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We study the focusing of bulk and surface spin waves in thin antiferromagnetic films. This study is carried
out by solving the dispersion relation for the bulk and surface waves to obtain the constant frequency curves
in k space �slowness surfaces�. The focusing pattern is obtained from the slowness surface by evaluating the
curvature at each point on the surface. We have studied the focusing pattern in three uniaxial antiferromagnetic
thin films, namely, MnF2, FeF2, and GdAlO3. It is found that the bulk modes in the lower band are focused into
a larger number of directions compared to the upper one. The focusing of the bulk modes is stronger when
compared to the surface modes. The general trends in the focusing behavior are not affected by changes in
anisotropy or exchange fields. However, changes in the frequency or the applied field alter the focusing pattern.
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I. INTRODUCTION

The study of the focusing of phonons in elastic solids had
been a topic of considerable interest in the past.1–7 The im-
portant property for a material to exhibit focusing effects is
some kind of anisotropy in the system so that the group and
phase velocities point in different directions. In the case of
elastic solids the phonon focusing occurs due to the inherent
anisotropy of the solids. With this in mind one can look for
different systems which might exhibit focusing effects.

Recently the present authors studied the focusing of spin
waves in thin ferromagnetic films.8 It was found that in the
magnetostatic limit the bulk waves are strongly focused into
caustics in four to eight directions which depend on the fre-
quency and applied magnetic field. The surface waves are
not as strongly focused as the bulk ones. On the other hand,
if the exchange interaction is included in the system the sur-
face waves also become strongly focused, while the focusing
behavior of bulk waves is not substantially affected. Further,
the focusing directions are tunable with applied field and
frequency. Since different external fields cause energy to be
focused in different directions, it was proposed that this idea
could be used to construct tunable filters and frequency split-
ters in microwave frequency range.8

Also, recently a number of experimental studies have
demonstrated focusing effects in ferromagnetic materials.9,10

One study concentrated on focusing in yttrium iron garnet
films where one sees transitions from noncaustic focusing to
caustic focusing as the external magnetic field was changed.
In a second study focusing effects were seen in metallic Per-
malloy films where surface spin waves in an extended me-
dium were excited by spin waves in a narrow waveguide.
Both studies are in good general agreement with the results
in Ref. 8.

The typical frequency of operation for focusing of mag-
netostatic waves in ferromagnets is in the 1–50 GHz range. If
one thinks of devices in the frequency range of the infrared
region then one has to choose a different magnetic material.
Like the nonreciprocal surface and the backward volume
waves in ferromagnets, magnetostatic modes are also known
in antiferromagnets. Bulk and surface modes in antiferro-

magnets have been predicted theoretically and measured
experimentally11–16 in semi-infinite and thin-film geometries.
The frequency ranges where the bulk spin waves and the
surface waves propagate typically lie somewhere in the in-
frared region. Also in antiferromagnets one can tune the de-
gree of anisotropy by changing the external field. This
clearly shows that we can also expect focusing behavior in
antiferromagnets.

With this as background, we study the focusing of the
magnetostatic modes in thin antiferromagnetic films in the
present paper. It is helpful to first compare the general fea-
tures of bulk and surface magnetostatic waves in ferromag-
netic and antiferromagnetic films. For ferromagnets there is
one bulk spin-wave frequency region and at a higher fre-
quency, there is a surface mode. In the case of thin antifer-
romagnetic films there are generally two bulk spin-wave fre-
quency regions and two surface modes. For both materials
the frequency of the bulk and surface waves depends on the
direction of propagation and on the magnitude of the wave
vector. Furthermore, the phase and group velocities for the
magnetostatic modes point in different directions in both ma-
terials. So, based on the experience with ferromagnets, it is
appropriate to also examine the focusing of the magneto-
static modes in antiferromagnets.

