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A nanoscale structure analysis method using convergent-beam electron diffraction �CBED� has been applied
to an orbital-ordered state of Fe2+3d electrons in a spinel oxide FeCr2O4. The atom positions, atomic displace-
ment parameters, electrostatic potential, and electron density have been determined using CBED intensity data
alone. A ferro-type ordered state of the 3z2−r2 orbitals at the tetrahedrally coordinated Fe atoms has been
successfully observed through the electrostatic potential obtained in the present analysis.
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The orbital degrees of freedom of 3d electrons are now
recognized as hidden but very important parameters that sig-
nificantly affect physical properties of strongly correlated
electron systems. Various types of electron orbital ordering
are caused by strong coupling with ordering of other degrees
of freedom, lattice, charge, and spin �e.g., Ref. 1�. A number
of experimental techniques have been proposed to observe
orbital-ordering states, such as polarized neutron
diffraction,2,3 resonance x-ray scattering,4,5 charge-density
analysis using synchrotron powder x-ray diffraction and
maximum entropy method,6,7 soft x-ray diffraction,8 mag-
netic x-ray diffraction,9 nuclear magnetic resonance,10 and
magnetic Compton scattering.11 These techniques, however,
do not have enough spatial resolution, especially for exam-
ining local spatial fluctuations in orbital ordering. Here, we
propose a method using convergent-beam electron diffrac-
tion �CBED� to observe orbital-ordered states; the method
has nanometer-scale spatial resolution.

CBED patterns can be obtained from specimen areas that
are a few nanometers in diameter by using a conically con-
verged electron beam. Structural parameters can be deter-
mined by comparing two-dimensional intensity data of
CBED patterns and multiple-scattering �dynamical diffrac-
tion� calculations. Refinements of low-order structure fac-
tors, which are essential for obtaining information on
valence-electron distributions, have been reported by many
researchers using CBED.12–23 Zuo et al.18 reconstructed the
electron-density distribution of 3d electrons in Cu2O with the
combined use of low-order structure factors determined by
CBED and other high-order structure factors obtained from
x-ray diffraction. Tsuda and Tanaka succeeded in developing
a method for refining atom positions and atomic displace-
ment parameters �Debye-Waller factors� as well as low-order
structure factors using CBED intensity data alone.17,20 The
electrostatic potential distribution in a unit cell can be recon-
structed from the low-order structure factors refined and the
other high-order structure factors calculated with the atom
positions and atomic displacement parameters.20,23 The
method of Tsuda and Tanaka enables the nanometer-scale
structure analysis.

The method of Tsuda and Tanaka is applied to a spinel
oxide FeCr2O4 in the present analysis. FeCr2O4 has a normal
spinel structure of AB2O4 at room temperature. The tetrahe-
drally coordinated A site is occupied by an Fe2+ ion, which is

in the high-spin e3t2
3 configuration. Thus, an electron with the

minority spin in the e orbitals has an orbital degree of free-
dom. In contrast, the octahedrally coordinated B site is occu-
pied by the Cr3+ ion, which takes the t2g

3 configuration with-
out orbital degree of freedom.24 Thus, an orbital-ordered
state of the 3d electrons at Fe atoms is expected in relation to
a cooperative Jahn-Teller distortion. FeCr2O4 has been re-
ported to undergo a structural phase transformation from the
room-temperature cubic phase to a tetragonal phase at
around 135 K.25,26 The incident-beam directions and reflec-
tion indices are hereafter given with respect to the tetragonal
system.

FeCr2O4 single crystals were grown by chemical vapor
transport.26 Thin-foil specimens for transmission electron mi-
croscopy �TEM� and CBED experiments were prepared by
crushing the single crystals. Energy-filtered CBED patterns
of the low-temperature phase were obtained at a specimen
temperature of 90 K using an energy-filter transmission elec-
tron microscope �JEM-2010FEF� equipped with a liquid-
nitrogen specimen cooling holder at an accelerating voltage
of 100 kV. The microscope enables us to take energy-filtered
CBED patterns up to high-scattering angles, including
higher-order Laue zone �HOLZ� reflections. The intensities
of the CBED patterns were recorded on imaging plates with
a dynamic range of 106.

Figure 1�a� shows a dark-field TEM image of FeCr2O4
taken at 90 K near the �110� incidence. Stripes of 90° do-
mains are clearly seen, which are a few tens to a few hun-
dreds of nanometer wide. CBED patterns were obtained from
single-domain areas that are a few nanometer in diameter, as
indicated by a white dot in Fig. 1�a�. Figure 1�b� shows
energy-filtered CBED patterns taken at 90 K with the �110�
incidence. The pattern contains zeroth-order Laue zone re-
flections at its center and HOLZ reflections appearing as a
ring in the outer part, clearly showing 2mm symmetry. Fig-
ures 1�c� and 1�d� show energy-filtered CBED patterns taken
at 90 K with the incidences of �100� and �210�, showing
2mm and m symmetries, respectively.

