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We study the intrinsic spin Hall effect �SHE� based on the orbitally degenerate periodic Anderson model,
which is an effective model for heavy fermion systems. In the very low resistivity regime, the magnitude of the
intrinsic spin Hall conductivity �SHC� is estimated as 2000�3000� e−1 �−1 cm−1; it is about ten times larger
than that in Pt. Its sign is negative �positive� in Ce �Yb� compound systems with f1 �f13� configuration.
Interestingly, the obtained expression for the SHC depends only on the density of conduction electrons but is
independent of the strength of the c-f mixing potential and the mass-enhancement factor. The origin of the
huge SHE is the spin-dependent Berry phase induced by the complex f-orbital wave function, which we call
the “orbital Aharonov-Bohm effect.”
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I. INTRODUCTION

Spin Hall effect �SHE� is a phenomenon that an applied
electric field induces a spin current in a transverse direction.
It has been attracting a great deal of interest as a method for
creating and detecting spin current. Recently, the SHE in
metallic systems are intensively studied due to the interest
for both the unsolved origin and the possibility of an appli-
cation to spintronics device.1–9

Recent intensive studies of the SHE in transition metals
was initiated by the observation of the huge SHC in Pt.6,9 To
elucidate the origin of the huge SHE in transition metals,
theoretical calculations of intrinsic SHE have been per-
formed intensively.10–13 The intrinsic SHE occurs in multi-
band metals with strong spin-orbit interaction �SOI� indepen-
dently of impurities, which has a close relation to the
intrinsic anomalous Hall effect �AHE� in ferromagnetic
metals.14 In Ref. 13, the authors have revealed that huge
SHEs are ubiquitous in multiorbital d-electron systems by
calculating SHEs in various 4d and 5d transition metals. This
study succeeds in explaining sophisticated and systematic
experimental studies by Otani’s group.9 Therefore, it is
strongly suggested that the intrinsic mechanism is dominant
in transition metals.

The large SHE in transition metals is induced by the
phase factor of the d-orbital wavefunction in the presence of
the atomic SOI, which we call the “orbital Aharonov-Bohm
�AB� effect.”15 The intrinsic SHC is predicted to be simply
proportional to the spin-orbit polarization at the Fermi level
�l ·s��. According to the Hund’s rule, the SHC should be
positive �negative� in transition metals with more �less� than
half-filling. Moreover, occurrence of large orbital Hall effect
�OHE�, which is a phenomenon that large d-orbital Hall cur-
rent is induced by the electric field, is also predicted theo-
retically in many transition metals.15 These fact suggests that
a very large SHE and OHE may appear in f-electron systems
compared to that in d-electron systems since SHE and OHE
are proportional to �l ·s�� and l, respectively

In heavy fermion systems, very large AHE appears under
the magnetic field:16–19 in clean heavy-fermion systems,
anomalous Hall conductivity �AHC� �SH

a is independent of �
sufficiently below the coherent temperature T0, whereas

�SH
a ��−2 above T0, which indicates that the intrinsic contri-

bution is dominant in such clean samples. In Ref. 20, they
studied the AHE based on the orbitally degenerate periodic
Anderson model �OD-PAM�, which is an effective model for
heavy-fermion compounds. The obtained general expression
has succeeded in explaining the huge AHC observed in
heavy-fermion systems. Considering the close relationship
between SHE and AHE, one might expect that huge SHE can
be realized in heavy fermion systems.

In this paper, we study the intrinsic SHE based on the
OD-PAM. It is found that the huge SHE in heavy fermion
systems originates from the orbital AB effect, which is given
by the spin-dependent Berry phase induced by the complex
f-orbital wavefunction. In the low resistive regime, the SHCs
in Ce- and Yb-compound systems are predicted to be about
2000�3000� e−1 �−1 cm−1 in magnitude, which are one or-
der larger than that the value observed in Pt. The sign of the
SHC is negative �positive� in Ce �Yb� compound systems
with f1 �f13� configuration since the SHC is proportional to
the spin-orbit polarization �l ·s��.15 The obtained expression
for the SHC does not depend on the strength of the c-f mix-
ing potential nor the mass-enhancement factor. The SHC in
f-electron systems will be measurable by using recently de-
veloped fabrication technique of high-quality heavy-fermion
thin film.21

Recently, present authors have studied the extrinsic SHE
based on the orbitally degenerate single-impurity Anderson
model �OD-SIAM�.22 Using the Green’s functional method,
we have derived both the skew scattering and side-jump
terms analytically. It is found that the side-jump term derived
in the OD-SIAM has a great similarity to the intrinsic term
derived in the OD-PAM: The SHCs are simply proportional
to �l ·s�� and their magnitude are almost the same in both
mechanisms. In Sec. IV, we discuss the relationship between
the intrinsic and the side-jump mechanisms.