This study is carried out by first solving magnetostatic
Maxwell equations in a thin antiferromagnetic film. Then the
usual slowness surfaces, which are constant frequency curves
in wave-vector space, are obtained by solving the implicit
dispersion relation and finally the focusing pattern is ob-
tained from the slowness surface. In the absence of an exter-
nal field we find that both the bulk and surface modes are
focused into caustics. On the other hand when an external
field is present, we observe that the bulk modes in the lower
frequency band have more focusing directions compared to
those in the upper band. Also there is a larger number of
focusing directions as the frequency is moved up toward the
top of the bulk band. This is similar to the focusing behavior
in ferromagnetic thin films. For surface modes, we observe
only a weak focusing in the presence of an external field. The
focusing directions are tunable by changing the applied field
or the frequency. Changes in the exchange field or the aniso-
tropy field modify the frequency of the bulk and surface
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modes and the focusing directions but the general focusing
behavior remains the same.

The paper is organized as follows. In Sec. II we obtain the
implicit dispersion relation for the magnetostatic modes in
antiferromagnetic thin films. The dispersion relation is
solved numerically for the magnetostatic modes at different
frequencies and applied fields for a 1-�m-thick MnF2 film,
and the focusing patterns are obtained in Sec. III and we
conclude our results in Sec. IV.

II. THEORY

Our approach to this problem is similar to the one we
used for ferromagnetic thin films in Ref. 8. The geometry is
shown in Fig. 1. The surfaces of the film are parallel to the
x-z plane, and the film has a thickness d. We consider a
simple two-sublattice model where the magnetizations in one
sublattice is parallel to the z axis and the magnetization in the
other sublattice is antiparallel to the z axis. The applied field,
H0, is in the +z direction. The spin-wave vector q� makes an
angle � with the z axis and lies in a plane parallel to the
surfaces. The theory of magnetostatic modes in antiferro-
magnetic thin films is well known, and hence we only give a
brief outline and the necessary equations for our investiga-
tion. The complete theory is given in Refs. 15 and 17.

The susceptibility tensor which contains the information
about the motion of the spins in the antiferromagnet is given
as15,17

�� = � �a i�b 0

− i�b �a 0

0 0 0
� , �1�

where

�a = �+ + �−, �2�

�b = �+ − �− �3�

with

�� =
HAMs

HA�2HE + HA� − ��/� � H0�2 , �4�

Here HA is the anisotropy field, HE is the exchange field, H0
is the external magnetic field, Ms is the saturation magneti-
zation, � is the gyromagnetic ratio, and � is the angular
frequency.

In the case of large wave vectors we can use the magne-
tostatic form of Maxwell’s equations without retardation as
��h=0 and � •B=0. The first of the given equations is
satisfied by the definition of a scalar potential, h=−�	. Out-
side the material, the susceptibility is constant and using the
scalar potential in the second of the above equations we can
write �2	=0. Inside the material one must use the suscepti-
bility tensor in Eq. �1� which leads to the Walker equation.18

Seeking solutions of the form eiq�·r�eiqyy, where q� is the wave
vector of the magnetostatic mode traveling parallel to the x-z
plane and r� is the position vector where r� =xx̂+yŷ, the
Walker equation reduces to

�1 + �a��qy
2 + q�

2� − �aqz
2 = 0. �5�

Here the quantity qy can be real or imaginary describing bulk
or surface waves, respectively. Solving Eq. �5� we find that

qy=�qx
2+

qz
2

�1+�a�
, where qx= 	q�	sin � and qz= 	q�	cos � are the

wave vectors in the x-z plane. Here q� =�qx
2+qz

2 and � is the
angle between the z axis and q� as shown in Fig. 1. Outside
the material one can find that qy=−i	q�	 for y
−d /2 and
qy= i	q�	 for y�d /2. With the susceptibilities and potentials
one can match the fields inside and outside the material at the
boundaries. The boundary conditions require that the poten-
tials and the normal components of B� should be continuous
at y= �d /2 and on using this we obtain the following dis-
persion relation for the modes:

q�
2 − qx

2�b
2 − qy

2�1 + �a
2� + 2q�qy�1 + �a�cot�qyy� = 0. �6�

The implicit relation in Eq. �6� can be rewritten for the vol-
ume and surface modes separately by choosing either real or
imaginary value for qy.

