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We perform a systematic exact diagonalization study of spin-orbit coupling effects for stationary few-
electron states confined in quasi-two-dimensional double quantum dots. We describe the spin-orbit-interaction
induced coupling between bonding and antibonding orbitals and its consequences for magneto-optical absorp-
tion spectrum. The spin-orbit coupling for odd electron numbers �one, three� opens avoided crossings between
low energy excited levels of opposite spin orientation and opposite spatial parity. For two electrons the
spin-orbit coupling allows for low-energy optical transitions that are otherwise forbidden by spin and parity
selection rules. We demonstrate that the energies of optical transitions can be significantly increased by an
in-plane electric field but only for odd electron numbers. Occupation of single-electron orbitals and effects of
spin-orbit coupling on electron distribution between the dots are also discussed.
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I. INTRODUCTION

In a pair of quantum dots1–4 defined in semiconducting
medium the charge carriers form extended wave functions
when their tunneling through the interdot barrier becomes
effective enough. In vertically stacked quantum dots the ex-
tended electron and hole orbitals are probed by photolumi-
nescence experiments in external electric field.4 The electron
single-dot orbitals hybridize to bonding ground states similar
to the ones found in natural covalent molecules. Recent
studies5 indicated that the hole in artificial molecules of self-
assembled quantum dots behaves in a different manner form-
ing an antibonding ground-state orbital. This peculiar behav-
ior results5 of the spin-orbit �SO� coupling-induced mixing
of light and heavy hole states.

In the present paper we study the mixing of bonding and
antibonding electron orbitals that is induced by SO interac-
tion in planar systems of laterally coupled quantum dots. The
coupling between spatial and spin electron degrees of free-
dom results from inversion asymmetry of the structure6

and/or the crystal lattice.7 This asymmetry enters into the
two-dimensional SO Hamiltonian which does not conserve
the spatial parity and couples the electron spin-up bonding
orbitals with spin-down antibonding orbitals. In order to in-
dicate experimentally accessible consequences of this cou-
pling we consider optical absorption spectra in the external
magnetic field for up to three confined electrons. In parabolic
quantum dots the spin-orbit coupling introduces a distinct
dependence of the far infrared magneto-optical absorption
spectra on the number of confined electrons.8 We find that
the SO induced modification to the absorption spectra of
double dot are qualitatively different for even and odd elec-
tron numbers.

Laterally coupled quantum dots9,10 are considered candi-
dates for realization of a quantum gate working on electron
spins3 since the height/width of the interdot barrier can be
tuned by external voltages which is essential for the control
of the spin exchange between the electrons confined in adja-
cent dots. The idea of the spin exchange motivated a number

of theoretical investigations on the properties of electron sys-
tems in laterally coupled quantum dots.1,2,11–18

The SO interaction is one of the issues that are investi-
gated in the context of spin-based quantum information
processing.16–22,25–33 The SO coupling allows for spin ma-
nipulation by the spatial electron motion.30–33 Moreover, it
leads to the spin relaxation18–22 mediated by phonons, lead-
ing to information decay and decoherence. Singlet-triplet in-
duced avoided crossing of two-electron energy levels were
observed in electron-transport spectroscopies for gated InAs
nanowire quantum dots23 as well as for double quantum
dots.24 The exchange interaction between electrons confined
in separate dots was found to contain an anisotropic compo-
nent originating from the SO coupling,25 which initially mo-
tivated a quest for spin processing procedures26,27 minimiz-
ing its effects. Later on, proposals of using the asymmetry of
the exchange interaction for construction of universal quan-
tum gates that could work without single spin operations28,29

were formulated. Recently, a theoretical study supported by
exact diagonalization results argued that16 the anisotropy of
the exchange interaction is in fact absent in zero magnetic
field. The SO coupled double quantum dots were so far stud-
ied by the exact diagonalization in Ref. 34, which provides a
detailed analysis of single-electron states and in Refs. 16 and
35 which deal with the electron pair in the context of the
exchange interaction.