II. MODEL AND HAMILTONIAN

In the present paper, we study the intrinsic SHE and OHE
for both Ce- and Yb-compound heavy-fermion systems
based on the OD-PAM. In these systems, the number of f
electron or hole is unity, and the total angular momentum J is
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5/2 or 7/2. In the presence of the strong atomic SOI, the J
=7 /2 level is about 3000 K higher than the J=5 /2 level.
Therefore, we consider only J=5 /2 �J=7 /2� state in Ce3+

�Yb3+� ion with 4f1 �4f13� configuration. We note that l ·s
= 1

2 �J�J+1�−L�L+1�−S�S+1�� is given as follows:

l · s = − 2 for J = 5/2,

l · s =
3

2
for J = 7/2. �1�

Here, we introduce the following OD-PAM Hamiltonian,
which had been used to explain the large Van-Vleck mag-
netic susceptibility23 and the small Kadowaki-Woods ratio24

in heavy-fermion systems with orbital degeneracy.

Ĥ = �
k�

�kck�
† ck� + �

kM

Ef fkM
† fkM�

+ �
Mk�

�VkM�
� fkM

† ck� + VkM�ck�
† fkM� + U �

i,M�M�

niM
f niM�

f ,

�2�

where, ck�
† is the creation operator of a conduction electron

with spin �= 	1. fkM
† is the operator of a f electron with

total angular momentum J=5 /2 �7/2� and z component
M�−J
M 
J� for Ce3+ �Yb3+�. �k is the energy for c elec-
trons, Ef is the localized f-level energy, and U is the Cou-
lomb interaction for f electrons. VkM� is the mixing potential
between the c and f electrons, which is given by20

VkM� =	 2

2J + 1
	4�Vf�

m

am�
M Yl

m��k,k� , �3�

where, am�
M is the Clebsh-Gordan �C-G� coefficient and

Yl
m��k ,k� is the spherical harmonic function. Here, the C-G

coefficient for l=3 is given by �for l=3�

am�
M = − �
�7/2 − M��/7�1/2�m,M−�/2 for J = 5/2,

am�
M = 
�7/2 + M��/7�1/2�m,M−�/2 for J = 7/2. �4�

Here, the k dependence of Vf is neglected due to the small
radius of the f-orbital wave function. We also neglect the
crystalline electric field splitting of Ef level since its effect
on the intrinsic Hall effect would not be essential.25 Hereaf-
ter, we put U=0; the effect of Coulomb interaction on the
SHC will be discussed in Sec. IV.

From the expression of the C-G coefficient in Eq. �4�, we
see that conduction electrons with ↑ spin mainly hybridize
with M =−5 /2 �M =7 /2� for J=5 /2 �J=7 /2�, which is con-
sistent with the Hund’s rule: that is the spin and orbital an-
gular momentum are parallel �antiparallel� for J=5 /2
�J=7 /2�. We will show that the sign of the SHC is explained
by the spin-orbit polarization.15 In the present study, we ne-
glect the effect of crystalline electric field on f orbitals since
it is small due to the small radius of the f-orbital wave func-
tion. Hereafter, we put �=1.

In Fig. 1, we show the band structure of OD-PAM given
in Eq. �2�. Here, Ek

	 represents the hybridization bands given
by Ek

	= 1
2 ���k+Ef�		��k−Ef�2+4�Vf�2�. In this study, we as-

sume the metallic state, where the Fermi level � lies in the
c-f hybridization band. In this figure, kF is the Fermi mo-
mentum and �Ef −�.

Here, the conduction and f-electron Green’s functions for
OD-PAM in the absence of the magnetic field are given by as
follows:20

Gk��
c ��� = �� + � − �k − �

M

�VkM��2

� + � − EM
f �−1

, �5�

GkMM�
f ��� = GkM

0f ����MM�

+ �
�

GkM
0f ���VkM�

� Gk�
c ���VkM��GkM�

0f ��� .

