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We study by magnetoresonant tunneling spectroscopy single-particle energy spectra of the constituent
weakly coupled dots in vertical quantum dot molecules over a wide energy window. The measured energy
spectra are well modeled by calculated spectra for dots with in-plane confinement potentials that are elliptical
and parabolic in form. However, in the regions where two, three, or four single-particle energy levels are
naively expected to cross, we observe pronounced level anticrossing behavior and strong variations in the
resonant currents as a consequence of coherent mixing induced by small deviations in the nearly ideal dot
confinement potentials. We present detailed analysis of the energy spectra, and focus on two examples of
three-level crossings whereby the coherent mixing leads to concurrent suppression and enhancement of the
resonant currents when the anticrossing levels are minimally separated. The suppression of resonant current is
of particular interest since it is a signature of dark state formation due to destructive interference. We also
describe in detail and compare two measurement strategies to reliably extract the resonant currents required to
characterize the level mixing.

DOI: 10.1103/PhysRevB.81.245310 PACS number�s�: 73.21.La, 73.22.Dj, 73.23.Hk

I. INTRODUCTION

Quantum dots �QDs� have attracted intense interest re-
cently because they offer many exciting opportunities not
only for exploring basic physics on the nanoscale but also for
many new electronic and optical applications, including
quantum information processing.1–7 Toward these goals, a
concrete understanding of the basic properties of realistic
QDs is actively being sought. The familiar Fock-Darwin
spectrum, calculated nearly 80 years ago, shows the evolu-
tion of the energy of single-particle states for a strictly two-
dimensional circular parabolic confinement potential under
the influence of an out-of-plane magnetic �B� field.8,9 The
Fock-Darwin states are widely used for the characterization
and calculation of confined states in QD structures realized
in a number of different ways.1–6 Since they possess a strong
and well-defined confinement potential with a high degree of
symmetry,10–13 the so-called vertical QDs are ideal vehicles
for assessing to what degree in practice single-particle spec-
tra of QD structures are Fock-Darwin-like in character over a
wide energy window.

In this work, we describe detailed magnetoresonant tun-
neling spectroscopy measurements performed on vertical
double-dot devices. From the measured single-particle spec-
tra of two dots from two devices, we determine that the
lateral confinement potentials of the dots are highly symmet-
ric, and close to elliptical and parabolic in form. An initially
unexpected, although positive, additional feature of the mea-
sured dot spectra is widespread anticrossing behavior and
variation in the resonant currents when two, three and even

four single-particle energy levels are brought into close prox-
imity by the applied B field. Recently, we took advantage of
this feature as a means to study level anticrossing physics
and quantum superposition phenomena �both of which are of
broad interest in semiconducting nanosystems14�, and dem-
onstrated dark state formation due to destructive interference,
witnessed by the complete suppression of an otherwise
strong resonance, when three single-particle states are coher-
ently mixed.15 This is an effect whose underlying physics is
similar to that leading to coherent population trapping ob-
served in quantum and atom optics.16,17 Here, we give extra
details and methodologies relevant to the measurements of
the energy spectra and the reliable characterization of the
level mixing introduced in Ref. 15. Concerning the level
mixing, emphasis is on three-level mixing, for which we
provide an additional example of superposition leading to
suppression of resonant current and thus the formation of a
dark state.

This paper is organized in the following way. In Sec. II,
we outline the principle of the measurement, provide layer
details of the resonant-tunneling structure used, and include
other general details about the device processing and mea-
surements. In Sec. III, we describe the ideal calculated spec-
tra most relevant to those measured and introduce the ob-
served single-particle energy spectra of two dots.
Unexpectedly, both of the measured spectra reveal pervasive
and pronounced anticrossing behavior in the vicinity of the
crossing points in the ideal calculated spectra. Additionally,
we give an empirical procedure for estimating the dot con-
finement energies from the measured spectra. In Sec. IV, we
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explain in detail how the measured energy spectra are cap-
tured and how we ensure that the spectral features we iden-
tify are single particle in nature. In Sec. V, we discuss and
contrast two measurement strategies for reliably extracting
the resonant currents at level crossings which, along with the
B field dispersion of the energy levels, contain valuable in-
formation about the coherent mixing. For illustration, we fo-
cus on a three-level crossing in the energy spectrum of one
of the dots known to exhibit clear anticrossing behavior and
strong suppression and enhancement of the resonant currents
due to coherent mixing.15 In Sec. VI, we present, and analyze
in depth, another example of a three-level crossing where
these signatures of coherent mixing are also evident, and
compare the behavior at this crossing with that under focus
in Sec. V. The conditions leading to the strong suppression of
resonant current and the formation of a dark state at these
two crossings are explained. Section VII contains the conclu-
sions and outlook.

II. MEASUREMENT SCHEME AND DEVICE DETAILS

For this study we use vertical double-dot devices �see Fig.
1�a� schematic�. The two weakly and vertically coupled dots
are located in a submicron circular mesa with strong confine-
ment in the vertical �z� direction provided by heterostructure
barriers �shaded dark gray in Fig. 1�a��. The tunnel coupling
in the z direction between the two dots, �SAS, is sufficiently
weak ��0.1 meV� that it plays no significant role in our
results and so we neglect it, i.e., we will take the states of
interest to be the separate dot states and not bonding and
antibonding states.18 The weaker confinement in the lateral
�x-y� direction is provided by sidewall depletion �regions
with diagonal hatching in Fig. 1�a�� and can be tuned by
applying a voltage �VG� to a single metal gate wrapped
around the mesa. In order to drive a current �I� through the
two dots in series, we apply a bias voltage between the top
contact and the substrate contact �VSD�. We can induce cur-

rent to flow through the device in either direction by apply-
ing positive or negative VSD. As shown in Fig. 1�a�, we will
refer to the situation of electrons flowing from the substrate
contact to the top contact as forward bias and the opposite
case as reverse bias. Defining dot 1 �dot 2� to be the QD
nearest �furthest� from the top contact, our bias convention
thus means that in forward �reverse� bias, electrons flow
from the emitter contact through dot 2 �dot 1� first and then
to dot 1 �dot 2� next before exiting to the collector contact.
Furthermore, we apply a B field in the z direction, parallel to
the tunneling current. As we will explain fully in Secs. III
and IV, the goal is to map out, as a function of the applied B
field, the energy of the single-particle states of the down-
stream dot �furthest from the emitter� using the lowest-
energy �ground� single-particle state of the upstream dot
�nearest to the emitter� as a probe by covarying VSD and VG
in order to bring single-particle energy levels into alignment
and measure a resonant current �see also Fig. 1�b� which
illustrates the measurement principle�.

