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We analyze the electromagnetic field of a moving point charge in the presence of a “left-handed” medium
�LHM�. First, the case of uniform motion of the charge in infinite LHM was considered. Using complex
function theory methods, we decomposed the total field into a “quasi-Coulomb” field, a wave field �Cherenkov
radiation� and a “plasma trace.” In addition, an effective numerical algorithm was developed for the total field
computation, and typical plots were presented. It was shown that the wave field in LHM lags behind the charge
more so than it does in ordinary medium. Furthermore, we investigated a charge intersecting the interface
between vacuumlike medium and LHM. Asymptotic expressions for the field components were obtained and
algorithms for their computation were developed. The spatial radiation can be separated into three distinct
components, corresponding to ordinary transition radiation with a relatively large magnitude, Cherenkov ra-
diation and reversed Cherenkov-transition radiation �RCTR�. Rigorous conditions for generating RCTR were
obtained: RCTR in the vacuum area was found to be the double threshold effect in both frequency and charge
velocity domain. The RCTR decay in vacuum due to the losses in LHM was studied. Areas of the RCTR
significance were determined and were found to be sufficiently large for observation. Possible applications to
the beam diagnostics and the characterization of metamaterials were suggested.
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I. INTRODUCTION

Recent progress in design and fabrication of metamateri-
als �MTMs� allows the realization of a variety of electromag-
netic properties not found in nature. MTM is, as a rule, a
periodic structure comprising certain conductive, dielectric,
or magnetic inclusions, with their size varying from hun-
dreds of nanometers to millimeters. For an electromagnetic
wave with a wavelength much larger than the unit-cell di-
mensions, the MTM is similar to a continuous medium and
can be described by effective macroscopic parameters �eff
and �eff. One attractive example of “metamedia” with exotic
properties is that of “left-handed media” �LHM�.

The idea of LHM, i.e., media simultaneously having
negative permittivity � and permeability �, was introduced
in the 1960s by Veselago.1,2 Contrary to ordinary “right-
handed” media �RHM�, vectors E� , H� , and k� form a left-
handed orthogonal set in LHM. Therefore, the Poyting vector
S� =c / �4���E� ,H� � is opposite to the wave vector k� and to the
phase velocity. These peculiarities result in the unusual prop-
erties of wave processes in LHM.1,2 In particular, an electro-
magnetic wave undergoes anomalous �negative� refraction at
the RHM-LHM interface: the tangential projection of the
Poyting vector of refracted wave is opposite to that of the
incident wave.

Until recently no materials with negative � have been
found; therefore, LHM was merely a theoretical concept. At
the same time, long before Veselago’s papers,1,2 certain ques-
tions concerning LHM were discussed indirectly by a num-
ber of researchers,3–6 especially by Mandelshtam.3,4 Man-
delshtam has demonstrated that the essence of negative
refraction is the “negative group velocity” effect, i.e., the
opposite orientation of the group velocity �together with the
energy flow S�� and the phase velocity.

Owing to the development of Pendry’s ideas,7,8 LHM
were realized by means of MTMs.9,10 The first real left-

handed MTM was composed of double split-ring resonators
and thin wires, producing negative �eff and negative �eff,
respectively, in a common range of gigahertz �GHz�
frequencies.9,11 More recently MTMs with negative � and
negative refractive index at frequencies starting from THz up
to the visible were demonstrated.12–14 They use different unit
cell designs, including, for example, single split-ring resona-
tors, cut-wire pairs or “fishnet,” depending on the operating
frequency range.15 Usually, the conductive elements are de-
posited at the dielectric substrate to get one monolayer of
MTM. Distributing monolayers in an appropriate manner in
the space, the three-dimensional structure can be built. It is
remarkable that negative � in natural medium �ferromagnetic
metal� was also observed recently,16 expanding the possibili-
ties for the realization of LHM.

The “left-handed properties” can, in principle, be realized
only inside a limited frequency range.1,2 Therefore, it would
be more correct to refer to a “left-handed frequency band”
�LHFB� and a “right-handed frequency band” �RHFB� in-
stead of LHM and RHM. However, as the term LHM is
widely used in scientific literature, we will use it as well with
the understanding that LHM is a medium possessing both
LHFB and RHFB whereas RHM is a medium with RHFB
only.

Starting from the first realization, different electromag-
netic processes in LHM are actively investigated. Papers deal
with the plane waves propagation in LHM and with their
refraction at the RHM-LHM interface,11,17–20 as well as with
the extraction of the effective parameters �eff and �eff from
scattering data.21–23 Several papers are devoted to theoretical
analysis of Cherenkov radiation �CR� in infinite or semi-
infinite LHM �Refs. 24–26� �in particular, the effect of re-
versed CR was mentioned24� or to design and fabrication of
the specific type of MTM suitable for the CR observation.27

A recent experiment has proven the reversed nature of CR in
LHM.28 Transition radiation �TR� at the boundary with LHM
was also partially analyzed.29,30 Pafomov29 appears to be the
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first to mention the basic features of CR and TR at the fre-
quency range with negative group velocity while Averkov30

performed a more detailed analysis.
However, all papers devoted to CR and TR in the pres-

ence of LHM deal mainly with energetic characteristics of
the far field while the field structure has practically not been
studied. It is the main goal of this paper to investigate the
field structure of both CR and TR in detail. We use ap-
proaches falling in the region of frequency domain tech-
nique. It should be noted that our earlier papers31–37 were
devoted to similar investigation of CR in the presence of
different passive and active media.

II. ELECTROMAGNETIC FIELD OF THE MOVING
POINT CHARGE IN INFINITE LHM

We consider the electromagnetic field of a point charge q
uniformly moving in infinite �unbounded� LHM along the z
axis in accordance with z=Vt=c�t. The charge density �q

and the current density j�= je�z have the form

�q = q��x���y���z − Vt�, j = V�q. �1�

The medium is described by frequency-dependent permittiv-
ity ���� and permeability ���� with nonzero losses:
Im ����	0 and Im ����	0 �for �	0�. As LHM, the me-
dium has both RHFB and LHFB:

RHFB:Re ���� 	 0, Re ���� 	 0,

LHFB:Re ���� 
 0, Re ���� 
 0. �2�

A. Approach to the analysis of the integrals for the charge
field components in an infinite medium

A convenient method for the investigation of such prob-
lems was developed in our previous papers.35–38 This can be
applied to the arbitrary frequency dispersion of ���� and
���� but the resonant type of dispersion was investigated in
more detail.35,37 Fortunately, typical left-handed metamateri-
als usually possess this type of dispersion.7–10 Consequently,
our approach is well suited for this purpose. In the present
section, we briefly summarize the main conditions of our
method.

