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Propagation times of optical pulses through a medium near an absorptive resonance with and without spatial
dispersion are studied and contrasted. When spatial dispersion is not present, a light pulse is expected to
traverse a medium in a time inversely proportional to its group velocity. In a medium with spatial dispersion,
where two polariton modes exist (here, bulk GaAs as an example), a similar description is obtained if the losses
are such that light propagates primarily in one mode. However, we show that, when the broadening of the
resonance (dephasing rate) is below a critical value, a frequency range exists near resonance where the transit
times are determined by interference between copropagating polaritons and deviate strongly from expectations
based on the group velocities of the polariton branches. When the interference is constructive at the samples
end face, the transit times are determined by the average of the inverse group velocities; when it is destructive,
we find abrupt transitions between very slow (long positive) and very fast (large negative) transit times. We
present quantitative criteria for the resolution of these features and for distortion-free propagation in the
spectral vicinity of them. Our analysis puts the well-known slow- and fast-light effects in systems without
spatial dispersion into a broader context by illustrating that they are a limiting case of systems with spatial

dispersion.
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I. INTRODUCTION

Over the past decade, interest in controlling the velocity
of light pulses has been renewed, in part because of potential
applications in telecommunications, spectroscopy, and so-
called microwave photonics (for recent introductions and re-
views see Refs. 1 and 2). Studies have shown that the inter-
action of light with matter can lead to extreme changes in the
effective or apparent velocities of pulses of light: for ex-
ample, pulse envelopes that travel a few meters per second,’
that appear to exit the material before the peaks of the pulses
enter it,*”' and that appear to travel backward in the
material® have been reported. These phenomena have been
investigated in media ranging from atomic vapors®!'-13 to
solid materials, such as doped crystals,'* optical fibers,'>!6
and semiconductors (doped,* bulk,'” and quantum wells'8).
Most recent schemes for producing slow, fast or backward
traveling light take advantage of sharp resonances in nonlin-
ear processes, such as electromagnetically induced
transparency,® stimulated Brillouin scattering,'>!¢ or coher-
ent population oscillations.31419-21

The simplest demonstration of slow (subluminal) and fast
(superluminal) light propagation, however, is the linear in-
teraction of a light pulse with an absorptive medium consist-
ing of identical, localized dipole oscillators. This topic has
been considered for almost a century?? and is commonly ad-
dressed in text books.?® In the absence of interactions be-
tween the two (and in the absence of losses), the light and
oscillator have independent dispersion relations (frequency
vs wave vector) given by w(k)=ck and w(k)=E,/h, respec-
tively, as sketched in Fig. 1(a). As we discuss in the next
section, for pulses that have a sufficiently narrow spectral
width, the pulse envelope is transmitted undistorted with a
group velocity v,.
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Most conventional descriptions of light propagating near
a resonance neglect direct coupling between the dipole oscil-
lators (i.e., they are only coupled indirectly through their
interaction with the same light field). If present, electronic
coupling will allow the light-induced optical polarization
(exciton) to move through the system. This motion can be
included through the kinetic energy of the optical polariza-
tion, #%k%/2M , where M, is the effective mass of the polar-
ization. Figure 1(b) shows a sketch of the uncoupled material
and light dispersions for M, <<%. The case of vanishing elec-

NSED

hot

Re k—

FIG. 1. (Color online) Sketch of the uncoupled (and unbroad-
ened) exciton and photon-dispersion relations (with real w and real
k) for two exciton masses: (a) M, =0, labeled NSED for no spatial
exciton dispersion and (b) M, <oo labeled SED for spatial exciton
dispersion.
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tronic coupling should be recovered by allowing the effective
mass to become arbitrarily large (M,— 0). The limit of M,
= (ie., M;l =0) is implicitly assumed in much of the slow-
and fast-light literature (e.g., Refs. 4, 6-8, and 24), so it is
natural to ask whether removing this restriction by allowing
M < causes nontrivial modifications in the slow- and fast-
light behavior. In fact, here, we show that we can find certain
frequencies (close to the exciton resonance) where the time
delay cannot be explained in terms of the concept of a group
velocity (no matter how narrow the bandwidth). Further-
more, we find infinities in the delay times that are absent
when M ,=%. Since M,=¢ is just a limiting case of M, <o,
it seems important to have a unified model that provides for
an understanding of the slow- and fast-light characteristics in
each regime and shows how features in the M, <% case
collapse into the well-studied M, =% case.

In Sec. II, we review the well-known exciton-polariton
dispersion relation and the transmission coefficients of semi-
conductor slabs with finite thicknesses, focusing on the dif-
ference between M, << and M,=%. In doing so, we define a
critical dephasing rate, below which the polariton interfer-
ence effects may be important. In Sec. III, we present the
definition of transit time to be used in our analyses and in
Sec. IV, we pedagogically describe polariton interference ef-
fects for spectrally narrow pulses using an intuitive two-
wave (TW) model. In Sec. V we define more precisely what
we mean by “spectrally narrow” and consider the effects of
non-negligible spectral widths on the pulse transit times near
spectral features produced by polariton interference. Finally,
in Sec. V, we comment on the pulse deformations that can
accompany polariton interference effects.