The devices are fabricated from a triple-barrier double-
quantum-well resonant-tunneling structure grown on a
heavily Si-doped GaAs substrate by molecular-beam epitaxy.
The nominal layer details of the structure are as follows.
First, four n-doped GaAs layers, designed to “step-down” the
doping concentration, are deposited on top of the substrate.
These layers have doping densities of 2�1018, 2�1017,
1.4�1017, and 1.2�1017 cm−3 with thicknesses of 500 nm,
180 nm, 150 nm, and 70 nm, respectively. These layers are
followed by a 3 nm undoped GaAs spacer layer. Next are the
layers which form the undoped central region of the triple-
barrier double-quantum-well structure, namely, an 8.5 nm
Al0.22Ga0.78As outer barrier, a 12 nm In0.05Ga0.95As quantum
well, an 8.5 nm Al0.22Ga0.78As center barrier, a 12 nm
In0.05Ga0.95As quantum well, and an 8.5 nm Al0.22Ga0.78As
outer barrier. These layers are followed by another 3 nm
undoped GaAs spacer layer and then the doping concentra-
tion is “stepped-up” through four more doped GaAs layers.
These layers have doping densities of 1.2�1017, 1.4�1017,

FIG. 1. �a� Schematic section of a vertical double-dot device also showing, using our bias convention, the direction of electron flow in
forward and reverse bias, as well as the orientation of the applied B field. �b� Cartoon of the measurement principle. Here, in reverse bias,
with VSD applied between the emitter and collector, the ground �1s-like� state of dot 1 probes three mixed states a, b, and c in dot 2
�appropriate, for example, for the three-level mixing to be discussed in Sec. IV of the main text�. The 1s→b resonance condition is shown
and all empty nonresonant states at lower energy than a, b, and c are omitted.
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2�1017, and 2�1018 cm−3 with thicknesses of 70 nm, 150
nm, 180 nm, and 17.5 nm, respectively. In order to facilitate
a nonalloyed ohmic contact to the top of the device mesa, ten
�-doped layers of Si each with aerial density of 1.5
�1013 cm−2 and each separated by 2.5 nm of GaAs doped to
2�1018 cm−3 are then inserted. Finally, a GaAs layer 7-nm-
thick doped to 2�1018 cm−3 is deposited forming the
surface of the structure.

Throughout this work, we focus on measurements per-
formed with two devices �referred to henceforth as device I
and device II� which were both fabricated from the same
structure described above. Device I �II� was processed and
measured in Tokyo �Ottawa�. All experiments on device I �II�
were performed at �1.6 K ��0.3 K�. The processing steps
and other general details of the vertical double-dot devices
have been described in depth elsewhere.19–21 The only sub-
stantial difference between devices I and II is that for device
I, a thin �nonconducting� line mesa is attached to the mesa
containing the two coupled QDs while for device II no such
line mesa is present. It is important to note that despite this,
both device mesas are surrounded by a single gate and are
nominally circular �device I �II� mesa diameter is 0.43 �m
�0.55 �m��.

III. CALCULATED AND MEASURED ENERGY SPECTRA

The confined states in QD structures are commonly as-
sumed to be those appropriate for a two-dimensional con-
finement potential that is strictly elliptical and parabolic in
the x-y plane, which is a reasonable starting point if the
confinement in the z direction is much stronger, as is the case
for vertical QDs.22 Explicitly, the effective in-plane confine-
ment potential is taken to be Vef f�x ,y�� ��x2+�−1y2�, with
ellipticity �=��x /��y 	1, where ��x and ��y are the con-
finement energies along the x and y axes, respectively.4,23–26

We use the convention ��x	��y so that the major �minor�
axis of the ellipse lies along the y axis �x axis�. If we con-
sider only single-particle states and apply a B field along the
z direction, this will result in the distinctive evolution of the
energy of these states with B field shown in the familiar
Fock-Darwin spectrum8,9 when �=1 for a circular parabolic
dot with confinement energy ��0=��x=��y. Spectra with
clear and dominant Fock-Darwin-like characteristics have
been observed in transport measurements of vertical
QDs,10,12 and recently, for example, by magneto-optical
spectroscopy of self-assembled InAs QDs,27 and by magne-
totunneling spectroscopy of QDs induced in GaAs quantum
wells by interstitial Mn ions.28

For an ideal circular parabolic confinement potential, the
single-particle states can be labeled by two quantum num-
bers �n ,�� where n and � are, respectively, the radial quan-
tum number and the orbital angular momentum quantum
number. An equivalent and more commonly used notation is
that of atomic orbitals, e.g., 1s for the ground state in the first
shell; 2p+ and 2p− for the two states in the second shell and
so on. The number in the atomic-orbital-like notation M
=2n+ ���+1 indexes the shell and the Mth shell has M states
�degenerate at 0 T�. The letter in the atomic-orbital-like no-
tation relates to ��� with ���=0,1 ,2 ,3 ,4 ,5 , . . . corresponding

to s, p, d, f , g, h , . . . while the + or − superscript refers to the
sign of �. In the case of an ideal elliptical parabolic confine-
ment potential since the orbital angular momentum quantum
number is no longer appropriate, quantum numbers nx and ny
are used instead of n and �. Note that for �=1, �n ,�� can be
converted to �nx ,ny� by the following relations: nx=n+ 1

2 ���
− 1

2� and ny =n+ 1
2 ���+ 1

2�,24 and now M =nx+ny +1. Even
when the ellipticity is not unity, it is often less cumbersome
and more transparent to label the states as if �=1, i.e., with
the atomic-orbital-like notation.

Figure 2 shows two examples of ideal calculated single-
particle energy spectra, one for a circular parabolic confine-
ment potential �Fig. 2�a�� and the other for an elliptical para-
bolic confinement potential �Fig. 2�b��. The confinement
energies selected for these spectra are appropriate for the
measured energy spectra presented below. Furthermore, the
spectra are plotted with the energy of the ground state sub-
tracted from the energy of all states, which eliminates the
influence of the diamagnetic shift of the ground state, as this
is appropriate for the measurement scheme employed �see
Fig. 1�b��, and hence for comparison with the measured
spectra. While the lower part of the Fock-Darwin spectrum
�up to the third shell� will likely be familiar to many, prop-
erties of the Fock-Darwin spectrum at higher energy �includ-
ing the crossings between three or more levels�, as well as
the elliptical parabolic spectrum, are less well known. The
Fock-Darwin spectrum and the elliptical parabolic spectrum
are �strictly� for infinitely high two-dimensional confinement
potentials �here, in the lateral direction� and so the energy
levels in either spectrum can, in principle, be computed for
arbitrarily high energies.29 Two-level crossings are clearly
prevalent in the spectra, even starting from quite low down
in energy, provided the B field is not too large. However, to
encounter level crossings between three or more energy lev-
els at finite B field, one must move progressively up in en-
ergy. For example, several three-level crossings and even a
couple of four-level crossings are visible in the top half of
the spectra in Fig. 2 for the energy range shown. In Ref. 15
and this work, we are primarily interested in the three-level
crossings for detailed discussions of the coherent mixing, so,
for convenience, the three lowest-energy three-level cross-
ings are arbitrarily labeled 
, �, and � in both spectra of Fig.
2.

The two ideal calculated spectra shown in Fig. 2 exhibit
many similarities but also one striking difference and a sec-
ond more subtle one. The most important similarity is that all
the level crossings in both the ideal spectra are exact cross-
ings, i.e., there is no anticrossing behavior between crossing
single-particle energy levels. This is in contrast to the mea-
sured spectra to be discussed soon, where anticrossing be-
havior, attributed to anharmonicity and anisotropy, is
prevalent.15 Another similarity is that the level crossings oc-
cur in “families” at certain distinct B fields in these ideal
spectra because the confinement energy is a constant for an
entire spectrum. As an example, the 
 and � crossings occur
at the same B field, along with many other level crossings, in
both of the spectra. This too is different from what is ob-
served in the measured spectra and will provide information
about how the confinement energy itself changes with energy
in practice. A further similarity between the two ideal spectra
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is that at very high B field, well beyond 6 T, the energy levels
with the same nx quantum number merge into the same Lan-
dau level. At such B fields, the influence of an ellipticity
greater than unity diminishes because the cyclotron orbits
become much smaller then those arising solely from the lat-
eral confinement imposed by the sidewall depletion. The
most striking difference between the two ideal spectra is the
general lifting of the degeneracies of the energy levels in the
same shell at 0 T that is introduced when �1. In this situ-
ation, another more subtle difference depends on the size and
precise value of �. To see this, consider, for example, the
two-level crossing between the 2p− and 3d+ states which,
when �=1, occurs at finite B field. As � is increased from
unity �with the constraint that ���x����y� is constant�, the
crossing between the two related states ��nx ,ny�= �1,0� and
�0,2�� shifts progressively to lower B field. Eventually, at �
=2, the crossing occurs at 0 T, and for �2 it will not take
place at all. Generalizing, if � becomes too large, level cross-
ings will disappear, particularly in the lower part of the en-
ergy spectrum, and one would need to go to ever higher
energy to encounter the level crossings. Also note that for
certain “magic” values of � ��=2 is one example�, wide-
spread level degeneracy will occur at 0 T between levels
which cross at finite B field when �=1.24,26 For the situation
most relevant for the measured spectra to be introduced next
��1.5. In this case, the ideal circular parabolic and the el-

liptical parabolic single-particle spectra are quite similar in
form for B1 T, as is clear from Fig. 2.