To distinguish the case of infinite medium from the case
of RHM-LHM interface considered in Sec. III, we will mark
the expressions for field components of a charge in infinite
medium with the superscript “q.” These expressions can be
written in the cylindrical coordinate system �, �, and z as
follows:39–41

�E�
q

Ez
q

H�
q � =

q

2c
�

−�

+�

d��E��
q

Ez�
q

H��
q �exp�i

�


V
	 , �3�

where

�E��
q

Ez�
q

H��
q � = �is����������−1H1

�1���s����
− c�����−1s2���H0

�1���s����
is���H1

�1���s����
� �4�


=z−Vt, �=V /c, s2=�2V−2�n2����2−1�, n2=��, and H0,1
�1�

are the Hankel functions, and function s��� is determined on
the real axis � in accordance with the absorption principle42

Im s��� 	 0. �5�

This requirement means that the Fourier harmonics of
charge’s field components must decay exponentially with the
increase in distance �. Further, the purpose is to calculate
integrals in Eq. �3� in one way or another.

The essence of our approach is the following. We deter-
mine the function s��� in the entire complex plane � in such
a manner that Eq. �5� is fulfilled on the real axis. We draw
the cuts in segments where Im s���=0, fixing the “physical”
sheet of the Riemann surface by the same condition �5�. The
following helpful properties then occur.36,37

If the integration path � consists of two parts, with one of
them ��+� lying in the domain Re �	0 and the other ��−�
lying in the domain Re �
0 with the total � being sym-
metrical with respect to the imaginary axis, then we get

�
�

F�
q exp� i�


V
	d� = 2�

�+

Re
F�
q exp� i�


V
	d�� , �6�

where F�
q is any of functions �4�. Both the integration path in

Eq. �3� and the ones to be used in further analysis possess the
required symmetry. Thus, we can consider the domain
Re �	0 only. Next, the asymptote of the steepest-descent
path �SDP� for integrands in Eq. �3� has importance for sub-
sequent analysis. It is determined by the equation

��1 − �2 Im � = 

Re �
 + const, 
�
 → � �7�

�the value of const is unessential for us�. Further manipula-
tions are based on applying methods of complex function
theory together with properties �6� and �7� to the calculation
of integrals in Eq. �3�.

B. Case of a left-handed medium

Here, we apply the above approach to the case of an
LHM. We use the following typical model for the left-
handed metamaterial:7–10,30

���� = 1 −
�pe

2

�2 + 2i�de�
,

���� = 1 +
�pm

2

�rm
2 − 2i�dm� − �2 , �8�

where � is a frequency, �pe and �pm are, correspondingly,
electric and magnetic “plasma” frequencies, �rm is a mag-
netic resonance frequency, and parameters �de and �dm are
responsible for losses. It should be noted that �pm

2 is usually
replaced by ��2 �0
�
1� but this is not important for the
description of principal properties. Further analytical inves-
tigation is performed for the lossless medium ��de=�dm

SERGEY N. GALYAMIN AND ANDREY V. TYUKHTIN PHYSICAL REVIEW B 81, 235134 �2010�

235134-2



=0� although a numerical algorithm can be used for arbitrary
losses.

The frequency range of radiation is determined by the
condition s2���	0. If �pe
�rm, then the medium has two
RHFBs ��pe
�
�rm and �	�sm=��pm

2 +�rm
2 � with the

radiation frequency range �c
�
�rm lying in the first one
�Fig. 1�Ia��. In the case of �pe	�rm, the medium along with
RHFB ��	�sm� has an LHFB ��rm
�
�pe� containing
the radiation frequency range �rm
�
�c �Fig. 1�IIa��. The
parameter �c is determined by s��c�=0

�c
2 =

a + �a2 + 4�2�1 − �2��pe
2 ��rm

2 + �pm
2 ��1/2

2�1 − �2�
,

a = �rm
2 �1 − �2� − ��pe

2 + �pm
2 � .

Figures 1�Ib� and 1�IIb� shows the cuts �determined by equa-
tion Im s���=0� and the integration path in the region
Re �	0 of complex plane � �according to Eq. �6��. It is
important that the integration path �0 is located on the upper
bank of cuts, where sgn s=sgn � for RHM and sgn s
=−sgn � for LHM. Thus, the projection of the phase velocity
in the radial direction �� is positive for RHM and negative for
LHM.

One of the possible analytical manipulations consists of
the formation of the closed integration contour and the cal-
culation of contributions of cuts and poles. The contours sur-
rounding these singularities are shown in Figs. 1�Ib� and
1�IIb�. As a result, we obtain

E�
q = E�C

q + E�W
q + E�P

q , Ez
q = EzC

q + EzW
q + EzP

q , H�
q = H�C

q + H�W
q , �9�

�E�C
q
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q

H�C
q � =

q

c
�

0

� �s�i�̃�����i�̃��−1J1��
s�i�̃�
�
�̃�1 − n2�i�̃��2��c�2��i�̃��−1J0��
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�sgn 
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FIG. 1. �Color online� �a� Typical view of dispersion laws, �b� complex plane �, �c� magnetic field plots, and �d� energy patterns for the
case of �I� RHM, �II� LHM, and a �III� “mixed” medium �having the radiation frequency bands inside both RHFB and LHFB�. For cases �I�
and �II�, the media are described by Eq. �8� with the following parameters �in units of �rm�: �I�—�pm=1 and �pe=0.6; �II�—�pm=1 and
�pe=2. Case �III� deals with both ���� and ���� of resonant type: �pm=1, �pe=1.7, and �re=0.9. In all cases, �de=�dm=10−4. H� is in units
q�rm

2 c−2; W� is in units q2�rm
3 c−3; and 
 and � are in units c�rm

−1.
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�E�W
q

EzW
q

H�W
q � = −

2q

c
�

min��c,�rm�

max��c,�rm� �s����������−1J1��s����sin��
V−1�
�c−1�1 − n−2����−2��J0��s����cos��
V−1�
s���J1��s����sin��
V−1� �d���− 
� , �11�

�E�P
q

EzP
q � =

4q

c2�2��− 
�
�

d�/d�
�� K1���V−1�sin��
V−1�

− K0���V−1�cos��
V−1� ���=�pe

, �12�

where Jm��� and Km��� are, respectively, the Bessel function
and the modified Hankel function of m order, and ���� is the
Heaviside step function: ����=0 at �
0, ����=1 at �	0.
Here, the index C is assigned to the “quasi-Coulomb” part of
the field �contributions of cuts along the imaginary axis�, the
index W is assigned to the wave part �contributions of cuts
along the real axis�, and the index P is assigned to the so-
called “plasma trace” �contributions of poles ��pe� �see
Figs. 1�Ib� and 1�IIb��. The quasi-Coulomb field exists both
behind and in front of the moving charge and quickly de-
creases with distance from it. The wave field �CR� exists
only behind the charge and oscillates with distance from it.
Unlike the radiation field, the plasma trace is concentrated
close to the charge movement trajectory and exponentially
decreases with increasing �. Analogous expressions for a
resonant RHM are given in our previous works.35,37 The rep-
resentation �9� has a clear physical meaning. Additionally, it
possesses certain advantages for computing. One of them is
that integrands in Eqs. �10� and �11� are free from Hankel
functions, in contrast to the initial formula �4�. Therefore,
Eqs. �10� and �11� are convenient for computation of the
wave and quasi-Coulomb fields for small values of �, includ-
ing �=0.

