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We demonstrate the measurement of the coefficient of restitution, e, for nanoparticles, through observations
of the final distribution of bismuth particles that have bounced within silicon V-grooves. The experiments,
taken together with complementary molecular-dynamics simulations, show that e is generally smaller for liquid
than for solid nanoparticles, and that macroscopic theories underestimate the velocity dependence of e. Hence,
while nanoparticles are harder than bulk materials, once they have begun to yield the rate of increase of the
inelastic deformation is greater.
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I. INTRODUCTION

Many of the observable properties of macroscopic every-
day objects are governed by their elastic and mechanical ma-
terials properties. For example, balls bounce when incident
on surfaces, such as cricket pitches or walls, because of the
elasticity of the materials involved. The elastomechanical
properties of nanoparticles can, however, be quite different to
those of their macroscopic counterparts. Nanoparticles have
been found to exhibit an increase in stiffness1 and yield
stress2,3 but because of a tendency to adhere to surfaces,4

experimental observations of bouncing are rare.5–7 Hence ex-
perimental studies �see Refs. 4 and 8 for reviews� of nano-
particle impacts have focused on implantation,9 and defor-
mation, adhesion, and soft landing.10

Bouncing is usually characterized by the coefficient of
restitution, e, which is the ratio of the final and the incident
velocities, v f /v0, but there are no known measurements of e
for nanoparticles. This is surprising since e reflects the elas-
tomechanical properties of the particles and is an important
parameter in areas ranging from granular flows to polishing
of semiconductor wafers to filtration.11 The latter is particu-
larly important since nanoparticles may present significant
health and safety issues,12 and for small particles, thermal
velocities, when combined with large e, could lead to pen-
etration of personal protection filters.13

It has recently been shown that nanoparticles incident on
a V-shaped template etched into a silicon wafer can be made
to assemble into nanowires, and that the assembly is due to
bouncing of the particles.5 Here we extend previous
experiments5 and molecular-dynamics �MD� simulations3 to
investigate the coefficient of restitution during the bouncing
process. Specifically, we report measurements of the coeffi-
cient of restitution for �30 nm Bi nanoparticles incident on
etched silicon surfaces together with complementary
molecular-dynamics simulations of nanoparticles undergoing
bouncing at oblique angles. We obtain different values of e
for liquid and solid nanoparticles, and show that for solid
particles, the variation in e with v0 is much stronger than
expected from macroscopic theory,14 due to strong plastic
deformation3 during the collision. The inelastic deformation

of the liquid particles �plasticity is a property of solids� has a
similar velocity dependence.

II. EXPERIMENTAL

The nanoparticles �or “clusters”� are generated in an inert-
gas aggregation �IGA� source15 by evaporation of metal from
a crucible into a cool inert-gas stream and deposited inside
an ultrahigh-vacuum compatible deposition chamber.15 Par-
ticle size and velocity are controlled by the crucible tempera-
ture �Tc�, gas flow rate �f�, inert-gas pressure �Ps�, type of
inert gas, and temperature of the source �Ts�.15 In the present
experiments, Bi was evaporated with Tc between 970 and
1170 K into either argon gas or a Ar/He mixture �f
=45–210 sccm� which is nominally at the temperature of
the walls of the source �Ts=77 or 290 K�. The bismuth clus-
ters formed have average diameters ranging from 20 to 40
nm depending on the source conditions �Tc ,Ts , f� and are
deposited onto etched silicon substrates which are held at a
temperature Tsub.

III. EXPERIMENTAL RESULTS

Figure 1 shows schematically the deposition of bismuth
nanoparticles into the V-shaped templates. Scanning electron
microscope �SEM� images �see Fig. 2� show that, while de-
posited uniformly, nanoparticles with high velocities are not
distributed uniformly after deposition. The nanoparticles are
almost completely absent from the upper walls of the
V-grooves, and accumulate near the apex of the V-groove
�Figs. 2�a� and 2�b��. Obviously the particles do not stick at
their first point of impact.