Consistent with the measurement scheme stated in Sec. II
�see also Fig. 1�b��, in the single-electron �elastic� resonant-
tunneling regime, we can measure the single-particle energy
spectrum of the downstream dot by using the 1s-like state of
the upstream dot as a probe �energy filter�.12 Energy spectra
�mapping out directly the position of current peaks as ex-
plained in Secs. IV and V� of two dots are shown in Fig. 3.
The spectrum in Figs. 3�a� and 3�b� reveals levels which are
almost degenerate within shells at 0 T indicating that the first
probed dot �dot 2 from device I� is circular to a high degree.
In contrast, for the spectrum in Figs. 3�c� and 3�d� the levels
are now well separated at 0 T, indicating that the second
probed dot �dot 2 from device II� has higher ellipticity.30 Two
further key observations are readily apparent on examination
of the measured spectra. First, an attractive attribute of ac-
quiring energy spectra in the way we do with a vertical
double-dot device is that we can easily access the single-
particle states over a large energy window, limited only by
the onset of longitudinal-optic-phonon emission at
�37 meV.31 This window is much larger than that possible
with “current stripe” measurements on a single vertical QD,
where excited states of the one-electron system can only be
clearly observed if they lie within a �5 meV window �lim-
ited by ��0�.11 Second, and most importantly for the coher-

FIG. 2. �Color online� �a� Fock-Darwin spectrum calculated with ��0=6.1 meV. The states originating from the first five shells at 0 T
are labeled with their familiar atomic-orbital-like notation. �b� Single-particle energy spectrum of an elliptical parabolic dot calculated with
��x=6.1 meV and ��y =4.6 meV. Here, the states are labeled using the nx and ny quantum numbers. In both �a� and �b�, energy levels
which merge into the same Landau level at high B field are colored the same and energy of all states is with respect to the energy of the
ground state, i.e., the diamagnetic shift of the ground state has been subtracted from all energy levels. The lowest three-level crossings are
labeled �, 
, and � in each spectrum.
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ent level mixing of interest, the naive expectation from the
ideal spectra of Fig. 2 that all the level crossings should be
exact is manifestly incorrect as we observe widespread anti-
crossing behavior in Fig. 3 when two or more single-particle
energy levels approach each other. Many two-level crossings
show pronounced anticrossing behavior �see Refs. 21 and 32
for a basic introduction�, as do the three lowest-energy three-
level crossings labeled 
, �, and � �as outlined in Ref. 15 for
the spectrum of dot 2 from device II�. Interestingly, in Fig.
3�a�, just above the � crossing, a clear four-level crossing
exhibiting anticrossing behavior is also visible.33 We have
argued previously that this anticrossing behavior can arise
from natural perturbations in the confinement potential of
real QDs caused by local randomness and imperfections,15,30

and that by including appropriate symmetry-breaking terms
in the confinement potential of the downstream dot, we can
explain our experimental observations at specific crossings.34

The strength of the spectral features in Fig. 3 reflects the
resonant current and this too can provide valuable informa-
tion about the nature of transport through the QDs. If the two
dots are assumed to be both ideal and identical, one might
expect that only the 1s→1s resonance should be observed
for our measurement scheme due to wave-function orthogo-
nality, i.e., the 1s→X resonant current would be zero if X is
any downstream dot state other than 1s.12 In actuality, we
find that almost all 1s→X resonances carry nonzero current
�of order 1–10 pA� indicating that there is a finite tunnel
coupling between the upstream dot’s 1s-like state and the
downstream dot’s probed states which we attribute to the
symmetry-breaking perturbations in the dot confinement

potentials15,18,34 Evident from the spectra presented in Fig. 3,
these currents vary nontrivially from resonance-to-resonance
and as a function of B field. We note that in the original work
of Ono et al.,12 two possible pictures for the resonant cur-
rents were put forward: coherent tunneling and �incoherent�
sequential tunneling. While recently we have successfully
applied the coherent tunneling picture to explain pronounced
level mixing effects,15,34 like those presented later in Secs. V
and VI, for selected crossings, a full microscopic model that
can explain a sizeable portion of the spectrum �energy and
current� does not yet exist.

Neglecting the mixing of levels in the regions where the
levels are anticipated to cross exactly, overall the measured
energy spectrum of dot 2 from device I shown in Figs. 3�a�
and 3�b� is well reproduced by the calculated Fock-Darwin
spectrum shown in Fig. 2�a�, and likewise overall the mea-
sured energy spectrum of dot 2 from device II shown in Figs.
3�c� and 3�d� is well reproduced by the calculated elliptical
parabolic spectrum shown in Fig. 2�b�. The fact that the
agreement is so good justifies, consistent with the measure-
ment scheme �see also discussion in Sec. IV�, the subtraction
of the energy of the ground state from the energy of all
higher states in the calculated spectra shown in Fig. 2. In-
deed, had we not done this subtraction, the agreement would
be not quite so good since the energy levels in the calculated
spectra would, at any given B field, all have larger gradients
than actually observed.

In order to estimate the confinement energies of the
probed dots from the measured spectra in Fig. 3 �required for
the calculated spectra in Fig. 2�, we note that for an ideal
elliptical parabolic potential, both the relative spacing of the
energy levels at 0 T and the B field position of the exact level
crossing points are uniquely determined by the confinement
energies ��x and ��y. Utilizing this principle, we can take a
measured spectrum and estimate the confinement energies by
matching it with a calculated elliptical parabolic spectrum.
This then allows us to set the energy scale bars in Fig. 3.
What the “energy” axis actually corresponds to in the mea-
surements will be explained in Sec. IV. In the case of the
energy spectrum of dot 2 from device I shown in Figs. 3�a�
and 3�b�, an estimate reveals ��1.05, which is sufficiently
close to unity that we will treat this dot as being circular in
the following discussions.10 This is quite reasonable since the
splitting of the levels in the shells at 0 T is small compared to
the energy separation between the shells, e.g., see the nearly
degenerate four �five� levels in the fourth �fifth� shell in Fig.
3�a�. In contrast, for dot 2 from device II � is estimated from
Figs. 3�c� and 3�d� to be �1.3–1.5 �see confinement energies
quoted below� so this probed dot evidently cannot be treated
as being approximately circular.

In practice, there is one complication in determining the
confinement energies of the probed dots from the measured
spectra that cannot be neglected. Recalling that the energy-
level crossings in the ideal spectra calculated for fixed con-
finement occur in families of crossings at certain distinct B
fields, close inspection of the measured spectra reveals that
higher-energy crossings in any given “family” are in fact
systematically shifted to higher B field. For instance, in the
spectrum of dot 2 from device II �Fig. 3�c��, we see that the
�centers of the� 
 and � crossings occur, respectively, at

FIG. 3. �Color online� Energy spectrum of dot 2 from device I
��a� and �b��, and energy spectrum of dot 2 from device II ��c� and
�d�� both of which reveal widespread level mixing. The reason why
there are upper and lower parts to each spectrum is explained in
Sec. IV of the main text. The approximately picoampere resonant
current �nonresonant background current not removed� is shown.
Dotted black lines identify barely resolvable portions of some weak
spectral features. The energy scales are estimated by comparison to
ideal calculated spectra �see Sec. III of the main text�. The 2p−-like
state and the related �nx ,ny�= �1,0�-like state are marked in �b� and
�d�, respectively. The thick black lines at the bottom right of each
panel are explained in Sec. IV of the main text.