II. POLARITON DISPERSION

Here, we provide a brief review of the well-known (e.g.,
Refs. 24-27) linear optical properties of coupled exciton-
light modes (polaritons) needed for the analysis of slow- and
fast-light presented below. To be specific, we use exciton
polaritons in bulk semiconductors as an example: M, <o
corresponds to the unbound 1s Wannier exciton (e.g., Ref.
17) and M= to bound excitons.* The exciton dispersion is

ho(k)=E, + %% (2M,), (1)

where E, is the exciton energy at zero wave vector. While it
is useful to discuss semiconductors as a specific example,
our considerations can be applied to any media with discrete
linear optical resonances (they could, for example, be ap-
plied to semiconductor superlattices or even organic crys-
tals). If the exciton has a nonzero spectral width of y (y/# is
the dephasing rate), it follows from the general polariton
dispersion  relation  k*=w’[ni+4mx(w,k)]/c>  {where
x(w,k)=-T/[ho-fhwolk)+iy] is the susceptibility, I is the
coupling strength, and n, is the real background refractive
index of the host material} that the polariton wave vector k
=k(w) is complex.

For M= (which we label as NSED for “no spatial ex-
citon dispersion”), there is only one traveling polariton mode
for each frequency,
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FIG. 2. (Color online) Calculated polariton dispersions {fre-
quency vs real [(a), (c), (e), and (g)] and imaginary parts [(b), (d),
(f), and (h)] of the wave vector k} without [NSED: (a) and (b)] and
with [SED: (c)-(h)] spatial dispersion for dephasing rates of [(a)—
(d)] y=0.123 meV, [(e) and (f)] y=0.122 meV, and [(g) and (h)]
y=0.050 meV. Two disconnected noncrossing polariton branches
appear in (e) and (g) where y<y,=0.12269 meV, the critical
dephasing rate, and their interference determines slow- and fast-
light behavior. The materials parameters are: I'=0.08 meV, n,
=3.55, E,=1.5151 eV and M,=0.6m, (SED), M == (NSED).

k(w) = (w/c)v/ni+47rr/(Ex—ﬁw—iy). (2)

Examples of the real (which yields the group velocity: vgl
=n,/c=d Re[k(w)]/dw) and imaginary [which gives the ab-
sorption coefficient: a(w)=2 Im k(w)] parts of k vs w are
shown in Figs. 2(a) and 2(b). The transmission coefficient for
the NSED is also known,?® and for standard electromagnetic
boundary conditions, is given by

T(w)e™ ok = 4kok/ (k + ko)*e™ ™ — (k- ko)?e™|,  (3)

where ky=w/c is the wave vector in a vacuum. In the opti-
cally thick limit (OTL), i.e., Im[k(w)L]> 1, this expression
reduces to

T(w)e™ ok = 4koke™/ (ko + k)?. 4)

For pulses that have a sufficiently narrow spectral width
and/or a sufficiently small thickness L (cf. Sec V), the group
velocity v, is a valid concept, and the pulse envelope is
transmitted undistorted in a transient time given by 7,, where
T,=L/v,.

In contrast, for M, <o (which we refer to as SED for with
“spatial exciton dispersion”), there are two traveling polar-
iton modes for each frequency (e.g., see Refs. 25 and 26),
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whose group velocities and absorption coefficients are given
by v,=dRe(k;)/do and a(w)=21Im k(w), respectively,
where i=1,2. The real and imaginary parts of the dispersion
for a SED polariton are shown in Figs. 2(c)-2(h) for three
different dephasing rates.

In our discussions of SED polaritons, it is useful to
define?’ a critical dephasing rate 7,, at which there exists an

w such that k;(w)=k,(w),
_ ch2(1 \/1 2Exn§) \/87TF .
= ny M,c? M.c? TN M
(6)

For dephasing rates larger than v,, one of the two branches is
very similar to the single branch in the NSED case [compare
the solid curve in Fig. 2(c) with Fig. 2(a)]. Since this branch
also has a smaller absorption coefficient for all w [Fig. 2(d)],
most of the light transmitted through a sufficiently thick
sample will propagate on this branch. Consequently, as with
the NSED, spectrally narrow pulses are transmitted with
their pulse envelopes undistorted in a time determined by the
group velocity. Most previous studies have been performed
in this regime.

However, if y is slightly less than v, the two Re(k)
branches break up [Fig. 2(e)] with similar absorption coeffi-
cients around the breakup point [crossing of solid and dashed
line in Fig. 2(f)]. As vy is reduced further, the separation
between the two polariton branches, Re(k;) and Re(k,), in-
creases [Fig. 2(g)], but the imaginary parts of the two
branches cross [Fig. 2(h)]. In the region of this crossing, the
propagation is not dominated by one branch or the other, and
as we will discuss in the next section, polariton interference
determines the slow- and fast-light characteristics. This inter-
ference should not be confused with that resulting from the
transmission of polaritons in spatially anisotropic systems,”®
and with that resulting from different frequency components
in a short pulse with a sufficiently broad spectrum.? The
interference-based slow and fast light effects observed and
analyzed in Refs. 28 utilize NSED systems that, because of
birefringence, support polaritons with different polarization
states. Below, we will show that interesting slow/fast light
effects due to polariton interference are present in SED sys-
tems which are absent in isotropic NSED systems, and we
delineate the parameter regimes for semiconductors where
these effects could be observed.

