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We investigated the switching response of MgB2 coplanar waveguide resonators to increase of rf currents. A
model based on the heat balance equation is able to account for the observed behaviors, including the presence
of a thermal bistability regime. The model also reproduces the temperature dependence of the limiting currents.
Results are consistent with the hypothesis that a hot spot is formed due to local Joule heating in correspondence
with a weak link. Weak links are modeled as long S-N-S junctions, originating from the transition to the normal
state of rows of MgB2 grains. This thermal process is proposed as the main mechanism setting the performance
limit of polycrystalline MgB2 films in microwave applications.
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I. INTRODUCTION

Superconducting microwave resonators are widely used
devices with a variety of applications in very different fields,
ranging from telecommunications to fundamental physics.
Recently, the interest for on-chip resonators, such as coplanar
waveguide �CPW� resonators, has been renewed since, due
to their low internal losses and small transverse dimensions,
they are used in the development of quantum circuits,1 de-
tectors operating at microwave frequencies2 and other non-
linear devices, such as bifurcation or parametric amplifiers.3,4

In this work we investigate the nonlinear �switching� re-
sponse of magnesium diboride �MgB2� CPW resonators with
the twofold aim to determine the factors limiting their micro-
wave performance—to state the reliability of this material
for applications in microwave circuits in the linear regime—
and to understand the potential of the material in view of its
application in nonlinear devices.

The great interest in MgB2 from a fundamental point of
view is mainly due to its two-gap nature that generates a rich
variety of behaviors.5 However, interpretation of experimen-
tal results in real systems can be flawed by the presence of
granularity and disorder which give rise to completely differ-
ent behaviors with respect to the intrinsic ones. Since it is
extremely challenging to fully eliminate both of them, inves-
tigating the effects of granularity and disorder is a mandatory
task also for good-quality materials, in order to meet the
strong demand of reliable applications. The main issue to
address is the relevance of weak-link �WL� effects in good-
quality polycrystalline MgB2 films. In fact, this is usually
excluded because of the relatively large coherence lengths
�estimated as ���0�=51 nm and ���0�=13 nm for the two
bands�.5 Nevertheless, even if polycrystalline MgB2 can be
thought as a set of strongly linked grains, the anisotropy of
the main properties, e.g., coherence length and grain critical
current density, prevents to consider it as a uniform medium.
Thus granularity effects can emerge when critical conditions
of temperature,6 magnetic field,7 or bias rf current �this
work� are approached. In these cases, weak links are made of
entire grains or rows of grains switched to the normal metal-
lic state. For these reasons, weak links in MgB2 polycrystal-
line samples, when present, can be assimilated to proximity
superconductor-normal metal-superconductor S-N-S Joseph-

son junctions, in a configuration similar to one described in
Ref. 8 for low-Tc transition-edge devices. Actually, granular-
ity has been observed in MgB2 film and bulk samples when
specific experiments have been performed.9–12

The presence of WLs in such extreme bias conditions
implies a number of behaviors in MgB2 films carrying mi-
crowave signals. In fact, when the resonator is slightly an-
harmonic for the presence of a nonlinear element at the WL,
there will be a bending of the resonance curves as the drive
power is increased, which eventually results in hysteretic
behavior.13 This can be interpreted as the effect of nonlinear
local Joule heating that develops a hot spot at the WL
through the absorption of microwave power. Bifurcation oc-
curs at a critical power and frequency, at the onset of a
double-valued resonance curve. At this critical point the os-
cillator dynamics suddenly develops qualitatively new be-
havior, changing from one stable state of oscillation to three
states of oscillation, one of which is unstable and results in a
switching response.14 This also means that the current carry-
ing capability of the film is limited by self-heating processes
rather than by intrinsic critical current or by critical currents
determined by pinning or surface barriers.

We investigated the above described phenomenology, i.e.,
switching response due to the presence of weak-link effects,
originating from the increase in rf currents above a given
threshold, by means of CPW resonators obtained from MgB2
thin films. It turns out that this kind of resonant device has
sensitivity high enough to detect the switching of a single
weak link �or the penetration of a single vortex�.7 A model
based on the heat balance equation is able to account for the
observed behaviors, including the presence of a regime of
thermal bistability. Furthermore, it can be employed to repro-
duce the temperature dependence of the limiting currents.
Results are consistent with the hypothesis of the presence of
weak links in the form of long S-N-S junctions, where the
barrier is a layer of MgB2 grains switched to the normal
state.

