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The electronic transport properties and band structures for the graphene-based one-dimensional �1D� super-
lattices with periodic potentials of square barriers are investigated. It is found that a new Dirac point is formed,
which is exactly located at the energy which corresponds to the zero �volume� averaged wave number inside
the 1D periodic potentials. The location of such a new Dirac point is robust against variations in the lattice
constant, and it is only dependent on the ratio of widths of the potential barriers. The zero-averaged wave-
number gap associated with the new Dirac point is insensitive to both the lattice constant and the structural
disorder and the defect mode in the zero-averaged wave-number gap is weakly dependent on the incident
angles of carriers.
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I. INTRODUCTION

Recently, the experimental realization of a stable single
layer of carbon atoms densely packed in a honeycomb lattice
has aroused considerable interest in study of their electronic
properties.1,2 Such kind of material is well known as
graphene, and the low-energy charge carriers in pristine
graphene are formally described by a massless Dirac equa-
tion with many unusual properties near the Dirac point where
the valence and conduction bands touch each other,1–5 such
as the linear energy dispersion, the chiral behavior, ballistic
conduction and unusual quantum-Hall effect,3,6 frequency-
dependent conductivity,7 gate-tunable optical transitions,8

and so on.
Most recently, there have been a number of interesting

theoretical investigations on the graphene superlattices with
periodic potential structures, which can be generated by dif-
ferent methods such as electrostatic potentials9–12 and mag-
netic barriers.13–16 Sometimes periodic arrays of
corrugations17,18 have also been proposed as graphene super-
lattices. It is well known that the superlattices are very suc-
cessful in controlling the electronic structures of many con-
ventional semiconducting materials �e.g., see Ref. 19�. In
graphene-based superlattices, researchers have found that a
one-dimensional �1D� periodic-potential superlattice may re-
sult in the strong anisotropy for the low-energy charge carri-
ers’ group velocities that are reduced to zero in one direction
but are unchanged in another.10 Furthermore, Brey and
Fertig20 have shown that such behavior of the anisotropy is a
precursor to the formation of further Dirac points in the elec-
tronic band structures and new zero energy states are con-
trolled by the parameters of the periodic potentials. Mean-
while, Park et al.12 pointed out that new massless Dirac
fermions, which are absent in pristine graphene, could be
generated when a slowly varying periodic potential is ap-
plied to graphene; and they further found the unusual prop-
erties of Landau levels and the quantum-Hall effect near
these new Dirac fermions, which are adjustable by the super-
lattice potential parameters.21 Finally it should also be men-

tioned that the electronic transmission and conductance
through a graphene-based Kronig-Penney potential have
been recently studied22 and the tunable band gap could be
obtained in graphene with a noncentrosymmetric superlattice
potential.23

Graphene superlattices are not only of theoretical interest
but also have been experimental realized. For example, su-
perlattice patterns with periodicity as small as 5 nm have
been imprinted on graphene using the electron-beam induced
deposition.24 Epitaxially grown graphenes on metal �ruthe-
nium or iridium� surfaces25–31 also show superlattice patterns
with several nanometers �about 3–10 nm� lattice period. Fab-
rication of periodically patterned gate electrodes is another
possible way of making the graphene-based superlattices.

Motivated by these studies, in this paper, we will consider
the robust properties of the electronic band-gap structures
and transport properties for the graphene under the external
periodic potentials by applying appropriate gate voltages.
Following the previous work,11 we evaluate the effects of the
lattice constants, the angles of the incident charge carriers,
the structural disorders, and the defect potentials on the prop-
erties of electronic band structures and transmissions. It is
found that a new Dirac point is exactly located at the energy
with the zero �volume� averaged wave number inside the 1D
periodic potentials, and the location of such a new Dirac
point is not dependent on lattice constant but dependent on
the ratio of widths of the potentials; and the position of the
associated zero-averaged wave-number gap near the new
Dirac point is not only independent of lattice constant but is
also weakly dependent on the incident angles. With the in-
creasing of the lattice constants, the zero-averaged wave-
number gap will open and close oscillationally but the center
position of this gap does not depend on the lattice constants.
Furthermore it is shown that the zero-averaged wave-number
gap is insensitive to the structural disorder while the other
opened gaps in 1D periodic potentials are highly sensitive to
the structural disorder. Finally we also find that the defect
mode inside the zero-averaged wave-number gap is weakly
dependent on the incident angles while the defect mode in
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other gaps are highly dependent on the incident angles.
The outline of this paper is the following. In Sec. II, with