The transmission coefficient for SED polaritons are also
known.20-30 Here, we use the simplest version of the addi-
tional boundary conditions®® (ABCs) by setting the polariza-
tion wave to zero at the two ends of the slab. The more
realistic exciton-free-layer generalization®' of the ABCs does
not change our findings qualitatively. The transmission coef-
ficient under exciton-free-layer ABCs is provided in the Ap-

I’
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pendix. Using Pekar’s ABCs, the transmission is given by3°
T(w)e™ ot
_ 4ko(x2 = x1) (N12 = Noy)
D(ky,ky) + D(= ky,— ky) = D(= ky,ky) = D(ky,— kp)”
(7)
Xi=T/(E+R2E 1 2M  ~ho—i7y),

where
Nij = Xikj(elkiL— e_lkiL) N and

D(k,k") = e "Dy (kg = k) + x1 (K" = ko) I + 2Kk X1 X2
(8)

We refer to this exact expression for T(w) as the “full” two-
wave model in this paper. For Im[k; ,(w)L]>1 (which we
refer to as the “OTL” two-wave model), Eq. (7) becomes?®

T(w)e™ ok = A(ky,ky)e™ it + A(ky, ky)e™ ", 9

where the complex coefficient — A(k;,k;)=4kok;x;(x;
= x)/[x;(ki+ko)— xi(k;+ko)J%. The coefficient A contains in-
formation about the boundary conditions. Close to the exci-
ton resonance, where the absorption is large, the full and the
OTL two-wave models yield almost identical results, and in
this case, the simplicity of the OTL model makes its use
advantageous.

It may be appropriate to point out that the transmission,
Eq. (7), correctly accounts for the center-of-mass quantiza-
tion of excitons.?’31-33 But in the following discussion of
bulk semiconductors, we mostly restrict ourselves to the
OTL regime, where center-of-mass quantization is negli-
gible.

III. TRANSIT TIME

Here, we discuss the slow and fast behavior of polaritons
in terms of the experimentally measurable transit time 7,
which is defined as the difference in times of arrival of the
“center of mass” of the pulse at the back (z=L) and front
(z=0) surface of the sample,

f t|E(t,L)|*dt f 1|E(1,0)|%dt

—0oo —00

T=—0 -— , (10)
J |E(1,L)|%dt f |E(1,0)[?dt

—o0 —

where the complex field is assumed to be of the form
E(t,z)=E&(t,7)exp{—i[ wyt—Re(k)z]}, where w, is the center
frequency and £(7,z) the slowly varying amplitude. Using a
spectral representation for the field amplitudes, 7 is found®*
to be the convolution of the transmitted pulse spectrum and
the quantity 7w),

o)|E(w,L)*dw w)|&(w - wy,L)*dw

?(wo) = . = P s

J |E(w,L)|*dw J |&(w - wy,L)[*dw

(11)

where
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Hw) =Im[d In T/dw] = Im[(IT/dw)/T] (12)
and
T(w) = E(w,L)/E(w,0)
=expli Re(k)L]E(w — wy, L)/ E(w — y,0)  (13)

is the complex transmission coefficient given in the previous
section. When the spectrum |(w, L)|? is much narrower than
the features in (w), Eq. (11) becomes Twy)=7w,). For
broader pulses, () is “smoothed” by the convolution with
the pulse spectrum. In the next section, we will restrict our
analysis to the narrow-band limit and discuss 7(wy). The is-
sue of spectrally broad pulses and spectral averaging will be
addressed in Secs. V and VI

IV. TWO-WAVE MODELS

An important observation in the context of slow and fast
light is that for SED the transmission at a given frequency
can be represented as a sum of two traveling polariton
waves, explik,(w)L] and exp[ik,(w)L]. This is in contrast to
the NSED case, where the transmission has only one factor,
explik(w)L]. In this section, we will show numerical results
calculated using the proper expressions for T(w) for the full
[Eq. (7)] and the OTL [Eq. (9)] two-wave models. However,
for pedagogical purposes, we will find it convenient to dis-
cuss our results in terms of a model (referred to as the
“simple” two-wave model) that ignores the details of the
boundary conditions and that makes clear the role of polar-
iton interference,

T(w) = el 4 ekl (14)

One of the qualitative consequences of the “simple” two-
wave model can be found straightforwardly from Eq. (12).
At the frequency where both polariton branches experience
the same absorption [Im(k;)=Im(k,)], the narrow-bandwidth
transit time is

T(wo) = (L/Ugl + L/ng)/2 + tan[Re(kl - kz)L/z]
X Im[ 3k, — k,)/d]. (15)

For constructive interference between the two polariton
modes at the end face z=L [i.e., when Re(k,—k,)=2mm/L,
where m is an integer], Eqs. (14) and (15) show that the
transit time {w,) is equal to the average of the two transit
times 7,,=L/v,;=n,L/c that would be obtained if the polar-
iton wave were to simply propagate with the group velocity
U, In contrast, for destructive interference [i.e., Re(k,—k,)
=(2m-1)m/L, m an integer], T(w,) goes to infinity, consis-
tent with a vanishing effective transit velocity (i.e., no light
comes out). Below, we show that these and other character-
istics of polariton interference and of the simple two-wave
model are robust and are also present in the OTL and full
two-wave models.