Another possible method of investigation is based on cer-
tain transformation of the integration path.35–37 For relatively
small values of �, it is convenient to transform contour �0 in
such a way that it bypasses all branch points and poles. For
the best convergence at large values of �, we can use the
contour parallel to the SDP asymptote �Eq. �7��. Thus, for

	0, we use the semi-infinite rays parallel to the SDP as the
new integration path, while for 

0, the trapezoidal contour
with the half-infinite part parallel to the SDP asymptote is
utilized �contours �� in Figs. 1�Ib� and 1�IIb��. This trans-
formation allows the avoidance of the intersection of the in-
tegrands’ singularities. The essential advantage of such an
approach is the possibility of choosing the most convenient
parameters of the new contour for the concrete parameters of
the problem.

Some examples of computations of the H�
q component are

shown in Figs. 1�Ic� and 1�IIc�. Figures 1�Id� and 1�IId� also

shows corresponding energetic patterns, defined by the fol-
lowing method.24 The total energy passing through a unit
square is equal to W�=�−�

� S�dt �for a square parallel to the z
axis� and Wz=�−�

� Szdt �for a square orthogonal to the z axis�.
These values can be represented as integrals from the spec-
tral density of energy: W�=�0

�W��d� and Wz=�0
�Wz�d�. For


s
��1, the following approximations can be made:

W�� �
q2

2��
Re�
s
s����−1exp�− 2� Im s�� ,

Wz� �
q2

2�V�
Re�
s
�−1 exp�− 2� Im s�� . �13�

The dependence of W�=�W��
2 +Wz�

2 on the angle �W
=atan�W�� /Wz�� is the energetic pattern of radiation. Figures
1�Ic� and 1�Id� are related to the case of a medium only
having radiation frequencies inside RHFB while Figs. 1�IIc�
and 1�IId� are related to the case of a medium with a radia-
tion band lying entirely inside LHFB. One can see that the
pattern in the LHFB case is “reversed.” Additionally, the
increase in the field amplitude with 


 in LHM is slower
compared with that in RHM. Obviously, this is due to the
fact that the wave field in LHM lags behind the charge more
so than it does in the RHM case.

Figures 1�IIIa�–�IIId� are related to a more complex case.
Here, we use the model of resonant permeability �as in Eq.
�8�� and resonant permittivity: ����=1+�pe

2 ��re
2 −2i�de�

−�2�−1. Parameters for Figs. 1�IIIa�–�IIId� are selected so
that the medium has radiation frequency ranges inside both
RHFB and LHFB. Therefore, the pattern has two lobes cor-
responding to ordinary and reversed CR �Figs. 1�IIId��. On
the magnetic field plot �Figs. 1�IIIc��, one can see that, for
relatively small distance 



70, the field is nearly sinu-
soidal; however, for 


	70, the field behavior is more com-
plicated. This is explained by the addition of the left-handed
CR for sufficiently large distances.

III. CASE OF A CHARGE CROSSING THE RHM-LHM
INTERFACE

Here, we analyze the electromagnetic field generated by a
charge q intersecting the interface �located at z=0� between
two homogeneous isotropic frequency-dispersive media de-
scribed by permittivity and permeability: �1���, �1��� for
z
0 and �2���, �2��� for z	0 �Fig. 2�. It is assumed that
both media possess nonzero losses; i.e., small positive values

z
0

�

R

1st m 2nd medium:
)(2

edium:

)(1 ��
)(1 �� � �

)(2� �

q V
�

FIG. 2. �Color online� Geometry of the problem.
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of Im �1,2 and Im �1,2 �for �	0� are taken into account.
We suppose that the medium filling the region z	0 is

LHM; i.e., it possesses both LHFB and RHFB �see Eq. �2��
while the volume z
0 is filled with RHM, i.e., a medium
with RHFB only. The charge moves uniformly along the z
axis in accordance with Eq. �1�. The conditions of continuity
of tangential components of electric �E� � and magnetic �H� �
strengths must be satisfied in the plane z=0.

The electromagnetic field in the present geometry is pre-
sented as a sum of the “forced” field �superscript q� and the
“free” field �superscript “b”�.43,44 If index 1 refers to the area
z
0 and index 2 refers to the area z	0, then

�E�
1,2

Ez
1,2

H�
1,2� = �E�

q1,2

Ez
q1,2

H�
q1,2� + �E�

b1,2

Ez
b1,2

H�
b1,2� . �14�

The “forced” field �E�
q1,2, Ez

q1,2, and H�
q1,2� as a charge field in

the corresponding unbounded medium is described by for-
mulas �3� and �4�, and the analysis of the Sec. II is fully
applicable to it. The free field arises due to the boundary
�thus, it is marked by superscript b� and is described by the
following formulas:44

�E�
b1,2

Ez
b1,2

H�
b1,2� =

iq

2��
�

−�

�

d��E��
b1,2

Ez�
b1,2

H��
b1,2�e−i�t, �15�

�E��
b1,2

Ez�
b1,2

H��
b1,2� = �

−�

�

dk��
kz

�1,2�H1
�1���k��

���1,2���
ik�H0

�1���k��
��1,2���

c−1H1
�1���k��

�B�1,2�eikz
�1,2�
z
,

�16�

B�1,2��k�,�� =
k�

2

g3���1,2kz
�1,2� �

��2,1

c

s1,2
2 − k�

2 −
�2�2,1

�kz
�2,1� �

�

c
� ,

�17�

where H0,1
�1���� are the Hankel functions, s1,2���

=��2��c�−2�n1,2
2 �2−1�, kz

�1,2��k� ,��=��2n1,2
2 c−2−k�

2,
n1,2

2 ���=�1,2����1,2���, and g3�k� ,��=�1kz
�2�+�2kz

�1�. Each
of functions s1,2 is determined by Eq. �5� and functions kz

�1,2�

are also determined �according to the absorption principle�
by these rules

Im kz
�1,2� 	 0. �18�

Condition �18� means that the Fourier components of the free
field must exponentially decay with increasing distance 
z
.
In the region z
0 �RHM�, condition �18� results in Re kz

�1�

	0 for all frequencies. In the region z	0 �LHM�, one ob-
tains from condition �18� that Re kz

�2�	0 for the RHFB but
Re kz

�2�
0 for the LHFB. The same results can be obtained

for lossless media if the so-called Mandelshtam condition is
used.45

It should be noted that a property similar to Eq. �6� can be
obtained for the free field integrals in Eq. �15�

�
�

F�
b exp�− i�t�d� = 2�

�+

Re�F�
b exp�− i�t�d�� ,

�19�

where contour � is symmetrical with respect to the imagi-
nary axis, �+ is the part of � lying in the domain Re �	0,
and F�

b is any of functions �16�. It was found that the real
axis � is the convenient integration path for the calculation
of Eq. �15�. Thus, according to Eq. �19�, it is sufficient to
only consider positive frequencies: �	0.