�6�

We note that Gk��̄
c ���=0.20 The diagrammatic expression for

Eq. �6� is given in Fig. 2. G0f is the f-electron Green’s func-
tion without hybridization given as

GkM
0f ��� =

1

� + � − Ef . �7�

Now, we consider the quasiparticle damping rate �̂���,
which is mainly given by the imaginary part of the f-electron

self-energy, �̂k��� in heavy-fermion systems. In the dynami-
cal mean-field approximation, the self-energy is composed
local f-Green’s function, 1

N�kGkMM����g����MM�, which
is diagonal with respect to M and is dependent of M in the
orbitally degenerate case.24 Here, N is the number of k

FIG. 1. �Color online� Band structure of the OD-PAM given in
Eq. �2�. Here, Ek

	 is the hybridization band.
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FIG. 2. The diagrammatic expression for the Green function in
Eq. �6� �Ref. 20�.
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points. Therefore, in the present study, we assume that �̂ is
diagonal with respect to M and is independent of the mo-
mentum. Moreover, since f electrons are degenerate in the
present model, we assume that �M is approximately indepen-
dent of M and can be approximated as �MM�=��MM�, where
� is a constant. In this study, we perform a calculation of the
SHC using this constant � approximation. Then, the retarded
�advanced� Green’s functions are given by

Gk
cR�A���� = �� + � − �k −

�Vf�2

� + � − Ef + �− �i�
�−1

,

Gk
0fR�A���� = �� + � − Ef + �− �i��−1. �8�

III. CALCULATIONS OF SHC AND OHC

In this study, we calculate �SH based on linear response
theory. According to Streda,26 the SHC at T=0 in the absence
of the current vertex correction �CVC� is given by �SH
=�SH

I +�SH
II , where

�SH
I =

1

2�N
�

k
Tr�Ĵx

SĜRĴy
CĜA��=0, �9�

�SH
II =

− 1

4�N
�

k
�

−�

0

d� Tr�Ĵx
S�ĜR

��
Ĵy

CĜR − Ĵx
SĜRĴy

C�ĜR

��

− �R ↔ A�� . �10�

Here, �SH
I and �SH

II represents the Fermi surface term and the
Fermi sea term, respectively.

In the present model, the charge current operator is given

by Ĵ�
C=−ev̂k�, where −e�e�0� is the electron charge and

v̂k� = �
�

�

�k�

�kck�
† ck��

�M
� �

�k�

VkM�ck�
† fkM + H.c� .

�11�

Next, we explain the sz-spin current operator Ĵ�
S . In the

present model, ŝz is given by

ŝz = �
�

�

2
ck�

† ck� + �
M

SMfMk
† fMk, �12�

where SM =�m�
�
2 �am�

M �2. It is straight forward to show that

SM =− M
7 � M

7 � for J=5 /2 �J=7 /2�. Then, the spin current Ĵ�
S


v̂k�
c , ŝz� /2 is given by

Ĵ�
S = �

�

�

2

��k

�k�

ck�
† ck� + �

�M
�1

2
��

2
+ SM� �VkM�

�k�

ck�
† fkM

+ H.c� . �13�

In a similar way, the total angular-momentum current op-

erator, Ĵ�
J 
v̂k�

c , Ĵz� /2, is given by replacing SM in eq. �13�

with M. Then, the orbital angular-momentum current opera-

tor, Ĵ�
O Ĵ�

J − Ĵ�
S , is expressed as

Ĵ�
O = 
v̂k�

c , l̂z�/2 = �
�M
�1

2
�M − SM�

�VkM�

�k�

ck�
† fkM + H.c� .

�14�

Then, the orbital Hall conductivity �OHC� �OH�Jx
O� /Ey

due to the OHE is given by �OH=�OH
I +�OH

II , where �OH
I and

�OH
II are, respectively, given by Eqs. �9� and �10� by replacing

Jx
S with Jx

O.
Here, we study the velocity given by the c-f mixing po-

tential VkM� �Ref. 20�

�VkM�

�kx
= − i�M −

�

2
� ky

kx
2 + ky

2VkM� +
�

�kx
�VkM��M,�

� ��M,�

 vx
a + vx

b. �15�

Here, vx
a is the anomalous velocity given by k derivative of

the phase factor �M,�=exp
i�M− �
2 �k� in VkM�. Figure 3 is a

schematic view of the anomalous velocity va��kk. Since
vx

a�ky and thus �kvx
a���k /�ky��0, the anomalous velocity

gives rise to the large SHE and AHE in heavy fermion sys-
tems. On the other hand, vx

b�kx gives a normal velocity. In
Eq. �9� and �10�, the terms which contain single v�

a give rise
to the SHC.