Figure 3 shows transit times (in the narrow-bandwidth
limit) {(w,) for both the NSED and SED cases calculated
using the OTL two-wave model (for three dephasing rates) in
units of the transit time 7, in the absence of the excitonic
resonance: Ty=n,L/c=L/v,, where vg=c/n; is background
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FIG. 3. (Color online) Comparison between the transit times
m(w,) calculated using the OTL two-wave model (solid black line)
and the transit times (7,;=L/v=nL/c, where i=1,2) calculated
using each group velocity (dashed red and dotted blue lines) for the
[(a)-(c)] NSED and [(d)—(f)] SED cases for dephasing rates [(a) and
(d)] y=0.2 meV, [(b) and (e)] 0.123 meV, (c) 0.01 meV, and (f)
0.05 meV. The times are normalized by the transit time in the ab-
sence of the resonance: 7y=n,L/c. For the [(a)-(c)] NSED, the solid
(OTL) and dashed (7,) lines are almost indistinguishable. L
=0.5 wum and the material parameters are the same as in Fig. 2.

velocity. Also, plotted for comparison, are the transit times
based on the group velocities, 7,;. As expected, there is no
discernible difference between the actual transit time 7 w,)
in the narrow-bandwidth limit and that based on the group
velocity (7,) in the NSED case, Figs. 3(a)-3(c). Figures 3(a)
and 3(b) show the familiar cases where v is larger than the
longitudinal-transverse splitting A;y=4m1/n,. In these
cases, the slow-fast-slow feature is almost symmetric with
the fast light feature having spectral width comparable to the
dephasing rate. In Fig. 3(c), where y<<A,;;, the fast-light
width is still approximately 7, but the slow-fast-slow struc-
ture is asymmetric (the fast light is at the resonance given by
the transverse frequency, which is the exciton frequency).
By comparison, the transit times 7{(w) in the narrow-
bandwidth limit in the SED case [Figs. 3(d)-3(f)] show sig-
nificant deviation from those calculated using a simple
group-velocity approach, at least for y=1v,. For large
dephasing, y> 1v,, the transit time 7(w,) coincides with the
v,; that is calculated using the group velocity of the one
polariton branch that has the smaller absorption coefficient
a;(w). But if y is close to or less than 7y, Tw,) depends
sensitively on the exact value of y. In Fig. 3(e), 7y is slightly
larger than 7, and the 7,; of each polariton branch becomes
large (but with opposite signs) at the o where Re(k)
=Re(k,) [see Fig. 2(c)] and Im(k,;) =Im(k,) [see Fig. 2(d)],
and 7(w,) is approximately the arithmetic mean of 7,, and
T2, in agreement with Eq. (15). But when y<y, [Fig. 3(f)],
m(wp) is very large and negative, even though 7,; and 7,, are
positive across the entire region near the exciton resonance.
In other words, each group velocity is consistent with mod-
erately slow slight but instead fast light is predicted. Clearly,
in this regime, the transient time 7(w) is determined by po-
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FIG. 4. (Color online) Transit times in the narrow-band limit
(wy) for (a) SED and (b) NSED for dephasing rates close to
v, (m=1):y=0.11 meV (dotted red lines), y=0.115 meV (solid
black lines), y=0.117 meV (blue dashed lines), and y=0.12 meV
(purple dashed-dotted lines). The curves are shifted vertically for
clarity. The materials parameters are the same as used for Fig. 3.

lariton interference, not by the group velocities.

Equation (15) predicts singularities [i.e., infinite 7 w)]
when Re(k,—k,) approaches an odd multiple of 7. Figure
4(a) shows 7(w,) for the SED case calculated with the OTL
two-wave model for several dephasing rates near one such
singularity. The transit time undergoes a transition from a
sharp fast-light peak to a sharp slow light peak by varying
the dephasing only slightly. For comparison, Fig. 4(b) shows
the corresponding 7(w,) in the NSED case for the same four
dephasing rates. In the latter case, all four curves exhibit
similar approximately symmetric slow-fast-slow features,
with the fast light feature having spectral width comparable
to the dephasing rate. There is no sudden sharp transition
from fast to slow.