the help of the additional two-component basis, we introduce
a transfer-matrix method, which is different from that in Ref.
11, to calculate the reflection, transmission, and the evolution
of the wave function; our transfer-matrix method is very use-
ful to deal with the periodic-potential or multipotential struc-
tures. In Sec. III, the various effects of the lattice constants,
the incident angles of carriers, and the structural disorders on
the electronic band structures are discussed in detail; further-
more the transport properties of the defect mode inside the
zero-averaged wave-number gap are also discussed. Finally,
in Sec. IV, we summarize our results and draw our conclu-
sions.

II. TRANSFER-MATRIX METHOD FOR THE
STRUCTURES OF PERIODIC POTENTIALS IN THE

MONOLAYER GRAPHENE

The Hamiltonian of an electron moving inside a mono-
layer graphene in the presence of the electrostatic potential
V�x�, which only depends on the coordinate x, is given by

Ĥ = vF� · p + V�x�Î , �1�

where p= �px , py�= �−i� �
�x ,−i� �

�y � is the momentum operator
with two components, �= ��x ,�y�, and �x ,�y are Pauli ma-

trices of the pseudospin, Î is a 2�2 unit matrix, and vF
�106 m /s is the Fermi velocity. This Hamiltonian acts on a
state expressed by a two-component pseudospinor �

= ��̃A , �̃B�T, where �̃A and �̃B are the smooth enveloping
functions for two triangular sublattices in graphene. Due to
the translation invariance in the y direction, the wave func-

tions �̃A,B�x ,y� can be written as �̃A,B�x ,y�=�A,B�x�eikyy.
Therefore, from Eq. �1�, we obtain

d�A

dx
− ky�A = ik�B, �2�

d�B

dx
+ ky�B = ik�A, �3�

where k= �E−V�x�� /�vF is the wave vector inside the poten-
tial V�x�, E is the incident energy of a charge carrier, and
k0=E /�vF corresponds to the incident wave vector. Obvi-
ously, when E�V�x�, the wave vector inside the barrier is
opposite to the direction of the electron’s velocity. This prop-
erty leads to a Veselago lens in graphene p-n junctions,
which has been predicted by Cheianov et al.32

In what follows, we assume that the potential V�x� is com-
prised of periodic potentials of square barriers as shown in
Fig. 1. Inside the jth potential, Vj�x� is a constant, therefore,
from Eqs. �2� and �3�, we can obtain

d2�A

dx2 + �kj
2 − ky

2��A = 0, �4�

d2�B

dx2 + �kj
2 − ky

2��B = 0. �5�

Here the subscript “j” denotes the quantities in the jth po-
tential. The solutions of Eqs. �4� and �5� are the following
forms:

�A�x� = aeiqjx + be−iqjx, �6�

�B�x� = ceiqjx + de−iqjx, �7�

where qj =sign�kj��kj
2−ky

2 is the x component of the wave
vector inside the jth potential Vj for kj

2�ky
2, otherwise qj

= i�ky
2−kj

2; and a �c� and b�d� are the amplitudes of the for-
ward and backward propagating spinor components. Substi-
tuting Eqs. �6� and �7� into Eqs. �2� and �3�, we can find the
relations

c =
ikj

iqj + ky
a , �8�

d = −
ikj

iqj − ky
b . �9�

Using Eqs. �8� and �9�, we may obtain

�A�x� = aeiqjx + be−iqjx, �10�

�B�x� = a
ikj

iqj + ky
eiqjx − b

ikj

iqj − ky
e−iqjx. �11�

In order to derive the connection for the wave functions
�A,B�x� between any two positions xj−1 and xj−1+	x in the
jth potential, we assume a basis ��x�= �


1�x�

2�x� �, which are ex-

pressed as


1�x� = aeiqjx + be−iqjx, �12�

(a)

Graphene sheet

(b)
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FIG. 1. �Color online� �a� Schematic representation of the finite
periodic potentials of square barriers in x-y plane. Dark regions
denote the electrodes to apply the periodic potentials on the
graphene, and �0 and �e, respectively, denote the incident and exit
angles of the carriers passing through the graphene superlattice, and
�A and �B in the inset, respectively, denote the angles of the carriers
in the barriers A and B for the cases with VB�E�VA. �b� The
profiles of the periodic potentials applied on the monolayer
graphene.
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2�x� = aeiqjx − be−iqjx. �13�

Using the above basis, we can rewrite Eqs. �10� and �11� in
the following form:

��A�x�
�B�x�

� = Rj�E,ky��
1�x�

2�x�

� , �14�

where

Rj�E,ky� = � 1 0

i sin � j cos � j
� . �15�

Here, � j =arcsin�ky /kj� is the angle between two components
qj and ky in the jth potential. Inside the same barrier or well
region, from the positions xj−1 to xj−1+	x, the wave function
�

�A�xj−1�
�B�xj−1� � evolutes into another form �

�A�xj−1+	x�
�B�xj−1+	x� �, which can be

also expressed in terms of the above basis ��x�,

��A�xj−1 + 	x�
�B�xj−1 + 	x�

� = Tj�	x,E,ky��
1�xj−1�

2�xj−1�

� , �16�

where

Tj�	x,E,ky� = � cos�qj	x� i sin�qj	x�
i sin�qj	x + � j� cos�qj	x + � j�

� . �17�

Therefore, the relation between �
�A�xj−1�
�B�xj−1� � and �

�A�xj−1+	x�
�B�xj−1+	x� � can

be finally written as

��A�xj−1 + 	x�
�B�xj−1 + 	x�

� = Mj�	x,E,ky���A�xj−1�
�B�xj−1�

� , �18�

where the matrix Mj is given by

Mj�	x,E,ky� = Tj�	x,E,ky�Rj
−1�E,ky�

=	
cos�qj	x − � j�

cos � j
i
sin�qj	x�

cos � j

i
sin�qj	x�

cos � j

cos�qj	x + � j�
cos � j


 .

�19�

It is easily to verify the equality: det�Mj�=1. Here we would
like to point out that in the case of E=Vj, the transfer matrix,
Eq. �19�, should be recalculated with the similar method and
it is given by

Mj�	x,E,ky� = �exp�ky	x� 0

0 exp�− ky	x�
� . �20�

Meanwhile, in the jth potential �xj−1�x�xj�, the wave
functions �A,B�x� can be also related with �A,B�x0� by

��A�x�
�B�x�

� = Q�	xj,E,ky���A�x0�
�B�x0�

� , �21�

where 	xj =x−xj−1, �A,B�x0� are wave functions at the inci-
dent end of the whole structure, and the matrix Q is given by

Q�	xj,E,ky� = Mj�	xj,E,ky��
i=1

j−1

Mi�wi,E,ky� . �22�

Here wi is the width of the ith potential and the matrix Q is
related to the transformation of the charge particle’s transport
in the x direction. Thus we can know the wave functions
�A,B�x� at any position x inside each potential with the help
of a transfer matrix. The initial two-component wave func-
tion �

�A�x0�
�B�x0� � can be determined by matching the boundary

condition. As shown in Fig. 1, we assume that a free electron
of energy E is incident from the region x�0 at any incident
angle �0. In this region, the electronic wave function is a
superposition of the incident and reflective wave packets, so
at the incident end �x=0�, we have the functions �A�0� and
�B�0� as follows:

�A�0� = �i�E,ky� + �r�E,ky� = �1 + r��i�E,ky� , �23�

where �i�E ,ky� is the incident wave packet of the electron at
x=0. In order to obtain the function �B�0� at the incident
end, from Eqs. �12� and �13�, we can rewrite the two-
component basis in terms of the incident wave packet, which
are given by


1�0� = �i�E,ky� + �r�E,ky� = �1 + r��i�E,ky� , �24�


2�0� = �i�E,ky� − �r�E,ky� = �1 − r��i�E,kx� . �25�

Therefore, using the relation of Eq. �14�, we obtain

�B�0� = i sin �0
1�0� + cos �0
2�0�

=�ei�0 − re−i�0��i�E,ky� , �26�

where �0 is the incident angle of the electron inside the in-
cident region �x�0�. In the above derivations, we have used
the relation �r�E ,ky�=r�i�E ,ky�, where r is the reflection
coefficient. Obviously, we have

��A�0�
�B�0�

� = � 1 + r

�ei�0 − re−i�0�
��i�E,ky� . �27�

In the similar way, at the exit end we have

��A�xe�
�B�xe�

� = � t

tei�e
��i�E,ky� �28�

with the assumption of �A�xe�= t�i�E ,ky�, where t is the
transmission coefficient of the electronic wave function
through the whole structure and �e is the exit angle at the exit
end. Suppose that the matrix X connects the electronic wave
function at the input end with Eq. �27� and that at the exit
end with Eq. �28�, so that we can connect the input and
output wave functions by the following equation:

��A�xe�
�B�xe�

� = X��A�0�
�B�0�

� �29�

with
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X = �x11 x12

x21 x22
� = �

j=1

N

Mj�wj,E,ky� . �30�

By substituting Eqs. �27� and �28� into Eq. �29�, we have the
following relations:

t = �1 + r�x11 + �ei�0 − re−i�0�x12, �31�

tei�e = �1 + r�x21 + �ei�0 − re−i�0�x22. �32�

Solving the above two equations, we find the reflection and
transmission coefficients given by

r�E,ky� =
�x22e

i�0 − x11e
i�e� − x12e

i��e+�0� + x21

�x22e
−i�0 + x11e

i�e� − x12e
i��e−�0� − x21

, �33�

t�E,ky� =
2 cos �0

�x22e
−i�0 + x11e

i�e� − x12e
i��e−�0� − x21

, �34�

where we have used the property of det�X�=1. With Eqs.
�21�, �23�, and �26�, now we are able to calculate the two
components of the electronic wave function at any position
as follows:

�A�x� = �i�E,ky���1 + r�Q11 + �ei�0 − re−i�0�Q12� , �35�

�B�x� = �i�E,ky���1 + r�Q21 + �ei�0 − re−i�0�Q22� , �36�

where Qmn are elements of matrix Q. When we consider the
translation of the electron in the y direction for obtaining the

wave functions �̃A,B�x ,y�, the above functions �A,B�x� have
to be multiplied by the factor, Y�y ,ky�
=exp�iky	yj��i=1

j−1exp�iky	yi�, where 	yi=wi tan �i and 	yj
=	xj tan � j. Therefore, we finally get

�̃A�x,y� = �i�E,ky�Y�y,ky���1 + r�Q11 + �ei�0 − re−i�0�Q12� ,

�37�

�̃B�x,y� = �i�E,ky�Y�y,ky���1 + r�Q21 + �ei�0 − re−i�0�Q22� .

�38�

These equations are useful to describe the change in the two-
component pseudospinor’s wave function inside the potential
or barrier structures of graphene when the incident electron’s
wave packet �i�E ,ky� is given. For example, these equations
are useful to know the evolution of a beam of carriers pass-
ing through such kinds of graphene-based superlattices or
multipotential structures in graphene, like the focusing of
electron’s beams.32 In the following discussions, we will dis-
cuss the properties of the electronic band structure and trans-
mission for the graphene-based periodic potentials of square
barriers.

