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For the warm dense-matter regime, we have examined the effects on the equation of state, conductivity, and
optical properties of the introduction of a metal impurity �Al� into a poorly conducting mixture �CH2� by
means of quantum molecular-dynamics simulations employing temperature-dependent density-functional
theory for temperatures between 1 and 4 eV and densities from ambient solid to a few times compressed. The
properties such as dc conductivity and Rosseland mean opacity exhibit significant departures from the pure
CH2 results only for metal concentrations above about 50%. The system is representative of a wide range of
environments that include planetary interiors, inertial confinement fusion capsules, and laser-produced
plasmas.
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I. INTRODUCTION

Impurities play a vital role in the behavior of materials
from dilute gases to compressed solids. A small amount of
dopant can radically alter the conductive properties of a
semiconductor in the same manner in which a sprinkling of
heavy ions can cool a hot, magnetically confined hydrogen
plasma. While the effects of impurities have received consid-
erable attention in many areas, their importance in the realm
of warm dense-matter �WDM� has yet to receive a thorough
investigation. This regime, which ranges in temperatures
from a few thousand ��1 eV� to a few million
��100 eV� degrees kelvin and in densities from a few hun-
dreds solid ��1021 atoms /cm3� to hundreds of times com-
pressed solid ��1025 atoms /cm3�, encompasses a diverse set
of environments and phenomena such as the interiors of
planets,1,2 the atmospheres of white dwarfs,3 the compression
phase of an inertial confinement fusion �ICF� capsule,4 and
the plasma produced in the interaction of an ultrafast, high-
intensity laser pulse with a solid.5,6 For example, contami-
nants such as silicates, iron, and carbon within the basically
hydrogen/helium interiors of jupiter and saturn influence the
intrinsic composition and structure of these gas giants, in
particular, the content or even existence of a solid rocky or
icy core.7 To model the vast range in masses, sizes, and
environments of the ever-growing list of exoplanets8,9 re-
quires a more detailed understanding of the basic interplay of
the bulk constituents with the impurities, especially given the
ability now to probe the basic composition.10 In a more ter-
restrial setting, the mixing of impurities from the capsule
shells into the deuterium/tritium fuel can have a considerable
impact on the ICF burn efficiency.11,12 The evolution of cap-
sule design from layers of hydrocarbon foams and heavy
metals to simple shells of plastics such as polyethylene �PE�
or light metals as beryllium has not altered the effects impu-
rities can have on the basic behavior of the fuel. For ex-
ample, the inclusion of small amounts of germanium in the
plastic shell can damp certain hydrodynamical instabilities.
In each of these examples, the accuracy of the macroscopic
modeling of these environments rests strongly on a detailed
knowledge of the underlying microscopic properties such as

electrical conductivity, opacity, and equation of state �EOS�.
The above-delineated environments cover a diverse col-

lection of species and conditions. As a representative system,
we seek a mixture of moderately light components with poor
conductivity to which a heavier metal contaminant is added.
The plastic PE, consisting at ambient solid density of long
chains of CH2, provides a suitable candidate for the former
and aluminum for the latter. We examine such properties as
the electrical conductivity and the mean opacity as a function
of the metal content in the WDM regime at up to a few times
the ambient solid density ��1 g /cm3� and temperatures up
to 50 000 K ��4 eV�. For these conditions, the PE �CH2�
forms a partially dissociated fluid. We modeled this system
through large scale, highly sophisticated quantum molecular-
dynamics �QMD� simulations, which treated the electrons
quantum mechanically through finite-temperature density-
functional theory �FTDFT� and the nuclei classically. This
approach has proven highly effective in treating mixtures
such as LiH,13,14 H2O,15 HeH,16 and AuAl �Ref. 17� in the
WDM regime so that its extension to the addition of impu-
rities is straightforward.18 In the next section, we present an
overview of the formalism and parameters employed in the
simulations, followed by a presentation of the results.