The singularities that accompany the destructive interfer-
ence between polariton modes are also illustrated in Fig. 5,
where the maximum {7,,,,(y)=max[ 7(y, )]} and minimum
{Tmin(y)=min[ 7(y, w,)]} transit times are shown as a func-
tion of dephasing rate y (where the maximization and mini-
mization are performed with respect to w in the vicinity of
the exciton resonance). For the given material parameters,
three values of 7y are identified that produce destructive in-
terferences and infinities in the transit times at frequencies,
w=w,(m) with m=1,2,3 [these will be given in Eq. (17)
below]. The exact positions of the slow-to-fast singularities
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FIG. 5. (Color online) The maximum {7,,,,(y)=max[(y, w)]}
and minimum {7;,(7y) =min[ 7(y, w,)]} transit times determined for
each dephasing rate y as the center frequency wq of the pulse is
scanned across the exciton resonance for a (a) SED and (b)
NSED—same materials parameters as in Figs. 2 and 3. The num-
bers 1, 2, and 3 indicate the values of m in Eq. (16). The solid lines
show the full two-wave model and the red dashed lines the simple
two-wave model. (The OTL two-wave model, not shown for clarity,
is indistinguishable from the full model.)

in the simple two-wave model are slightly different from the
full model but for the understanding of the qualitative fea-
tures the simple model is sufficient. Notice that in the NSED
case [Fig. 5(b)], the maximum and minimum transit times
are finite for all y>0, further illustrating that SED exhibits
slow- and fast-light behavior as the result of polarization
interference while NSED does not.

Approximate expressions for the dephasing rate y. and
frequency w, at which the destructive interference shown in
Fig. 5 occurs can be obtained (within the simple two-wave
model) by applying the conditions Re(k,—k,)=(2m—1)m/L
and Im(k;)=Im(k,) to the known expressions for k;(w) and
k,(w) given in Eq. (2). We find that there exist a finite num-
ber of discrete values of vy, at which the transit time ()
goes to infinity, and for each v,, a single singularity occurs at
a frequency w.. Explicitly, the sets of (y,,w,) at which the
transit times become infinite are given by

2
'yc(m)EEx\/Swr {(Zm—l)wnbﬁcJ (16)

M? - LM c?
and
[mh(2m - 1)]
ho(m) =E, + TXLZ’ (17)

where m is an integer bounded by the condition
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FIG. 6. (Color online) The critical dephasing rates y,(m) as a
function of inverse mass M;l calculated from the simple two-wave
model, Eq. (16), for m=1 to m=6 (from top to bottom, respec-
tively). The curves with larger values of m are ignored for clarity.
The open circles show the positions of the singularities obtained in
the OTL two-wave model for Fig. 5.

(2m —1)> < 8L°M T'/(mm3h?). (18)

Thus, if the dephasing rate vy can be varied, one can expect a
finite number of singularities for a given sample, where E,,
M,, L, and T" are fixed. The number and location depend on
the material parameters. When the actual values of (y, w) are
close to one of the singular values [7y,.(m),w.(m)], one can
expect m{w,), positive or negative, to be very long. This re-
sult is substantially different from the NSED case. For the
NSED, any given vy leads to a Re[k(w)] curve similar to the
one shown in Fig. 2(a). Such a curve has two points where
the group velocity d[Re(k)]/dw— %o, in which case the
transit times are zero. However, there is no point in the curve
that allows for infinite transit times for y>0. In contrast, the
SED case does allow for singularities (*) in the transit
time.

The well-known NSED model emerges from the more
general SED case presented here in the following way. As
M ,— o, v, and all y,(m) go to zero, as indicated by Egs. (6)
and (16); hence y> v, for any nonzero dephasing, and the
dispersion is dominated by one polariton branch [cf. Figs.
2(c) and 2(d)]. Also, inspection of Eq. (18), indicates that as
M ,— oo, the number of singularities becomes large. Thus, we
see that the NSED limit contains infinitely many singularities
that are collapsed into a single point (namely, that of zero
dephasing).

This collapse of y.(m) to zero is illustrated in Fig. 6,
where we plot y=8mx—[(2m-1)mn,’x*> with vy
=[#tcy(m)/(TLE)]* and x=#%/(ML?T), which follows
from Eq. (16). We choose this way of plotting because the
coefficients in the resulting equation depend only on n,,.
Hence, any material with the same 7, is described by the
same set of curves. The NSED material is represented by the
vertical axis where M;l is zero. Along this axis, i.e., varying
the dephasing in the NSED case, we find no slow-to-fast
light singularities, except at the point of vanishing dephas-
ing. In the SED case, i.e., at positive values of the horizontal
axis, we find a finite number of singularities for a given M;l.
As M;l approaches zero, the number increases, and for clar-
ity, the figure is restricted to m=6. We also show the posi-
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tion of the singularities obtained in the OTL two-wave model
from Fig. 5 as open circles, which show only small deviation
from the simple two-wave model.

V. FINITE BANDWIDTH

As we have shown in Sec. IV, in the case of media with
spatial exciton dispersion, slow and fast light can be created
by polariton interference, an effect absent in media without
spatial dispersion. In the mathematical limit of sufficiently
spectrally narrow pulses and for dephasing rates close to any
v.(m), this interference can lead to sharp features in m{w,)
that have spectral widths much narrower than the width of
the absorption resonance. In this section, we study finite
pulse durations and find that the complex slow- and fast-light
features resulting from SED can be resolved and distin-
guished from the NSED case. We also present quantitative
criteria for virtually distortion-free pulse propagation in the
spectral vicinity of these features. Such criteria have been
developed for media without SED,?>%¢ but are not applicable
in the SED case. While SED offers a much richer variety of
slow- and fast-light features than the well-known NSED
case, the conditions necessary for observing these features
are, in certain cases, much more stringent.