COHERENT LEVEL MIXING IN DOT ENERGY SPECTRA… PHYSICAL REVIEW B 81, 245310 �2010�

245310-5



�1.9 T and �2.2 T. The reason for this, which will also
become clearer in Sec. IV, is that in our measurement
scheme, in order to capture a spectrum at higher energy,
more negative VG is required, and hence the dots are
“squeezed” more.35 Thus, the effective confinement of the
probed dot actually increases along the energy axis of a spec-
trum which explains why the members of a family of cross-
ings are not all observed at the same B field as naively ex-
pected from the ideal calculated spectra of Fig. 2.
Consequently, we chose to determine what are essentially
average confinement energies separately for each panel in
Fig. 3. To do this, we selected a low-energy crossing point
and a high-energy crossing point in each panel, which would
both occur at the same B field if the confinement were con-
stant, took the average of their actual B field positions, and
then used this to generate the appropriate calculated spec-
trum. The choice of confinement energies in Fig. 2 is now
clear. In Fig. 2�a�, we show the Fock-Darwin spectrum cal-
culated with a confinement energy of ��0=6.1 meV, which
is appropriate for the upper part of the spectrum of dot 2
from device I �Fig. 3�a�� while the lower part of this dot’s
spectrum �Fig. 3�b�� is best modeled by a Fock-Darwin spec-
trum calculated with ��0=4.8 meV �not shown�. As a useful
rule-of-thumb, we note that the confinement energy can be
estimated from a Fock-Darwin spectrum by noting the B
field �in tesla� at which the lowest-energy two-level crossing
�between the 2p− and 3d+ states� occurs and multiplying this
by 2.47 to obtain the confinement energy in millielectron
volt. In Fig. 2�b�, we show an elliptical parabolic spectrum
calculated with confinement energies ��x=6.1 meV and

��y =4.6 meV, i.e., ��1.33, which is appropriate for the
upper part of the spectrum of dot 2 from device II �Fig. 3�c��
while the lower part of this dot’s spectrum �Fig. 3�d�� is best
modeled by an elliptical parabolic spectrum calculated with
��x=5.4 meV and ��y =3.5 meV, i.e., ��1.54 �not
shown�.

IV. ENERGY SPECTRA MEASUREMENTS

Although the nature of the spectra in Fig. 3 is apparent,
how the spectra are actually measured will be less familiar,
and so we now describe this in detail with the aid of a spe-
cific example �see also Ref. 21 for a basic introduction to the
measurement techniques�. Figure 4�a� shows the differential
conductance in the VSD-VG plane for device II at 0 T. Right at
the top of the gray V-shaped region, the device is “pinched-
off” and there are no electrons trapped in either dot �marked
“N=0”�. At zero bias, on moving toward more positive VG,
we see the first few Coulomb �blockade� diamonds, where
the number of electrons �N� trapped in the two-dot system is
constant. Also identified are the two arc-shaped regions of
primary interest in which sequential single-electron tunnel-
ing �SET� through the two dots occurs in the absence of
electrons being permanently trapped on either dot.12,21,32,36

Below these two SET regions, at more positive VG and away
from the Coulomb diamonds at low bias, transport can take
place by double, triple, quadruple,… electron tunneling.37

Features due to higher-order tunneling through just the
downstream dot are present in the gray V-shaped region just
above the SET regions but here, for the chosen gray scale,

FIG. 4. �Color online� �a� Differential conductance, dI /dVSD, in the VSD-VG plane for device II at 0 T. Black, gray, and white,
respectively, represents positive, zero, and negative conductance. The current is less than 200 pA �except in the gray region in the lower left
of the figure�. The N=1 and 2 Coulomb diamonds are marked, and the two arc-shaped regions of primary interest are highlighted and marked
SET. The dot 1 �dot 2� spectrum can be measured in forward �reverse� bias. The first few resonance lines involving the lower energy levels
of the probed dot are marked by triangles �and labeled with the atomic-orbital-like notation for simplicity although the dots’ spectra are
elliptical in nature�. �b� Cartoon of extended reverse bias SET region �in gray� showing three possible two-part vector-voltage line scans
numbered i, ii, and iii �see Sec. IV in the main text for discussion�. The situation depicted, with the spectrum of dot 2 from device II in mind
�see Figs. 3�c� and 3�d��, is of the nearly vertical resonance lines cut at �2 T if the dot 2 spectrum were that shown in Fig. 2�b�. For this
condition, the resonance lines relevant to the 
 and � crossings are minimally separated. When the resonance lines pass below the SET region
into the region where other tunneling processes can additionally occur, they are shown as dashed lines, and not all resonance lines that may
appear in this region are shown �Ref. 39�.
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they are too weak to discern �I�50 fA�. We note that in
Ref. 36, the center barrier was thinner �6 nm compared to 8.5
nm in our devices�, and so these features, although still
weak, were easier to see.

In order to capture the energy spectrum of one of the dots
in device II, we measure the current, at fixed B field, by
scanning along straight “vector-voltage” lines �ideally solely�
within one of the arc-shaped SET regions shown in Fig. 4�a�
and then step the B field. Along these vector-voltage lines,
which constitute the energy axes in the measured spectra,
VSD and VG are changed colinearly so that we can cut across
the resonance lines of interest, the nearly vertical white-black
lines in Fig. 4�a� inside the SET region �marked by colored
triangles� in either bias direction in the VSD-VG plane.38 This
leads to a series of current peaks �the maximum of each peak
is located at the boundary between the white region and the
black region of each of the white-black lines� whose posi-
tions change as a function of B field, and thus an energy
spectrum is built up. The SET regions in the VSD-VG plane
extend well beyond the highlighted regions in Fig. 4�a�, in
the direction of the black arrows, and due to their extent and
shape it is not possible to measure an energy spectrum over a
very large energy window with a single straight vector-
voltage line scan. Thus, we usually measure a spectrum in at
least two parts, as is the case in Fig. 3 for both devices, i.e.,
one vector-voltage line scan captures the lower part of the
spectrum at lower bias and another vector-voltage line scan,
of different gradient, captures a higher part of the spectrum
at higher bias �see, for example, scan i in Fig. 4�b��. When
setting up a vector-voltage line scan, the aim is to ensure that
the line always remains inside the target SET region. How-
ever, the resonances may not be visible if all or part of the
vector-voltage line is above the SET region and instead cuts
into the V-shaped region of zero current in Fig. 4�a� �see, for
example, scan ii in Fig. 4�b��. Another scenario is that all or
part of the vector-voltage line cuts into the region just below
the SET region possibly resulting in extra spectral features
that arise only when permanent dot charging occurs �see, for
example, scan iii in Fig. 4�b��. If this occurs it is straightfor-
ward to exclude the unwanted extra resonance lines by com-
parison with the calculated spectra, and so we are confident
that the spectra in Fig. 3 are single particle in nature.15,39 A
further complication is that due to the above-mentioned dia-
magnetic shift of a dot’s ground state, both the SET regions
systematically move down, toward more positive VG, relative
to any fixed vector-voltage line with increasing B field. Be-
cause of this shift, it can be challenging to set up the vector-
voltage line scan appropriately so that it stays substantially
within the target SET region over the course of an entire
measurement �typically over a 4 or 6 T range�. As a final
comment on the vector-voltage line scans, we note that for
convenient reference we normally start the vector-voltage
line scan in the V-shaped region of zero current but still close
to the target SET region. This explains why the measured
parts of the spectra only “appear” above the thick black line
at the bottom right of each of the panels in Fig. 3.