The paper is organized as follows. In Sec. II we give some
basic details on samples and experimental techniques. In
Sec. III the phenomenology concerning switching response
as a function of rf current and temperature is shown and its
interpretation as a weak-link-induced effect is discussed. In
Sec. IV we introduce a local Joule heating model, showing
that the observed behaviors can be well described in terms of
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a hot spot located at the weak link. Finally, Sec. V summa-
rizes our results.

II. EXPERIMENTAL DETAILS

Half-wavelength coplanar waveguide resonators were ob-
tained by means of photolithographic and ion-milling pro-
cesses from MgB2 films grown on sapphire substrates by a
coevaporation technique followed by in situ annealing.12,15

The representative device that has been selected for the
present study is 140 nm thick and is covered by a 35-nm-
thick Au layer, reproducing the same pattern of the supercon-
ducting resonator �including the ground planes�. The length
of the central conductor is 8 mm, its width is 300 �m, and
its distance to the ground planes is 200 �m. A detail of the
resonator, including an open end of the central conductor and
part of the ground planes, can be seen in Fig. 1, where a
magneto-optical picture is shown. Magneto-optical imaging
�MOI� with indicator film is a powerful tool to visualize the
magnetic field distribution and we routinely use it to check
the quality and real homogeneity of the produced resonators.
Moreover, exploiting a model-independent inversion
technique,16 we can obtain the map of the local current den-
sity, j �Fig. 1�b�� from the map of the local induction �Fig.
1�a��, when a given dc magnetic field is imposed. The j map
can in turn be used to estimate the dc critical current density,
jc
dc. Figure 1�c� shows that, for an imposed dc field of 75 Oe,

the induction profile is that typical for the Bean model and,
accordingly, Fig. 1�d� shows current density plateaus corre-
sponding to vortex-penetrated regions, where a critical state
develops with j= jc

dc=1.1�1011 A /m2. This value is compa-
rable to high transport jc measured in optimal MgB2 films on
sapphire substrates.17

Concerning the microwave characterization of the resona-
tor, we used a vector network analyzer to acquire the com-
plex transmission coefficient, S21, as a function of the driving
frequency, f , in the gigahertz range. Resonance curves were
measured at different values of temperature �by using a He-

flow cryostat� and rf power �in the range from −40 to 8
dBm�, in zero dc magnetic field. Figure 2 shows a typical
superconducting transition: effective surface resistance and
reactance were evaluated from resonance frequency and
quality factor by the method described in Ref. 15, for a
sample without Au coating �the inset shows an example of
the resonance measured in the linear regime fitted by a
Lorentzian curve�. The introduction of an Au layer on top of
the resonator is aimed at better investigating the effects of
local Joule heating �resulting in discontinuities in the re-
sponse� by reducing the effects of global heating �overall
distortion of the resonance curves� through an increased heat
conductance.18 In fact, the Au coating provides an additional
channel for heat diffusion. This technique is used, for in-
stance, to avoid or to inhibit the nucleation of thermomag-
netic instabilities generating vortex avalanches in MgB2

FIG. 1. �Color online� �a� Magnetic field map obtained by magneto-optical imaging of the resonator at T=3.9 K and Hdc=75 Oe. �b�
Current-density map obtained by inversion of the field map �see text�. �c� Magnetic field and �d� current-density profiles along the dotted
lines in �a� and �b�, respectively.
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FIG. 2. Surface resistance, Rs
ef f, and reactance, Xs

ef f, as a func-
tion of temperature, as obtained from central frequency and quality
factor of resonance curves for a device without Au top layer, by the
method described in Ref. 15. Rs

ef f and Xs
ef f are effective values since

dielectric losses were not taken into account �the correction is of the
order of the residual resistance, significantly affecting only low-
temperature data�. The inset shows the resonance at T=4.2 K, fitted
by a Lorentzian curve.

GHIGO et al. PHYSICAL REVIEW B 82, 054520 �2010�

054520-2



films at low temperatures.19 The thin Au layer we used
�thickness 35 nm� is enough to significantly reduce the ef-
fects of global heating but it still allows the formation of
local hot spots when local critical conditions are reached.20

On the other hand, we observed a decrease in the quality
factors of Au-coated resonators with respect to uncoated
ones. This effect is similar to what found in a different con-
figuration �disk resonator� in Ref. 21, where the enhance-
ment of the effective impedance of the resonators by an Au
layer was explained by the impedance transformation
method.22

III. WEAK-LINK SWITCHING

Superconducting CPW resonators buildup large amplitude
oscillations near resonance, even for a very weak driving
signal. As stated in Sec. I, when anharmonicity is present,
e.g., due to a nonlinear Josephson junction element, a distor-
tion of the resonance curve and eventually a hysteretic be-
havior is expected. At a critical power and frequency �the
bifurcation point� the resonance curve becomes double val-
ued and the oscillator develops dynamic bistability.

