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We study one-dimensional nonlinear propagation of high-amplitude acoustic waves in sapphire, for various
sample temperatures, sample thicknesses, and pump fluences. Strain waves are generated in a 100-nm-thick
chromium film and launched into the sapphire. For temperatures �60 K, damping can be neglected and
propagation is dominated by the nonlinear and dispersive properties of the sapphire substrate. An interfero-
metric technique is used to detect the wave on an epitaxially grown �20-nm-thick Cr film at the opposite side
of the sample. At the lowest temperature of 18 K, a train of up to seven solitons is detected in sapphire for a
pump fluence of 11 mJ /cm2. From the soliton amplitudes and velocities, we infer soliton temporal and spatial
widths as short as 200 fs and 2 nm. A theoretical analysis based on numerical solution of the Korteweg-de
Vries-Burgers equation yields excellent agreement to all experiments presented. Deviations to the direct the-
oretical result can be explained by pump intensity variations, affecting the �nonlinear� propagation properties.
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I. INTRODUCTION

It is well known from elementary solid-state physics that
high-frequency phonons in crystalline structures suffer from
dispersion.1 This dispersion was experimentally investigated
for several solids and propagation directions.2 When the
strain amplitudes become sufficiently large, the harmonic ap-
proximation of the atomic potential is not valid anymore and
higher-order elastic effects come into play.3 This results in
deformation of the strain wave and generation of higher fre-
quencies. When damping can be ignored, it is the joint effect
of nonlinearity and dispersion that leads to the formation of
so-called acoustic solitons.

Solitons have been observed in numerous fields of
physics.4–7 A first theoretical description of the soliton was
given by Korteweg and De Vries as early as 1895.8 First
experimental proof of acoustic solitons in solids was ob-
tained by Hao and Maris9 in 2001, using picosecond ultra-
sonics techniques. This groundbreaking work was followed
by a series of picosecond ultrasonics experiments improving
the understanding of acoustic wave propagation in the non-
linear and dispersive regime.10–13 Muskens and Dijkhuis
have used frequency-domain techniques to examine soliton
propagation in sapphire and ruby,14,15 and demonstrated soli-
ton trains with frequency content exceeding 870 GHz.

In picosecond ultrasonics experiments, high-repetition-
rate femtosecond lasers with inherent low available pump
power �10 nJ per pulse� are used. Thus, narrow ��10 �m�
pump beam waists are required to induce nonlinear effects.
In that case, propagation can not be considered one dimen-
sional anymore and nonlinear diffraction takes place.16 The
resulting transverse energy diffusion leads to decreased soli-
ton generation efficiency and effectively two-dimensional
propagation.11,17

Here, we present a series of time-resolved interferometric
experiments on soliton generation using a high-power �1 mJ
per pulse�, 1 kHz repetition-rate laser system. The goal of the
present experiments is to combine maximum nonlinear
propagation effects with large diameter acoustic beams.18

This way, the number of solitons is maximized while diffrac-
tion effects are reduced.

After discussing the setup and sample preparation details,
interferometric amplitude and phase measurements are pre-
sented on three sapphire samples of various thicknesses.
Propagation is monitored for a range of temperatures and
pump intensities. The experimental traces are analyzed and
discussed using both numerical modeling of nonlinear and
dispersive effects, and exact theoretical results.

II. SAMPLE AND SETUP

A. Setup

The experimental geometry and sample design are
sketched in the inset of Fig. 1�b�. A 400 nm pump with a
beam waist �1 /e2 intensity radius� of 170 �m �5% hits a
thin chromium film deposited on a sample slab to generate a
thermoelastic strain pulse. The generated strain pulse shape
is determined by temperature dynamics and the optical-
absorption depth of the pump �pump=11.2 nm. A detailed
discussion of these dynamics can be found elsewhere.19 The
initially generated pulse shape strongly deviates from the
Gaussian derivative pulse Eq. �8� we assume in our numeri-
cal modeling. However, due to acoustic attenuation during
propagation through the 100-nm-thick generation film, the
pulse shape is smoothed to resemble a Gaussian derivative.
This shape appears to form a faithful description for the used
pump fluences. Additional nonlinear effects in the generation
process are discussed in Sec. V A.