Two methods are utilized for the analysis of the free field
�15�. The first is the asymptotic analytical approach based on
the steepest-descent technique. An analogous technique was
used for the RHM-RHM transition.46–48 This is suitable to
the analysis of the free-field Fourier harmonics �16�. The
second one is the numerical algorithm for computing both
Fourier harmonics of the free field �16� and the total free
field �15�.

A. Analytical approach

Here, we obtain asymptotic expressions for the free-field
Fourier harmonics �16� using the steepest-descent technique.
Integrands in Eq. �16� contain four branch points ��1,2

��1,2=�c−1n1,2, n1,2=�n1,2
2 , and Im n1,2	0�, corresponding

cuts �going along lines Im kz
�1,2�=0� and three different types

of poles: �s1, �s2, and the roots k�
P3 of equation g3�k��=0.

Figures 3�Ia� and 3�IIa� demonstrate the typical view of
complex plane k� in two situations: the frequency under con-
sideration is in RHFB �Ia� or in LHFB �IIa� �for the second
medium�. It is assumed that 
Re �2
	Re �1. It is noteworthy
that in the LHFB case, the branch points ��2 lie in the
second and fourth quadrants, correspondingly, in contrast to
the first and third quadrants in the RHFB case. In other
words, Re �2	0 for RHFB and Re �2
0 for LHFB.

It is assumed that the Cherenkov condition is fulfilled at a
given frequency in medium 2 �Re s2

2	0�. Therefore, poles
�s2 indicated in Figs. 3�Ia� and 3�IIa� are situated near the
real axis. This is the case when their contributions are essen-
tial �otherwise, they are exponentially small�. These poles
describe the reflected and refracted CR in the LHFB
case.29,30 We call these waves the reversed Cherenkov-
transition radiation �RCTR�.38

It is also assumed that the Cherenkov condition in me-
dium 1 is not fulfilled �Re s1

2
0�. Therefore, poles �s1 give
a quasi-Coulomb field, which is of no interest to us here
�these poles are not indicated in Fig. 3�. Furthermore, we
restrict ourselves to investigation of only spherical and cy-
lindrical waves �decreasing with distance as R−1 and �−1/2�.
Because the pole k�

P3 describes the surface waves,44 it is out-
side of our consideration �this pole is also not indicated in
Fig. 3�.

We will consider in detail the region z
0 and neglect
losses in this area �supposing n1	0�. For convenience of
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handling integrals in Eq. �16� with the steepest-descent tech-
nique, we introduce new spatial variables R and � �Fig. 2�
and a new complex variable �, where k�=�1 sin � and kz

�1�

=�1 cos �.49

A typical view of the complex plane � for the RHFB
situation is presented in Fig. 3�Ib� while the LHFB situation
is shown in Fig. 3�IIb�. Contour �0� corresponds to the initial
integration path �0 in k� plane. Poles �s2 are converted into
��2 �sin �2=�1

−1s2� and branch points ��1 disappear while
��2 are transformed into ��b2 �sin �b2=�1

−1�2�. Utilizing
the aforementioned substitutions, we present Eq. �16� in the
following form:

�E��
b1

Ez�
b1

H��
b1 � = �

�0�
�e��

b1 H1
�1��R�1 sin � sin ��

ez�
b1H0

�1��R�1 sin � sin ��
h��

b1 H1
�1��R�1 sin � sin ��

�
� exp�iR�1 cos � cos ��d� , �20�

where

�e��
b1 ��,��

ez�
b1��,��

h��
b1 ��,��

� =�
�1

2�cos ��2

���1

i�1
2 sin�2��
2��1

c−1�1 cos �

�B�1���1 sin �,�� . �21�

Furthermore, using the asymptotic representation of the
Hankel functions at R
�1
sin � sin ��1, one can present Eq.
�20� in the following convenient form:

�E��
b1

Ez�
b1

H��
b1 � � �

�0�
�e��

b1 ��,��e−3�i/4

ez�
b1��,��e−�i/4

h��
b1 ��,��e−3�i/4�

�� 2

�R�1 sin � sin �
exp��1�1����d� ,

�22�

where �1= 
�1
R and �1���= i cos��−��. The SDP passes
through the saddle point �S1=� and satisfies the require-
ments Im �1���=Im �1��� and Re �1���−Re �1���
0.
This SDP, marked as �SDP, is presented in Figs. 3�Ib� and
3�IIb�. If R
�1
sin � sin ��1, contour �SDP is not a real SDP
and is void of common benefits of SDP. However, we will
use it in our manipulations.

In the RHFB case �index r�, the transformation �0�

→�SDP leads to

�E��
b1r

Ez�
b1r

H��
b1r� � �E��

b1S

Ez�
b1S

H��
b1S� , �23�

where

�E��
b1S

Ez�
b1S

H��
b1S� = �

�SDP �
e��

b1 H1
�1��R�1 sin � sin ��

ez�
b1H0

�1��R�1 sin � sin ��
h��

b1 H1
�1��R�1 sin � sin ��

�
� exp�iR�1 cos � cos ��d� . �24�

In the LHFB situation �index ��, the transformation of �0� to

(Ib)

(IIb)

�Re

�Im
2
�

2
�

�

b2�

b2��

2�

2��

�0�

�

SDP�

�Re

�Im
2
�

2
�

�

��b2

��b2

2�
2��

b2�

b2��
�0�

�

SDP�

(Ia)

(IIa)

�kRe

�kIm

2s�

2s

1�

1��
0�

2�

2��

�kRe

�kIm

2s

2s�
1��

1�2�

2��
0�

FIG. 3. Typical view of �a�
complex plane k� and �b� complex
plane � for the situation where the
frequency under consideration is
in RHFB for the second medium
�I� or in LHFB �II�; 
Re �2

	Re �1. Pictures �Ib� and �IIb�
are related to the area z
0. The
sign � corresponds to the branch
point, dashed lines correspond to
cuts, signs + and � correspond to
poles. Initial integration path in k�

plane �0 corresponds to �0� in �
plane. The dashed parts of con-
tours lie in the Riemann’s surface
sheet with Im kz

�2�
0. Cherenkov
condition is fulfilled in medium 2
only.
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�SDP is accompanied by the intersection of poles ��2 �Fig.
3�IIb��; thus

�E��
b1�

Ez�
b1�

H��
b1�� � �E��

b1S

Ez�
b1S

H��
b1S� + �E��

b1P

Ez�
b1P

H��
b1P� , �25�

where

�E��
b1P

Ez�
b1P

H��
b1P� = 2�i�E��

b1P+ − E��
b1P− · ���1

� − ��
Ez�

b1P+ − Ez�
b1P− · ���1

� − ��
H��

b1P+ − H��
b1P− · ���1

� − ��
� , �26�

�E��
b1P�

Ez�
b1P�

H��
b1P�� =

�1

n1�
��1s2kz

1�s2�H1
�1���s2R sin ��

��1g3
����

− i�1s2
2H0

�1���s2R sin ��
��1g3

����
��1s2H1

�1���s2R sin ��
cg3

����
�

�exp�ikz
�1��s2�R cos �� , �27�

�1
� = �10

� − ��1
�,

�10
� = atan� Re n2

2�2 − 1

n1
2�2 − Re n2

2�2 + 1
, ��1

� =� 2

R1
��1

,

�28�

R1
� =

8�n1
2�2 − Re n2

2�2 + 1��Re n2
2�2 − 1�

�1�4�Im n2
2�2 , �29�

g3
���� = −

��1

c�
+ �2kz

�1��s2� �30�

and ���� is the Heaviside step function. Note that ��1
���10

�

because R1
��1�1 �see Appendix�.