We observe these effects in our resonators, even without
the explicit introduction of an artificial weak link.18 Figure 3
shows a view of the different regimes observed as a function
of the input power, through the coordinates of the resonance
curve maxima. At low rf power �linear regime� resonance
curves can be fitted by Lorentzian curves, as in the case
shown in the inset of Fig. 2. As the power is increased, a
slight deformation of the resonance curves sets up �“bend-
ing” region in Fig. 3�, until finally bistability �double-valued
resonance curves� and hysteresis become evident �“switch-
ing” region�. Since the process concerns only a part of the
resonator—where the granularity-induced weak link
develops—some differences with the effects observed in en-
gineered samples where the weak link crosses the whole

resonator are expected. Thus is not surprising that in our
resonators the instability nucleates from only slightly de-
formed resonance curves. Figure 4 shows the resonance
curves for different values of input rf power in the switching
regime. The curves scale until bistability develops, as in the
simulations proposed in Ref. 23 for weak-link switching in
YBa2Cu3O7−x. As the input power increases, the bifurcation
point moves away from the central frequency. Concerning
this point, it is worthwhile noting that the switching power
level moves up �slightly� as the input power increases, ex-
actly as in Ref. 24, where such behavior has been explained
in the frame of a thermal effect. As temperature is increased,
features gradually vanish �Fig. 5�.

Bistability at the bifurcation point in low-temperature
conditions can be clearly observed in Fig. 6 �amplitude as a
function of time for a given frequency in the instability re-
gion� which shows that system oscillates between two states
that are well defined and stable with respect to time. The
hysteresis connected to the recovery of the first resonance
curve once the system has jumped to the second more dissi-
pative characteristic has been described in terms of dissipa-
tion �inverse of the unloaded quality factor� vs circulating
power in Ref. 18, where it was shown to be consistent with a
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heating effect �accordingly, it was reported that hysteresis in
proximity superconductor-normal metal-superconductor Jo-
sephson junctions is governed by overheating of the normal
metal�.25

If the features observed in S21 are due to the presence of a
weak link, both the resistive and the reactive parts of the
impedance should be affected by the switching. In fact, the
magnitude of S21 implicitly contains both of them. Following
Ref. 26 and considering the switching response as a small
deviation from the linear case, we can write �Rs
��Re�S21

−1� and �Xs��Im�S21
−1�, where �Re�S21

−1� and
�Im�S21

−1� are the differences of the values obtained for two
input powers, one just below and the other one just above the
switching threshold. �Rs and �Xs are the resistive and reac-
tive parts of the switching contribution to the overall re-
sponse. In the lower part of Fig. 7 we report such contribu-
tions for the case shown in the top panel in terms of S21
magnitude. It turns out, as expected for a WL, that switching

contributes both to the resistive and to the reactive parts of
the signal.

In summary, a number of evidences—e.g., instability, hys-
teresis, dissipation, reactance—points to the conclusion that
the observed effects are due to the formation of a hot spot in
correspondence with a weak link. In order to give further
support to this model, we can evaluate the switching energy
scale and compare this value to that expected for a reason-
able weak link in MgB2 thin films.

The rf current circulating in the resonator at the switching
event, Irf, can be obtained from resonance curves showing
the discontinuity close to the curve maximum since in this
case27

Irf =�4S21
maxQLPin

�Z0
.

If the QL and S21
max values are obtained by fitting the curve

shown in Fig. 7, excluding the down-switched data, a current
of 35.4 mA can be estimated. This corresponds to a current
density of about 6�109 A /m2 at the resonator edges �where
presumably the switching WL is placed�, obtained by taking
into account the current distribution in the adopted CPW
resonator geometry.28 The energy scale involved in the
switching can be estimated through the IcRn product that in
turn can be calculated from the variation in the output volt-
age, �Vout. At the resonance �impedance of the line Z0
�50 ��, IcRn=�Vout=Vin�S21��PinZ0�1/2�S21. In the case
shown in Fig. 7, IcRn=813 �V. If we make the hypothesis
that the weak link can be treated as a long S-N-S junction,
where the barrier is a row of grains switched to the normal
state, the energy scale that sets the IcRn product is not related
to the energy gap, �, but to the Thouless energy ETh
=	D /L2, where D is the electronic diffusivity and L is the
junction length �ETh
�, for long S-N-S junctions�. Numeri-
cal solutions of the Usadel equation for the whole range of
Matsubara frequencies were given in Ref. 29 and can be used
to estimate the main parameters. If we consider for � the
�-gap value ����2 meV�, eIcRn /���0.4 and, from Ref.
29, ETh /���0.08. This gives D��2.8�10−3 m2 /s and �
=�	D� /2���20 nm, if L is set to the order of magnitude
of grain dimension as evaluated by atomic force microscopy
and field emission scanning electron microscopy analysis
�not reported� in films without Au coating, L�100 nm.
Since these estimations seem quite reasonable, we conclude
that data are consistent with a S-N-S junction model, where
the junction barrier is formed by a layer of grains in the
normal metallic state.