III. RESULTS AND DISCUSSIONS

In this section, we would like to discuss some unique
properties of the band structures in the graphene-based
periodic-potential systems by using the above transfer
method. First, let us investigate the electron’s band gap for
an infinite periodic structure �AB�N, where the periodic num-
ber N tends to infinity. The magnitude and width of the po-
tential A�B� are with the electrostatic potential VA�B� and
width wA�B�, as shown in Fig. 1. According to the Bloch’s
theorem, the electronic dispersion at any incident angle fol-
lows the relation

2 cos��x
� = Tr�MAMB� =
cos�qAwA − �A�cos�qBwB − �B� + cos�qAwA + �A�cos�qBwB + �A�

cos �A cos �B
− 2

sin�qAwA�sin�qBwB�
cos �A cos �B

= 2 cos�qAwA�cos�qBwB� +
�2 sin �A sin �B − 2�sin�qAwA�sin�qBwB�

cos �A cos �B
= 2 cos�qAwA + qBwB�

+
�2 cos��A − �B� − 2�

cos �A cos �B
sin�qAwA�sin�qBwB� . �39�

Here 
=wA+wB is the length of the unit cell. When the
incident energy of the electron satisfies VB�E�VA, we have
�A�0, qA�0, �B�0, and qB�0 for the propagating modes.
The angles for �A and �B are schematically shown in the
inset of Fig. 1�a�. Then if qAwA=−qBwB, the above Eq. �39�
becomes

cos��x
� = 1 +
�1 − cos�2�A��

cos2 �A
�sin�qAwA��2. �40�

This equation indicates that, when qAwA=−qBwB�m� and
�A�0, there is no real solution for �x, i.e., existing band gap;

Note, this band gap will be close at normal incident case
��A=0� from Eq. �40�. Therefore, the location of the touching
point of the bands is exactly given by qAwA=−qBwB at �A
=0, i.e.,

kAwA = − kBwB or �VA − E�wA = �E − VB�wB. �41�

For a limiting case of a periodic �-barrier structures, called
as the Kronig-Penney model22 or the Dirac comb,33 when
wB→0 with VBwB→ ��vF�B finite ��B is a dimensionless
positive quantity�, then the matrix MB→ �

cos �B �i sin �B

�i sin �B cos �B
�,

therefore, Eq. �39� leads to the following limiting case:
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2 cos��x
� = 2 cos �B cos�qAwA�

�
2

cos �A
sin �B sin�qAwA�

= 2 cos�qAwA � �B�

+
��2 cos �A � 2�

cos �A
sin�qAwA�sin��B� .

�42�

Here, we can see that the first line of Eq. �42� is actually the
same as the result in Ref. 22 for the + sign case, and it is also
similar to that in Ref. 33 for the − sign case. Therefore, when
qAwA= ��B, Eq. �42� becomes

cos��x
� = 1 +
�1 − cos �A�

cos �A
�sin �B�2.

That is to say, in the limiting case of the periodic �-barrier
structures, the location of the touch point of the band is sim-

ply given by qAwA= ��B at �A=0. Therefore, the condition
of Eq. �41� for the periodic �-barrier structures with wB→0
and VBwB→ ��vF�B is simplified into

kAwA = � �B.