II. THEORY

We consider an effective mass single-electron Hamil-
tonian of the form,

h = � p2

2m�
+ W�r��1 +

1

2
g�BB�z + HSIA + HBIA, �1�

where p=�k=−i��+eA, 1 is the identity matrix, W�r�
stands for the potential, HSIA and HBIA introduce Rashba6

�structure inversion asymmetry� and Dresselhaus7 �bulk in-
version asymmetry� spin-orbit interactions. The vector po-
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tential is taken in the symmetric gauge A= B
2 �−y ,x ,0�. The

Rashba and Dresselhaus SO interactions have the form

HSIA = � � W · �� � k� , �2�

and

HBIA = ���xkx�kz
2 − ky

2� + �yky�kx
2 − kz

2� + �zkz�ky
2 − kx

2�� ,

�3�

respectively. In Eqs. �2� and �3� � and � are bulk SO cou-
pling constants, �’s are Pauli matrices and x, y, z axes are
oriented parallel to �100�, �010�, and �001� �growth� crystal
directions, respectively.

We assume that the confinement potential forming the
quantum dot is separable into an in-plane Vc�x ,y� and a
growth direction Vz�z� components so that the potential ap-
pearing in the Hamiltonian �1� is

W�r� = Vc�x,y� + Vz�z� + �e�F · r , �4�

where F is the external electric field vector �below we al-
ways take Fy =0�. In the following we adopt a two-
dimensional approximation assuming that the electrons oc-
cupy a frozen lowest-energy state of quantization in the
growth direction. The two-dimensional SO terms are ob-
tained by averaging HSIA and HBIA over the wave function
describing the electron localization in the growth direction.
The two-dimensional Rashba terms are usually35 separated
into a diagonal

HSIA
diag = ��z� �W

�y
kx −

�W

�x
ky	

=��z�� �Vc

�y
	kx − � �Vc

�x
+ �e�Fx	ky� , �5�

and linear

HSIA
lin = �
 �W

�z
���xky − �ykx� , �6�

parts. In this formula the average gradient of the potential
calculated for the wave function in the growth direction can
be attributed to an effective z component of the electric field
Fz= 1

�e� �
�W
�z 
. The two-dimensional Dresselhaus SO interaction

contains the linear

HBIA
lin = ��kz

2
��xkx − �yky� , �7�

and the cubic

HBIA
cub = ���ykykx

2 − �xkxky
2� �8�

terms. We assume that the quantum dot is made of
In0.5Ga0.5As alloy for which we adopt the SO coupling con-
stants �=0.572 nm2 �after Ref. 36� and �=32.2 meV nm3

�after Ref. 37�. The other material parameters are taken as
arithmetic average38 of InAs and GaAs, i.e., we use the elec-
tron effective mass m�=0.0465m0, Landé factor g=−8.97
and dielectric constant �=13.55. The considered large value
of the g factor is in the order of the one found for in experi-
mental samples23,24 in which the SO coupling effects were
studied.

For the electron wave function in the growth direction
identified with the ground-state of an infinite rectangular po-
tential well of height d one obtains the two-dimensional lin-
ear Dresselhaus constant �2D=��kz

2
=� �2

d2 �see Eq. �7��. In
the bulk of our calculations we assume a minimal but still
realistic value of d=5.42 nm, for which �2D

=10.8 meV nm.
The in-plane confinement potential is taken in form

Vc�x,y� = −
V0

�1 + � x2

Rx
2	���1 + � y2

Ry
2	��

+
Vb

�1 + � x2

Rb
2	���1 + � y2

Ry
2	�� , �9�

where V0=50 meV is the depth of the dots and Vb is the
height of the interdot barrier. We assume �=10 for which the
potential profile has a form of a nearly rectangular potential
well, where 2Rx=90 nm and 2Ry =40 nm determine the size
of the double dot in x and y directions respectively and
2Rb=10 nm is the thickness of the interdot barrier. We con-
sider two values of the barrier height Vb=10 meV—for the
double-dot potential and Vb=0—for a single elongated dot.
The potential Vc is displayed in Fig. 1 for both the single and
double dot. The single elongated dot is discussed here as a
limit of the strong interdot tunnel coupling.