A. Calculation of the Fermi surface term

Here, we calculate the SHC by neglecting CVC according
to Eqs. �9� and �10�, using Eqs. �11� and �13�. J�

C and J�
S are

composed of the conduction electron term ��k /�k����k
and the hybridization term ��Vk. Figure 4 shows the terms

for �SH in which Ĵx
S , Ĵy

C is composed of zero or one �muVk.
Figure 4�a� gives large SHC since ��Vk includes the anoma-
lous velocity in Eq. �15�. We note that the terms in Fig. 4�b�
that are composed only of �x�k ·�y�k vanishes identically.
Moreover, there exists the terms that are proportional to
��Vk��Vk, as shown in Fig. 6. In Appendix B, we will show
that these terms are much smaller than the contribution by
Fig. 4�a�. Therefore, we here focus on the terms in Fig. 4�a�.

In this section, we derive the analytical expression for the
Fermi surface term since the Fermi surface term dominates
over the Fermi sea term, as discussed in previous

kx

k�

ϕk
0

Fermi
surface

va
va

va

va

FIG. 3. �Color online� A schematic view of the anomalous ve-
locity va.
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studies.10,11,13,28 The Fermi sea term will be derived in Sec.
III B.

According to Eqs. �9�, �11�, and �13�, the Fermi surface
term �SH

I for Fig. 4�a� is given by

�SH
I =

− e

2�N
�
kM�

1

2
�3�

2
+ SM�

� � �VkM�

�kx

��k

�ky
VkM�

� �Gk
cR�0��2Gk

0fR�0� + c.c.� .

�16�

Here, we confine ourselves to the case J=5 /2 state corre-
sponding to Ce3+ ion. In Sec. IV A, we will discuss the case
for J=7 /2 state. Then, by using the following relationships:

�
M�

M2�VkM��2 =
�Vf�2

2
�1 + 16 sin2 �� , �17�

�
M�

�2�VkM��2 = 2�Vf�2, �18�

�
M�

M��VkM��2 = �Vf�2�1 − 4 sin2 �� , �19�

ky

kx
2 + ky

2 =
1

k

sin � sin 

sin2 �
,

��k

�ky
=

��k

�k
sin � sin  , �20�

Eq. �16� is transformed as follows:

�SH =
− e

2�N

52

7
�Vf�2�

k

1

k

��k

�k

�

�� − Ek�2 + �2 �Gk
c�0��2,

�21�

where k�k�.

Here, we analyze Eq. �21� when � is small enough: in this
case

Gk
cR�0� = �� − �k −

�Vf�2

� − Ef + i�
�−1

� �� − �̃k + i�c�−1,

�22�

where �̃k=�k+
�Vf�2

�−Ef and �c=
�Vf�2

��−Ef�2 �. Since � / �x2+�2�
=���x� for small �, we obtain the following relationship:

�Gk
cR�0��2 =

1

�� − Ek�2 + �c
2 �

�

�c
��� − Ek� . �23�

Substituting above equation into Eq. �21�, we obtain the
following relationship for small �:

�SH =
− e

2�N

52

21�
k

1

k

��k

�k
��� − Ek� . �24�

Now, we approximate the conduction electron as free elec-
tron. Then, �SH

I for J=5 /2 is given by

�SH
I = − e

26

21

kF

2�2NFS = −
e

2�a

26

21
NFS, �25�

where a is the lattice spacing and NFS represents the number
of large Fermi surface. The first line in Eq. �25� means that
the SHC depends only on the density of conduction electron
nc=kF

3 /3�2, except for NFS. This result suggests that SHCs in
Ce-compound heavy-fermion systems take similar large
negative values. The second line in Eq. �25� is obtained by
putting kF=� /a. When a=4 Å, then e /2�a
�1000� e−1 �−1 cm. If we assume that NFS=2�3, we ob-
tain �SH=2000�3000� e−1 �−1 cm−1 for Ce-compound
system. Interestingly, the expression obtained above is inde-
pendent of the strength of the c-f mixing potential.

Next, we discuss the Fermi surface term for the OHC. By

replacing Ĵx
S with Ĵx

O in Eq. �9�, �OH
I can be calculated in the

same way as SHC. The obtained result is

�OH
I = −

7

13
�SH

I . �26�

Thus, �OH
I shows a large positive value in Ce compounds. In

contrast, the relation �OH
I � ��SH

I � is satisfied in transition
metals since the SOI is weak and �l ·s���1.13

B. Calculation of the Fermi sea terms

In this section, we derive the analytical expression for the
Fermi sea term �SH

II , and show that the Fermi surface term �I�
dominates the Fermi sea term �II�. According to Eqs. �10�,
�11�, and �13�, the Fermi surface term �SH

II for Fig. 4�a� is
given by

(b)

(a)