We write the transmitted pulse as the inverse Fourier
transform of the transmitted spectrum,

E(t,L) =f (dwr2m)exp{il (w) — wt [}E(w,0), (19)

where the complex phase ¢(w)=—i In T(w). We then expand
¢(w) in a Taylor-series expansion to second order (assuming
higher orders to be negligible) about the center frequency of
the incident pulse, w,
@(w) = @(wp) + (0= wy) @' (wp) + (1/2)(w — wp)*¢" (),
(20)
where all derivatives, denoted by primes, are with respect to
o. Using the notation Aw=w—wy and ¢= ¢, +i¢p;, Eq. (19)
can be rewritten in the form,

E(t,L) = exp[- i(wyt — @,) — ¢;]

Xf (dAw/2m)E(Aw,0)exp{- iAw[t — T(wy) ]}

[_sz (Aw sz)]
Xexp|i—5— - , (21)

+
2
OGvD Aw, Awl,

where we make use of Eq. (12) to set ¢/ (w)=m(w), note that
E(wy+Aw,0)=E(Aw,0), and adopt the following defini-
tions: sz}z\,DE(1/2)go'r'(w0)=(1/2)(d7'/dw)|w0; Awy)
= ¢/ (wp)=—Re[(d In T/dw)|, J; and Aw;=(1/2)g](w)
=(1/2)(dAw;/dw) |w0. Notice that the output pulse envelope
is an approximate replica of the input envelope, except de-
layed by (wy), in the ideal limit where the pulse spectrum
Aw, [full width at half maximum (FWHM) of the spectral
intensity] is much less than the other characteristic spectral
widths: Aw, <Awgyp, Awgy, Awgy.

To obtain a physical appreciation for the quantities ap-
pearing in Eq. (21), it is useful to consider the limiting
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FIG. 7. (Color online) Same as Fig. 4 except for a finite pulse
width of 100 ps. Actual transit times 7(w) for (a) SED and (b)
NSED for dephasing rates close to y.(m=1):y=0.11 meV (dotted
red lines), y=0.115 meV (solid black lines), y=0.117 meV (blue
dashed lines), and y=0.12 meV (purple dashed-dotted lines). The
curves are shifted vertically for clarity.

NSED case, where in the absence of boundary conditions,
T(w)=exp(ikL). For the NSED, 7 w)=[d Re(k)/dw]L is the
group delay 7,, and d Re(k)/dw is v;'. Consequently, Awgyp
is a measure of the group-velocity dispersion (GVD) and
the two are related by Awgp=(L/2)(d’ Re k/dw?)
=(—L/2v§)(dvg/dw). By comparison, Awﬁ:(L/Z)(da/dw)
and Aw,,=(L/4)(d*a/dw?) are determined by the frequency
dependence of the absorption coefficient.

In Fig. 7, we show the transit time, T(w), of a 100 ps
(FWHM of intensity) Gaussian optical pulse through both a
SED and an NSED medium in the OTL two-wave model,
using the same material parameters as in Fig. 4. In the
narrow-bandwidth limit [Fig. 4(a)], the SED exhibits a spec-
trally narrow slow-to-fast light transition in 7(w,) caused by
polariton interference and corresponding to m=1 in the vi-
cinity of y=0.116 meV. This transition is only present in
the case with SED. Figure 7(a) illustrates that the smoothing
of 7(w,) by the convolution with the Aw,=0.02 meV spec-
trum of the 100 ps pulse prevents accurate resolution of the
detailed features obtained in the narrow-band limit [Fig.
4(a)]. Nevertheless, this realistic bandwidth is sufficient to
trace out identifiable attributes that result from the polariton
interference. Moreover, a comparison of 7 w,) for the SED
[Fig. 7(a)] and NSED [Fig. 7(b)] cases clearly shows the
influence of the exciton dispersion. For the NSED case,
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FIG. 8. (Color online) Illustration of the distortion experienced
by a 200 ps pulse transmitted through a SED sample with vy
=0.117 meV [see Fig. 4(a)] for four detunings. (a) The actual tran-
sit times 7(w) and center frequencies w, (marked by diamonds) are
compared to delay times 7{wg) in the narrow-band limit (navy
dashed line). The spectrum (in arbitrary units) of the incident pulse
is shown for comparison (gray shaded area). (b) The spectral dis-
tortion parameters, |Awgyp| (solid black curve) and Aw, (dot-
dashed green line), are compared to the actual spectral width Aw), at
each center frequency w, (again marked by diamonds). (c) The
intensity profiles of the transmitted pulses for the detunings marked
by diamonds in (a) and (b): Awy—E,=50 weV (red dotted),
55 weV (black solid), 60 weV (navy dashed), and 65 weV (purple
dot dashed). The incident temporal pulse profile (in arbitrary units)
is also plotted for comparison (gray shaded area). The material pa-
rameters are the same as in previous figures.