Our calculation deals with a single or double quantum dot
that is two-dimensional and strongly anisotropic, with the
length to width ratio of about 2:1. Such a quantum dot can be
defined by an electrical gating of a quantum well for a proper
shape of the gate. The profile of the confinement potential for
a circular gate was discussed in Ref. 39. Double flat InGaAs
quantum dots that are laterally coupled are also produced by
etching techniques.40 In these40 structures the dots nearly
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FIG. 1. �Color online� The shades of gray �blue online� show the
in-plane potential of a single dot �Vb=0—left column of plots� and
of a double dot �Vb=10 meV—central and right columns�. In the
right column of plots an in-plane electric field of Fx=0.5 kV /cm is
included. Inside the light �darker� blue area the potential falls below
−5 meV �−45 meV�. The contours indicate the charge density for a
single �top row�, two electrons �middle row� and three electrons
�lowest row of plots� for B=0.
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touch one another and the 2:1 ratio of the lengths is pre-
served.

The singlet/triplet avoided crossings that are due to SO
coupling were observed in the charging spectra of InAs
quantum-wire-based structures, both a single23 and double24

dots. These quantum wires23,24 are three-dimensional objects
of a circular profile of confinement potential. The confine-
ment along the wire is introduced23,24 by electrical gating and
the magnetic field is applied perpendicular to the axis of the
wire. The common point of the geometry of these
structures23,24 and the present model is the distinct anisotropy
of the structure within the plane perpendicular to the external
magnetic field. For the single dot23 the length of the structure
along the wire is 180 nm as compared to the wire diameter of
50 nm. For the double dot24 the length and diameter are 220
and 100 nm, respectively. The other common point of the
considered model and the quantum-wire dots23,24 is the
strong Zeeman effect due to the large vale of the g factor.

The single-electron eigenfunctions are found by diagonal-
ization of the two-dimensional version of Hamiltonian �1� in
a basis of multicenter Gaussian functions41 with embedded
gauge invariance

	n = �
ks

cks
n 
s exp�−

�r − Rk�2

2a2 +
ieB

2�
�xYk − yXk�	 ,

�10�

where summation over k runs over centers of Gaussian Rk
= �Xk ,Yk�, s= ↑ ,↓ and 
s are eigenstates of Pauli �z matrix.
The centers Rk are distributed on a rectangular mesh of 25
�11 points spaced by �x=�y=5.2 nm. The variationally
optimal basis function parameter a=4.7 nm is used in the
calculations.

The eigenproblem of N-electron Hamiltonian

H = �
i

N

hi + �
i=1,j�i

N
e2

4��0�rij
�11�

is solved using the configuration-interaction approach with a
basis constructed of Slater determinants built of single-
electron eigenfunctions �Eq. �10�� of SO-coupled Hamil-
tonian. Convergence of the energies with a precision better
than 1 �eV is usually reached for inclusion of thirty one-
electron eigenstates.

The confinement potential �Eq. �9�� is symmetric with re-
spect to the origin. In the present work the asymmetry effects
are introduced by the in-plane electric field Fx. For Fx=0 and
without SO coupling the stationary states possess a definite
spatial parity with respect to point inversion P	n�−r�
= 
	n�r�, where P is the inversion operator. The eigenvalue
+1 corresponds to even-parity states and the eigenvalue −1
to the odd-parity states. When SO is introduced the spatial
parity eigenvalue is no longer a good quantum number even
for Fx=0. For symmetric systems the SO coupled Hamilto-
nians commute with the operator P�z, which implies that the
spin-up and spin-down components still possess definite but
opposite spatial parities. We refer to P�z as the s-parity op-
erator. Eigenstates of this operator with eigenvalue +1�−1�
are referred to as even �odd� s-parity states or for brevity

s-even �s-odd� states. The even s-parity states have even-
parity spin-up component and odd-parity spin-down compo-
nent.

We evaluate the optical absorption spectrum using the en-
ergies of stationary states and transition probabilities from
state k to l that is proportional to the square of the dipole
matrix element

Ikl = ��k��
j=1

N

�xj 
 iyj���l
 , �12�

where �k is the N-electron wave function for kth Hamil-
tonian �11� eigenstate and the signs 
 correspond to opposite
circular polarization of the exciting light. The optical transi-
tions conserve the electron spin and invert the spatial parity
when it is a well-defined quantity. When the SO coupling is
introduced the optical transitions can only occur between
states of opposite s-parity.