FIG. 4. The diagrammatic expressions for �SH. �a� The diagram-
matic expressions for the dominant terms. �b� The diagrammatic
expressions of the terms composed only of ���k, which vanishes
identically.
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�SH
II =

e

4�N
�
kM�

�
−�

0

d�
1

2
�3�

2
+ SM�

� � �VkM�

�kx

��k

�ky
� �Gk

fR���
��

Gk
cR��� − Gk

fR���
�Gk

cR���
��

− �R ↔ A�� +
�VkM�

�

�kx

��k

�ky
� �Gk

cR���
��

Gk
fR���

− Gk
cR���

�Gk
fR���
��

− �R ↔ A��� . �27�

Using the relations in Eqs. �17�–�19�, and performing the
M ,� summations in Eq. �27�, it is transformed as

�SH
II =

− e

4�N
�

k
�−

52

7
��Vf�2

1

k

��k

�k

�Im��
−�

0 d�

��� − �k��� − Ef + i�� − �Vf�2�2� .

�28�

To perform the � integration in Eq. �28�, we rewrite the
integrand in Eq. �28� as follows:

�� + � − �k��� + � − Ef + i�� − �Vf�2

= �� + � − Ek
+ + i�+��� + � − Ek

− + i�−� , �29�

where

�	 =
�

2
�1 �

�k − Ef

Ek
+ − Ek

−� . �30�

Then, the � integration in eq. �28� can be performed analyti-
cally as follows:

�
−�

0 d�

�� + � − Ek
+ + i�+�2�� + � − Ek

− + i�−�2

=
1

�Ek
+ − Ek

− − i��+ − �−��2

Ek
+ + Ek

− − 2� − i��+ + �−�
�Ek

+ − � − i�+��Ek
− − � − i�−�

,

�31�

+
2

�Ek
+ − Ek

− − i��+ − �−��3 ln
Ek

+ − � − i�+

Ek
− − � − i�− . �32�

We analyze Eqs. �31� and �32� when � is small: since
Im�ln�x	 i���= ����x�, the imaginary part of Eqs. �31� and
�32� is approximated as

Im
Eq. �31�� �
���� − Ek

−�
�Ek

+ − Ek
−�2 , �33�

Im
Eq. �32�� �
2���� − Ek

−�
�Ek

+ − Ek
−�3 , �34�

for Ce compounds, where the Fermi level lies under Ef, as
shown in Fig. 1. Substituting above equations into eq. �28�,
�SH

IIa and �SH
IIb is given by

�SH
IIa =

e

2�N
�

k

52

7
�Vf�2

1

k

��k

�k

���� − Ek
−�

�Ek
+ − Ek

−�2 , �35�

�SH
IIb =

− e

2�N
�

k

52

7
�Vf�2

1

k

��k

�k

2���� − Ek
−�

�Ek
+ − Ek

−�3 . �36�

We will explain in Appendix A how to perform the k sum-
mations in Eq. �36�. In case of �Vf�2 / �Ef −���1, final ex-
pressions for �SH

IIa and �SH
IIb are obtained as

�SH
IIa = − �kF

�SH
I , �37�

�SH
IIb = �SH

I . �38�

Here �kF


�Vf�2

�EkF
+ −��2 ac

−1 and ac
−1�

d�k

dEk
− �Ek

−=�=1+
�Vf�2

��−Ef�2 . Consid-

ering the relation EkF

+ ��kF
in Fig. 1, it is straight forward to

show that �kF
�1 up to O���2 / �Vf��2�. In this case, we obtain

the following relationships for small �:

�SH
I � �SH

IIb � − �SH
IIa , �39�

�SH
I � �SH

II . �40�

Therefore, two Fermi sea terms �SH
IIa and �SH

IIb almost can-
cel, and as a result, the Fermi surface term �SH

I gives a domi-
nant contribution to the SHC.10,11,13,28 Note that the same
relations also hold for the OHC and the total OHC is mainly
given by the Fermi surface term.

IV. DISCUSSIONS

A. SHC and OHC in Yb-compound system

Now, we discuss the SHC for J=7 /2, which corresponds
to the case in Yb-compound systems. To perform M ,� sum-
mations, we use the following relations for J=7 /2:

�
M�

M2�VkM��2 =
Vf

2
�1 + 30 sin2 �� , �41�

�
M�

�2�VkM��2 = 2Vf , �42�

�
M�

M��VkM��2 = Vf�1 + 3 sin2 �� . �43�

By using the above relationships, we can perform the cal-
culation of �SH

I by following Sec. III A. As a result, �SH
I for

J=7 /2 takes a large positive value as

�SH
I = e

15

14

kF

2�2NFS =
e

2�a

15

14
NFS. �44�

The second line in Eq. �44� is obtained by putting kF=� /a.
This result suggests that SHCs in Yb-compound heavy-
fermion systems take similar large positive values. We can
also calculate the Fermi sea for J=7 /2 by following Sec.
III B. Then, we recognize the relationship in Eqs. �39� and
�40� for J=7 /2.
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In the same way, the OHC for J=7 /2 state is given by