Note that integrals along SDPs �b2
� originated from the

corresponding branch points �Fig. 3�IIb�� have been ex-
cluded from asymptotic representation �25�. This was made
due to the fact that contributions of these paths represent
lateral waves49 and that their decrease with distance
��R���−1 is faster than that for spherical and cylindrical
waves. Because only spherical and cylindrical waves are
taken into account in our consideration, lateral waves have
been neglected. Similar integrals arise in the RHFB case at
certain conditions �Re �b2
�� and they have been excluded
from Eq. �23� on the same grounds.

The second term in Eq. �25� represents the RCTR in me-
dium 1 being the transmitted Cherenkov radiation �it can be
shown that this term matches at the boundary with the CR in
medium 2�. It only exists in the LHFB case. We call this part
of field the RCTR for two reasons. First, this radiation pos-
sesses certain features of both Cherenkov and transition ra-
diation. Similarly to TR, RCTR exists if there is a boundary,
and similarly to CR, it arises when the Cherenkov condition
is fulfilled. Second, we call this radiation “reversed” to un-

derline that it stems from the reversed nature of CR in
LHM.38

It is noteworthy that the poles’ contribution �26� is essen-
tial in medium 1 only for Re�kz

�1���s2��2	0; otherwise it is
small due to the exponential term in Eq. �27�. One can arrive
to the following condition for the presence of RCTR in the
area z
0:

�CR��� 
 � 
 �TIR��� ,

�CR =
1


Re n2���

, �TIR =

1

�Re n2
2��� − n1

2���
. �31�

The lower threshold of RCTR is the Cherenkov threshold for
medium 2. The upper threshold is explained by the total
internal reflection of CR and is only essential for Re n2

2	1
+n1

2 �otherwise �TIR	1�.
It should be noted that Averkov30 has also considered a

charge crossing the vacuum-LHM interface and obtained a
�-dependent condition for the existence of transmitted CR in
the area z
0. This is because the contribution of pole −�2 is
only taken into account in Averkov’s paper.30 However, as
was demonstrated above, the pole �2 contributes to the re-
fracted CR at an arbitrary observation angle �. Thus, condi-
tion �31� is not related to angle � �it is �-independent�. De-
spite of this qualitative error, Averkov30 gives the correct
physical interpretation of the RCTR effect �see Sec. III B�.

If the condition R
�1
sin � sin ��1 is fulfilled, the con-
tour �SDP is the real SDP. Provided that �1�1, integral in
Eq. �24� is practically determined by the small neighborhood
of the saddle point �S1=�. As one can see from Fig. 3�Ib�,
the saddle point is isolated in the RHFB case �there are no
poles in the vicinity of �S1�; thus, we obtain

�E��
b1S

Ez�
b1S

H��
b1S� �

�2h1

�
�1
sin ��e��
b1 ��,��

ez�
b1��,��

h��
b1 ��,��

� exp�i�1R�
R

, �32�

where h1=�−2 /�1����, arg h1=arg�d�� 
�=�, and d� denotes
an element along �SDP. Expression �32� is valid at angles
1 /��1��
� /2 and represents the spherical wave of TR.

In the LHFB case, if condition �31� is fulfilled, the pole
−�2 may be near the saddle point � �Fig. 3�IIb�� In this case,
we have obtained the uniform asymptotic approximation
�A1� for the integral in Eq. �24� valid for �1�1, 1 /��1
��
� /2 regardless of the distance between the saddle
point and the pole �i.e., Eq. �A1� is valid uniformly as −�2
→�S1=��.

In general, the asymptotic �A1� is more complicated as
compared with Eq. �32� �not a simple spherical wave� and
cannot be separated from the contribution of pole −�2 due to
the discontinuity at �=�1

�. This discontinuity is exactly com-
pensated by the contribution of pole −�2.

However, when the distance between the saddle point and
the pole is sufficiently large, the uniform asymptotic �A1� is
greatly simplified. The rigorous consideration �see Appen-
dix� gives the following result.
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If losses in medium 2 are taken into account, one should
use the asymptotic representation �A1� at R�R1

� within the

angular interval 
�−�1
�
���1, where ��1=�2�1

−1�1−R /R1
��

�this area marked as “half-shadow” is indicated in Fig. 4�b��
As one can see, ��1=0 at R=R1

�. However, outside the half-
shadow area, one obtains

�E��
b1�

Ez�
b1�

H��
b1�� � �E��

b1S

Ez�
b1S

H��
b1S� + �ER�

b1P

Ez�
b1P

H��
b1P� ,

R � R1
�, 1/��1 � � 
 �/2, 
� − �1

�
 � 
��1
 , �33�

where the first term is given by Eq. �32� while the second
one is given by Eq. �26�. As one can see, TR �the saddle-
point contribution� is a spherical wave in this case and can be
considered separately from the RCTR �cylindrical waves�.
Analyzing the second term in Eq. �33� �RCTR� one can ob-
tain that RCTR in the lossless area z
0 diminish exponen-
tially �see Eq. �A6��. The least decay is exhibited by the
contribution of pole −�2 at �=�1

�
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FIG. 4. �Color online� Areas of significance of the different parts of the electromagnetic field in the case of �a� lossless half-space z
	0 and �b� lossy one �the half-space z
0 is lossless in both cases�. The solid, dashed, and dotted lines are parallel to the Poyting vector of
the reversed CR �S��, reflected RCTR �Sr��, and transmitted RCTR �St��, respectively. Lossless case �a�: RCTR exists in the whole half-space
z
0 �transmitted RCTR� and at angles � /2
�
�−�20

� in the half-space z	0 �reflected RCTR�. Transmitted RCTR interfere at angles
0
�
�10

� , where dotted lines intersect each other. Reflected RCTR interfere with the reversed CR at angles � /2
�
�−�20
� , where solid

lines intersect dashed ones. Lossy case �b�: transmitted RCTR exist inside the limited region hatched by the dotted lines. The maximum size
of this region is determined by R1

�. Both reversed CR and reflected RCTR exist inside the bounded region ���1
�. In both cases dash-dotted

lines indicate boundaries of half-shadow areas: TR is a spherical wave outside these areas only. Half-shadow areas exist at arbitrary large R
in the lossless case �a� and are limited in the lossy one �b�. Typical values of parameter R1

� are presented in Fig. 5.
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�
E��
b1P−



Ez�
b1P−



H��
b1P−


� � exp�−
2R

R1
� 	, � = �1

�. �34�

As a result, RCTR is essential inside the limited area only
�the region hatched by the dotted lines in Fig. 4�b��. Outside
this area contribution of the poles is diminished at least by
the factor of e2.