III. RESULTS

A. Single electron

The single-electron spectrum for a single elongated dot
and for the double dot is presented in Fig. 2. For B=0 the
ground state and the first excited state are Kramers doublets.
In each doublet we find one state of the odd s-parity and the
other of the even s-parity. At B=0 the electron in the ground-
state �first-excite-state� doublet occupies predominantly a
bonding �antibonding� orbital. With the solid �dashed� lines
we plotted the even �odd� s-parity energy levels. Black lines
show the results without SO coupling. The dark gray �blue
online� lines correspond to the case of SO coupling without
the linear Rashba term �HSIA

lin �, i.e., for Fz=0. The light gray
�red online� curves in Fig. 2�a� correspond to Fz
=188.8 kV /cm, for which the linear two-dimensional
Rashba constant is as large as the linear two-dimensional
Dresselhaus one. Beyond increased width of the avoided
crossing no qualitative difference in the results obtained for
these two values of Fz is found. Therefore, below we assume
Fz=0 unless stated otherwise.

For illustration of the double-dot wave functions we as-
sumed a presence of a residual magnetic field B=10 �T
which lifts the doublet degeneracy and we chose the states of
the ground and excited doublets that correspond to �sz
�0.
With the blue lines in Fig. 3 we plotted the spinor compo-
nents of the even s-parity ground state which is bonding in
its spin-up component with or without SO coupling. Its an-
tibonding spin-down component appears when the SO cou-
pling is introduced �Fig. 3�c��. The red lines in Fig. 3 corre-
spond to the odd s-parity state of the excited doublet which is
antibonding in the spin-up component. The SO coupling
adds to this state a bonding spin-down component.

In Fig. 2 one observes an avoided crossing of two excited
energy levels of the odd s-parity stemming of both the
ground and the exited doublets. Without the SO coupling the
energy level that goes up in the energy with growing mag-
netic field corresponds to the spin-down bonding orbital, and
the one that goes down—to the spin-up antibonding orbital.
The avoided crossing opened by the SO interaction is accom-
panied by spin and spatial parity mixing.
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For the single electron in ideally symmetric pair of dots
�Fx=0� there is a direct correspondence between the SO-
coupling-induced mixing of both the spin states and the oc-
cupation of molecular orbitals of opposite spatial parity. The
occupation of the even-parity orbitals �oc�e�� is calculated as
the norm of this component of the spinor that corresponds to
the even-parity state. Then the average value of the z com-
ponent of the electron spin is �sz
=��oc�e�− 1

2 � for the even
s-parity and �sz
=�� 1

2 −oc�e�� for the odd s-parity states. Oc-
cupation of the even-parity orbitals and �sz
 is for the double
dot displayed in Fig. 4 as function of the magnetic field. The
ground state at higher field becomes a pure bonding spin-up
orbital. We notice that the values corresponding to the two
odd s-parity energy levels interchange near 2 T which is
related to the energy level anticrossing presented in Fig. 2�b�.
At the center of the avoided crossing these two energy levels
correspond to �sz
=0 and bonding and antibonding orbitals
are equally occupied.

The discussed anticrossing of the odd s-parity energy lev-
els leaves a clear signature on the optical absorption spec-

trum. The energy and probability of excitation from the
ground state are displayed in Fig. 5. The ground state has the
even s-parity hence the absorption is only allowed to the odd
s-parity final state. The ground-state is nearly spin-up polar-
ized �Fig. 4� and since electron spin is left unchanged during
an optical transition the absorption goes to the s-odd state
with spin-up orientation. When the avoided crossing is
opened between the s-odd energy levels both of them possess
a nonzero spin-up component and the optical transitions to
both of them from the ground-state are allowed. Outside the
avoided crossing the absorption spectra with or without SO
coupling are similar.