Each resonance line inside the SET regions of Fig. 4�a�
corresponds to a single-particle state in the downstream dot
being probed by the 1s-like �ground� state of the upstream
dot �for instance, the 1s→2p+, 1s→2p−, and 1s→3d+ re-

verse bias resonance lines are identified on the left side of
Fig. 4�a��. The measured reverse bias spectrum shown in
Figs. 3�c� and 3�d� for device II actually corresponds to the
spectrum of dot 2 being probed by the 1s-like state of dot 1
�see also cartoon in Fig. 1�b��. The lower part of the spec-
trum displayed in Fig. 3�d� is essentially captured with a
vector-voltage line scan through the reverse bias SET region
shown in Fig. 4�a� �although the 1s→2p+ resonance line is
no longer cut by the vector-voltage line above �1.5 T�.39

The upper part of the spectrum displayed in Fig. 3�c� is cap-
tured with another vector-voltage line scan through the same
reverse bias SET region but at more negative VSD and VG.39

Furthermore, we note that resonance lines are also visible on
the forward bias side of Fig. 4�a�, where the dot being probed
�dot 1� is the dot which provided the 1s-like “prober” state
for the reverse bias spectrum in Figs. 3�c� and 3�d�. Spectra
of both dots in a device may thus be measured. Depending
on the nature of the perturbations in the confinement poten-
tials of the dots, these spectra may or may not be similar in
appearance.40

We note that the 1s→1s resonance line in Fig. 4�a� does
not occur exactly at zero bias as one might anticipate because
of a small energy mismatch between the two dots in device
II.41 Nonetheless, the fact that the 1s→1s resonance line still
occurs quite close to zero bias �just to the right, in forward
bias� indicates that the ladders of single-particle energy lev-
els in the two dots are almost aligned at zero bias, which
explains why the Coulomb diamonds are still well
formed.41–43 This contrasts with the case where the dots have
a larger energy mismatch at zero bias, in which case the
Coulomb diamonds appear less well formed and not to close.
Such a situation is usefully encountered in the study of spin-
blockade physics.36 Since for device II, the �only� 1s→1s
resonance line occurs in forward bias, it is not possible to
probe the ground state of dot 2 with any vector-voltage line
that lies solely in reverse bias.

The fact that the spectral lines in Fig. 3 are well repro-
duced by the ideal calculated spectra in Fig. 2 �away from
the immediate crossing regions� confirms their single-
particle nature and the involvement of only the 1s-like state
of the upstream dot.44 Were other higher-energy states in the
upstream dot available for tunneling, or electrons perma-
nently trapped on either dot, we would expect the spectral
lines shown in Fig. 3 to be very different. Given the clear
nature of the measured spectra, apparently the 1s-like
�ground� state of the upstream dot is “pinned” close to the
Fermi level of the emitter, even for the typically high bias
voltages applied to capture the single-particle spectra �up to
�150 mV, for example, in Fig. 3�a��, indicating that the
electric field across the downstream dot is much larger. Be-
yond the scope of the current work, it would be interesting if
a suitably sophisticated and realistic self-consistent calcula-
tion with our device parameters could reproduce our empiri-
cal observations at high bias.

V. STRATEGIES FOR EXTRACTING RESONANT
CURRENTS AT LEVEL CROSSINGS

We now turn our attention from the “global” properties of
an energy spectrum to those of individual crossings in a

COHERENT LEVEL MIXING IN DOT ENERGY SPECTRA… PHYSICAL REVIEW B 81, 245310 �2010�

245310-7



spectrum. Mixing of single-particle energy levels due to
symmetry-breaking perturbations in the confinement poten-
tial of the downstream dot can explain why anticrossing be-
havior is commonly observed, rather than the anticipated ex-
act crossing, whenever two or more single-particle energy
levels are brought into proximity with an applied B field.15,34

However, key information demonstrating directly the coher-
ent nature of the mixing is also present in the B field depen-
dence of the resonant currents and hence, reliable means to
extract the resonant currents at a crossing region are essential
for the in-depth modeling of this mixing.

We have developed two measurement strategies, which
we refer to as A and B, for determining the resonant currents
at a crossing region. Strategy A is to measure the energy
versus B field spectrum with vector-voltage line scans, as
discussed in the previous section, and extract the resonant
currents directly in the vicinity of the crossing of interest.
Strategy B is to measure the resonance lines inside one of the
arc-shaped SET regions of the VSD-VG plane for different
fixed B fields �similar to Fig. 4�a� but in one bias direction
only� and then to determine the current from different points
along each resonance line for a specific crossing.

As a concrete example to illustrate the two measurement
strategies, for the remainder of this section, we focus on one
three-level crossing: the � crossing between the 4p−-, 5d+-,
and 6h+-like single-particle states in the spectrum of dot 2
from device II �see boxed region in Fig. 3�c��. For this cross-
ing, we previously demonstrated that coherent mixing of the
states strongly affects the resonant current for each of the
resulting branches and even leads to the complete suppres-
sion of the resonant current in one of the branches.15 The
numerically derived differential conductance38 plot for the �
crossing is presented in Fig. 5�a�. The data shown is from the
same data set used to build up the spectrum in Fig. 3�c�.
Figure 5�b� shows explicitly the branch resonances in every
second one of the current traces measured in the vicinity of
the � crossing. In both panels, we clearly see three distinct
branches, which we refer to as the upper, center, and lower
branches �identified, respectively, by the symbols �, �, and
��. Starting from the left of the crossing region, the weak
�dark� upper and lower branch resonances approach the
strong �bright� center branch resonance as the B field is in-
creased. At the center of the crossing region �near �2.2 T�,
when the branches are minimally separated, the upper and
lower branch resonances have become strong �bright� while
the center branch resonance has been completely suppressed
�becomes “dark”�. As the B field is increased further, the
center branch resonance recovers its strength and the other
two branch resonances start to weaken.

Even “on-resonance,” not all of the measured current is
solely resonant current and so the resonant current compo-
nent must be extracted for each of the relevant current peaks
from the vector-voltage line scans acquired in strategy A
measurements. To do this, we begin by carefully subtracting
the non-negligible nonresonant background current from
each of the current traces �like those shown in Fig. 5�b� but
usually a wider range in energy is necessary in order to iden-
tify, fit and then remove the background current correctly�.
This background current is �0.2 pA in the vicinity of the �
crossing, and although it fluctuates a little from trace-to-

trace, a quadratic fit is found to be sufficient to account for
the generally smooth and weak variation along each trace,
and so usually the background current can be easily re-
moved. Note that if we did not properly remove the back-
ground current the true nature of the coherent mixing would
be obscured. Once the background current is subtracted, we
find that a simultaneous fit of the current peaks of interest
with unconstrained Lorentzians is sufficient to extract the
resonant current component for each current peak. The result
of this procedure for the three branches of the � crossing is
given in Fig. 5�c�. The B field dependence of the branch
currents is now clearly revealed and reflects well the behav-
ior discussed qualitatively above for Figs. 5�a� and 5�b�,
namely, the bright resonance-to-dark resonance interconver-
sion on tuning the B field through the crossing.15

Appealingly, the single-particle nature of the spectrum is
directly apparent in a strategy A measurement without de-
tailed knowledge of how it is acquired �and the measurement
is relatively quick in comparison with a strategy B measure-