If R�R1
�, the contribution of the poles is negligible �see

Eq.�A6� and Fig. 4�b��; thus

�E��
b1�

Ez�
b1�

H��
b1�� � �E��

b1S

Ez�
b1S

H��
b1S�, 1/��1 � � 
 �/2, �35�

where E��
b1S, Ez�

b1S, and H��
b1S are given by Eq. �32�. In this

case, only spherical wave of TR is essential. Consequently,
for the lossy half-space z	0 and the lossless half-space z

0, the parameter R1

� determines the distance upon which
both the uniform asymptotic �A1� and the contribution of the
poles �RCTR� are of significance �of course, both asymptotic
�A1� and RCTR �26� are essential inside the corresponding
limited regions, Fig. 4�b��.

If losses in medium 2 are neglected, then R1
�→�, ��1

→��10=�2�1
−1/2, �1

�=�10
� , and uniform asymptotic �A1� is

essential at arbitrarily large R inside the angular interval 
�
−�10

� 
���10 or inside the corresponding segment of a circle
2R��10=2�2R
�1
−1 �half-shadow area in Fig. 4�a��. Again,
outside the half-shadow TR is a spherical wave. RCTR �26�

is also essential at arbitrarily large R �Fig. 4�a��, and Eq. �33�
is valid for 1 /��1��
� /2 and 
�−�10

� 
���10.
An asymptotic approximation �similar to Eq. �A1�� cor-

rectly describing the field in medium 2 �for angles �	� /2
and �−��1 /�R
�2
� can be similarly obtained. In particular,
one can show that RCTR in medium 2 is connected with the
contribution of the pole s2 being the CR reflected from the
boundary. If the Cherenkov condition is fulfilled ��	�CR�,
this contribution exists at angles � /2
�
�2

�, where

�2
� = � − ��20

� + ��2
�� ,

�20
� = atan�Re n2

2�2 − 1, ��2
� =� 2

R2
�
Re �2


, �36�

R2
� =

8�Re n2
2�2�Re n2

2�2 − 1�

Re �2
�Im n2

2�2 , R2
�
Re �2
 � 1. �37�

It should be noted that this pole may be near the saddle
point in both RHFB and LHFB cases. Due to the losses the
reversed CR �“forced” field� and the reflected RCTR �contri-
bution of pole s2� are significant for ���2

� only, where �2
�

=4���
Im n2
2
�−1�Re n2

2�2−1. For �	�2
� both CR and

RCTR are diminished at least by the factor of e2. TR is a
spherical wave outside the half-shadow area: 
�−�2

�
���2,
where ��2=�2�R
Re �2
�−1�1−R /R2

�� �Fig. 4�. This spherical
wave is essential at R��2

��sin �20
� �−1. The passage to the

limit of negligible losses is analogous to that in medium 1.
To summarize the result of this section, one should men-

tion the following points. The above analytical approach pre-
dicts the RCTR effect and gives rigorous mathematical con-
ditions for it’s presence: the double threshold condition �31�
for medium 1 and condition �	�CR, � /2
�
�2

� for me-
dium 2. As was shown, RCTR is connected with the contri-
bution of poles. Areas of the RCTR significance were inves-
tigated in the case of lossless �vacuumlike� half-space z
0.
In the case of lossy LHM �Fig. 4�b�� both reflected RCTR
and CR are essential inside the cylinder ���2

� only. More-
over, RCTR in the vacuumlike area possesses a weak expo-
nential decay �see Eq. �A6��. As a result, refracted RCTR is
significant inside the limited region only �Fig. 4�b��. It

c
R�1�

310

3102 �

CR� 0.7 TIR��0.75 0.8 0.85

FIG. 5. �Color online� Dependence of �c−1R1
� �see Fig. 4� on the

charge velocity �. Media parameters are n1=1, n2=−1.5+ i0.01,
�CR=0.67, and �TIR=0.89.

pe23�0 �pe22�pe2�

0
1

LHFB RHFB

22 ,��

2
2n

FIG. 6. �Color online� Dependencies of n2
2 and �2=�2 on fre-

quency � in the lossless case ��de2=�dm2=0�. Medium 2 possesses
both RHFB ��	�pe2� and LHFB �0
�
�pe2�.

pe25.0 � pe2�0 �

�

5.0

0

1

)(TIR ��
)(CR ��

�
c�

�
c�

1

CR�

TIR�

2

FIG. 7. �Color online� Dependence of the lower ��CR� and upper
��TIR� thresholds of the RCTR effect in vacuum on frequency. Al-
lowable parameters �� ,�� of the RCTR effect in vacuum are those
enclosed between �CR and �TIR. Dashed lines 1 and 2 are paths
chosen for the demonstration �see Fig. 8�.
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should be noted that parameters R1
� and �2

� determining areas
of the RCTR and CR significance can be relatively large for
the interface with real metamaterials. For example, the de-
pendence of R1

� in units of c�−1 on charge velocity � for
n1=1, n2=−1.5+ i0.01 �see Refs. 50 and 51� is presented in
Fig. 5. As one can see, RCTR on GHz frequencies penetrates
vacuum a distance around several meters, which is more than
sufficient for registration. In the lossless case �Fig. 4�a�� re-
flected RCTR exists outside the cone � /2
�
�−�20

� , re-
fracted RCTR exists in the whole half-space z
0. Besides,
in both cases RCTR is concentrated near the charge motion
line due to the negative refraction at the interface �see the
interference areas of refracted RCTR in Fig. 4�. The obtained
uniform asymptotic approximations �A1� �z
0� and a simi-
lar expression for z	0 correctly describe the field behavior
within the half-shadow areas, i.e., the vicinities of the re-
fracted and reflected CR angles: 
�−�1

�
���1 and 
�−�2
�


���2, respectively. TR �treated as the saddle-point contribu-
tion� is a simple spherical wave outside these areas only. In
the lossless case the half-shadow areas exist at arbitrary large
distance R, while in the lossy case they are bounded.

B. Numerical approach

Here, we present an effective algorithm for computation
of integrals in Eqs. �15� and �16�. In contrast to RHFB situ-
ation �Fig. 3�Ia��, in the LHFB case, poles �s2 are located
near the integration path �Fig. 3�IIa��. This leads to rather
abrupt behavior of integrands in Eq. �16�. Our numerical
algorithm is adapted for overcoming this difficulty by means
of appropriate choosing the integration step in the poles’
vicinities. It is noteworthy that numerical and analytical

methods are in a good agreement in the domain of the
asymptotic validity of the latter. Below the most significant
results of numerical calculation are presented.