An 800 nm probe is focused to around 5 �m beam waist
on a second thin chromium film at the opposite side of the
sample to detect these strain pulses after propagation through
the sample. The probe is configured to form a highly sensi-
tive Sagnac interferometer,20 allowing for measurement of
both the time-dependent variation in relative reflectivity am-
plitude ��t� and phase �	�t� induced by the strain s�z� , t�
arriving in the metal film.

Reflectivity variations �=�metal and �	metal originate from
strain-induced changes in optical constants of the metal,
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�metal�t� = �
0

dprobe

f��z��s�z�,t�dz�, �1�

�	metal�t� = �
0

dprobe

f�	�z��s�z�,t�dz�. �2�

Here, z� is the inward direction of the film, z�=0 at the film
surface, dprobe the probe film thickness, and f��z�� and f�	�z��
represent the respective amplitude and phase sensitivity
functions for Cr. The sensitivity functions are oscillatory and
decay as exp�−z /�probe�, with �probe=18.4 nm the optical
penetration depth at the probe wavelength of 800 nm. In our
calculations, we have used f��z�� and f�	�z�� as determined
by Saito et al.21 for 830 nm, under the assumption of slowly
varying optical properties for chromium in this wavelength
range. Since the probe penetration depth is on the order of
the probe film thickness dprobe of 20 nm, integration in Eqs.
�1� and �2� occurs over a finite interval. Since the optical
reflection coefficient at the Cr/sapphire interface is small,
only 8%, and the probe intensity has already diminished by
65% at a depth of 20 nm, the additional effects observed by
a probe reflection returning from the Cr/sapphire �and
higher-order contributions returning from the sample� are
only several percents of the primary contribution Eqs. �1�
and �2�, and are further neglected.

Additionally, the phase signal contains a contribution
�	surface�t�, generally larger than �	metal�t�,18 proportional to
the surface displacement �z��t�,

�	surface�t� = 2 

2�

�
�z��t� . �3�

The optical response in the phase signal for �	surface�t� both
with and without �	metal�t� for a typical soliton signal is

shown in Fig. 5�c�. Qualitatively, the unipolar surface contri-
bution due to a unipolar soliton distinguishes itself from the
bipolar metal film contribution. The latter is more sensitive
to arrival time variation, which proves to be an important
effect in our experiments. The calculation result demon-
strates that the surface contribution dominates the phase sig-
nal at the used probe wavelength. We have therefore chosen
to analyze the measured phase signals as �	�t�=�	surface�t�.

The low repetition rate of our laser system allows for
normalization by a background measurement and ensures
that we obtain absolute values for both � and �	. For an
integration time of 1 s, the typical noise level is 10−5 for both
amplitude and phase signal �corresponding to surface dis-
placements, present in the phase signal, on the order of 1
pm�.

The sample is located in a continuous flow cryostat allow-
ing the sample temperature to be set from 295 K �room tem-
perature� to 5 K, with a stability of �0.1 K during a typical
experimental run on a single sample. Experiments were per-
formed at 295, 200, 100, 60, and 18 K. The interferometer
was aligned such to prevent probe beam reflections off the
cryostat windows to enter the detection system and reduce
contrast. Pump fluences I0 ranged from 1 to 12 mJ /cm2 in
steps of �1 mJ /cm2. Above 12 mJ /cm2, measurements be-
came unstable preventing measurement of clear soliton sig-
nals. Reasons for the instability will be discussed in Sec. V.

B. Samples and preparation

We have used three sapphire �Al2O3� �0001�-oriented
samples �acoustic propagation along the sapphire c axis�,
with measured thicknesses dsample of 123, 307, and 405 �m.
Front and rear planes of the samples have angles of 0.089°,
0.064°, and 0.038°, respectively. Assuming a probe beam
diameter of 2wprobe�10 �m, this results in a spread in ar-
rival time 
p of the strain pulses over the probe spot amount-
ing to 1.39, 0.99, and 0.59 ps.