FIG. 5. �Color online� �a� Energy-level ��differential conduc-
tance resonance �Ref. 38�� position versus B field for the three-level
crossing � from the spectrum of dot 2 from device II �see boxed
region in Fig. 3�c��. Black, gray, and white, respectively, represents
positive, zero, and negative conductance. The energy scale bar cor-
responds to �0.8 meV, and the upper, center, and lower branches,
respectively, are labeled by the symbols �, �, and �. �b� Selected
�smoothed� current traces which when numerically differentiated
form vertical sections of the plot in �a� �nonresonant background
current not removed�. The peaks of the three resonances are also
marked by �, �, and � for each trace, except where the peaks are
too weak to identify. �c� Current values �resonant current with non-
resonant background component subtracted� versus B field for each
branch extracted by strategy A from the current traces used to build
up the plot in �a�. The black lines are a guide to the eyes �and are
generated by simple Gaussian fitting although no meaning is at-
tached to the fitting procedure�.
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ment, as we will discuss below�. However, recalling the
practical points related to setting up a good vector-voltage
line scan discussed in Sec. IV �see also Fig. 4�b��, there are
some further notes of caution. Foremost, each resonance is a
line within a SET region. Thus, even if we can ensure that
the vector-voltage line scan always remains inside the target
SET region, so excluding the possibility of picking up un-
wanted extra spectral features, it only cuts through each of
the resonance lines of interest at one point, i.e., the choice of
a good vector-voltage line is not unique. Furthermore, the
position of the point �relative to say the lower and upper
edges of the SET region� where the fixed vector-voltage line
cuts each resonance line will inevitably change during a
spectral measurement as the diamagnetic shift effect causes
the SET region to move toward more positive VG with in-
creasing B field. Because of these factors, we considered it
possible that the precise position of the points where the
vector-voltage line cuts the resonance lines could signifi-
cantly alter the appearance of the crossing and, in particular,
the behavior of the branch currents, so leading to a com-
pletely different interpretation of the underlying coherent
mixing. For example, would the center branch resonance of
the � crossing still “vanish” at the center of the crossing if
the vector-voltage line scans were set up differently?

Because of these concerns, we originally employed strat-
egy B, which we will now describe fully, to extract the reso-
nant current for the branches at the � crossing.15 Figure 6
shows the differential conductance in the relevant region of
the VSD-VG plane in the vicinity of the � crossing at eight
different B fields. The same general behavior evident in Fig.
5�a� is clearly seen again in Fig. 6, namely, three distinct
resonance lines on the low �1.8–2.0 T� and high �2.4–2.5 T�
B field side of the crossing, and when the resonance lines are
minimally separated, at 2.2 T, only two resonance lines �the
upper and lower branches� are visible since the center reso-
nance line �the center branch� has been completely sup-
pressed. Interestingly, in the 2.1 T and 2.3 T panels, only part
of the center resonance line �upper part at 2.1 T and lower
part at 2.3 T� is clearly visible. That all or part of the center
resonance line is absent only for a narrow B field range dem-
onstrates that the presence of the dark state at the center of
the crossing region observed in the strategy A measurement
�see Fig. 5� is not critically sensitive to the choice of vector-
voltage line. In the panels of Fig. 6, although not yet under-
stood, we do see some small variations �short range with
respect to VG� in the strength and width of the white-black
resonance lines on moving from the lower edge to the upper
edge of the region of interest in which SET dominates.45,46

Nonetheless, in order to track any systematic variation �long
range with respect to VG� along the length of the resonance
lines which might influence our interpretation of the under-
lying mixing, we determine the value of the resonant current
at points a quarter, half, and three quarters of the way along
each of the three resonance lines inside the region of interest
�see 2.4 T panel of Fig. 6 for definition of these points45�, for
different B fields close to the crossing region. Figures
7�a�–7�c� show the extracted resonant currents, with the non-
resonant background current subtracted, for each of these
points. Although the background current could, in principle,
depend on three parameters, namely, B field, VG and VSD, we

find that only the VG dependence is significant, although
even its dependence is comparatively weak in the vicinity of
the � crossing. In detail, the background current is examined
along two series of points parallel to the resonance lines, one
series to the left of the resonance line marked by � and the
other series to the right of the resonance line marked by �, at
two fixed B fields �2.0 T and 2.3 T�, and a quadratic fit is
found to be sufficient to account for the VG dependence. At
2.1 T, the lower part of the center resonance line is not vis-
ible and so the corresponding quarter-point resonant current
has been set to zero in Fig. 7�a�. Lastly, in Fig. 7�d� we show
for each B field, the average values of the currents at the
three points for each branch, and we note that it is essentially
this average which was shown and modeled in Ref. 15.

Figures 7�a�–7�c� can be viewed as approximately mim-
icking the outcome of three reasonable vector-voltage line
scans which could have been used in strategy A measure-
ments, i.e., line scans which cut across all three resonance
lines and have slopes appropriate for capturing a reasonably
large portion of the dot’s single-particle energy spectrum.
Evidently, the B field dependences of the branch currents at
the three selected points along the resonance lines shown in

FIG. 6. Panels showing gray scale plots of the differential con-
ductance, dI /dVSD, in the relevant region of the VSD-VG plane in the
vicinity of the � crossing in the spectrum of dot 2 from device II at
eight different B fields. The gray scale is in the same sense as that in
Fig. 4�a�. Dashed lines in the 1.9 T panel highlight the lower and
upper edges of the region of interest in which SET dominates �Ref.
45�. In this region, the upper, center, and lower branch resonance
lines, respectively, are labeled by the symbols �, �, and �. Due to
the extent and shape of the SET region, the time required for the
measurements is minimized by capturing data from a
parallelogram-shaped region in the VSD-VG plane rather than a
�more conventional� rectangular-shaped region �as was done in Fig.
4�a��. However, the data is displayed here in rectangular-shaped
panels for which the start and end points of the VSD sweep are
systematically shifted together for each value of VG �stepped from
−0.55 to −0.9 V from bottom to top� such that at the bottom �top�
of each panel, VSD=−47 mV �−100 mV� on the left side and
VSD=−31 mV �−84 mV� on the right side of the panel. The
crosses in the 2.4 T panel are explained in Sec. V of the main text
in connection with Fig. 7.
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Figs. 7�a�–7�c� are qualitatively the same. This reveals that
the overall behavior of the branch currents, and so the inter-
pretation of the underlying physics, is essentially indepen-
dent of the detailed choice of the position of the point along
each of the resonance lines at which the current is deter-
mined provided the choice is sensible, i.e., the relative posi-
tion of the point should be approximately the same for all the
resonance lines. Hence, this provides strong evidence that
when using strategy A it does not depend critically where the
�straight� vector-voltage line cuts the resonance lines of in-
terest so long as they are all sensibly cut inside the region
where SET dominates.45 Using either measurement strategy,
it is clear in all respects that the following is robust: to the
low and high B field side of the crossing, the upper and lower
branch resonances are weak and the center branch resonance
is strong while at the center of the crossing, the upper and
lower branch resonances are strong and the center branch
resonance is completely suppressed. Quantitatively, the mea-
sured current values for each branch do vary in a fairly sys-
tematic fashion with position along the resonance lines �see
Figs. 7�a�–7�c�� with the current of each branch generally
decreasing on moving from the lower edge to the upper edge
of the region of interest. Reassuringly, when we compare the
branch currents obtained using strategy A �Fig. 5�c�� with
those obtained from strategy B �Fig. 7�, we see that at any
given B field current values for the former lie within the
range of the current values for the latter. Most likely, the
vector-voltage line scan used in the strategy A measurement
cut the resonance lines somewhere near the half and three

quarter points.45 Finally, we note that the noise level in our
measurements of the current with either strategy is estimated
to be �25 fA.