Figure 2 shows clearly that a band gap opens exactly at
energy E=25 meV under the inclined incident angles �i.e.,
ky �0�, where the condition qAwA=−qBwB�m� is satisfied.
At the case of normal incidence ��A=�B=0�, the upper and
lower bands linearly touch together and form a new double-
cone Dirac point. The location of the new Dirac point is
governed by the equality �41�. For the graphene-based
periodic-barrier structure with VA�0 and VB=0, the distri-
bution of the periodic potentials as an example is shown in
Fig. 1�b�, and in this case the new Dirac point is exactly
located at E=VA / �1+wB /wA�. From Figs. 2�a�–2�c�, one can
also find that the location of the new Dirac point is indepen-
dent of the lattice constants; and the position of the opened
gap associated with the new Dirac point is not only indepen-
dent of the lattice constants but also is weakly dependent on
the incident angles �also see the transmission curves in Figs.
3�a� and 3�b� for the finite structures, for example, �AB�25�;
while other band-gap structures are not only dependent on
the lattice constants but also strongly dependent on different
angles �i.e., different ky�. The properties of the opened gap
associated with the new Dirac point are very similar to that
in the one-dimensional photonic crystals containing the left-
handed materials,34 where the so-called zero �volume� aver-
aged index gap is independent of the lattice constant but only
dependent on the ratio of the thicknesses of the right- and
left-handed materials.34 From Fig. 4, one can also find that
the locations of both the new Dirac point and the opened gap
are determined by the ratio of wA /wB for the cases with the
fixed heights VA of the potentials. From the above discussion,
we find that the volume-averaged wave number at the energy
of the new Dirac point is zero, therefore such an opened gap
associated with the new Dirac point may be called as the
zero-averaged wave-number gap.

For a special case of the graphene-based periodic-
potential structures with VA=−VB and wA=wB, the condition
of Eq. �41� only denotes the usual Dirac point which is lo-
cated at the energy E=0 with ky =0. This result is the same as
the discussion in Ref. 35, and it is also similar to that for the
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FIG. 2. �Color online� Electronic band structures for �a� wA

=wB=20 nm, �b� wA=wB=30 nm, and �c� wA=wB=40 nm with
VA=50 meV and VB=0 in all cases. The dashed lines denote the
“light cones” of the incident electrons and the dot line denotes the
location of the new Dirac points.

FIG. 3. �Color online� Transmittivities of the finite periodic-
potential structure �AB�25 under �a� different lattice constants with a
fixed ratio wA /wB=1 and an incident angle �0=10° and �b� different
incident angles with the fixed lattice parameters wA=wB=30 nm.

FIG. 4. �Color online� Electronic band structures for �a�
wA /wB=1, �b� wA /wB=3 /2, and �c� wA /wB=2 with VA=50 meV,
VB=0, and wB=20 nm in all cases. The dashed lines denote the
locations of the new Dirac points.
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cos-type modulated electric-potential structure in Refs. 20
and 36. However, from the recent works,20,35,36 we know that
the additional Dirac points will appear in such periodic-
barrier structures, in the below we will give out the condition
for occurring the additional Dirac points.

From Figs. 2�a�–2�c� and 5�a�–5�c�, one can also noted
that the slope of the band edges near the new Dirac point
gradually becomes smaller as the lattice constant 
 increases
under the fixed ratio wA /wB and the fixed potential height,
and such phenomena have been pointed out in recent work
by Brey and Fertig.20 Actually, from Eq. �39�, we can see that
as the values of qAwA and −qBwB gradually reach the values
of m��m=1,2 ,3 , . . .�, the slope of the band edges near the
new Dirac point becomes smaller �see Figs. 2�a�–2�c� and
5�a�–5�c��; once the condition

qAwA = − qBwB = m� �43�

is satisfied and then sin�qAwA�=sin�qBwB�=0 is also always
satisfied, therefore the zero-averaged wave-number gap will
be close and a pair of new zero-averaged wave-number states
emerges from ky =0 �see Fig. 5�c��. For the special structures
with VA=−VB=V�0 and wA=wB, the condition of Eq. �43�
can be simplified into