Since sapphire is transparent for the probe wavelength of
800 nm, a thin opaque film is required on the probe side to
detect the presence of strain at the surface. Chromium films
that were deposited in-house by thermal evaporation ap-
peared to suffer from grain formation and interface scatter-
ing, resulting in strong phonon attenuation at frequencies
�250 GHz.11,22 Since the frequencies in a typical soliton
wave packet may exceed 1 THz �Sec. IV�, a good sample
surface quality is essential to avoid high-frequency phonon
scattering and attenuation.

For this reason, high-quality thin chromium films were
grown for us by Dr. M. Highland in the group of Prof. Dr. D.
Cahill at the University of Illinois at Urbana-Champaign.
Films are grown epitaxially and are nearly single
crystalline.23 Attenuation is not limited by metal film grains
or Cr/sapphire interface scattering but governed by intrinsic
damping processes.24,25 The thickness of the Cr probe films
is dprobe�20 nm while the Cr transducers at the pump side
are dpump�100 nm thick.

Given film thickness and quality, we estimate the cutoff
frequency for transmission through the probe metal film to
be �1 /
m��600 GHz. The low impedance mismatch be-

(a) (b)

400 nm
pump

800 nm
probe

100 nm Cr

Al O
2 3

20 nm Cr

1

2

3

4
5 1

2

3

4

5

FIG. 1. �Color online� �a� Measured �black line� and calculated
�red or gray line� phase signals for room temperature �upper trace�,
and cooling via 200, 100, 60 to 18 K �bottom trace� for a sapphire
sample thickness of 307 �m and a constant pump fluence of
9.7 mJ /cm2. Calculations include broadening effects. Numbers i
=1, . . . ,5 at 60 K trace correspond to arrival of ith soliton at the
detection surface. �b� Calculated strain wave shape after propaga-
tion through 307 �m of sapphire, given the input strain amplitude
s0�
103� required to reach agreement with the measurements in �a�.
Inset: sketch of experimental geometry.
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tween Cr and sapphire leads to an estimated acoustic inter-
face reflection coefficient of only 4%. Since the reflection
coefficient is so low, multiple acoustic reflections in the
pump and probe film are small compared to the primary
response.

III. THEORY

A. Korteweg-de Vries-Burgers equation

In order to describe propagation of wave packets of high
amplitude and containing high frequencies, one needs to in-
clude nonlinearity, lattice dispersion, and scattering with
thermal phonons in the one-dimensional linear wave equa-
tion for propagation of a strain s�z , t�,

�2s

�t2 = vs
2 �2s

�z2 −
�

�

�

�z
�s

�s

�z
� + 2vs�

�4s

�z4 +
�vs

�

�3s

�z3 . �4�

Here, � and vs are the mass density and sound velocity in
sapphire, respectively. The strength of the nonlinear term is
measured by the nonlinearity constant �=−18.5

1011 N /m2 and that of the dispersion by the first-order
dispersion parameter �, measured to be �3.5�0.3�

10−17 m3 /s along the sapphire c axis.22 Scattering is char-
acterized by the temperature-dependent viscosity parameter
� �6
10−4 N s /m2 at room temperature�.

Transforming to the moving coordinate frame �x=z−vst�,
one finds the Korteweg-de Vries-Burgers equation

�s

�t
= −

�

2�vs
s
�s

�x
− �

�3s

�x3 +
�

2�

�2s

�x2 . �5�

Equation �5� can be solved numerically for an arbitrary input
strain. In Sec. V, we discuss the initial conditions and the
calculation details. For clarity, calculated strain profiles are
presented together with the measured traces in Figs. 1–5.