In order to study the focusing behavior of the bulk and
surface modes we have to solve the dispersion relation in Eq.
�6�. Since Eq. �6� is an implicit relation we adopt a numerical
procedure to solve and study the focusing pattern. The nu-
merical procedure we use here is similar to the one used to
study the focusing of phonons7 and magnons.8 The key steps
involved in the numerical calculations are �i� finding the con-
stant frequency curves or the slowness surfaces in the qx-qz
plane; �ii� finding the normal and curvature “a” at every
point on the slowness surface. Here the normal describes the
direction of energy flow and the magnitude of energy sent in
that direction is given by 1 /�a. So when the curvature is
zero, it represents a “caustic” meaning that the power flow
diverges. However, even without a caustic, one can find sub-
stantial focusing of energy, as we will see.

III. NUMERICAL RESULTS AND DISCUSSION

In this section we solve the implicit dispersion relation in
Eq. �6� numerically and find the ensuing focusing patterns. In
order that our results could be confirmed experimentally we
have used three uniaxial antiferromagnets, MnF2, FeF2, and
GdAlO3 for which the parameters are already known19,20 and
are given in Table I.

Before proceeding to the focusing results, we present an
example illustrating the magnetostatic spin-wave spectrum in
an antiferromagnet. Figure 2 shows the frequency of bulk

x

z

y
d

θθθθ ||q
Ms,H0

FIG. 1. Geometry of the antiferromagnetic film for calculating
the magnetostatic modes. The applied field and the saturation mag-
netization are in the z direction and parallel to the surface of the
film. The uniaxial anisotropy is along the z axis. The wave vector q�

makes an angle � with the z direction.
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and surface modes in MnF2 as a function of propagation
angle for the case where the thickness to wavelength ratio is
given by q�d=4 and for an applied field of H0=0.2 kOe. We
note two bulk regions, separated by the surface modes. In the
absence of the external field the lower bulk region would be
restricted to one particular frequency forming a bulk line
instead of a band. Also there are two distinct surface modes
even in the absence of the external field. With an external
field, the bulk bands are well separated and the two surface
modes are further apart in frequency than the zero-field case.

Examples of the shape of the magnetic scalar potential for
bulk and surface spin waves propagating at different angles
are given in Fig. 3. Figure 3�a� shows the mode pattern for
the lowest frequency �pure� bulk mode in the upper bulk
band at a frequency of � /�=93.95 kOe. The lowest bulk
mode in the lower bulk region for the frequency of � /�
=93.28 kOe is shown in Fig. 3�b�. Figures 3�c� and 3�d�
show the upper and lower surface modes at frequencies
� /�=93.9 kOe and � /�=93.48 kOe, respectively. Figure
3�e� shows a higher order bulk mode at � /�=94.05 kOe in
the upper bulk band region exhibiting a standing wave pat-
tern. The calculations here are for d=1 �m and q� is allowed
to vary in magnitude so that the frequency can remain con-
stant.

In the present study we analyze the focusing patterns of
surface and bulk modes in both upper and lower regions in
MnF2. Also to study the effect of anisotropy and exchange
field on focusing behavior of the bulk and surface modes we
have compared our results for MnF2 with those for FeF2
which has a higher anisotropy field and for GdAlO3 which
has a lower exchange field.

As a first illustration we discuss the focusing phenomenon
in a 1-�m-thick MnF2 film in the absence of external field.
Figure 4 shows the constant frequency curves and the corre-
sponding focusing patterns for bulk modes in the upper band.
In all our figures the focusing pattern is a polar plot relating
the power output and the direction of observation. Here the
power represents the square of the amplitude of the bulk and
surface excitations at a particular frequency. The diagrams in
Fig. 4 are arranged in order of increasing frequency with the
largest frequency near the top of the bulk band region.

In Fig. 4�a� the constant frequency curve in the k space
shows some points where the curvature is small, but it never
goes to zero. Hence we do not have a true caustic but still the
energy is directed in six different directions. This is in con-
trast to the typical results on a ferromagnet where the energy
was focused in either four or eight directions. Figure 4�b� is
at a higher frequency. One finds that the energy focused
along the �z direction is increased compared to the Fig. 4�a�
result. At an even higher frequency, near the top of the bulk
band, the curvature goes through zero �see Fig. 4�c��, and
there are four true caustics �compare the scales of Figs. 4�b�
and 4�c��.