II. FORMALISM

We have performed QMD simulations for a carbon-
hydrogen-aluminum mixture having a fixed number of elec-
trons Ne and ions Ni in a periodically replicated box of length
L�V�L3�. In these simulations, the electrons receive a fully
quantum mechanically treatment through solving the Kohn-
Sham �KS� equations for a set of orbitals �i and energies �i
within a plane-wave, FTDFT formulation using the Vienna
ab initio simulation package �VASP�.19–21 The ions evolve by
classical molecular dynamics according the forces from the
electron density and the ion-ion repulsion. Local thermody-
namic equilibrium pertains with the electron and ion tem-
peratures set equal �Te=Ti�. The electron temperature was
fixed in the FTDFT and the ion temperature was kept con-
stant through simple velocity rescaling. These conventions
define a isokinetic ensemble �NVT� with a fixed number
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�N=Ne+Ni� of particles, volume, and temperature. All simu-
lations employed only � point �k=0� point sampling of the
Brillouin zone. We solved the KS equations within the gen-
eralized gradient approximation �Perdew-Wang 91� and de-
scribed the ion-electron interaction by projector augmented
wave pseudopotentials for carbon, aluminum, and hydrogen
with, respectively, four, three, and one valence electrons and
maximum energy cutoffs �Emax� of 700 eV, 400 eV, and 700
eV. A sufficient number of bands �states� nb, typically 1000–
2000, was included so that the occupation of the highest
band was less than 10−3. MD trajectories were generally
evolved for 0.5 ps with time steps of 0.5 fs.

For this report, we concentrate on the optical properties of
the medium and consider, in particular, the behavior of the dc
conductivity �dc and the Rosseland mean opacity �RMO� �R
as convenient gauges although we shall also employ the elec-
tronic or excess pressure Pe and internal energy U to assess
the equation of state. The dc conductivity probes the low-
frequency regime while the RMO emphasizes a region
around the maximum of the absorption. The combination
provides a broad indication of the trends in the behavior of
the fluid with increased metal content.

The real part of the frequency-dependent conductivity
����=�1���+ i�2��� provides the basic information for
computing these properties22–24

�1��� =
2�

�
�
i,j

Fij�Dij�2	��i − � j − �� , �1�

where � is the atomic volume, Fij is the difference between
the Fermi-Dirac distribution at temperature T, and Dij is the
velocity dipole matrix element �	�i�� �� j
�2. Substituting a
narrow Gaussian of width 
 for the delta function permits a
systematic determination of the real part of the conductivity;
a Kramers-Kronig relation defines the imaginary part in
terms of �1. The zero-frequency limit of the real part gives
the dc conductivity ��dc=�1�0��. Other optical properties
such as the index of refraction, the reflectivity, the dielectric
function, and the absorption derive exclusively from a
knowledge of the complex electrical conductivity. In particu-
lar, the absorption coefficient ����= 4�

n����1��� with n��� the
real part of the index of refraction from which derives the
Rosseland mean opacity �R as

1

�R
= �

0

� B����
����

d� , �2�

where B���� is the derivative with respect to temperature of
the normalized Planck’s function. Given that the function B�
peaks around 4kBT, the computed opacities exhibit the great-
est sensitivity to the absorption coefficient around this en-
ergy. Since the conductivity depends on transitions between
occupied and unoccupied orbitals, generally three to four
times as many bands are required for convergence in contrast
to the force. We find that averaging �1 over five to ten MD
snap shots at times separated by a correlation length, proves
sufficient to converge the optical properties within better
than 5%. We generally report the frequency-dependent quan-
tities in terms of the photon energy �E=��.

From only a knowledge of the dc electrical conductivity,
we can estimate the electronic thermal conductivity Ke by
employing the Wiedemann-Franz law,25

Ke = L0�dcTe, �3�

where L0=
�2kB

2

3e2 with kB, the Boltzmann constant and e, the
electron charge. This particular choice of the Lorenz factor
L0 best represents metallic systems and should apply better
to cases of higher Al content. While this form yields a gen-
eral range for the thermal conductivity over the conditions
explored here, more quantitative results obtain from con-
structing the Onsager kinetic coefficients Lij from Kubo
formulas26 resembling Eq. �1�.

Our initial reference system consists of CH2 molecules
randomly distributed in a volume L3 to form a disordered
collection of NC carbon atoms and NH hydrogen atoms �NH
=2NC�. We examine the effects of introducing a metallic
impurity by systematically replacing the CH2 units with alu-
minum atoms so that the total number Nh�=NC+NAl� of at-
oms of the heavy species, carbon and aluminum, remains
constant. Isolated CH2 has a carbon-hydrogen bond length of
1.07 Å and an aluminum atom, a radius of 1.25 Å. How-
ever, since the size of a CH2 molecule does not precisely
match that of Al atom, we have found that a direct replace-
ment can lead in some cases to particles having anomalously
close separations in the initial configuration. If the QMD
commences with this situation, overly hot hydrogen atoms
and condensed CH can result. To rectify this problem, we
begin the MD simulation with a consecutive series of short
propagations ��100–200 time steps� with the velocities res-
caled at the end of each. This prescription allows all particles
to settle into the proper relative configuration from which the
long simulation can begin.