Assuming one-dimensional propagation is an approxima-
tion since transverse intensity gradients lead to diffraction. In
the two-dimensional case �cylindrical coordinate system�, a
diffraction term has to be added to Eq. �5�, leading to the
Kadomtsev-Petviashvili equation. However, for the current
pump beam waist of 170 �m, sample thicknesses, and flu-
ences we can safely neglect diffraction.16

B. Temperature dependence of damping term

When performing experiments at elevated temperatures,
acoustic attenuation in the sapphire substrate plays an impor-
tant role. Damping in sapphire shows a strong temperature
dependence. Auld25 reports a value of �=6
10−4 N s /m2

at room temperature decreasing linearly with temperature
and a frequency dependence ��1.9. Pomerantz26 and
Ciccarello27 have measured the acoustic attenuation in sap-
phire in the 0.5–10 GHz range below 130 K and a tempera-
ture dependence roughly �T4 with a frequency dependence
��. The different behavior at these two temperatures is due
to a transition from Akhieser damping to anharmonic phonon
decay.28,29 Below 10% of the Debye temperature �D �980 K
for sapphire�, anharmonic phonon decay dominates. For a
sample temperature of 200 K, we assume that Akhieser

damping is still dominant and extrapolate the room-
temperature value of � to 4
10−4 N s /m2.

In the calculation for low temperatures, dependence ��
can be taken into account by replacing the damping term in
Eq. �5� by +2�0vs

2�s /�x.30 From Pomerantz,26 we have in-
ferred a value for �0vs

2 of 1.0
10−1 m at 100 K. This value

(b)(a)

FIG. 2. �Color online� �a� Measurements �black line� and calcu-
lations �red or gray line� of amplitude ��� signal for wave propaga-
tion through 123 �m of sapphire at a temperature of 18 K. Num-
bers indicate pump fluence in mJ /cm2. Bipolar features correspond
to arrival of solitons. For 8.8 mJ /cm2, soliton arrival times are
indicated by arrows. In the calculation, corrections for temporal
broadening discussed in Sec. V were included. At fluence of
8.8 mJ /cm2, both uncorrected and corrected signals are shown,
demonstrating the relevance of temporal broadening effects. �b�
Calculated strain profiles after propagation for an input pulse of
width �3.6 ps and indicated strain amplitudes s0 �
103�. At the
highest fluence, at least five solitons are formed. Note that the final
solitons in the calculation are not resolved in the measurement.

(b)(a)

FIG. 3. �Color online� �a� Measured �black line� and calculated
�red or gray line� phase ��	� signals for the 123-�m-thick sample at
18 K. Numbers indicate fluence in millijoule per square centimeter.
Steps correspond to soliton arrival at the detection surface. In the
calculation, broadening effects discussed in Sec. V are taken into
account. �b� Calculated strain wave form after propagation through
123 �m of sapphire. Numbers indicate input strain amplitude
s0
103.
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was extrapolated to obtain faithful values at 60 and 18 K of
our experiments.

For T�100 K, typical frequencies f tr surviving traversal
of a length dsample in sapphire can be estimated as f tr
��2��0dsample�−1. For dsample�300 �m we find f tr
=1.3 THz at 100 K and �10 THz at 60 K, indicating van-
ishing attenuation below 60 K. At 77 K, f tr=6.5 THz, im-
plying that soliton development and propagation are feasible
at LN2 temperatures in sapphire.

C. Compressive solitons

In the absence of damping, Eq. �5� reduces to the well-
known Korteweg-de Vries �KdV� equation. Following the
analysis of Muskens,31 we rewrite the KdV equation into the
more general form

