

one finds the same physics controlled by the Coulomb repul-
sion Ud if �d−�p�Ud, and by �d−�p otherwise. This has
been demonstrated by Balseiro et al.12 using the slave-boson
mean-field technique, which can be shown to be equivalent
to the GA. In other words, an infinite Ud does not per se
imply that the system is an insulator; one finds that for infi-
nite Ud and tpp=Up=0 the system is an insulator for �d−�p
�6.2tpd while for the finite tpp of Ref. 9 it must be �d−�p
�11tpd�16 eV. In cuprates the difference �d−�p is about
2tpd, thus suggesting that these compounds are not extreme
Mott insulators.

To study the two-hole response function close to the onset
of the extreme Mott insulator regime we artificially reduced
all hoppings to 20–25 % of the physical values considered in
the previous section. In this case one finds a strong effective
reduction in the hopping amplitudes via the Gutzwiller z fac-
tors defined in Eq. �18�. This in turn induces a significant
decoupling of copper and oxygen states. The renormalization
of the width of the one-hole energy bands strongly depends
on the filling as shown in Fig. 7�a�. At half filling the Cu-like
band and the chemical potential have a discontinuity due to
the presence of the correlation gap. Notice that the Cu-like
band becomes of zero width at the transition. Its evolution is
similar to the one shown in Fig. 1 of Ref. 7 for the single-
band Hubbard model, as expected from the three-band to
one-band mapping. For the physical parameters set the evo-
lution is smooth �with no jump� and the band narrowing
effect is quite mild �not shown�.

In Fig. 7�b� we show the corresponding two-hole bands.
According to the three-band to one-band mapping we expect
that the holes experience an effective interaction Ueff of order
�d−�p, producing an antibound state halfway between the
n�1 and n�1 Cu-like bands 
around 2.2 eV in Fig. 7�b��.
For n�1 �electron doping� this antibound state corresponds
to the addition of two holes, and is therefore accessible in a
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Auger decay. However its energy overlaps the Cu+O band
and would result in a broad feature. Indeed such resonance
will not be seen in any of the spectra displayed below. Again,
this shows that the three-band to one-band mapping fails at
high energies. For n�1 �hole doping� the TDGA in the one-
band model correctly predicts an antibound state below the
Fermi level whose width vanishes like 1−n close to half
filling. Below we show that such antibound state appears in
the three-band model as well. Notice that this resonance cor-
responds to two-hole removal and therefore it is not detect-
able by Auger spectroscopy but would, in principle, be vis-
ible in appearance potential spectroscopy.

For completely decoupled bands only the atomiclike reso-
nances survive. Within the TDGA these resonances occur at
��2�p+2�p

GA+Vp=2�p+Up for oxygen and ��2�d+Ud
for copper in the absolute scale. In the present case with a
partially filled Cu band and energies referenced to 2EF these
excitations occur at �−2EF�Ud−2�d

GA for Cu and at �
−2EF�2�+Up−2�d

GA for O. Figure 8 demonstrates the va-
lidity of these arguments for the half-filled system with pa-
rameters slightly below the critical ones for the extreme Mott
regime. At the minimum the z factors take the value zd

0

�0.27 and zp
0 =1 leading to an effective Cu-O hopping

zp
0zd

0tpd which is only 6% of the tpd=1.6 eV of the physical
parameter set. The TDGA self-energy �d

GA�1.1 eV leads to
renormalization of the Cu levels toward the O band and we
expect the oxygen antibound state at 2�+Up−2�d

GA

�7 eV which is in fact observed in Fig. 8. On the contrary,
the spectral intensity of the copper antibound state is strongly

suppressed due to the vanishing of the Cu double occupancy
at half filling upon approaching the extreme Mott phase.7

The estimate of the position of the peak for completely de-
coupled copper states ��−2EF�Ud−2�d

GA�5.7 eV� has to
be corrected due to the residual hopping which pushes the
excitations close to the antibound oxygen state.

Interestingly the closeness to the extreme Mott limit leads
to completely different spectra in the case of BLA. In fact,
the Cu/O occupancies within the TDGA are nd�0.97, np
�0.015 whereas nd�0.6, np�0.2 within the BLA, reflect-
ing a still rather delocalized state. As a consequence the en-
ergy of both Cu and O excitations is underestimated. Again,
this is due to the shift of the Fermi energy to high values
caused by �d

HF�2�d
GA for the present parameters. Figure 9

shows the spectra for the strong-coupling parameter set and
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doping n=1.2. Away from half filling the Cu double occu-
pancy increases and so does the weight of the Cu antibound
state whose position slightly shifts to lower energy due to the
increase in EF. In addition, the structure that appears at nega-
tive energies can be identified with the analog of the one-
band antibound state as anticipated above. As compared to
half filling the Cu onsite self-energy changes to a value of
�d�2 eV. As a consequence the oxygen antibound state is
expected to appear at 2�+Up−2�d�5.1 eV, close to the
value observed in Fig. 9.