IV. MODELING THE LOCAL JOULE HEATING EFFECTS

The hypothesis expressed in the previous paragraph, i.e.,
that the observed instability has a thermic origin �hot-spot
formation in correspondence to a WL�, can be confirmed by
a proper theoretical model. We consider the condition of
steady-state heat balance for homogeneous states in the
film,14 PJ�T , j�=W�T�, where PJ is the power of the Joule
heat release, W�T� is the heat flux from the conductor to the
coolant, W�T�=h�Tp−T0

p� /d, h�T� is the heat-transfer coeffi-
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cient, d is the ratio between the area and the perimeter of the
specimen cross section, p is an exponent depending on the
cooling conditions, and T0 is the coolant temperature. A pre-
condition for the existence of a steady-state solution is d
�dc�� /h, where � is the thermal conductivity. For a super-
conducting film �h mainly determined by the Kapiza resis-
tance at the interface with the substrate� Gurevich and Mints
estimated dc�10−4 m.14 Since we have d�7�10−8 m, the
precondition for steady-state heat balance is fulfilled. The
stability of such homogeneous states is then guaranteed
when �W /�T�PJ /�T. Thermal instability arises when the
PJ�T , j� and W�T� curves have three intersection points since
for one of them the stability criterion cannot hold. This is
sketched in Fig. 8�a�, in terms of PJ�� , j�=����j2 curves,
where the dimensionless temperature �= �T−T0� / �Tc−T0�
has been introduced, with the resistivity ���� sharply de-
pending on � in a narrow interval, as expected for the tran-
sition of the WL to the normal state. In this case, T is the
temperature of the hot spot at the WL while the rest of the
film can be considered close to the temperature of the cool-
ant, T0. Curves from �1� to �5� correspond to increasing val-
ues of the circulating current density. Curve �5� shows how
the power released to the film changes slope as a function of
temperature when the WL passes from the superconducting
state, S �note that i= j / jc�T0��, to the resistive, R, and finally
to the normal state, N. Only curves in between �2� and �4�,
obtained for current densities between j� and j�, respectively,
can display three intersection points, as shown for curve �3�.
In this case, the central intersection represents an instable
solution, since �W /��
�PJ /��. Curves for j
 j� �for ex-
ample, curve �1�� have only one stable solution for the WL in
the superconducting state and curves for j j� �for example,
curve �5�� have only one stable solution for the WL in the
normal state. When the film temperature is increased above a
threshold, the bistability disappears since always �W /��
�PJ /�� �see Fig. 8�b��: a unique solution is possible, with
the WL in the superconducting, or resistive or normal state.
The observed temperature threshold is about 9.7 K.

The minimum normal-zone existence current,14 jm, can be
defined in both the situations from the condition PJ�Tc , jm�
=W�Tc� at �=1, that gives

jm = �h�Tc�Tc
p

��Tc�d
	1/2�1 − 
T0

Tc
�p	1/2

, �1�

jm can be identified with j� when the conditions for thermal
bistability are fulfilled �see curve �2� in Fig. 8�a��. The maxi-
mum superconducting-zone existence current, jM, can be ob-
tained from the conditions PJ�T� , jM�=W�T�� and �=1− i,
giving the expressions

jM = �h�T��Tc
p

��T��d 	1/2�
T�

Tc
�p

− 
T0

Tc
�p	1/2

, �2�

T� = T0 + �1 −
jM

jc�T0�	�Tc − T0� . �3�

jM corresponds to the higher bistability threshold, j�, when
the instability exists �see curve �4� in Fig. 8�a��. In following
the resonance curve during the frequency sweep, the current
circulating into the resonator varies over several orders of
magnitude, eventually covering also the �j�− j�� bistability
interval, if existing. The transition of the WL corresponds to
a jump in ��T� from �− =��T�T�� to �+ =��Tc� and a con-
sequent jump in PJ and in the microwave response, as shown
in Fig. 9�a�. In fact, resonance curves show thermal-
bistability oscillations only at low temperature, when the
high-quality factor allows large circulating rf currents,
whereas at temperatures higher than about 9.7 K the transi-
tions of the WL to and from a higher dissipation state are
smooth �Fig. 9�b��. Figure 9 shows the S21 points corre-
sponding to the currents and resistivities of Eqs. �1� and �2�,
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both in the case of �a� thermal bistability and �b� when the
WL transition is smooth.