To illustrate the main effects, we suppose that medium 1
is vacuum and medium 2 is described by the dielectric and
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FIG. 8. �Color online� Modifi-
cation of the spatial distribution of
the magnetic field Fourier har-
monic Re H����� �Vm−1 s� with
increasing � at constant � �1� and
with increasing � at constant �
�2� for an interface between
vacuum �z
0� and LHM �z	0�.
LHM is described by Eq. �8� with
the following parameters: �rm2

=0, �pe2=�pm2=2�15�109 s−1,
and �de2=�dm2=10−3�pe2; q
=−1 nC, R=9.5 cm �R

�2

� cot �10
� for all used param-

eters�. Frequencies indicated on
plots are in units of �pe2.
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FIG. 9. �Color online� Dependence of the magnetic field Fourier
harmonic Re H�� �Vm−1 s� on the angle � for the situation where
Cherenkov condition is not fulfilled, �
�CR. The top plot corre-
sponds to the frequencies inside RHFB �vacuum-RHM transition�,
the bottom plot corresponds to the frequencies inside LHFB
�vacuum-LHM transition�. Frequencies �in units of �pe2� are indi-
cated near the curves. Medium 2 is described by Eq. �8� with the
parameters same as in Fig. 8.
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magnetic constants in Eq. �8� with �rm=0 ��de��pe , �dm
��pm�. Moreover, unless otherwise specified, we suppose
the electric and magnetic plasma frequencies be equal to
each other: �pe2=�pm2. The dependences of n2

2, �2, and �2 on
� in the lossless case ��de2=�dm2=0� are presented in Fig. 6.
As one can see, medium 2 have both RHFB ��	�pe2� and
LHFB �0
�
�pe2�.

Recall that RCTR in vacuum is generated provided that
condition �31� is fulfilled. The dependence of �CR and �TIR
on frequency is presented in Fig. 7.

The allowable parameters �� ,�� for vacuum RCTR effect
are those enclosed between �CR and �TIR �Fig. 7�. Thus we
have at least two possibilities to demonstrate the RCTR ef-
fect: to vary frequency � at constant � �path 1 in Fig. 7� or
to vary velocity � at constant � �path 2 in Fig. 7�. In the first
case RCTR exists within the frequency range �c

−
�
�c
+,

where �c
−=�pe2

����+�1+�2�−1, �c
+=�pe2

���1+��−1

�losses are neglected�. In the second case RCTR exists within
the range of velocities �CR
�
�TIR.

To demonstrate the effect we consider the spatial distribu-
tion of the Fourier harmonic of the magnetic field H�� �see
Eq. �16��, i.e., the dependence of Re H�� on angle � at con-
stant R �see semicircle in Fig. 2�. The modification of this
dependence with the increase in � or � along paths 1 and 2,
correspondingly, �Fig. 7� is presented in Fig. 8. For observ-
ing the interference in the refracted RCTR the distance R
was chosen to satisfy the condition R
�2

� cot �10
� �see Fig.

4�b��.
Figure 8 confirms that RCTR in vacuum is the double-

threshold effect in both frequency and velocity domain, in

accordance with Eq. �31� and Fig. 7. Moreover, formula �26�
predicts that contributions of poles ��2 may interfere at
angles �
�1

�, where both of them exist. This interference in
Fig. 8 is evident at angles �
45° for �=0.8 and �
=0.63–0.64�pe2. Interference of the pole s2 contribution with
the forced field �4� is visible in Fig. 8 at angles 90° 
�

135° for �=0.63�pe2, �=0.9–0.95 and for �=0.6�pe2, �
=0.8.

The aforementioned peculiarities of the spatial radiation
in the present geometry are explained by the reversed nature
of CR in LHM and by the unusual law of refraction at RHM-
LHM interface �Fig. 4�. The RCTR in RHM �refracted CR�
consists of waves propagating both toward and away from
the z axis. They interfere inside the cone determined by the
refracted CR angle �1

�. In LHM the reflected waves of RCTR
interfere with reversed CR outside the cone determined by
the reflected CR angle �2

�.
It is of interest to discuss separately the main features of

TR. For this purpose we will consider the situation where
�
�CR, both CR and RCTR are absent, and the only spatial
radiation one would expect here is TR. The dependence of
the magnetic field Fourier harmonic Re H�� on � at R
=const �dashed half-circle in Fig. 2� for this situation is pre-
sented in Fig. 9. The top plot of Fig. 9 corresponds to the
frequencies from RHFB ��	�pe2� while the bottom one
corresponds to the frequencies from LHFB ��c

+
�
�pe2�.
First, TR is about 1–2 order smaller as compared with CR
and RCTR for given parameters. Second, one can see that in
the bottom case �vacuum-LHM transition�, the TR in
vacuum is much larger as compared with the top case
�vacuum-RHM transition�. Thus, TR is generated more ef-
fectively in the case of vacuum-LHM interface.

To discuss the possible applications of the vacuum RCTR
effect we will show how the area of this effect �in �� ,��
space� is affected by the parameters of medium 2. The modi-
fication of the vacuum RCTR effect area under changes in
ratio �pm2 /�pe2 and the absolute value of �pe2 is presented in
Figs. 10 and 11, respectively. As one can see, the width of
this area is nonmonotonic function of �pm2 /�pe2 while at
fixed ratio �the case �pm2=�pe2 is presented in Fig. 11� this
width increases monotonously with increasing absolute val-
ues of �pe2 and �pm2.

The aforementioned peculiarities can be applied to both
diagnostics of beams and characterization of LHM. First, the
double threshold detector can be designed to separate par-

�

5.0

0

1

)(TIR ��

)(CR ��

3.0 5.0 1 2

3

5

0 �pe24.0 � pe28.0 �

FIG. 10. �Color online� Modification of the RCTR effect area
�the region enclosed between �CR��� and �TIR���� with the in-
crease in the ratio �pm2 /�pe2. This ratio is indicated near each area.

�

5.0

0

1

)(TIR ��
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10 un.arb.,�3 5
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FIG. 11. �Color online� Modification of the RCTR effect area
�the region enclosed between �CR��� and �TIR���� with the in-
crease in the magnitude of �pe2=�pm2. This value �in arbitrary
units� is indicated near each area.
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FIG. 12. �Color online� The time dependence of Ez component
�V/m� at fixed spatial point in vacuum: z=−3.2 cm and �
=0.03 cm; medium 2 is described by Eq. �8� with the following
parameters: �rm2=0, �pe2=�pm2=2�10�109 s−1, and �de2=�dm2

=10−4�pe2; �=0.99, �c
−=0.64�pe2, and �c

+=0.71�pe2.
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ticles with velocities within the predetermined range. Choos-
ing the proper MTM and fixing the frequency of registration,
the desired lower and upper thresholds can be attained.
Moreover, measuring the RCTR spectra produced by mo-
noenergetic beams with known energy, the experimental area
of the RCTR effect �similar to Fig. 7� can be obtained and
the appropriate effective parameters �� ,�� can be chosen to
give a good fit to observed data.