A fingerprint of the strong correlations is the relative
weight wr between the oxygen and copper two-hole reso-
nances in the LDOS. For the physical parameter set these
weights are approximately equal for both the BLA and the
TDGA. Nevertheless, at half filling and approaching the
Brinkman-Rice transition, the TDGA predicts a vanishingly
small weight of the Cu antibound state while the BLA yields
a much larger value. For doping n=1.2 �cf. Fig. 9� the ratio
between the weight is wr�20 within the TDGA.

D. Comparisons with exact results from a finite cluster

In order to test the validity of our results we compare both
the BLA and TDGA against exact results from a finite clus-
ter. We considered the six-site cluster of Fig. 10 with peri-
odic boundary conditions. The only k vectors are �kx ,ky�
= ��0,0� , �� ,0�	. Note that spectra for oxygen�1� and oxy-
gen�3� in general are not identical since the latter couples to
two different Cu atoms whereas the former is connected by
the periodic boundary conditions to the same Cu atom. In-
creasing the cluster size the number of configuration grows
extremely fast and the small cluster used here is already suf-
ficient for a qualitative comparison between the various ap-
proaches.

Figure 11 shows a comparison between exact results,
TDGA, and BLA for the half-filled cluster �i.e. one spin-up
and one spin-down holes� and the physical parameter set.
Here, energies are not referenced to the Fermi energy. We
find essentially the same structure of the spectra as in Fig. 4

apart from details which can be attributed to the finite size of
the cluster. The peaks 6Cu and 6O correspond to the copper
and oxygen antibound states for momentum q= �0,0�
whereas for q= �� ,0� only the oxygen antibound state is vis-
ible �4O�. The peaks 3Cu and 3O are the split-off states from
the mixed Cu-O two-hole band where �in contrast to Fig. 4�
also the oxygen channel has significant weight. Finally, the
peak 2Cu is “bandlike” and corresponds to a removal state.
The exact spectra show additional features not present in the
BLA and TDGA. These are possibly related to processes
where the two additional holes are created on initially singly
occupied Cu/O atoms so that the final state has two doubly
occupied sites. Such processes are neither contained in the
BLA nor in the TDGA since both approximations only con-
sider addition of hole pairs on an initially empty site. Except
for these additional excitations it is apparent that for the
physical parameter set the slightly better performance of the
TDGA is marginal and the BLA already provides a rather
good approximation.

Figure 12 shows a comparison between exact, TDGA, and
BLA spectra for the half-filled cluster but with rescaled hop-
pings �see figure caption� to get closer to the extreme Mott
limit. The exact result shows a weak feature at ��3.5 eV
which can be attributed to the Cu antibound state, and two
peaks at higher energy which are again related to four-hole
final states. In the oxygen channel this excitation acquires
significant weight and the TDGA shows excellent agreement
with regard to both intensity and energy of the corresponding
peak. In contrast the BLA overestimates the peak intensity in
the copper channel. This behavior is similar to the results in
Fig. 8 and agrees with our earlier findings within the one-
band model.7

The conclusions drawn for the half-filled cluster remain
valid also for higher hole dopings. In Figs. 13 and 14 we
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display the spectra for the cluster doped with four holes. In
this case the lowest band of dominantly Cu character is fully
occupied. In contrast to the two holes case the Ox, Oy spectra
are different due to an occupancy for the oxygen�1� about a
factor of two larger than for oxygen�3�. This has an impact
on the weight and on the energy of the respective excitations
due to different local chemical potentials. For both copper

and oxygen the spectra clearly separate in a removal part,
originating from the occupied Cu band, and in an additional
part, originating from states that split-off from the upper
O-type band. Again we find that for the physical parameter
set, Fig. 13, there are only marginal differences between the
TDGA and BLA with a slightly better performance of the
former. In Fig. 14 we instead show the spectra for rescaled
hoppings, i.e., for stronger relative interaction. Due to the
reduced hybridization between the fully occupied Cu band
and the empty O-type band one may argue that the system is
closer to the Cini-Sawatzky limit. The TDGA, however, still
performs much better than the BLA, despite the latter actu-
ally shows a mild improvement with respect to the half-filled
case.

V. CONCLUSIONS

In this paper we performed a detailed analysis of the two-
hole response function for the three-band Hubbard model
based on the TDGA, BLA, and exact diagonalization for a
small cluster. For standard parameter sets9,10 derived for cu-
prate superconductors it turns out that corrections beyond the
BLA lead only to a marginal improvement of the spectra.
This suggests that the correlated ground states are not in the
�usually assumed� extreme Mott regime, in agreement with
the conclusions of Ref. 5.