Before the quantitative analysis, the space group and lat-
tice parameters of the low-temperature phase were examined.
From the symmetries of the CBED patterns of Figs.
1�b�–1�d�, the point group was determined to be 4 /mmm.
The lattice type was determined to be I because no hkl �h
+k+ l=2n+1, n: integer� reflections were observed. Dynami-
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cal extinctions were found in the 002 and 1̄10 reflections of
the �110� pattern but not in the 1 0 25 HOLZ reflection of
the �100� pattern. By referring to a table of dynamical ex-
tinction rules,27 the space group of the low-temperature
phase was uniquely determined to be I41 /amd. The Wyckoff
positions of atoms in the low-temperature phase with space
group I41 /amd are Fe 4a �0, 3/4, 1/8�, Cr 8d �0, 0, 1/2�, and
O 16h �0,y ,z�. The lattice parameters were measured from
the positions of the HOLZ lines in the CBED patterns. The
determined values were a=5.93�2� Å and c=8.26�3� Å.
These values are slightly different from those of previous
reports,25,26,28 and the ratio c /a=0.985 is closer to unity than
the reported values. This could be due to an increase in
specimen temperature by a few tens of degrees �K� caused by
electron-beam illumination.

The quantitative analysis of the experimental CBED in-
tensity data was performed according to the procedure devel-
oped by Tsuda and Tanaka.17,20 The two-dimensional inten-
sity data of CBED disks were extracted from the CBED
patterns of Figs. 1�b�–1�d� and compared with dynamical

diffraction calculations. The total number of the reflection
disks used for the fitting were 68, 90, and 48 for the �110�,
�100�, and �210� data, respectively. The atom positions,
atomic displacement parameters, and low-order structure fac-
tors with reciprocal vectors of g�0.6 Å−1 were refined to-
gether with experimental parameters, such as scale factors
and specimen thicknesses and geometrical parameters for ad-
justing the positions of the CBED disks, based on a nonlinear
least-squares fitting. Refinements of the parameters were
conducted using the software MBFIT developed by Tsuda and
Tanaka.17,20,22,23 The reflections with excitation errors sg
�1.0 Å−1 were selected for the dynamical calculations, and
those with 0.5�sg�1.0 Å−1 were treated by a perturbation
�the generalized Bethe potential method29�. A similar analy-
sis was also applied to the room-temperature phase with the

space group of Fd3̄m for comparison.
Figure 2 shows part of the final result of the fitting for the

�110� CBED pattern of Fig. 1�b�. The patterns in the left,
center, and right columns show the experimental, calculated,
and difference patterns of the CBED disks, respectively. The
calculated patterns are in good agreement with the experi-
mental ones. The goodness-of-fit value was 2.4. The refined
values of the atom positions, anisotropic atomic displace-
ment parameters, and low-order structure factors are shown
in Table I. The specimen thicknesses determined were
922 Å, 1289 Å, and 1257 Å for the �110�, �100�, and �210�
patterns, respectively.

Figure 3�a� shows the ORTEP diagram of the refined crys-
tal structure of the low-temperature phase; the atomic dis-
placement parameters are displayed as thermal ellipsoids.

FIG. 1. �a� Dark-field TEM image of FeCr2O4 at 90 K near
�110�. Energy-filtered CBED patterns taken at 90 K with �b� �110�,
�c� �100�, and �d� �210� incidences.

FIG. 2. Part of final result of fitting for �110� CBED pattern.

TABLE I. Refined values of atom positions, anisotropic atomic displacement parameters �Å2�, and low-
order structure factors �Å�; numbers in parentheses denote the standard deviation of the last digit.

y�O� 0.0268�3� U11�O� 0.0055�7� F013 24.47�8�
z�O� 0.2594�1� U22�O� 0.0034�2� F022 8.48�8�
U11�Fe� 0.00463�4� U33�O� 0.0050�2� F2̄20 30.04�2�
U22�Fe� 0.00418�10� U23�O� 0.00097�5� F004 30.42�2�
U11�Cr� 0.0048�4� F01̄1 9.84�5� F031 −0.37�10�
U22�Cr� 0.0034�1� F020 −17.18�8� F1̄23 −0.52�4�
U33�Cr� 0.0027�1� F1̄12 16.20�1� F024 9.47�5�
U23�Cr� 0.000011�2� F1̄21 −23.46�5�
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Compared with the room-temperature cubic phase, the FeO4
tetrahedra are found to be compressed in the c direction, and
the angle between the neighboring Fe-O bonds is increased
from 109.5° to 111.8°. Thus, at the Fe atoms, the 3z2−r2

orbital should be energetically more favorable than the x2

−y2 orbital in terms of Coulomb repulsion. The refined crys-
tal structure suggests the ferro-type orbital ordering of the
3z2−r2 orbital in the c direction at the Fe atoms.