Now we study the effect of an external field on the focus-
ing behavior of the bulk modes. In the presence of an exter-
nal magnetic field the lower bulk band spreads over a narrow
frequency range as is seen in Fig. 2. Figure 5 shows the
slowness surface and the focusing pattern in the lower bulk
band at a constant applied field of 200 Oe for two different
frequencies. In Fig. 5�a� at � /�=93.28 kOe we find that the
curvature of the slowness surface goes to zero at several
points and the energy is focused along 12 true caustics. Fig-

TABLE I. The parameters used for different materials in the
calculation.

Material
Exchange field �HE�

�kOe�
Anisotropy field �HA�

�kOe�
Ms

�kOe�

MnF2 550 7.87 0.60

FeF2 533 197 0.56

GdAlO3 18.8 3.65 0.62
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FIG. 2. Spin-wave spectrum in MnF2 at thickness to wavelength
ratio q�d=4 and H0=0.2 kOe. The solid lines represent bulk
modes, the dashed lines are for surface modes. The letters a-e cor-
respond approximately to the modes examined in Fig. 3.
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FIG. 3. �Color online� The mode pattern, i.e., the magnetic sca-
lar potential as a function of y, at an applied field of 200 Oe for �a�
a bulk mode in the upper bulk band region � /�=93.95 kOe, �b� the
lowest frequency bulk mode in lower bulk band region � /�
=93.28 kOe, �c� an upper surface mode at � /�=93.9 kOe, �d� a
lower surface mode at � /�=93.48 kOe, and �e� a higher order bulk
mode at � /�=94.05 kOe in the upper bulk band region showing
the standing wave pattern. The results are for a 1-�m-thick MnF2

film.

MAGNETOSTATIC BULK AND SURFACE SPIN-WAVE… PHYSICAL REVIEW B 81, 174432 �2010�

174432-3



ure 5�b� is at a higher frequency near the top of the lower
bulk band. Again one can observe that the energy is still
focused along 12 true caustics �note that some of the caustics
are close to each other� but the directions are all changed

from those found in Fig. 5�a�. Also the focusing is slightly
stronger �compare the scales in Figs. 5�a� and 5�b�� at the
higher frequency near the top of the bulk band.

As noted earlier, the lower bulk band and the associated
surface modes all exist in a narrow frequency band, about
100 MHz or 0.3 kOe in field units. If the frequency is held
constant, say, at � /�=93.28 kOe and the field is further in-
creased then the lower bulk and surface modes are moved
well below the fixed frequency. Hence to observe directional
tunability with applied field, the field should be small enough
so that the frequency remains within the lower bulk band.

In Fig. 6 we show the slowness surfaces and focusing
patterns for the bulk modes in the upper bulk band region at
an applied field of 200 Oe and at three different frequencies.
The slowness surface and the focusing pattern are similar to
the zero-field case �Fig. 4�. One can observe that in Fig. 6�a�
the curvature of the slowness surface never goes to zero and
hence there are no caustics. But the curvature changes as we
move along the slowness surface and hence the energy is
directed along eight different directions with two directions
close to each other. Figure 6�b� is at a higher frequency and
one can observe that the curvature goes to zero at some
points and changes at other and hence we have four true
caustics along with four other directions �in Fig. 6�b�, lower
panel� in which the energy is focused. The lines representing
the noncaustic directions are small when compared to the
true caustics and are not visible on the scale of the figure.
Figure 6�c� shows the slowness surface and focusing pattern
at an even higher frequency near the top of the upper bulk
band. The difference in the scales of Figs. 6�b� and 6�c�
demonstrates that the focusing is stronger when the fre-
quency lies near the top of the bulk band. This is consistent
with our earlier results in ferromagnets.8

In the above focusing patterns we have fixed the magnetic
field and varied the frequency of the excitation. Figure 7
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FIG. 4. �Color online� The upper panel shows the slowness surface and the lower one is the focusing pattern in the polar format for the
lowest bulk mode in the upper band for 1 �m MnF2 film with zero external field at �a� � /�=93.8 kOe, �b� � /�=93.87 kOe, and �c�
� /�=93.95 kOe. The arrows show the normals to the slowness surface at some of the points where the curvature is zero. The results are for
a 1-�m-thick MnF2 film.
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FIG. 5. �Color online� The upper panel shows the slowness sur-
face for the lowest frequency bulk mode in the lower bulk band in
MnF2 at an applied field of 200 Oe at a frequency of �a� � /�
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resulting focusing pattern in a polar format. The arrows show the
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curvature is zero.
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presents results where the frequency is fixed at � /�
=94.05 kOe and the applied field is varied. At an applied
field of 200 Oe the frequency of 94.05 kOe is near the top of
the upper bulk band frequency. In line with our earlier results
one can expect true caustics at this frequency. Figure 7�a�
shows a strong focusing along the applied field. If the ap-