In both Figs. 2�a� and 2�b�, where the mean deposited
thicknesses are �2 nm and �7 nm, respectively, it is clear
that there is a well-defined edge to the distribution of depos-
ited particles �solid red lines�. The well-defined edges of the
cluster distribution, and the stacking of clusters on top of
each other, come about because particles bounce from the
opposite face of the V-groove �see Fig. 1�. At high coverages
�Fig. 2�b��, clusters landing on other clusters �which had ar-
rived previously� tend to “avalanche” toward the apex and so
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we focus on determination of the bouncing angle from low-
coverage depositions.

Figure 1 shows the angle of incidence, measured relative
to the V-groove wall, is �i=35° and that a well-defined edge
can only exist if the particles bounce once16 at a relatively
well-defined angle, �r. The width of the nanoparticle distri-
bution in the V-groove, together with the width of the
V-groove �typically 2–4 �m�, can then be used to calculate
�r ��15° in Figs. 2�a� and 2�b��.

Values of �r obtained for a wide variety of IGA source
conditions are shown in Fig. 3. Varying f significantly
changes the cluster velocity5 but causes only small variations
in cluster size �see Fig. 2�f��. As long as Ts�290 K, �r
remains in the range 12° –18° regardless of the temperature
of the substrate �Fig. 3�a�—square symbols�.17 Changing Ts
causes a significant change in �r: for Ts=77 K, �r�29°
�Fig. 3�a�—triangle symbols�; there is also a small change in
mean cluster size, from Dav�30 nm at Ts=290 K to Dav
�22 nm at Ts=77 K �Fig. 2�f��.

When the type of inert gas in the source was varied by
replacing Ar with He �Ts=290 K�, the resulting SEM im-
ages show a remarkable sharp transition from �r�15° to
�r�29° �Figs. 2�c� and 2�d��. �r is plotted as a function of
fHe / fAr in Fig. 3�b�. Since the measured nanoparticle size
�Fig. 2�f�—circles� does not exhibit a stepwise change during
this sequence of experiments, we conclude that the change in
�r occurs because of a change in state of the clusters. This is
consistent with electron-diffraction experiments18 where
changing the inert gas also caused clusters to change state.
The change from small �r ��15°� to large �r ��29°� as
clusters solidify is also consistent with the expectation that a
liquid particle will deform more than a solid particle, in-
creasing the area of contact with the substrate, dissipating
more kinetic energy, and resulting in reduced rebound en-
ergy. Returning to Fig. 3�a�, it is now clear that the change
from �r�29° to �r�15° is consistent with the decrease in Ts
�from 290 to 77 K�: cooling the source reduces the inert-gas
temperature, thus cooling the clusters, and changing their
state from liquid to solid.

FIG. 1. �Color online� Schematic of the particle bouncing pro-
cess. Particles are incident normal to the surface of the silicon wa-
fer, which results in an angle of incidence �i=35° relative to the
surface of V-grooves etched into the wafer. �This angle is defined by
the angle between the �100� and �111� planes of Si—see Ref. 5.�
The particles bounce from one face of the V-groove �reflection
angle �r� and adhere to the opposite face. When the sample is tilted,
the angle of incidence of the particles is different for the two sides
of the V-groove, and the width of the particle distribution on the
opposite face can be used to determine �r as a function of �i.

FIG. 2. �Color online� �a�–�e� Distribution of bismuth clusters in silicon V-grooves, which can be used to define the reflection angle �r.
�a� and �b� Bi cluster distributions in �5 �m V-grooves for fAr=100 sccm and source and substrate temperatures Ts=Tsub=290 K. The
clusters have bounced so that the upper V-groove walls support only a few clusters. The nominal mean cluster thickness was 2.4 nm in �a�
and 7.2 nm in �b�. The solid and dashed red lines mark the edge of the cluster distribution and the apex of the V-groove, respectively. �c� and
�d� Bi cluster distributions deposited using a mixture of Ar and He inert gases at constant total flow rate: fHe / fAr is 10% in �c� and 50% in
�d�. Again Ts=Tsub=290 K. The nominal mean cluster thickness was 5 nm. As discussed in the text, the increase in width of the cluster
distribution corresponds to an increase in �r, which is due to a change in state of the clusters, from liquid to solid. �e� Cluster distribution
when the sample was tilted by 15° in order to change the angle of incidence of the clusters. Deposition conditions were as for �a� and �b�
but the nominal mean cluster thickness was 0.2 nm. The asymmetrical cluster distribution results from different angles of reflection on the
two sides of the V-groove. �f� Mean cluster size �Dav� as a function of fAr. Squares: Ts=290 K; triangles: Ts=77 K; and circles: varying
mixtures of Ar and He gas �fHe+ fAr=180 sccm� and Ts=290 K. Note that the circles are scattered and do not show a monotonic dependence
on fHe / fAr.
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The normal coefficient of restitution can be calculated
from �i and the measured values of �r,