�OH
I =

14

5
�SH

I . �45�

Therefore, we note that the sign of SHC is negative for
J=5 /2, it is positive for J=7 /2, whereas the OHC is positive
for both cases. These facts are consistent with the results
obtained in 4d- and 5d transition metals.13,15 In Sec. IV B,
we will show that the sign of SHC is equal to the sign of the
spin-orbit polarization �l ·s��.15

B. Orbital Aharonov-Bohm phase factor

In previous sections, we have discussed the SHE based on
the OD-PAM using the Green’s function method. In this sec-
tion, we give an intuitive explanation for the origin of the
huge SHE in heavy-fermion systems. For this purpose, we
consider the two orbital model with M = 	5 /2, assuming the
strong crystalline field. In the case of J=5 /2, the c-f mixing
potential is given by VM��r̂�� 
	6Y3

−3��r̂��M,−5/2�

+Y3
2��r̂��M,5/2�� in the real-space representation: if we drop

the second term, it can be approximated as VM��r�
�Y3

−3��r̂��e−3i�r, where r=tan−1�y /x�.
In Fig. 5, two examples of the clockwise motion of the

conduction electron along the nearest three sites �fM →c
→c→ fM� are shown. Here, �i represents the angle between
the incoming and outgoing electron. Therein, the electron
acquires the phase factor e−3�� due to the angular depen-
dence of the c-f mixing potential in real space, VM��r̂�. This
phase factor can be interpreted as the orbital AB phase factor
at the f site, which works as the effective magnetic flux
�−3�� /2��0 through the area of the triangle. Here, 0
=2�� /e is the flux quantum. On the other hand, VM� is
approximately given by VM��r̂��e3i�r for J=7 /2. In this
case, the effective magnetic flux per triangle is �3�� /2��0,
which is opposite to that for J=5 /2. Recently, Streda27 had
discussed the SHE in real space. His study also demonstrate
the essential role of the orbital angular momentum on the
SHE

In summary, a conduction electron acquires the spin-
dependent orbital AB phase factor, which originates from the

spin-dependent c-f hybridization in the presence of strong
SOI. This is the origin of the huge SHE in heavy-fermion
systems. This consideration also explains the sign difference
of the SHC between Ce and Yb compounds. Thus, the origin
of the SHE in heavy fermion systems is well understood
based on the simplified two-orbital model.

C. Relationship between the intrinsic and side-jump terms

So far, we have studied the OD-PAM with translational
invariance and found that huge intrinsic SHC emerges. Here,
we consider the depletion of f electron. The quasiparticle
damping rate � increases in proportion to the depletion ratio
x. In the case of x�1, the intrinsic SHC is independent of x
if � is smaller than the band splitting.11,13 In addition to the
intrinsic term, the depletion may induce the extrinsic terms,
that is, skew scattering term �SH

skew and side-jump term �SH
sj .

In the dilute limit where 1−x�1, intrinsic term does not
exist. In this case, present authors had studied the extrinsic
SHE based on the orbitally degenerate single-impurity
Anderson model.22 For kF=� /a �a is a lattice spacing�, the
expressions for skew scattering and side-jump terms are ob-
tained as29

�SH
skew =

e

2�a
�2

1

�
�l · s��, �46�

�SH
sj =

e

2�a

3

7
�l · s�� for J = 5/2, �47�

�SH
sj =

e

2�a

5

7
�l · s�� for J = 7/2, �48�

for both J=5 /2 ��l ·s��=−2� and J=7 /2 ��l ·s��=3 /2�. Here,
�2 is a phase shift for d partial wave. From the above equa-
tion, we find that the extrinsic term is proportional to the
spin-orbit polarization �l ·s��. In these two Anderson models,
both intrinsic term �SH

int and side-jump term �SH
sj originate

from the anomalous velocity that arises from the k derivative
of the phase factor in the mixing potential. Here, we compare
Eqs. �25�, �44�, �47�, and �48�. Very interestingly, the follow-
ing relationship holds in a accuracy of 	7.2%:

�SH
int � �SH

sj . �49�

This fact indicates unexpected close relationship between the
intrinsic term and the extrinsic side-jump term, and therefore
it would be very difficult to distinguish these two mecha-
nisms experimentally. This fact would be the reason why
intrinsic �or side-jump� term are widely observed from single
crystals to polycrystal or amorphous compounds.