Aw, <y [the narrowest feature in 7(wj)], and the results for
T(w,) shown in Fig. 7(b) are practically indistinguishable
from the narrow-band 7(w,) shown in Fig. 4(b).

VI. PULSE DEFORMATION

In this section, we illustrate the deformation of pulses
with finite bandwidth when they propagate near the sharp
features associated with polariton interference. In Fig. 8, we
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compare the distortions and actual delays, ™ w,), of a 200 ps
pulse propagating near the m=1 fast-light polariton interfer-
ence peak in a sample with y=0.117 meV to their narrow-
band limits [i.e., to the dashed curve in Fig. 4(a)] for
four different center frequencies w, in the full two-wave
model. In making these comparisons, we find it convenient
to define Aw,=minimum{|Aw,|,|Aw,,|}. The key features
are as follows: (i) when the center frequency of the pulse is
tuned below (but near) the fast-light peak (hAwy—E,
=50 peV results in Fig. 8), Aw,<|Awgyp|, but Aw,
~ Aw,. Thus, the temporal profile of the pulse is mildly dis-
torted by the higher-order derivatives associated with the ab-
sorption (Aw,) but the group-velocity dispersion contributes
little. Under these circumstances, as mentioned above, the
deviation of T(w,) from 7{w,) is dominated by the GVD
term, which is small in this case. Thus, the pulse is advanced
by an amount that is comparable to that predicted by the
narrow-band limit [i.e., 7=~ 7=-28007,].

(ii) In comparison, by tuning the pulse spectrum to the
center of the fast-light peak (Awy—E,=55 wueV), we find
that Aw,~|Awgyp| and Aw,>Aw,. The higher-order de-
rivatives both of the absorption and of the dispersion com-
bine to highly distort the pulse. Moreover, the convolution of
the broader pulse spectrum Aw, with the narrow fast-light
peak in 7(w,) causes the magnitude of the latter to be greatly
reduced and causes the pulse to be advanced much less than
expected [|7 <|r{w)|].

(iii) Next, the pulse is tuned above (but near) the fast-light
peak (fiwy—E,=60 ueV). Here, the results are similar to the
first case (hwy—E,=50 weV), where Aw,<|Awgyp| and
Aw,~Aw,. The pulse is distorted, primarily by the
frequency-dependent absorption, and is advanced by 7T
~ 1(w).

(iv) Finally, the pulse is tuned significantly away (above)
from the peak in 7(wg) to Awy—E,=65 weV. In this case,
Aw,<Aw,<|Awgyp|. As expected, the pulse is undistorted
and advanced by an amount given by the narrow-band limit:
T= 'T((U())

Notice that, while the advance of the pulse is many times
the delay due to the background index 7, (in the range of
-30007, to —80007,) for each detuning, this delay is not a
significant fraction of the pulse envelope. Moreover, a much
longer pulse (with a narrower spectrum) would be needed in
order to produce an undistorted transmitted pulse and to trace
the sharp fast-light peak in the narrow-band limit. Such an
example is shown in Fig. 9.

As proof of principle, Fig. 9 illustrates that a temporal
(and spectral) pulse width can be chosen that satisfies the
criterion for propagation without distortion (ie., Aw,
<Aw,,|Awgyp|) for realistic materials parameters in a re-
gion where the pulse delay is not determined by the group
velocity of either polariton branch but instead by polariton
interference. Specifically, the figure shows a 500 ps pulse
(having a 4 weV spectral width) propagating near the same
fast-light peak shown in Fig. 3(f) in the full two-wave model.
In this regime, the time delay associated with each group
velocity, 7,,=Ld Re(k;)/dw, is positive, but the predicted
time delay is negative. When the finite pulse is tuned near
this fast-light peak, it experiences a delay very similar to the
predictions from the narrow-band limit [7=m{wy)=
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FIG. 9. (Color online) Demonstration of the distortionless trans-
mission of a 500 ps pulse through a GaAs SED when the center
frequency w, is tuned to a sharp fast-light feature produced by
polariton interference. (a) Enlarged view of Fig. 3(f), except that the
actual transit time (marked by the diamond) is shown to be approxi-
mately equal to that predicted by the narrow-band limit (black solid
line): T(wg) = wy). The spectrum (in arbitrary units) of the inci-
dent pulse is shown for comparison (gray shaded area). (b) The
spectral width of the incident pulse Aw, (solid diamond) is shown
to be less than the spectral distortion parameters, |Awgyp| (solid
black curve) and Aw, (dot-dashed green line). (c) The intensity
profiles of the transmitted (navy solid line) and incident (gray
shaded area, arbitrary units) pulses are compared. The dephasing
rate y=0.05 meV; otherwise the material parameters are the same
as in previous figures.

-59.8 ps] without experiencing significant distortion.