The energy range in which the SO-induced avoided cross-
ing is observed in the absorption spectrum corresponds to
far-infrared or microwave radiation in which cyclotron reso-
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nance experiments are performed.43 One can increase the
energy of the avoided crossing twice by applying an electric
field of 0.5 kV/cm—see Fig. 6�b�. In the presence of the
electric field the electron in the ground-state is pushed to the
left dot by Fx�0 while the final state in the absorption pro-
cess is mainly localized in the right dot �see Fig. 3�b��. The
opposite shifts of the electron wave function in the initial and
final states are translated by the electric field into an in-
creased transition energy �see Fig. 6�a� for the energy split-
ting�. The obtained energy increase is accompanied by reduc-
tion of the SO-induced avoided crossing.

Figure 6�b� shows also that for nonzero F the absorption
probabilities vanish at higher B. The separation of the initial
and final states �Fig. 3�b�� by the electric field is enhanced
when the magnetic field is applied, since the latter increases
the localization of wave functions near the centers of the dots
lifting the interdot tunnel coupling. In consequence—the
ground state becomes totally localized in one dot and the

final state of the transition in the other. Vanishing overlap
between the initial and final state wave function implies van-
ishing transition probability as calculated by formula �12�.

In order to evaluate the importance of separate spin-orbit
coupling terms we calculated their contributions to the
single-electron ground state. For B=0 and Fx=0 and �Fz
=��kz
2=�2D=10.8 meV nm �red curves in Fig. 2�a�� we
find that the expectations values of HSIA

lin , HBIA
lin , HBIA

cub , and
HSIA

diag are, −0.14 meV, −0.14 meV, 1 �eV, and
−0.01 �eV, respectively. At 4 T the corresponding values
are −0.19 meV, −0.03 meV, 0.13 �eV, and −6 �eV. At
high magnetic field the energy effects of the Dresselhaus
coupling are reduced in consistence with the recent study42

of parabolic quantum dots. This reduction is due to the Zee-
man effect42 which is for the considered material particularly
strong. For Fz=0 at 4 T �blue curve in Fig. 2�a�� one obtains
−27, 0, 0.01, and −6 �eV. For additionally switched off
Zeeman term the numbers are −230, 0, 3, and 6 �eV, re-
spectively. In fact, only the linear terms of SO interaction
introduce significant contributions to the results within the
considered range of magnetic field.

B. Electron pair

In the absence of the magnetic field and without SO cou-
pling the first excited state of the electron pair is spin triplet.
For B=0 we find that the first excited state is threefold de-

0 1 2 3 4 5
B [T]

0

1

2

3

∆E
[m
eV
]

Vb= 0

Vb = 10meV

0 1 2 3
B [T]

0

0.4

0.8

1.2

1.6

2

∆E
[m
eV
]

(a)

(b)

Ze
em
an
sp
litti
ng

Ze
em
an
spl
ittin
g

FIG. 5. �Color online� The dots show the low-energy absorption
from the ground state at Fx=0 for the single dot �a� and for the
coupled dots �b� �for the energy spectra see Fig. 2�. The area of the
dots is proportional to the absorption probability. The black dots
show the results without SO coupling. The full blue dots correspond
to SO coupling with Fz=0. The open blue circles in �b� correspond
to height of the dot d increased from 5.42 to 7.67 nm which
amounts in a twofold reduction of the two-dimensional Dresselhaus
constant. The red dots in �a� correspond to a strong linear Rashba
coupling present Fz=188 kV /cm. The dashed gray line indicates
the Zeeman splitting g�bB.

-45

-44

-43

-42

-41

E
[m
eV
]

0 2 4 6
B [T]

0

1

2

3

∆E
[m
eV
]

(a)

(b)

Fx = 0

Fx = 0.2 kV/cm

Fx = 0.5 kV/cm

FIG. 6. �Color online� Single-electron energy spectrum �a� and
optical absorption spectrum �b� in function of the magnetic field for
Fx=0 �black color�, Fx=0.2 kV /cm �blue� and Fx=0.5 kV /cm
�green� for coupled quantum dots.