To summarize this section we compare the advantages
and disadvantages of the two measurement strategies. The
main advantage of using strategy A is that it takes signifi-
cantly less time to acquire a high-resolution spectrum than
using strategy B �hitherto not mentioned but see upcoming
comments�. Nonetheless, strategy A is more difficult to
implement as setting up an appropriate vector-voltage line
scan for the entire B field range of interest can be challenging
due to, for instance, the diamagnetic shift effect discussed in
Sec. IV. To be quantitative, a typical strategy A measurement
lasts �15 h. For instance, the spectral features shown in Fig.
3�c� �Fig. 3�d�� came from approximately one half �one
third� of a single strategy A measurement. On the other hand,
with strategy B it would have taken �500 h to build up a
comparable part of the spectrum to that shown in Figs. 3�c�
and 3�d� and involved measurements similar to that shown in
Fig. 4�a� but for only one bias direction and repeated over
the 0 T to 6 T range in steps of 0.06 T. Although feasible, not
only would the measurement of the spectrum by strategy B
be exceedingly long, it would be tedious to assemble the data
sets to generate the spectrum. One could justifiably ask if it
is possible to attempt to measure only a specific crossing, by
either strategy, with the goal of increasing the resolution in
mind �the � crossing data actually shown in Figs. 5�a� and 6
is only a small fraction of the full data sets measured�. How-
ever, attempting to measure only one particular crossing
would certainly be impossible without having first examined
at least one extensive VSD-VG differential conductance plot at
0 T �like that shown in Fig. 4�a�� to gain the necessary in-
formation in order to set up sensible vector-voltage line
scans. Next, the single-particle spectrum of one of the dots
must be measured over a sufficiently large energy and B field
range, like that shown in Figs. 3�c� and 3�d�, in order to
locate the target crossing. Furthermore, even then, a high-
resolution measurement of only a specific crossing would
still be challenging as without a larger measurement window
identifying, features may be difficult to locate, and determin-
ing the nonresonant background current accurately may
prove impossible in the case of strategy A. The main advan-
tage of strategy B is that it provides significantly more infor-
mation by measuring whole resonance lines in the SET re-
gion �or the extended region in which SET dominates45�,
although it will also provide extensive information about the
area outside the region of interest. However, due to the ad-
ditional time required to capture large data sets from an ex-
tensive region in the VSD-VG plane for each B field, the B
field resolution of the strategy B measurements is in practice
reduced compared with the strategy A measurements, e.g.,
the B field step size in Fig. 6 is 0.1 T while it is 0.06 T for
Fig. 5�a�. Nonetheless, regardless of the measurement strat-
egy employed, the � crossing reveals, in particular, a dra-
matic suppression of the otherwise strong center branch reso-
nance when the B field is tuned to the center of the crossing.
In Ref. 15, with the model to be discussed in the next sec-
tion, we established that this behavior is a strong signature of
coherent mixing leading to destructive interference and thus
dark state formation when two of the three possible cou-

FIG. 7. Current values �resonant current with nonresonant back-
ground component subtracted� versus B field for each branch of the
� crossing in the spectrum of dot 2 from device II extracted by
strategy B at points �a� a quarter, �b� half, and �c� three quarters of
the way along each of the three resonance lines inside the region of
interest �see 2.4 T panel of Fig. 6 for definition of these points �Ref.
45��. The average values of the currents at these three points are
shown in �d�.
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plings between the basis states in the downstream dot are
dominant and the other coupling is much weaker.

VI. ANALYSIS OF COHERENT MIXING AT A
THREE-LEVEL CROSSING

Figures 8�a� and 8�b� show the behavior at another three-
level crossing: the 
 crossing between the 3d−-, 4p+-, and
5g+-like single-particle states in the spectrum of dot 1 from
device I �the bias direction is opposite to that of the mea-
sured spectrum in Figs. 3�a� and 3�b��. Like the � crossing
from the spectrum of dot 2 from device II discussed in the
preceding section, this crossing too has three distinct
branches. Furthermore, the center branch resonance is also
strongly suppressed near the center of the crossing region
when the branches are minimally separated, and we will ar-
gue below that this is another example of dark state forma-
tion by coherent three-level mixing. Although at first sight,
the behavior at the 
 crossing appears quite similar to that at
the � crossing in Fig. 5, the 
 crossing does exhibit some
subtle differences as compared to the � crossing. For in-
stance, the center of the 
 crossing occurs at �2.68 T �see
Fig. 8�c�� while the center branch current is most strongly
suppressed at �2.86 T �as shown in Fig. 8�b��, i.e., the sup-
pression minimum is shifted to the right of the center of the
crossing region. Additionally, there is also a pronounced
“wiggle” in the energy-level position of the center branch
evident in Fig. 8�a�. Furthermore, although there is enhance-
ment of the resonant current, the upper and lower branch

currents are nonetheless dissimilar with the former �latter
only� showing a monotonic increase �a maximum� close to
the center of the crossing �see Fig. 8�b��.

In order to quantitatively discuss the mixing, we first re-
cap the simple model, introduced in Ref. 15, with which we
can compute and fit both the energy-level position and the
resonant current for each of the three branches throughout
any three-level crossing region. The first part of the model
consists of a 3�3 matrix Hamiltonian that allows us to study
mixing at a generic level crossing between three approaching
and initially uncoupled basis levels, each assumed to have a
linear dispersion with B field. For ease of discussion �and
generality�, we label these basis levels �states� 1, 2, and 3 in
the sense indicated in Fig. 8�c�. Specifically for the 
 cross-
ing, basis states 1, 2, and 3 correspond, respectively, to the
5g+-, 4p+-, and 3d−-like states. We note that in general, the
energy levels in the ideal calculated and measured spectra
have nonlinear B field dispersion but over a limited B field
range near a crossing point, a linear dispersion is a reason-
able approximation. Three off-diagonal matrix elements, the
coupling energy parameters C12, C13, and C23, characterize
the couplings between each pair of basis states. They are
assumed to be real, but may be positive or negative, and
independent of B field and of each other. In the second part
of the model, current amplitude parameters s1, s2, and s3
�one for each basis state� are introduced to describe the reso-
nant current through the uncoupled basis states. These s pa-
rameters essentially represent the tunneling amplitudes
through the relevant uncoupled basis states in the down-

FIG. 8. �Color online� �a� Energy-level �differential conductance resonance �Ref. 38�� position versus B field for the three-level crossing

 from the spectrum of dot 1 from device I �not shown �Ref. 40��. The grayscale is in the same sense as that in Fig. 5�a�. The energy scale
bar corresponds to �a surprisingly large� �2.5 meV, and the upper, center, and lower branches, respectively, are labeled by the symbols �,
�, and �. �b� Current values �resonant current with nonresonant background component subtracted� versus B field for each branch extracted
by strategy A from the current traces used to build up the plot in �a�. The upper branch current to the left of �2.2 T is too small to determine.
�c� Fit of energy-level positions. The colored lines estimating the position of the uncoupled basis levels provide a guide to the eyes. The
energy of the point where the three uncoupled basis levels cross is set to zero energy. The energy-level position data extracted from �a� is also
included �gray squares�. �d� Fit of branch currents. The data points from �b� are also included �gray squares�. �e� Reconstructed eigenvectors
of the three branches showing the components of the uncoupled basis states on passing through the crossing region. �B=0 T is at �2.68 T.
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stream dot when each is resonant with the 1s-like state in the
upstream dot, and they are initially assumed to be indepen-
dent of B field. Using a Fermi’s golden-rule argument, which
implicitly assumes that the tunnel rates from the emitter and
to the collector through the outer barriers are much larger
than the interdot tunnel couplings characterized by the s
parameters,18 we then compute the resonant current for each
branch as the square of the sum of eigenvector components
�v� multiplied by uncoupled current amplitudes �s�. Explic-
itly, Ij = ��mvm