plied field is increased, the upper bulk band is shifted up in
frequency and the frequency of � /�=94.05 kOe samples
the bottom of the upper bulk band. Figure 7�b� shows the
slowness surface and the focusing pattern for 300 Oe.
Though the curvature of the slowness surface is not zero at
any point, it varies along the slowness surface, and hence
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FIG. 7. �Color online� The upper panel shows the slowness surface for the second lowest frequency bulk mode in the upper bulk band
for a 1-�m-thick MnF2 film at a frequency of � /�=94.05 kOe with an applied field of �a� 200 Oe, �b� 300 Oe, and �c� 400 Oe. The lower
panes show the resulting focusing pattern in a polar format. The arrows on the slowness surface show the normals to the slowness surface
at some of the points where the curvature is approaching zero. �c� is for the mixed surface/bulk mode.
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there are some particular directions in which more energy is
focused. As we increase the field more, we find that the con-
stant frequency of � /�=94.05 kOe moves to the bottom of
the bulk band and Fig. 7�c� represents the upper surface
mode which lies in between the lower and upper bulk bands.
One can easily observe that the curvature is never zero and
hence we cannot get a caustic. However, the change in the
curvature focuses more energy in particular directions.

As discussed earlier, one interesting feature in the antifer-
romagnetic film is that there are two magnetostatic surface
modes with different frequencies. In Fig. 8 we have shown
the slowness surface and the focusing pattern for the lower
frequency surface mode in zero field. The slowness surface
has an interesting pattern where the curvature goes to zero at
several points and hence they exhibit true caustics. This is in
contrast to a ferromagnetic film where the magnetostatic sur-
face modes show only weak focusing.8

In the presence of applied field the surface modes are well
separated and the lower surface mode merges with the lower
bulk band at some critical angles.15 Figure 9 shows the slow-
ness surface and the focusing pattern of the surface mode
near the lower bulk band. The slowness surface is restricted
to some kx value where it merges with the bulk band. Unlike
the H=0 case, the curvature is never zero and there are no
true caustics. However, there is some weak focusing due to
the changes in curvature along the slowness surface.

Figure 10 shows the surface mode near the upper bulk
band region at a constant frequency of � /�=93.9 kOe for
different applied fields. As seen in Fig. 2, these surface
modes change into bulk modes at some particular angle of
propagation. Nonetheless, one may still find a focusing pat-
tern for this mode in the usual way. Figure 10�a� shows the
slowness surface and focusing pattern for an applied field of
200 Oe. At this field, there are no caustics for this mode;
instead the energy is focused in particular directions due to
the changes in the curvature found along the slowness sur-
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focusing pattern in a polar format for the surface mode in MnF2 at
a frequency of � /�=93.48 kOe �in the lower band� with a 200 Oe
external field.
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mode in MnF2 at a frequency of � /�=93.68 kOe with a zero ex-
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face. Figure 10�b� shows the focusing results for an external
field of 300 Oe where the surface character of the mode is
still observed and the focusing of energy is stronger when
compared to the low-field case. In Fig. 10�c� at an applied
field of 400 Oe, we find a bulk mode instead of a surface
mode at the frequency � /�=93.9 kOe. In essence the in-
crease in the field has moved the upper band of modes in Fig.
2 up in frequency so that � /�=93.9 kOe now intersects a
bulk mode. The focusing pattern at the external field of 400
Oe is now similar to that of a bulk mode near the bottom of
the bulk spin-wave band. The focusing seen in Figs. 10�b�
and 10�c� do not appear to be true caustics, but the curvature
in the slowness surfaces is very close to zero at some points.