V. SUMMARY

In this paper, we studied the intrinsic SHE and OHE
based on the OD-PAM. We derived the analytical expression
for the intrinsic SHC and OHC based on the linear response
theory. In calculating SHC and OHC in this study, we have
performed the �k integrations among several electronvolt ac-
curately. Consequently, the dominant contribution for the

FIG. 5. �Color online� Effective Aharonov-Bohm phase in two-
dimensional OD-PAM.
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SHC arises from the heavy quasiparticles with narrow band-
width. We found that both SHC and OHC are mainly given
by the Fermi surface term �I�. The obtained results for Ce-
compounds �J=5 /2� are given by Eqs. �25� and �26� and
those for Yb compounds �J=7 /2� are given by Eqs. �44� and
�45�. The SHCs for both compounds are approximately ex-
pressed by Eqs. �47� and �48�. These results suggests that
SHCs in Ce �Yb� compound heavy-fermion systems take
similar large negative �positive� values; 2000
�3000� e−1 �−1 cm−1 in magnitude. The mechanism of the
huge SHE and OHE in f-electron systems is the orbital AB
effect, which is given by the spin-dependent Berry phase
induced by the complex f-orbital wavefunction. Therein, the
SHC is proportional to the spin-orbit polarization �l ·s��. The
SHC in f-electron systems will be measurable by using re-
cently developed fabrication technique of high quality
heavy-fermion thin film.21 For the same reason, large SHE
may be expected in f2 systems such as U- and Pr-based com-
pounds. However, quantitative calculations are important fu-
ture problems.

Here, we briefly comment on the effect of the Coulomb
interaction U. In the present study, we have calculated the
SHC with U=0. In the PAM, the effect of the self-energy
correction is represented by the renormalization of the mix-
ing potential VkM�→	zVkM�, where z−11− �

������=m� /m
is the renormalization factor due to the self-energy.30,31 Since
the SHC obtained in this study is independent of VkM�, the
SHC will be independent of the mass enhancement due to
Coulomb interaction. �In contrast, the AHE under the mag-
netic field is proportional to the magnetic susceptibility �S

�m� /m.� Next, we discuss the CVC due to Coulomb inter-
action. In Ref. 20, it was proved that the CVC by U does not
give rise to the skew scattering term and thus its quantitative
effect on the SHE is expected to be small.20 However, the
CVC due to spin fluctuations might be significant in nearly
quantum-critical point.32 This is an important future issue.
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APPENDIX A: DERIVATION OF Eq. (38)

Here, we explain the way we performed the k summations
in Eq. �36� and derive Eq. �38�. In performing the k summa-
tions analytically, we assumed that the density of state N���
for conduction electron is constant: �k=N�0��d�k. Then

�
−�

X d�k

�Ek
+ − Ek

−�3 = �
−�

X d�k

���k − Ef�2 + 4�Vf�2�3/2

=
1

4�Vf�2
� X̃

X̃2 + 4�Vf�2
+ 1� , �A1�

where X̃�−Ef −
�Vf�2

�−Ef . When �Vf�2 / �Ef −���1, the first

term in the bracket in Eq. �A1� is approximated as �1. As a
result, �SH

IIb is given by

�SH
IIb = −

e

2�a

26

21
NFS = �SH

I . �A2�

APPENDIX B: CALCULATIONS OF THE TERM
PROPORTIONAL TO �xVk�yVk

In the main text, we have calculated the term proportional
to ��V���k and explained that it gives a dominant contribu-
tion to the SHC. In this appendix, we derive the SHC given
by �xVk�yVk and show that it is very small and negligible. In
this case, to perform the M ,� summations, we use the fol-
lowing relations:

�
M,�

1

2
��

2
−

M

7
� �VkM�

�kx

�VkM�
�

�ky
= i

12

7
cos2 �

1

k2 �Vf�2,

�
M,M�,�,��

1

2
��

2
−

M

7
� �VkM�

�kx
VkM��

� VkM���

�VkM��
�

�ky

= i
16

7
cos2 �

1

k2 �Vf�4,

�
M,M�,�,��

1

2
��

2
−

M

7
� �VkM�

�kx
VkM��

� VkM��
�

�VkM���

�ky

= − i
16

7
cos2 �

1

k2 �Vf�4. �B1�

Here, we first perform the calculation for the Fermi sur-
face term. By using the above relationship shown in Eqs.
�B1�, the SHC given by �A�–�D� in Fig. 6 is given by

�SH
I�A−D� =

e

2�

8

7�
k

1

k2 �Vf�2Im
GfR�0�GcA�0�� , �B2�

�

�

�
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FIG. 6. The diagrammatic expression for the term proportional
to �xVkM��yVkM�.