COUPLING OF BONDING AND ANTIBONDING ELECTRON… PHYSICAL REVIEW B 81, 235311 �2010�

235311-5



generate also with SO coupling present. This applies to both
the single elongated dot �Fig. 7�a�� and the double dot �Fig.
7�b��. Without SO coupling the magnetic field induces a
singlet-triplet ground-state transition near 1 T for the single
dot and near 0.4 T for the double dot. The crossing singlet
and triplet energy levels have the same odd s-parity and an
avoided crossing is opened between them when SO coupling
is introduced. The calculated width of the avoided crossing is
0.18 and 0.07 meV for the single and double dot, respec-
tively, which is within the order of the ones found in experi-
ments: 0.23 and 0.2 meV for the nanowire quantum dot23 and
for the double dot.24

For a symmetric system �Fx=0� the optical transition
from the ground-state can only go to the even s-parity eigen-
state. In the absence of the spin-orbit coupling in the consid-
ered energy range only the triplet with zero z component of
the spin �T0� has the required spatial parity to absorb pho-
tons. However, this absorption is excluded anyway on both
sides of the singlet-triplet ground-state transition. For B be-
low this transition the matrix element �Eq. �12�� vanishes due
to opposite symmetry of the spatial initial and final wave
functions with respect to the electron interchange. For B
above the singlet-triplet transition the ground-state �triplet
with sz=� denoted as T+� and T0 states have the same sym-
metry with respect to the electron interchange, but the z com-

ponents of the spin are different. Optical transitions between
the states corresponding to energy levels presented in Fig. 7
are only allowed by the SO coupling. The calculated absorp-
tion spectrum is shown in Fig. 8. For Fx=0 �Figs. 8�a� and
8�c�� the absorption probability grows with the magnetic
field after the singlet-triplet ground state avoided crossing.
Then, the transition corresponds to T+→T0 excitation in
terms of states without SO coupling. When the electric field
Fx is switched on �Figs. 8�b� and 8�d�� the parity selection
rules no longer apply and we notice appearance of also
S↔T+ and S→T− transitions. The probabilities for the dis-
cussed transitions—which are all forbidden in the absence of
SO coupling—remain very small �less than 0.5%� as com-
pared to the ones found for the single and three electrons.

For two electrons the role of the electric field for the
low-energy optical absorption is different from the single-
electron case. For N=1 the electric field distinctly shifts the
energy of the absorption lines �Fig. 6�. For N=2 the energy
shift is very weak, only the transition probabilities are af-
fected. For the single electron the energy shifts resulted from
spatial electron-charge displacements of the initial and final
states induced by the electric field. For two electrons these
shifts are hampered �see Fig. 1� since the charge shift implies
appearance of a double occupation of one of the dots. Figure
9 shows the charge localized in the left dot in function of the
electric field. For N=1 �and N=3� the dependence of the
charge on Fx is the strongest at zero electric field, while for
N=2 we find the weakest dependence.

For B=0 we did not find any SO coupling influence on
the charge distribution as a function of the in-plane electric
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field. Nevertheless, such an effect is observed in the presence
of the external magnetic field—see Fig. 10. For B=0.4 T the
ground-state without SO coupling corresponds already to the
spin triplet, in which—due to the Pauli exclusion—
localization of both electrons in the same dot requires occu-
pation of an excited single-dot energy level. The charge of
the two-electron system for the triplet ground-state is even
more resistant to shifts by the electric field than for the sin-
glet state �compare Figs. 10�b� and 10�d��. For B=0.4 T the
ground state becomes singlet again near 0.4 kV/cm. The
electrons in the singlet state occupy more easily11 the dot
made deeper by the electric field which restores the singlet
ground state when Fx is applied. We notice �see the dashed
line in Fig. 10�d�� a jump in the occupation of the left dot at
the singlet-triplet transition. For B=0.6 T a similar effect is
observed only at higher Fx �the dashed line in Fig. 10�f��.
The SO coupling mixes the singlet and triplet states and we
notice that the electron charge in the left dot �blue lines in
Figs. 10�b�, 10�d�, and 10�f�� becomes a smooth function of
Fx. As a general rule, when the ground state without SO
coupling is singlet �triplet�—the SO coupling reduces �en-
hances� the occupation of the deeper dot.

At the singlet-triplet transition the SO coupling influences
also the probability of finding both the electrons in the same

dot �Fig. 11�. Without SO coupling the ground-state prob-
ability exhibits a rapid drop at the singlet-triplet transition
near 0.4 T. The spin-orbit coupling influences the double
occupation probability only for nonzero B.