The electrostatic potential was reconstructed by Fourier
synthesis using the refined low-order structure factors as
shown in Table I and the other higher-order structure factors
up to g=12.0 Å−1 calculated by using the refined atom po-
sitions, atomic displacement parameters, and electron atomic
scattering factors for the neutral atoms �independent atom
model �IAM��. The electron-density distribution was ob-
tained from the x-ray structure factor values converted from
the structure factor values obtained above using the Mott-
Bethe formula, which is a reciprocal-space expression of
Poisson’s equation. In contour plots of the reconstructed
electron density, however, anisotropy around the Fe site was
hardly detectable. We can visualize the obtained electrostatic
potential and electron density in the form of an electron-
density isosurface colored with electrostatic potential, using
the software VESTA developed by Momma and Izumi.30 That
is an effective way to visualize the variations in electrostatic
potential using electron density as a reference. Figure 3�b�
shows such an electron-density isosurface of 0.8e /Å3 based
on the present result for the entire unit cell. The electrostatic
potentials at Fe and Cr sites are higher �blue� and those at the
O sites are lower �red�, as a natural result of charge transfer
from Fe and Cr atoms to O atoms.

To show more details, the Fe tetrahedron of the 4e /Å3

isosurface of the room-temperature phase and that of the
low-temperature phase are, respectively, shown in Figs. 4�a�
and 4�b�, with narrower color scales for electrostatic poten-
tial. The radii of the spheres of the isosurfaces, at which the
probability densities of Fe 3d electrons are expected to be
higher, are approximately 0.5 Å. In the room-temperature
phase, red areas are seen at the positions nearest to the adja-
cent O sites because of the influence of the O ions with
excess electrons. Note that in the low-temperature phase, red
areas appear at the top and the bottom of the sphere at Fe

sites, as well as the areas nearest to the O sites. This can be
attributed to the existence of excess electrons due to the
3z2−r2 orbital along the c direction. We conclude that this is
direct evidence of the 3z2−r2 orbital ordering in the c direc-
tion in the low-temperature phase. No such anisotropy re-
lated to orbital ordering was found at the Cr sites, which has
no orbital degree of freedom.

Simulations were also conducted using a hypothetical
orbital-ordered model. Figure 4�c� schematically shows the
hypothetical model of the Fe 3z2−r2 orbitals ordered in the c
direction. The electrostatic potential and electron density of
the model were obtained from the structure factors calculated
using the aspherical scattering factors of the Fe 3z2−r2

orbital31,32 for the low-order reflections used in the present
analysis and the IAM structure factors for the other higher-
order reflections. Figure 4�d� shows the isosurface of 4e /Å3

colored with the electrostatic potential for the model; Fig.
4�d� agrees well with the experimental result of Fig. 4�b�.

It is noted that the red areas in Figs. 4�b� and 4�c� show a
few oscillations in the c direction. This is due to the limited
number of the low-order structure factors refined in the
present analysis. To reduce this effect, additional low-order
structure factors must be refined. For this purpose, experi-
mental data highly sensitive to those structure factors, which
may be obtained by CBED patterns at different incident di-
rections, are necessary.

In summary, we have applied the CBED nanoscale struc-
ture analysis method developed by Tsuda and Tanaka17,20 to
the low-temperature phase of FeCr2O4. The atom positions,

FIG. 3. �Color� �a� ORTEP diagram of refined crystal structure of
low-temperature phase of FeCr2O4. �b� Electron-density isosurface
of 0.8e /Å3 colored with electrostatic potentials.

FIG. 4. �Color� �a� 4e /Å3 isosurface of FeO4 tetrahedron of
room-temperature cubic phase colored with electrostatic potential
and �b� that of low-temperature tetragonal phase. �c� Schematic and
�d� 4e /Å3 isosurface of hypothetical Fe 3z2−r2 orbital-ordered
model.
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atomic displacement parameters, and low-order structure fac-
tors have been determined, together with the space-group
and lattice parameters, using the CBED data alone obtained
from single-domain areas, which are a few nanometer in di-
ameter, at 90 K. The electrostatic potential and electron-
density distribution have been successively reconstructed
from the determined parameters. We have successfully ob-
served the ferro-type ordered state of the Fe 3z2−r2 orbitals
in FeCr2O4 through the obtained electrostatic potential. This
method is strongly expected to be applied to the investigation
of local fluctuations of orbital-ordered states in various
transition-metal oxides. The electrostatic potential analysis

using CBED also has great promise for observing electrical
polarization in ferroelectric materials.
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