INTRINSIC SPIN AND ORBITAL HALL EFFECTS IN… PHYSICAL REVIEW B 81, 224401 �2010�

224401-7



+
e

2�

64

21�
k

1

k2 �Vf�4Re GfR�0�Im GfR�0��Gc�0��2. �B3�

The diagrammatic expressions for Eqs. �B2� and �B3� are,
respectively, given by �A� and �B�, and �C� and �D� in Fig. 6.
The contributions from the diagrams �E� and �F� turn out to
cancel out.

When � is small, we obtain a following relationship:

Im
GfR�0�GcA�0�� �
���� − Ek�

� − Ef , �B4�

Re GfR�0�Im GfR�0��Gc�0��2 � −
1

�Vf�2
���� − Ek�

� − Ef .

�B5�

Substituting the above equations into Eqs. �B2� and �B3�,
and performing the k summation, we obtain

�SH
I =

e

2�a

10

21
�NFS, �B6�

where � is defined by ��−�kF
�=��kF

.
In a similar way, we calculate �SH

IIa and �SH
IIb. After per-

forming the M ,� summations using Eq. �B1�, we obtain the
following expression of the Fermi sea term for �A�–�D� in
Fig. 6:

�SH
II�A−D� = −

e

4�

48

21�
k

1

k2 �Vf�2Im��
−�

0

d�
�GfR���

��
· GcR���

− GfR���
�GcR���

�� � , �B7�

−
e

2�a

128

21 �
k

1

k2 �Vf�4Im��
−�

0

d�
�GfR���

��
GfR���

��GcR����2� . �B8�

As explained in Sec. III B, after performing � integration,
above expressions are rewritten as follows for small �:

�SH
IIa�A−D� =

e

2�

24�

21 �
k

1

k2

�Vf�2

Ek
+ − Ek

−��� − Ek
−�

−
e

2�

64�

21 �
k

1

k2

�Vf�4

�Ef − Ek
−��Ek

+ − Ek
−�2��� − Ek

−� ,

�B9�

�SH
IIb�A−D� = −

e

2�

48�

21 �
k

1

k2

�Vf�2

�Ek
+ − Ek

−��Ef − Ek
−�

��� − Ek
−�

+
e

2�

64�

21 �
k

1

k2 �Vf�4��� − Ek
−�

�� 1

�Ef − Ek
−��Ek

+ − Ek
−�2 +

2

�Ef − Ek
−��Ek

+ − Ek
−�3� .

�B10�

Performing the k summations in Eq. �B9�, and as a result, we
obtain the following expressions for �SH

IIa :

�SH
IIa�A−D� =

e

2�a
�kF

�2

7
� −

16

21
��NFS, �B11�

where � is defined by �EkF

+ −��=��kF
. As recognized in Fig.

1, the relation ���� 1
2 is satisfied since EkF

+ ��kF
is satis-

fied in the present model. Since the relation �kF
=1

+O��� /Vf�2� holds well as discussed in Sec. III B, �SH
IIa is

given by

�SH
IIa�A−D� = −

e

2�a

10

21
NFS� . �B12�

To perform k summations in Eq. �B10�, we use the fol-
lowing approximation: �k

1
k2 �N�0� 1

kF
2 �d�k. Then, �SH

IIb is
given by

�SH
IIb = −

e

2�a��−
1

14
+

1

21�� + O� �

�VkF
���NFS

= −
e

2�a

1

42
NFS� . �B13�

Finally, we obtain the final expressions for �SH
I ,�SH

IIa and
�SH

IIb are given by the summations of Eqs. �25� and �B6�, Eqs.
�37� and �B11�, and Eqs. �38� and �B13�, respectively.

�SH
I tot = −

e

2�a
�26

21
−

10

21
��NFS, �B14�

�SH
IIa tot =

e

2�a
�26

21
−

10

21
��NFS, �B15�

�SH
IIb tot = −

e

2�a
�26

21
+

1

42
��NFS. �B16�

Here in Eqs. �B14�–�B16�, the terms that is proportional to �
is given in Fig. 6. In total, the SHC is given as

�SH
tot = −

e

2�a
�26

21
+

1

42
��NFS. �B17�

In Eq. �B17�, the factor 26/21 and � /42 in the bracket come
from the terms with ��Vk���k and the terms with ��Vk��Vk,
respectively. Since ��1 /2, the terms proportional to
��Vk���k shown in Fig. 4 gives a dominant contribution.
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