In order to quantify the occupation of the single-electron
even- and odd-parity orbitals we first project the two-
electron eigenstates of operator �Eq. �11�� into the basis com-
posed of single-electron eigenfunctions obtained without SO
coupling �denoted as 	� in the following�. For a state � we
consider the projection in form

dkl
� =

1

2 �
i,j�i

Cij
� �	i�1�	 j�2� − 	i�2�	 j�1�� ,

�	k��1�	l��2� − 	k��2�	l��1�
 . �13�

An eigenfunction 	k� has a definite spatial parity and z com-
ponent of the spin associated with a spinor 
k which is the sz
eigenfunction of eigenvalue � /2 or −� /2 �
k= �↑ 
 or 
k
= �↓ 
�. Hence, the occupation of the spin-up even-parity
single-electron wave functions can be calculated as
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oc�e↑� = �
k,l�k

�dkl�2��p�k,+ ��s�k,↑� + �p�l,+ ��s�l,↑�� ,

�14�

where

�p�k, 
� =

1 
� �	k��r���	k��− r�dr

2
�15�

and

�s�k,↑� = �
k�↑
 . �16�

The occupation of the spin-up odd-parity single-electron
states is determined by the formula

oc�o↑� = �
k,l�k

�dkl�2��p�k,− ��s�k,↑� + �p�l,− ��s�l,↑�� ,

�17�

with an obvious generalization for the spin-down compo-
nents. The results are displayed in Fig. 12. Without SO cou-
pling �i� below 0.4 T the ground state is even-parity singlet—
the electrons occupy mostly the even-parity states �ii� above
0.4 T the ground-state is odd-parity triplet—the spin-down
contributions are removed, one of the electrons occupy an
even-parity and the other an odd-parity orbital. The jump of
the occupations near 0.4 T that is observed in the results
without SO coupling is replaced by a smooth transition when
SO coupling is applied. The values obtained for orbital oc-
cupations in both large and zero B limits are similar.

Nonconservation of the spatial parity in the presence of
SO coupling for the two-electron states becomes evident
when one considers contributions of the two-electron basis
elements. The contributions of the elements in which both
electrons occupy orbitals of the same spatial parity are cal-
culated as

cee = �
k,l�k

�dkl�2�p�k,+ ��p�l,+ � , �18�

for the even-parity orbitals and

coo = �
k,l�k

�dkl�2�p�k,− ��p�l,− � , �19�

for the odd-parity orbitals. Contribution of the two-electron
basis elements in which the electrons occupy opposite pari-
ties is

coe+eo = �
k,l�k

�dkl�2��p�k,− ��p�l,+ � + �p�k,+ ��p�l,− �� .

�20�

The results are displayed in Fig. 13. Without SO coupling for
B�0.4 T the contribution of the basis elements in which the
electrons occupy opposite parity eigenstates is zero. In the
triplet ground state for B�0.4 T the electrons are bound to
occupy orbitals of opposite parities. When the SO is present
for B=0 there is a nearly 10% contribution of basis elements
in which the electrons occupy orbitals of opposite parities.
The coe+eo grows with the magnetic field, but it stays below
100% in the studied range of B. This result and the ones
presented above indicate that for two electrons the SO cou-
pling has a noticeable influence on the ground-state proper-
ties in contrast to the single-electron case.

C. Three electrons

For N=3 in the absence of SO coupling the magnetic field
leads to the ground-state spin-polarization transition near 3 T
in both the single �Fig. 14� and double �Fig. 15�a�� dots. For
symmetric dots this transition is associated with energy level
crossing even when SO coupling is introduced since the
ground states on both sides of the transition correspond to
opposite s-parities. The in-plane electric field opens an
avoided crossing at the ground-state spin-polarization transi-
tion �see Fig. 17�a��.
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For three electrons in a single dot without SO coupling
one observes �Fig. 14� crossings of three s-odd energy levels
near 2 T. For the double dot �Fig. 15�a�� the crossings appear
in more separated magnetic fields. The three crossing levels
have different z projections of the spin. Similarly as for N
=1 the SO coupling opens avoided crossing in the absorption
spectrum, but for N=3 three energy levels participate in this
avoided crossing instead of two. These avoided crossings are
accompanied by a smooth variation of the spin �Fig. 15�b��.