Further, we will demonstrate how the RCTR effect mani-
fests itself in the total field. Figure 12 presents the time de-
pendence of Ez component of the total field �14� at the fixed
point in the area z
0 �vacuum�. Figure 12 demonstrates that
RCTR can be the dominant radiation. The bold-face line in
Fig. 12 corresponds to the total field �14� while the light-face
line represents the result of integration of the poles’ contri-
bution �26� �determining RCTR� over frequency. One can
see that for t	0.7�10−9 s, the total field is very well ap-
proximated by the contribution of the poles. Therefore, in
this case, RCTR gives the main contribution to the spatial
radiation. For t
0.7�10−9 s the dominant radiation is TR.
It is noteworthy that the TR and RCTR fields are separated
by considerable time delay, allowing their independent reg-
istration.

IV. CONCLUSION

We have analyzed the electromagnetic field of a uni-
formly moving point charge in two cases. The first case is in
unbounded LHM. Using methods developed in our previous
publications, we have presented the electromagnetic field as
a sum of three physically different summands having clear
physical meaning: quasi-Coulomb field, wave field �Cheren-
kov radiation� and plasma trace. Additionally, we have de-
veloped an effective algorithm for numerical calculation of
the total field and presented a number of typical field plots
and energetic patterns of radiation. It has been demonstrated
that wave field in LHM lags behind the charge more so than
it does in the RHM case. As a result, if a medium supports
both left-handed and right-handed CR, a considerable time
delay exists between the corresponding field peaks. The lat-
ter fact can be useful for the experimental registration of CR
in MTMs and for the MTM diagnostics.

The second geometry is a plane boundary between ordi-
nary medium and LHM intersected transversely by the
charge. The asymptotic approximations for the Fourier har-
monics of the field have been obtained and the effective al-
gorithm for the computation of both total field and it’s Fou-
rier harmonics have been developed. As it has been shown,
three types of spatial radiation can exist in this case: transi-
tion radiation, Cherenkov radiation, and RCTR. The case of
a vacuumlike medium bordering a left-handed metamaterial
has been investigated in more detail. Rigorous conditions for
generating RCTR have been obtained: RCTR in the vacuum
area is a double threshold effect in both frequency and
charge velocity domain. The dependencies of these thresh-
olds on parameters of LHM have been investigated. The
RCTR decay in vacuum due to the losses in LHM has been
studied and areas of the RCTR significance have been deter-
mined.

As was shown, RCTR can penetrate vacuum a distance
sufficiently large for observation. It has been demonstrated
that TR is generated more effectively at the vacuum-LHM
interface as compared with the vacuum-RHM interface. Be-
sides, we have determined the half-shadow areas, i.e., areas
where TR is not a simple spherical wave and cannot be de-
scribed separately from RCTR and CR. These areas are nar-
row regions near the reflected and refracted CR angles. They
exist at arbitrary large distance in the lossless case and have
a finite size in the lossy one. Typical plot of the total mag-
netic field has been calculated as well. It has been demon-
strated that RCTR field can be separated from TR field in the
time domain and is the dominant radiation for relatively
large time. Possible applications of the vacuum RCTR effect
to the beam diagnostics and LHM characterization have been
suggested.
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APPENDIX: UNIFORM ASYMPTOTIC REPRESENTATION
IN THE LHFB CASE

When condition �31� is fulfilled, the pole −�2 is situated
near the saddle point �=�. In this case, asymptotic approxi-
mation of the integral along �SDP has the form52

�E��
b1S

Ez�
b1S

H��
b1S� �

�2 exp�i�1R�
��R sin � �� �

�1�T��
�1�

Tz�
�1�

T��
�1� �

� 2i���a��
�1�

az�
�1�

a��
�1� �e−�1b1

2
Q��ib1

��1��, Im b1 � 0,
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�T��
�1�

Tz�
�1�

T��
�1� � = h1�e��

b1 ��,��
ez�

b1��,��
h��

b1 ��,��
� +

1

b1�a��
�1�

az�
�1�

a��
�1� � , �A2�

�a��
�1�

az�
�1�

a��
�1� � =

�1

n1
��s2�

��1s2kz
1�s2�

��1g3
����

exp�− 3�i

4
	

− i�1s2
2

��1g3
����

exp�− �i

4
	

��1s2

cg3
����

exp�− 3�i

4
	 � , �A3�

where b1���=��1���−�1�−�2�, arg b1 is defined so that b1
→ �−�2−�� /h1 as −�2→�, Q�y�=�y

�exp�−�2�d�, Re��s2
	0, and g3

� is given by Eq. �30�. In this case, the expressions
for E��

b1S, Ez�
b1S, and H��

b1S are more complicated �not simple
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spherical waves� and cannot be separated from the poles’
contribution because of the discontinuity in Eq. �A1� as
Im b1 changes from positive to negative values. One can
obtain that Im b1=0 at �=�1

�, where �1
� is expressed by Eq.

�28�. This discontinuity in each component is exactly equal
to corresponding residue in the pole −�2 �Eq. �27��.

When 
b1
��1�1, one can decompose Q��ib1
��1� into

a series. As a result, we obtain Eq. �32� from Eq. �A1�.
Supposing Eq. �31� is fulfilled and Im s2

2�Re s2
2,

Im�kz
�1��s2��2�Re�kz

�1��s2��2, one can decompose s2 and
kz

�1��s2� into the series

s2 � −
�

c�
�Re n2
2�2 − 1 +

i Im n2
2�2

2�Re n2
2�2 − 1

+
�Im n2

2�2�4

8�Re n2
2�2 − 1�3/2� ,

kz
�1��s2� �

�

c�
�n1
2�2 − Re n2

2�2 + 1 −
i Im n2

2�2

2�n1
2�2 − Re n2

2�2 + 1

+
�Im n2

2�2�4

8�n1
2�2 − Re n2

2�2 + 1�3/2� . �A4�

As a result, it is easy to demonstrate that 
b1
��1 has a mini-
mum at �=�1

�


b1
��1
min � �R/R1
�, �A5�

where the expression for �1
� and R1

� are given by Eqs. �28�
and �29�, respectively. Note that R1

��1�1 based on the above
assumptions concerning the relation between real and imagi-
nary parts of s2 and kz

�1��s2�. For R�R1
�, the condition


b1
��1�1 is fulfilled at an arbitrary angle within the range
1 /��1��
� /2 and Eq. �33� is true. Furthermore, one can
obtain that 
b1
��1�1 inside the angular interval 
�−�1

�

���1, where ��1=�2�1

−1�1−R /R1
��.

Losses in medium 2 result in exponential decay of the
poles’ contribution �26�

� 
E��
b1P�



Ez�
b1P�



H��
b1P�


� � exp
−
2R

R1�
� ���� , �A6�

where

R1�
� =

4n1 sin �10
� cos �10

�

��
Im n2
2
sin��10

� � ��
�A7�

and �10
� is determined by Eq. �28�. The least decay is exhib-

ited by the contribution of pole −�2 at �=�1
�: R1−

� ��1
��=R1

�

and we arrive at Eq. �34�. Consequently, R1
� determines the

area where the poles’ contribution �26� and the uniform
asymptotic �A1� �in the vicinity of �1

�� should be taken into
account.
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