We consider two cases with Nh=75 and 150, which for
pure CH2 gives a total number of particles of 225 and 450,
respectively. We report results in terms of the mass density of
the pure CH2 fluid �=

mHNH+mCNC

L3 and the fraction of Al, fAl

=
NAl

Nh
. For example, a case with NC=Nh=75 and �

=1 g /cm3 gives L=12.04 Å. A sample of pure Al �fAl=1�
of 75 atoms at the same volume yields a density of
1.92 g /cm3. We examine cases for initial CH2 densities be-
tween 1 and 3 g /cm3 and temperatures ranging from 1 to 4
eV, which track in a general sense the evolution of the early
stages of ICF capsule compression.27

III. RESULTS AND DISCUSSION

Since experimental data does not exist in the WDM re-
gime under investigation, we compare at various limits. First,
for pure Al, we have reproduced the theoretical electrical
conductivity results of Mazevet et al.,28 which in turn agree
very well with exploding wire experiments29 at temperatures
between 1 and 3 eV and Al densities from 0.02 to 2 g /cm3.
Second, for polyethylene �CH2� fluids, we compared in Fig.
1 against experimental Hugoniot results at densities between
1 and 2 g /cm3 and temperatures of a few thousand kelvin.
We performed NVT QMD simulations varying the tempera-
ture until the two sides of the Rankine-Hugoniot equation30
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agreed, thereby determining a pressure P and internal energy
U and in turn the shock us and particle up velocities,31 which
agree to within better than 10% with data from shock
experiments.32 A more comprehensive study of the PE Hugo-
niot has recently appeared33 that further demonstrates the
efficacy of DFT methods for polymer systems.

We first consider the effects of the impurity on the EOS of
the polyethylene fluid by examining in Fig. 2 the behavior of
the electronic pressure Pe as a function of the Al fraction for
several temperatures and densities. The pressure shows a
very small increase in atmost 20% from pure CH2 to pure Al.
Since the components have similar sizes, replacing a CH2
with an Al will not significantly alter the basic structure.
While quantum mechanically, we substitute more complex
entities, one having six valence electrons with one having
three, the insensitivity of the pressure indicates that the re-
sulting electronic structures behave in a similar manner. As
we shall discover, this behavior does not translate to the op-
tical properties. In fact this weak dependence on the Al frac-

tion exhibited by the pressure masks, especially at the higher
densities and temperatures, a more complex structure for the
fluid. Examination of the pair-correlation functions, which
give the probability of finding one species at a particular
distance from another, indicates some breakage of the C-H
bonds and the formation of short carbon chains �C-C� and of
molecular hydrogen �H2� and aluminum �Al2�.