For the spin unpolarized ground-state �B�3 T� the
lowest-energy optical transition goes from the ground-state
to the odd s-parity states with �sz
�� /2. Without SO cou-
pling and in terms of occupation of single-electron orbitals
we observe �Fig. 16� a transition of one of the electrons
occupying a bonding orbital to an occupied antibonding or-
bital. One finds a single bright line similar to the one found
for N=1. For B�3 T the principle line in the ground-state
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absorption spectrum disappears due to the ground-state spin
polarization.

The in-plane electric field increases the energy splitting
between the ground-state and the first excited state leading to
an increase of the energy absorbed at the optical transition
�Fig. 17�b��. The form of the avoided crossing is not affected
by the field—like in the single-electron case.

For the lowest-energy even s-parity state both occupation
of single-electron spin orbitals �Figs. 18�a� and 18�c�� and
contribution of three-electron basis elements of definite spa-
tial parity �Figs. 19�a� and 19�c�� are only weakly affected by
both the magnetic field and the spin-orbit coupling. The de-
pendence of the studied quantities on the magnetic field is
more spectacular for the lowest energy s-odd state �Figs.
18�b�, 18�d�, 19�b�, and 19�d��. Without SO coupling the
lowest-energy s-odd level corresponds to even parity only
between 1.9 and 2.8 T, hence the vanishing contribution of
the even-parity three-electron basis elements outside this B
interval. In the presence of SO coupling the contribution of
the even-parity basis elements extends over the entire studied
range of the magnetic field.

D. Results for a larger dot

The results obtained above for the double dot and for the
single elongated quantum dot for the energy and absorption
spectra are qualitatively similar. In fact the results stay quali-
tatively the same as long as the strong anisotropy of the
confinement potential is present. In order to illustrate this
fact we increased the size of the dot twice in both x and y
directions. The energy and absorption spectra for 2Rx
=180 nm and 2Ry =80 nm are displayed in Fig. 20 for one
�a–d� and two �e–h� electrons. In Figs. 20�a�, 20�b�, 20�e�,
and 20�f� we keep the same nearly square lateral profile of
the confinement potential, and in the rest of the plots we
made it smoother by replacing the exponent �=10 by �=3
in Eq. �9�. We can see that the energy and the magnetic fields
range changes, but the plots retain their character seen above
in Fig. 2, 5, 7, and 8.

IV. SUMMARY AND CONCLUSIONS

We have presented a systematic exact diagonalization
study of one, two and three-electron spin-orbit coupled sys-
tems in double quantum dots. We discussed the mixing of the
bonding and antibonding electron orbitals by the SO cou-
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pling. We investigated occupation of even- and odd-parity
orbitals, the energy and optical absorption spectra in crossed
electric and magnetic fields as well as the electron distribu-
tion.

For one and three electrons confined in a pair of identical
dots we found that the spin-orbit coupling only weakly af-
fects the ground-state properties. A strong mixing of bonding
and antibonding orbitals due to the spin-orbit coupling was
found in the lowest-energy excited states.

In contrast to the odd electron numbers, for two electrons
the spin-orbit interaction affects the properties of the ground
state since the spin polarization becomes a smooth transition
instead of an abrupt singlet-triplet transformation. On the
contrary, the spin polarization of the three electron system in
symmetric dots is not affected by the spin-orbit coupling
since the low- and high-spin ground-states correspond to op-
posite s-parities. For three electrons the SO coupling makes
the spin-polarization continuous only when the confinement
potential contains an in-plane asymmetry, e.g., introduced by
an electric field.

For odd electron numbers the spin-orbit-coupling-induced
mixing of spatial parities of the first excited state opens char-

acteristic avoided crossings in the optical absorption spec-
trum. An in-plane electric field shifts the initial and final
states of the optical transition to opposite dots. In conse-
quence it distinctly increases the energy of the optical tran-
sition at an expense of a reduced width of the avoided cross-
ing.

The low-energy optical absorption for two electrons is
only allowed by the SO coupling. For two electrons the in-
plane electric field lifts the spatial parity selection rules but
does not essentially perturb the energy of the optical transi-
tions.
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