j sm�2, where Ij is the resonant current of the j
= �upper,center, lower� branch, and m=1,2 ,3 is the basis-
state index �equivalently, Ij =c�	g �� j
�2, where c is a constant,
g is the 1s-like ground state of the upstream dot, � j is the
branch state of the downstream dot, and 	g �� j
 is an in-plane
overlap integral�. Note that when squared, the s parameters
give approximately the branch currents far to the left and
right of the crossing region where the states are essentially
the uncoupled states and the eigenvector components are ei-
ther zero or one �see, for example, the trends in Fig. 8�e��. In
Ref. 15, we demonstrated that the model successfully ex-
plained the coherent mixing which occurred at the � crossing
in the spectrum of dot 2 from device II discussed in Sec. V.
The reader is referred to this reference for the specific values
determined for the C and s parameters at this crossing, how-
ever, most importantly for comparison and discussion below,
fitting revealed that this crossing was a two-dominant
coupling-type crossing with C12�C23�C13.

We now apply our model to the 
 crossing to interpret the
energy-level position and branch current behavior shown in
Figs. 8�a� and 8�b�. The results of fitting are also shown in
Figs. 8�c� and 8�d�. The fitted coupling energy parameters are
�in units of millielectron volt� C13=−0.88, C12=−0.85, and
C23=0.13, revealing that the anticrossing behavior at this
crossing is also determined by two-dominant couplings, i.e.,
in terms of magnitude C13�C12�C23. However, this result
differs from the situation for the � crossing in Fig. 5 where
we found that C12�C23�C13.

15 Concerning the uncoupled
current amplitudes, a practical complication in the modeling,
is that even if the mixing in the downstream dot were absent,
i.e., C parameters all zero, the resonant currents still can vary
with B field �as is evident on close examination of the spectra
in Fig. 3 away from the immediate crossing regions�. In or-
der to account for this in the model, the current amplitudes
can be interpolated throughout the crossing region, and a
simple linear variation is found to be sufficient in most
cases.15 For the 
 crossing, the fitted current amplitude pa-
rameters are �in units of pA1/2� s1=0.391, s2=1.55, and s3
=0.844 at 2.24 T, and s1=0.418, s2=1.37, and s3=1.19 at 3.4
T, with the values in between linearly interpolated.

The eigenvectors for the 
 crossing presented in Fig. 8�e�
are also quite different compared to those for the � crossing
�see Fig. 3 in Ref. 15�. Nonetheless, the clear suppression of
the center branch current still arises as a consequence of
coherent mixing leading to destructive interference. To un-
derstand this, consider the following. For the condition C12
=C13�0, C23=0, which is close to that for the fitted param-
eters, the currents at �B=0 T �defined as the point where
the uncoupled basis levels meet� are given by the following
expressions: Iupper= 1

4 ��2s1−s2−s3�2, Icenter= 1
2 �s2−s3�2, and

Ilower= 1
4 ��2s1+s2+s3�2. Thus the dark center branch reso-

nance at �B=0 T occurs when the influence of s1 is “zero,”
and the current will vanish there if s2 and s3 are comparable
in magnitude and of the same sign. Although of the same
sign, s2 and s3 do not quite have the same magnitude and so
some small contribution of s1 is required to “trim” the cur-
rent close to zero. This occurs a little to the right of �B
=0 T consistent with the values of the interpolated s param-
eters and the eigenvector components near �B=0 T.

Summarizing this section, our model has revealed that
along with the � crossing of Fig. 5, the 
 crossing of Fig. 8
has two-dominant couplings. Nonetheless, the dark center
branch resonance near the center of these two three-level
crossings actually arises through destructive interference
from different conditions, i.e., dark states formed by three-
level mixing do not arise from a unique set of circumstances
and are not specific to QDs of a certain ellipticity �as is well
demonstrated in Figs. 5 and 8 for two quite different QDs
from two different devices�.47 Clearly, strong suppression of
the resonant current in one branch and the associated dark
state formation is a genuine and robust effect originating
from three-level mixing. Furthermore, the suppression of an
otherwise strong resonance due to destructive interference
represents an all-electrical QD analog48–52 of coherent popu-
lation trapping in a three-level system of quantum and atom
optics when two of the three couplings are dominant. We
note that all-optical coherent population trapping has re-
cently been demonstrated in self-assembled InAs QDs.53

VII. CONCLUSIONS AND OUTLOOK

We have described how we measured single-particle
�Fock-Darwin-like� energy spectra of high-symmetry QDs in
vertical QD molecules by using the 1s-like state of one QD
to probe states in the adjacent weakly coupled QD in the
single-electron resonant-tunneling regime. We also compared
the measured spectra to ideal calculated spectra, and ex-
plained how we were able to estimate the QD confinement
energies. A notable feature of the measured spectra is wide-
spread level mixing and rich anticrossing behavior when
single-particle energy levels approach each other. In order to
investigate the coherent nature of the mixing at the level
crossing regions, two quite general measurement strategies
for reliably determining the resonant currents were described
and compared. To demonstrate that the results of both strat-
egies are qualitatively the same, and quantitatively very simi-
lar, the measurement strategies were applied to a three-level
crossing �the � crossing from the spectrum of dot 2 from
device II� exhibiting pronounced effects arising from coher-
ent mixing as a test subject. In addition to this crossing, we
measured and modeled the mixing at another three-level
crossing �the 
 crossing from the spectrum of dot 1 from
device I�. Both of these three-level crossings show dark state
formation in the center branch near the center of the crossing
regions due to destructive interference. While fitting of our
data revealed that both of these crossings have two-dominant
couplings, we demonstrated that the formation of a dark state
can arise from more than one set of circumstances. Our ob-
servations can help toward the general engineering and un-
derstanding of coupling and consequent mixing between
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many quantum levels in coupled QD systems, and the dark
state is a useful tool for quantum coherent phenomena in
transport involving multiple quantum levels.48–52,54

Lastly, a number of directions for future investigation are
clear: �i� although the discussion in the second half of this
paper has focused on three-level mixing, mixing at two-level
and four-level crossings is also of potential interest, and our
mixing Hamiltonian model, initially developed for three-
level mixing, can easily be adapted to study these cases. �ii�
The strength of the couplings �C parameters� at any given
level crossing could not be altered for the two devices dis-
cussed in this work. This is because each of these devices has
only a single gate and so the probed QD potential “land-
scape,” i.e., the local nonideal potential felt by the tunneling
electrons, could not be altered. An exciting possibility is to
alter the strength of the couplings in situ in devices with
multiple gates.55,56 �iii� A more extensive comparison be-
tween the spectra measured in both bias directions from the
same device is also attractive because, in principle, this
would allow us to build up a “map” of the perturbations in
the confinement potentials of both QDs in a device, which
could lead to a deeper microscopic understanding of their
origin.57 An initial attempt to include symmetry-breaking
terms to a model ideal elliptical parabolic confinement po-
tential and account for the observed mixing behavior has

shown encouraging results provided one restricts the model-
ing to one or at most two selected level crossings in a given
spectrum.15,34 �iv� Finally, it would be interesting to attempt
to understand multilevel mixing in the regions where double,
triple, quadruple,… electron tunneling is accessible, i.e., in
the extensive areas, still largely unexplored, below the SET
regions in the VSD-VG plane evident in Fig. 4�a�, for instance,
where the electron-electron interactions become important,
and to perform inelastic electron-tunneling spectroscopy at
even higher bias where longitudinal-optic-phonon emission
can occur.58
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