We begin our investigation of the optical properties by
examining the behavior of the energy-dependent electrical
conductivity �1�E� and absorption coefficient ��E� as a func-
tion of the metal concentration fAl for the representative case
of an initial PE density of 1 g /cm3 at a temperature of 1 eV
and Nh=75. As displayed in the left-hand panel of Fig. 3, the
conductivity for the pure CH2 behaves like a poor metal or
semiconductor peaking at a nonzero value of the frequency
and falling slightly at the origin with a dc conductivity of
0.3�106 �� m�−1 in contrast to a value for pure solid Al at
ambient conditions of 38�106 �� m�−1. For small amounts
of Al, �1�E� continues to resemble the pure CH2 result. After
the fraction reaches about 0.5, the low-energy portion in-
creases rapidly, resembling more the behavior of a metal. At
these high concentrations, the Al atoms can readily share
their electrons and significantly alter the conductive proper-
ties of the medium. In fact, for Al fractions greater than 0.65,
the electrical conductivity for photon energies below 10 eV
fits well to the Drude form of a simple metal.28 As indicated
by the right-hand panel in Fig. 3, the absorption coefficient
shows a more gradual evolution from pure PE to Al. The
maximum moves steadily to lower frequencies as the mag-
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FIG. 1. �Color online� Comparison of CH2 Hugoniot for QMD
�blue; solid triangle� and experiment �Ref. 32� �red squares� in the
shock velocity �us� and particle velocity �up� space.
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FIG. 2. �Color online� Electronic �excess� pressure for a CH2 /Al
mixture as a function of the fraction of Al for 1 g /cm3 and 1 eV
�red circles�; 2 g /cm3 and 2 eV �green squares�; 3 g /cm3 and 3 eV
�blue triangles�; and 3 g /cm3 and 4 eV �orange diamonds� for two
values of Nh=75 �open symbols� and 150 �solid symbols�.
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FIG. 3. �Color online� Comparison of the energy �frequency�-
dependent electrical conductivity �1�E� �left panel� and absorption
coefficient ��E� �right panel� as a function of photon energy �E� at
1 g /cm3, 1 eV, and Nh=75 for several Al fractions �fAl=�: 0.0
�solid/blue�; 0.25 �dash/red�; 0.75 �dot/green�; and 1.0 �dash
dot/violet�.
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nitude grows. This would indicate an increasing opacity with
Al concentration since the Rosseland depends primarily on
the behavior of the absorption coefficient around 4kBT �4 eV
in this case�. We now turn to an examination of the mean
opacity and dc conductivity to gain a broader perspective of
the basic trends with changes in composition.

In Fig. 4, we display the dc conductivity as a function of
temperature and density as the fraction of the metal content.
The trend with fAl found for 1 g /cm3 and 1 eV also persists
at higher densities and temperatures with a slowly increasing
conductivity, essentially that of pure PE, up to a concentra-
tion of about 50% Al and a more rapid rise beyond 70%. The
denser and hotter cases have an overall larger conductivity.
We have compared calculations with Nh=75 and 150 C+Al
atoms and find no size effects with the results within a few
percent. Speculation exists on the possibility of small metal
impurity concentrations causing significant changes in the
opacity properties of the constituent material. At least for this
case, we find no pronounced effects for low metal fractions.
The system must reach about a 50% blend before noticeable
changes occur in the conductivity. We have also performed
calculations for a small number �1-3� of gold atoms in a CH2
fluid and found little change in the basic optical properties.
The evolution of macroscopic systems such as an ICF cap-
sule may produce regions with far greater concentrations of
the metal impurity than found in the initial sample; this situ-
ation could alter the basic transmission properties of the me-
dia. For completeness, we also plot in Fig. 4 the thermal
conductivity determined from the Wiedemann-Franz law as a
function of Al fraction. Since Ke /T for this rule scales as �dc,
the trend simply follows the dc electrical conductivity.

In Fig. 5, we make a similar comparison for the RMO. In
this case, a clear difference arises between the lowest and the
two higher temperature-density cases. For the former, the
opacity steadily rises as the Al concentration increases. On
the other hand, for the latter, the opacity remains nearly level
to concentrations of 70% and then falls as the system be-
comes pure Al. The right-hand panel in Fig. 3 gives insight
into this behavior for the 1 g /cm3 case. The main contribu-
tion to �R comes from photon energies around 4 eV. For all

the concentrations, this position lies in a region of monotoni-
cally increasing absorption. As the Al fraction rises, the peak
of the absorption curve increases in magnitude in this region,
thus resulting in a smoothly growing RMO with increasing
fAl. For the higher temperatures, the RMO maxima �photon
energies of 8 eV and 12 eV for 2 g /cm3 and 3 g /cm3, re-
spectively� lie near the center of the absorption curve for all
but the highest concentrations. In this case, the RMO re-
mains basically constant as the Al concentration increases.
The main contribution for the highest concentrations moves
to the high-energy tail of ��E�, which decreases with photon
energy. This explains the decreasing values of the RMO for
fAl→1. Again, the effects on the opacity due to the metal
only appear at high concentrations.

For the warm dense-matter regime, we have examined the
effects on the conduction and optical properties by the intro-
duction of a metal impurity �Al� into a poorly conducting
mixture �CH2� by means of quantum molecular-dynamics
simulations employing temperature-dependent density-
functional theory. The properties such as dc conductivity and
Rosseland mean opacity exhibit significant departures from
the pure CH2 results only for metal concentrations above
about 50%. This has ramifications for macroscopic systems
such as planetary interiors, inertial confinement fusion cap-
sules, and laser-produced plasmas.
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