ez =
v fz

v0z
= ey

tan �r

tan �i
, �1�

where the z direction is defined to be perpendicular to the
surface of the V-groove and the y direction is parallel to the
surface. Based on finite-element simulations19 and MD
simulations,20 the tangential coefficient or restitution,
ey =v fy /v0y, is typically expected to be slowly varying, and

we expect ey �0.8. However, since ey is not known for the
experiments, we report only the ratio ez /ey: for the liquid
��r�15°� and solid ��r�29°� clusters discussed above,
ez /ey �0.38 and ez /ey �0.79, respectively.

IV. MOLECULAR-DYNAMICS SIMULATIONS

Extensive molecular-dynamics simulations using modi-
fied Lennard-Jones �LJ� potentials,20 have been carried out
for both liquid and solid 561-atom nanoparticles incident ob-

FIG. 3. �Color online� Rebound angles, �r, measured from depositions of Bi nanoparticles on etched silicon V-grooves. �r is estimated
from the geometry of the V-groove and the width of the distribution of nanoparticles in the V-grooves. In each case, the nominal mean
thickness of the deposition was 2 nm. �a� Squares represent depositions with Ts=290 K; the different colored squares are for different
substrate temperatures, Tsub: green square 290 K; purple square 373 K; and red square 473 K. Triangles represent depositions with
Ts=77 K. �b� The circles indicate �r for varying mixtures of Ar and He gases in the source chamber with total flow rate fHe+ fAr

=180 sccm and Ts=Tsub=290 K.

FIG. 4. �Color online� Snapshots from MD simulations of collisions of �a� solid and �b� liquid nanoparticles with a flat surface, at �i

=35° and v0=2.0v�. The reflection angle, �r, is smaller for the liquid particle because more energy is dissipated in the deformation of the
particle and the deformed liquid particles adhere to the substrate more strongly. �c� and �d� normal coefficient of restitution, ez, for simulated
solid and liquid LJ nanoparticles, respectively �note the different vertical scales�. Collisions were simulated for a wide range of angles of
incidence and incident velocities �each symbol type represents a different �i�, and ez is calculated from v fz /v0z. The solid lines in �c� and �d�
are power laws with a v0z

−1 dependence. Deviations from this dependence for v0z�2 are due to an increasing degree of fragmentation.
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liquely on planar surfaces,21 with the cluster-surface interac-
tion parameter,20 C, set to 0.2 �see Refs. 3 and 20 and Figs.
4�a� and 4�b��. The velocities of the particles were varied
between 0.1v� and 4v�, where v�= �� /m�1/2 is the velocity in
LJ units, and �i was varied between 15° and 90°. The reflec-
tion angle, �r, is found to be smaller for liquid particles be-
cause more energy is dissipated in the deformation of the
particle. Typical values of ez for liquid clusters are found to
be roughly half the values found for solid clusters with the
same velocity, in good agreement with the experiments dis-
cussed above.

Figures 4�c� and 4�d� show that values of ez obtained as a
function of v0z, and for a wide range of �i, collapse onto
separate master curves for the solid and liquid LJ clusters.
For v0z�0, all particles stick and ez�0. The initial increase
in ez with v0z is because the incident kinetic energy is suffi-
cient for the particles to overcome their attraction to the sur-
face and to rebound.