The currents Im and IM, corresponding to the flux of the
current density vectors jm and jM through the cross section
�the nonhomogeneous rf current distribution has to be taken
into account�,28 are then deduced from the resonance curves
for the whole temperature range. Im is well fitted by means of
Eq. �1� �see Fig. 10� with the parameters reported in the
graph. In particular, p�4 is consistent with the Kapitza re-
sistance at the metal film–substrate interface14,30 �in this case,
the WL can be cooled also by the rest of the MgB2 film�. Tc
represents the critical temperature of the weak link.

Combining Eqs. �1� and �2�,

T� = �T0
p + 
�−

�+
�
 jM

jm
�2

�Tc
p − T0

p�	1/p
�4�

if the heat-transfer coefficient h is considered practically
constant in the temperature interval T�−Tc. Since �− /�+
= �jm / j��2= �j� / jM�2��S21�jm ;�+� /S21�j� ;�−��2�0.93 �see
Fig. 9�a��, the hot-spot temperature T� can be calculated by
means of Eq. �4� in the whole coolant-temperature range
�Fig. 10�. T� can be in turn substituted into Eq. �3� to obtain
jc�T0�. It results jc�4 K�=4.5�1011 A /m2, to be compared
to jm�4 K�=6�109 A /m2. This jc value is of the same or-
der of magnitude of jc

dc evaluated from MOI �see Fig. 1�, not
too far from the upper limit—the pair-breaking current—that
for MgB2 is as high as 3�1012 A /m2.31 Therefore, even
though the rf critical current is potentially close to the dc
value, the rf current needed for the formation of a hot spot
and of the corresponding nonlinearity is in fact much lower.
This result could be interpreted as follows: when a weaker
region of the MgB2 film �e.g., a defect or a grain boundary or
a weaker grain� absorbs microwave power and starts heating

up, it leads a number of MgB2 grains to switch to their nor-
mal state, forming the normal barrier of a S-N-S long junc-
tion. Note that in the coplanar layout, currents are forced to
flow in a narrow region along the resonator edge and there-
fore cannot avoid the barrier. This process is self-sustaining
�more absorption implies more heating, more grains switch-
ing to the normal state, and in turn more absorption�, up to
the formation of a hot spot and to thermal instability, with the
effects described above. On the basis of this arguments, the
value jm�4 K�=6�109 A /m2, about two orders of magni-
tude lower than the critical one, confirms that the main
mechanism limiting the resonator power handling capability
is indeed local Joule heating.

V. CONCLUSIONS

The use of coplanar waveguide resonators turned out to
be very useful in the study of the mechanisms determining
the performance limits of MgB2 films in microwave applica-
tions. In fact, the high sensitivity of such resonant devices to
switching of single junctions was demonstrated. This was
possible also because of the deposition of an Au top layer,
reducing the effects of global heating.

By means of this technique, we were able to investigate
thermal bistability phenomena occurring in polycrystalline
films due to local Joule heating effects. A simple model
based on the formation of a hot spot in correspondence with
a weak link can account for the observed dependence of the
limiting currents on temperature. The properties of such
weak links in good quality polycrystalline MgB2 films car-
rying rf currents have been discussed: it turns out that they
are made of rows of entire grains, transverse to the current
flow direction, switched to their normal metallic state, and
can thus be modeled as proximity long S-N-S junctions.
With this respect, they are qualitatively different from weak
links in the cuprates, which form at the grain boundaries.
Accordingly, the estimated critical current density for such
“weak links” is on the order of dc jc ��4.5�1011 A /m2�.
Nevertheless, the effective upper limit for the microwave
current density �onset of strong nonlinearity� is significantly
lower �about two orders of magnitude�, due to the occurrence
of heating phenomena. This leads to the conclusion that the
rf-current-carrying capability of the film is mainly limited by
local self-heating processes rather than by intrinsic critical
current or by critical currents determined by disorder �pin-
ning� or geometry �surface barriers�. The same should hold
for other metallic superconducting materials.14
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