In order to study the effect of the exchange field and the
anisotropy field on the focusing behavior of bulk and surface
modes we have examined different antiferromagnetic mate-
rials FeF2 and GdAlO3. FeF2 has high anisotropy and ex-
change fields compared to MnF2 while GdAlO3 has weaker
anisotropy and exchange fields. An example of focusing in
FeF2 is shown in Fig. 11 for a frequency of 501.3 kOe and
external fields of 0.4, 0.8, and 1.2 kOe. The general features
of the focusing behavior are similar to that found in MnF2
except that the frequency of operation is different, about 36
GHz for GdAlO3 and about 1.1 THz for FeF2. Since the
focusing can be adjusted by tuning the frequency and the
applied field this idea can be used for a tunable filter in a
range of frequencies, from about 50 GHz to 1 THz, depend-
ing on the choice of the antiferromagnetic material. We note
that magnetic bulk and surface modes in FeF2 have been
probed using reflectivity and attenuated total reflectivity
measurements with good agreement between experiment and
theory.21–23

The present study can lead to a new practical application
in signal processing. The ability to efficiently steer or route
signals in an adaptive or dynamic fashion is very important
in high-frequency signal processing. In this paper we have

shown the feasibility of a device which we call a high-
frequency router. Such a device can separate high-frequency
signals and send them in different directions, controlled by
the frequency of the signal and the magnitude of the external
field. This is clearly shown in our results in Figs. 4–11. In
order to explain this phenomenon we choose, as an example,
Fig. 5, which shows the focusing of the bulk waves at � /�
=93.28 kOe and � /�=93.31 kOe for an applied field of
200 Oe. The focusing pattern clearly shows that the two
waves are routed in two different directions. The routing of
the waves at the frequencies � /�=93.28 kOe and � /�
=93.31 kOe is possible at an applied field near 200 Oe. As
the applied field is changed, the frequency spectrum will be
different and hence there will be routing of waves at different
frequencies. This is clearly shown in Fig. 7 for the second
lowest frequency bulk mode in the upper bulk band. Thus by
either changing the frequency or the applied field we can
achieve routing of the waves into different directions. Our
study shows that it is possible, with very thin films in the
order of 1 �m, to obtain well-distinguishable waves of dif-
ferent frequencies at the output, thus realizing the desired
routing function which is tunable with applied field and fre-
quency

IV. CONCLUSIONS AND DISCUSSION

In this paper we have investigated the focusing of mag-
netostatic bulk and surface waves in antiferromagnetic thin
films. We use a 1-�m-thick MnF2 film as our primary ex-
ample. The study is carried out by finding the slowness sur-
face for different frequencies and magnitudes of applied
field. This is done by solving the implicit dispersion relation
numerically, and from the slowness surface we have found
the focusing pattern by calculating the curvature at every
point on it. In contrast to modes found in a ferromagnet,
antiferromagnets show bulk and surface modes in zero field
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FIG. 11. �Color online� The upper panel shows the slowness surface for a surface mode in FeF2 at a frequency of � /�=501.3 kOe with
an applied field of �a� 400 Oe, �b� 800 Oe, and �c� 1200 Oe. The lower panels show the resulting focusing pattern in a polar format.
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and in the presence of an external field the bulk mode splits
into a lower and upper bulk bands with surface modes con-
nected to both lower and upper bands.

In general our study shows that bulk modes at the bottom
of the lower bulk band are focused strongly compared to
those at the bottom of the upper bulk band. Our earlier stud-
ies on ferromagnets and our present study have shown that
the number of focusing directions increases as we move the
driving frequency up toward the top of the bulk band.

In contrast to the magnetostatic surface modes in the fer-
romagnet, the surface modes in antiferromagnet are focused
relatively strongly. We have observed that the focusing direc-
tions can be changed by altering the magnitude of the ap-
plied field. Since different fields cause the energy to be fo-
cused into different directions we can use this idea to make

tunable filters. Furthermore, at a given field different fre-
quencies are focused in different directions. We have pointed
out that this idea can be used to build a high-frequency router
that separates frequencies into different directions in the mi-
crowave or millimeter frequency range.

The study of effect of exchange interaction on the focus-
ing of the spin waves in antiferromagnetic thin films is a bit
tedious mathematically,16 and we have left that for future
investigation.
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