Our results indicate that a system for which the BLA per-
forms well is not an extreme Mott insulator, i.e., the insulat-
ing phase is not solely due to local interactions. On the con-
trary, systems for which the more accurate TDGA performs
well but the BLA does not are expected to be extreme Mott
insulators. When the GA is applied to the one-band Hubbard
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model, the extreme Mott insulating behavior is signaled by
the Brinkman and Rice transition at U=UBR.41 Close and
above UBR the BLA fails due the lack of vertex corrections
which are instead accounted for by the TDGA.7 Here we
showed that this scenario remains valid also for the, more
realistic, three-band Hubbard model: the BLA agrees with
the TDGA for weak to intermediate interactions but it fails in
the extreme Mott regime where the TDGA still performs
very well. One can question the accuracy of the GA to define
the extreme Mott regime. We recall that such concept can be
rigorously defined within the single-site dynamical mean-
field theory �DMFT�.11 In the one-band model the value of
UBR is rather close to the value Uc for the metal-insulator
transition estimated within DMFT. For example, for the Hub-
bard model on a Bethe lattice where Uc=1.47W,42 with W
the bandwidth one finds UBR=1.70W. Thus UBR provides the
correct scale for the transition to an extreme Mott insulator
and we expect that the same is true for the three-band Hub-
bard model.

The two-body response function P��� is only one of the
ingredients needed to compute real Auger spectra since other
relevant effects must be taken into account. To progress
along this line one might embed the present framework in an
approach such as, e.g., the one proposed by Cini and
Drchal.18,21 We expect that such development will stimulate
further theoretical work in this sense.

Also more experimental work is needed. In fact, our re-
sults suggest to measure selective Auger processes in the
copper and oxygen channels whose intensity allows for a
measure of the correlation strength in cuprates. The results
here obtained within the three-band model might help to as-
sign the unrelaxed features of APECS spectra both for
electron- and hole-doped cuprates. Since the antibound peaks
shift significantly with respect to the chemical potential it
would be very interesting to study the doping dependence.
We expect that such experimental and theoretical studies,
accessible to the current state of the art, will make Auger

spectroscopy a much more useful tool than before, for the
study of partially filled correlated systems.
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APPENDIX: THE RESPONSE FUNCTION P0

In this appendix we compute the response function P̂q
0���

given by the single bubble diagram with Green’s function
relative to the mean-field GA or HF Hamiltonian HMF
=HGA,HHF. In the localized atomic-orbitals representation,
�dx2−y2 , px , py	 we write

HMF = �
k�

Ck�
† ĤkCk�, �A1�

where k= �kx ,ky�, Ck�
† = �cd,k�

† ,cpx,k�
† ,cpy,k�

† � and

Ĥk = � �d + �d 2tpdzpzdak 2tpdzpzdbk

2tpdzpzdak �p + �p − 4tppzp
2akbk

2tpdzpzdbk − 4tppzp
2akbk �p + �p

� �A2�

with ak=cos�kx /2� and bk=cos�ky /2�. For HMF=HGA we
have �=�GA, see Eq. �20�, and the z factors given in Eq.
�16�, while for HMF=HHF we have �=�HF, see Eq. �13�, and
the z factors equal 1.

The matrix elements Pq
0,����� of the response function are

given by the formula below,

Pq
0,����� =

1

i
� dtei�t 1

�
�
k

��N
�0��T�c�,k+q↑�t�c�,−k↓�t�c�,−k↓

† �0�c�,k+q↑
† �0�	��N

�0�
 , �A3�

where � is the number of unit cells and the operators are in the Heisenberg picture with respect to HMF. Let Ûk be the unitary

matrix that diagonalizes Ĥk, i.e., Ûk
†ĤkÛk=diag��k

�1� ,�k
�2� ,�k

�3��. In terms of the transformed operators c̃n,k�=���Ûk
†�n�c�,k� the

mean-field Hamiltonian reads HMF=�nk��k
�n�c̃n,k�

† c̃n,k�. Then c�,k��t�=�n�Ûk�c̃n,k�e−i�k
�n�t and upon substitution in Eq. �A3� we

find

Pq
0,����� =

1

i
� dtei��−�k+q

�n� −�−k
�m��t 1

�
�
k

�
nmrs

�Ûk+q��n�Û−k��m�Û−k
† ��r�Ûk+q

† ��s


 
��t���N
�0��c̃n,k+q↑c̃m,−k↓c̃r,−k↓

† c̃s,k+q↑
† ��N

�0�
 + ��− t���N
�0��c̃r,−k↓

† c̃s,k+q↑
† c̃n,k+q↑c̃m,−k↓��N

�0�
� . �A4�

Performing the integral over time and taking into account that the first average in the square bracket is 	mr	sn
1−��EF
−�k+q

�n� ��
1−��EF−�−k
�m��� while the second one is 	mr	sn��EF−�k+q

�n� ���EF−�−k
�m�� it is straightforward to obtain the final expres-

sion,

Pq
0,����� =

1

�
�
k

�
nm

�Ûk+q��n�Û−k��m�Û−k
† ��m�Ûk+q

† ��n

1 − ��EF − �k+q
�n� � − ��EF − �−k

�m��
� − �k+q

�n� − �−k
�m� + i� sign��k+q

�n� + �−k
�m� − 2EF�

. �A5�
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