As the velocity increases further, the clusters are increas-
ingly deformed on impact �see also Refs. 3 and 20�, leading
to a decrease in ez. This decrease follows approximately a
power-law dependence,

ez � v0z
−p, �2�

where the exponent p�1 for both the solid and liquid clus-
ters. Focusing now on the solid clusters, the variation in ez
with v0z is stronger than expected from either the Hertzian
description14 �p=1 /4� or finite-element simulations19,22 �p
=1 /2� of macroscopic systems. Although the yield stress is
expected to be larger in nanoscale solid particles than in
corresponding bulk materials,2 these results show that once

the particles reach a velocity where they begin to yield, the
increase in plastic deformation with impact velocity is much
stronger than in the macroscopic case. The reason for this is
apparent in snapshots of simulated solid particles �see Fig. 5
�inset��, which show that at high v0z, the nanoparticles are
plastically deformed3,20 over a significant part of their vol-
ume. Larger solid particles14,19,22 cannot undergo such an
enormous degree of deformation and hence plastic deforma-
tion has a much more dramatic effect on the bouncing of
nanoparticles. The inset of Fig. 5 �see also Refs. 3 and 20�
shows that the mechanism of deformation is similar to the
amorphization described in Ref. 2.

V. EXPERIMENTS AS A FUNCTION OF ANGLE OF
INCIDENCE

By tilting the substrates in the experiments, it is possible
to vary the angle of incidence, and hence the normal compo-
nent of the incident velocity, v0z. For each tilt angle, data can
be obtained for two different angles of incidence: the width
of the distribution on one face of the V-groove is correlated
with the angle of reflection from the opposite face �see Fig.
2�e��. For liquid clusters generated with Ts=290 K, �r
ranges from �7° to �18° as �i is changed from 5° to 65°
�there is large measurement uncertainty at small �i—see
Fig. 5�.

Given �r and �i, ez /ey can be calculated as a function of
v0z from Eq. �1�, as shown in Fig. 5:23 much of the data lies
close to the solid blue curve, which represents a v0z

−1 depen-
dence. For the highest velocities, the experimental data ap-
pear to fall off more quickly than v0z

−1, which suggests even
stronger plastic deformation.

VI. CONCLUSIONS

Comparison of Figs. 4 and 5 shows that, notwithstanding
differences in particle size and difficulties comparing LJ pa-
rameters with parameters of real materials,3 the simulations
and experiments yield very similar variations in ez. The re-
sults, for both solid and liquid particles, are a consequence of
the significant degree of deformation that occurs during im-
pact at high velocities.

The strong plastic deformation at high v0z is consistent
with another experimental observation: particles incident on
flat plateaus between V-grooves �with velocity v0� are often
observed to stick whereas the particles incident on the in-
clined walls of the V-groove �with v0z=v0 sin �i� bounce—
see Figs. 2�a� and 2�b�. This counterintuitive behavior occurs
because the large deformation of the clusters on impact at
�i=90° leads to clusters sticking while at lower impact
angles v0z�v0, less energy is dissipated in plastic deforma-
tion and the clusters bounce.

The present measurements and simulations of e are steps
toward an understanding of the elastomechanical behavior of
nanoparticles, which is needed for applications such as pro-
cess engineering and filtration of nanoparticulates.11 e is ma-
terial dependent and so it is important that data are obtained
for other particles and substrates, especially those which
might be of concern from a health and safety standpoint.12

FIG. 5. �Color online� Experimentally determined normal coef-
ficient of restitution, ez, �normalized to the tangential coefficient of
restitution, ey =0.8—see text� for Bi nanoparticles, as a function of
the normal component of the incident velocity, v0z �where v0

+

=48 m /s� �Ref. 23�. The data were obtained with Ar as the inert
gas and Ts=290 K, i.e., for liquid clusters. At small v0z, it is diffi-
cult to estimate the position of the edge of the cluster distribution
precisely, and so the uncertainty in e is substantial. At higher ve-
locities, much of the data lies close to the solid blue curve, which is
a v0z

−1 dependence. Circle data are for particles deposited at varying
angles of incidence �see Fig. 2�e��. In each case, the nominal mean
thickness of the deposition was 0.2 nm. Square data are obtained
from the reflection angle data in Fig. 3�a� for various v0 and �i

=35°. Inset: snapshot showing extensive plastic deformation in a
simulated solid LJ particle with v0=3.8v� and �i=35°.
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