The examples shown in Figs. 7-9 suggest that the crite-
rion for the observation of slow- or fast-light features caused
by polariton interference are rather stringent. Such experi-
ments will require quality samples with dephasing rates be-
low v, the use of very long pulses with very small spectral
widths, and the ability to measure delays with a resolution of
a small fraction of a pulse width. In particular, in order for
T(wy) = 7(wy), the spectral widths of the pulses must be small
enough to resolve any feature in 7{w,;). In the NSED case,
this simply requires the spectral pulse width to be less than
v, and in the SED case, if y> 7, the criterion is the same. If,
however, y= v, the sharp features in 7{w) discussed above
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must be resolved. The width of these features can be esti-
mated by expanding m{w,) in the vicinity of the singularity
[ye(m), w(m)] to be,

ﬁ[’)/c(m) - 7]
o= o m) P +[y(m) - yF

We see that, for a given v, the pulse spectrum must be nar-
row compared to y—7,. The closer that we tune toward 7,;
the more spectral resolution we need. Moreover, the number
of singularities increases and their spectral separation de-
creases with increasing sample thickness [see Egs. (17) and
(18)]. For thick samples, it is very difficult to be tuned very
far from a singularity.

To date, such experiments in SED structures have not
been performed. Slow- and fast-light experiments have been
performed in NSED semiconductor samples, e.g., near impu-
rity transitions in doped semiconductors* and near the exci-
tonic resonance in multiple quantum wells,'® where spatial
dispersion is not expected to be important. The observation
of slow light in bulk material also has been reported,'” in a
regime where we estimate that the polariton interference ef-
fects discussed here might have been present, but none were
seen. In their experiments, the authors'’ measured the delay
of a 12 ps pulse through a bulk GaAs sample and observed a
broad slow-light feature, but no fast light, as they tuned the
center frequency across the excitonic resonance. Previously,
it has been pointed out’®37 that this experiment provides an
excellent example of a situation where the convolution with
relatively broadband pulses obscures the fundamental nature
of the underlying polariton dispersion.

o) = (22)

VII. CONCLUSION

In summary, we have shown that slow- and fast-light be-
havior in an absorptive medium depends strongly on the dis-
persion of the electronic resonance, parametrized by its ef-
fective mass M. Spatial exciton dispersion (M, <) allows
for polariton interference, which in turn can make the transit
time differ dramatically from the predictions based on the
polaritons’ group velocities. We have discussed the role of
spectral convolutions between the finite spectra of pulses and
these features in smoothing and spreading them for the case
of media with spatial exciton dispersion. We conclude that it
should be possible to observe these features and to distin-
guish media with spatial exciton dispersion from those with-
out, provided the sample quality allows for an exciton
dephasing less than the critical dephasing, which in the case
of GaAs is found to be approximately 0.123 meV. Further-
more, we have presented quantitative criteria for distortion-
less pulse propagation in the spectral vicinity of slow- and
fast-light features in semiconductors with spatial exciton dis-
persion. We hope that these results deepen the understanding
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of slow and fast light in absorptive media, not only by clari-
fying slow and fast transit times in the M, <o case, but also
by putting the well-known results of the M,=% case into
broader context. Furthermore, we have restricted ourselves to
the case of one absorptive resonance, but we expect non-
trivial effects of polariton interference on slow and fast light
in several other cases, for example, systems with multiple
polaritons® (possibly including polariton continua), optically
active polaritons, resonances involving exciton-biexciton
transitions,?® and inverted (gain) resonances.
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APPENDIX: EXCITON-FREE-LAYER ADDITIONAL
BOUNDARY CONDITIONS

To calculate the transmission coefficient in the SED case,
we need to employ some additional boundary conditions. In
this paper, we use a simplest ABCs, where the polarization is
set to zero at the boundaries. Pekar’s boundary conditions
have been found*’ to give the best agreement with experi-
mental data in the case of CdS. Recently, a generalization of
Pekar’s ABCs, namely, the exciton-free-layer ABCs, has
been studied in great detail,! and only under very specific
conditions of shallow exciton confinement, which is not the
case of bulk GaAs samples, have they been found to be
insufficient.3> Here, front and back layers with thickness on
the order of the exciton Bohr radius are kept free of excitons.
The question arises whether our slow- and fast-light predic-
tions depend sensitively on the specific form of the ABCs. In
the case of the exciton-free-layers ABCs, the transmission
coefficient is

T(w) — e—iko(d+L)

% 16kok3(x2 = x1) (ki xoe™ 1729 = ko y e*2724)
(A, +A_)?

bl

(A1)

where d is the width of the exciton free layer, k, is the wave
vector in the exciton-free layer, A, _=(k,+ ko)[ £ks(x1—x2)
+(kyxo=kox1)Je=*e? Tt can be seen that Eqgs. (7) and (A1)
both have a common factor k;x,e™*1*—k,x,e*?*, where x=L
for zero-polarization boundary condition and x=L-2d for
exciton-free-layer boundary condition. It is this factor that
describes the polariton interference and that will lead to the
singular behavior of the transit time. The difference in the
effective width in the two ABC models is very small (for a
sample thickness of 0.5 um and a Bohr radius of 200 A, it
is 4%).
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