ky,m = ��� V

�vF
�2

− �2m�



�2

, �44�

which is actually the same as the Eq. �10� in Ref. 35 �note
that the symbol V0 of Eq. �10� in Ref. 35 is the difference
between VA and VB, i.e., V=V0 /2�. For the structures with
VA=−VB=V�0 and wA�wB, the condition �43� can also be
similarly reduced to the Eq. �11� in Ref. 35. Here we empha-
size that the condition, Eq. �43�, is also valid for the more
general cases for VA�−VB and wA�wB. It should be pointed
out that the properties of these zero-averaged wave-number

states are similar to that of the zero-energy states in the pre-
vious work,20 and semimetallic properties are induced due to
the effect of the modulated electric potential.36 Figure 5�d�
shows how the zero-averaged wave-number gap does gradu-
ally close with the increasing of the lattice constant under the
fixed transversal wave number ky =0.01 nm−1 and the fixed
ratio wA /wB. From Fig. 5�d�, one can find that the zero-
averaged wave-number gap is very special and it is open and
close oscillationally with the increasing of the lattice con-
stant, and the center position of the zero-averaged wave-
number gap is also independent of the lattice constant. How-
ever, the other opened gaps are largely shifted with the
increasing of the lattice constant. Combining Figs. 5�a�–5�c�
and Eqs. �43� and �44�, one can also find that the additional
Dirac points, occurring in pairs at the inclined angles ��ky
�0�, are dependent on both the lattice constant 
 and the
ratio of wA /wB.

Now we turn to consider the transmission of an electron
passing through a finite graphene-based periodic-potential
structure, e.g., �AB�30, with the width deviation under differ-
ent incident angles. Figure 6 shows the effect of the struc-
tural disorder on electronic transmittivities. Figures 6�a�–6�c�
correspond to the transmissions through the periodic-
potential structures with the width deviation �random uni-
form deviate� of �2.5 nm, �3.75 nm, and �5.0 nm, re-
spectively. From Figs. 6�a�–6�c�, it is clear that the higher
opened gap is destroyed by strong disorder but the zero-
averaged wave-number gap survives. The robustness of the
zero-averaged wave-number gap comes from the fact that the
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FIG. 5. �Color online� Electronic band structures for �a� wA

=wB=60 nm, �b� wA=wB=80 nm, and �c� wA=wB=100 nm; and
�d� dependence of the band-gap structure on the lattice constant w
with a fixed transversal wave number ky =0.01 nm−1 and wA=wB

=w. Other parameters are the same as in Fig. 2. FIG. 6. �Color online� The effect of the structural disorder on
electronic transmittivity T= �t�2 under different incident angles: the
solid lines for the incident angle �0=1°, the dashed lines for �0

=5°, the dashed-dotted lines for �0=10°, and the short-dashed lines
for �0=15° with VA=50 meV and VB=0, and wA=wB= �20
+R� nm, where R is a random number for the case �a� between
+2.5 and −2.5 nm, for the case �b� between +3.75 and −3.75 nm,
and for the case �c� between +5 and −5 nm.
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zero-averaged wave-number solution remains invariant un-
der disorder that is symmetric �+ and − equally probable�. It
should be emphasized again that the position of the zero-
averaged wave-number gap near the new Dirac point, given
by Eq. �41�, is insensitive to both the incident angles and the
disorder �see Figs. 3�b� and 6�.

Finally, we turn our attention to the effect of a defect
barrier on the property of the electron’s transport inside the
zero-averaged wave-number gap. Here we consider the trans-
mission of an electron passing through a graphene-based pe-
riodic potential structure with a defect barrier, e.g.,
�AB�15D�BA�15, where the symbol “D” denotes the defect
barrier. In Fig. 7�a�, it shows the electronic transmittivity
through the structure under different incident angles. One
can see that there is a defect mode, respectively, occurring
inside the zero-averaged wave-number gap and the higher
band gaps, and the location of the defect mode inside the
zero-averaged wave-number gap is very weakly dependent
on the incident angle but the defect mode in the higher band
gap is strongly sensitive to the incident angle. It is clearly
shown in Fig. 7�b� that the energy of the defect mode inside
the zero-averaged wave-number gap is almost independent
of the angles while the location of the defect mode in the
higher band gap has a large shift with the increasing of the
incident angle.

For illustration on the changes in the wave functions
�A,B�x� inside the graphene-based superlattices, we plot Figs.

8�a�–8�c� to demonstrate the evolutions of both the probabil-
ity densities and amplitudes for �A,B�x� inside the graphene-
based periodic-barrier structure with a defect barrier D, e.g.,
�AB�15D�BA�15, at the energy where the defect mode does
appear. In Fig. 8, we take the incident energy E
�25.51 meV and the incident angle �0=10°. From Fig. 8, it
is seen that the carrier’s probability density is highly local-
ized inside the defect barrier, and the probability amplitudes
�A,B�x� do change inside each barrier and well; especially,
there is a dramatic change for the probability amplitudes in-
side the defect barrier, see Figs. 8�b� and 8�c�. For a com-
parison, we plot Figs. 8�e� and 8�f� to demonstrate the evo-
lutions of the probability densities and amplitudes for wave
functions inside a single graphene-based barrier with its
width ws=1270 nm, which is equal to the total width of the
structure, �AB�15D�BA�15. From Figs. 8�e� and 8�f�, we see
that it is a propagating electronic wave without the localiza-

FIG. 7. �Color online� �a� The transmittivity as a function of the
incident electronic energy in a periodic-potential structure with a
defect potential D, �AB�15D�BA�15. �b� Dependence of the defect
modes on the incident angles. The parameters of the defect potential
are wD=70 nm and VD=50 meV, and other parameters are VA

=50 meV, VB=0, and wA=wB=20 nm.

FIG. 8. �Color online� The evolutions of �a� the probability den-
sities ��A�x��2 and ��B�x��2 and ��b� and �c�� the probability ampli-
tudes �A�x� and �B�x� inside the graphene-based periodic potential
structure with a defect potential, �AB�15D�BA�15, and ��e� and �f��
the evolutions for the single barrier with Vs=50 meV and ws

=1270 nm, at the incident energy of E�25.51 meV with an inci-
dent angle of �0=10°. Other parameters are the same as in Fig. 7.

ELECTRONIC BAND GAPS AND TRANSPORT PROPERTIES… PHYSICAL REVIEW B 81, 205444 �2010�

205444-7



tion effect, therefore the probability densities are sine or co-
sine functions due to the interference of the forward and
backward electronic wave functions inside the single barrier
and the numbers of the oscillations is related to the width of
the single barrier. While in the structure of �AB�15D�BA�15,
the oscillation structure mainly comes from the interface ef-
fect between barriers �see Figs. 8�b� and 8�c�� and the num-
ber of the oscillation is related to the number of the periodic
units.

IV. CONCLUSIONS

In summary, we studied the electronic band structures and
transmission of carriers in the graphene-based 1D superlat-
tices with periodic potentials of square barriers. For the 1D
periodic-potential structure, it is found that a new Dirac point
does exactly occurs at the energy that corresponds to the zero
�volume� averaged wave number inside the system, and the
location of such a new Dirac point is independent of lattice
constants but dependent on the ratio of widths of the poten-
tial barriers. It is also shown that the location of the zero-
averaged wave-number gap associated with the new Dirac

point is not only independent of lattice constants but is also
weakly dependent on the incident angles. As the lattice con-
stant increases for the structures with the fixed ratio of
widths of the potential barriers, this zero-averaged wave-
number gap is open and close oscillationally around the en-
ergy of the new Dirac point. We have further found the ro-
bustness of the zero-averaged wave-number gap against the
structural disorder, which has a sensitive effect on other
opened gaps of the system. Finally we have seen that the
defect mode inside the zero-averaged wave-number gap is
weakly dependent on the incident angles while the defect
mode in other gaps are highly dependent on the incident
angles. Our analytical and numerical results on the properties
of the new Dirac point, the band-gap structure and defect
mode are hopefully of use to pertinent experiments.
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