��

�t�
= 6�N

2 �
��

��
+

�3�

��3 �6�

with

�N �



�8
��s0vs

12��
�1/2

, �7�

the similarity parameter for a Gaussian derivative input
strain wave form

s�t� = s0
2�e



t exp�− 2t2


2 � . �8�

A normalization of the compressive strain was
performed.31,32 For the compressive part of the input strain
wave packet �s�0�, exact solutions to Eq. �6� can be
found:9,10,31 a family of N so-called solitons with index num-
ber i=1, . . . ,N. For �N�1, �N�N. The ith soliton is char-
acterized by a single parameter �eigenvalue� �i, linking its

velocity, amplitude, and width. In real-space coordinates, the
soliton solutions have the form

si�x,t� = ai sech 2	 �x − x0,i� − vit

wi

 . �9�

x0,i is the projected soliton position at t=0 �virtual since the
solitons are not yet formed at that time�. The supersonic
velocity vi, an easily accessible experimental quantity, can be
expressed in �i as

vi =
8�

vs
2
2�i �10�

while the amplitude ai and temporal width wi in turn connect
to vi as

ai =
6�vs

�
vi�� � 0� , �11�

(b)(a)

FIG. 4. �Color online� �a� Measured �black line� and calculated
�red or gray line� �	 signals for the 307-�m-thick sample at 18 K.
Numbers indicate fluence in millijoule per square centimeter. In the
calculation, broadening effects discussed in Sec. V are taken into
account. �b� Calculated strain wave form after propagation through
307 �m of sapphire. Numbers indicate input strain amplitude s0


103.

(b)(a)

(c) (d)

FIG. 5. �Color online� �a� Measured �black line� and calculated
�red or gray line� �	 signals for the 405-�m-thick sample at 18 K.
Numbers indicate fluence in millijoule per square centimeter. In the
calculation, broadening effects discussed in Sec. V are taken into
account. Calculated data for fluence of 9.8 mJ /cm2 shows differ-
ence between broadened �solid line� and unbroadened �dashed line�
signals. �b� Calculated strain wave form after propagation through
405 �m of sapphire. Numbers indicate input s0
103. �c� Detail of
solitons in measured trace at 5.9 mJ /cm2, and calculation with and
without metal film contribution �red solid and blue dashed line,
respectively�. The width w1 of the first soliton was measured at
�500 fs. �d� �500 GHz oscillations in the trailing part of the
wave for 5.9 mJ /cm2 and corresponding calculated result �red
line�.
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wi =
1

vs
�4�

vi
�1/2

. �12�

For an initially sech2-shaped compressive part of the strain,
the eigenvalues �i can be calculated exactly:32

�i = �1 − 2i + �1 + 4�N
2 �2. �13�

For the tensile part of the strain �with s�0�, Eq. �6� is not
integrable and does not give rise to discrete solutions of Eq.
�6� but to a continuum of states. The development of the
rarefaction part of the wave must therefore be evaluated nu-
merically.

IV. EXPERIMENTAL RESULTS

For all presented measurements, the t=0 point was deter-
mined for each sample for low fluences as the point where
either the �	 or � signal was maximal, and chosen fixed for
higher fluences. The calculated strain traces according to a
numerical solution of Eq. �5�, and taking into account the
correct damping, are presented in Figs. 1�b�, 2�b�, 3�b�, 4�b�,
and 5�b�. The corresponding calculated � and �	 traces are
shown together with the measurements in Figs. 1�a�, 2�a�,
3�a�, 4�a�, and 5�a�. Acoustic reflections at the pump film/
substrate and substrate/probe film interface were taken into
account. Measured traces were corrected for the reduced in-
terferometer contrast of �88% for the 123 and 307 �m
samples, and �50% for the 405 �m sample.

A. Temperature dependence

Figure 1�a� shows the measured phase signals �	 ob-
tained for the 307-�m-thick sapphire sample for indicated
temperatures in the range 295–18 K. The actual travel time
decreases with decreasing temperature due to an increased
sound velocity.22 However, since the sample had to be re-
aligned after each temperature step, we could not determine
this variation accurately.

At room temperature we find a symmetric, parabolic
phase signal, corresponding to a shock wave.33 Cooling to
200 K, the generation efficiency slightly increases but the
wave shape does not significantly change. At 295 and 200 K,
the damping ��2 clearly results in overdamped propagation.

At 100 K, however, the wave shape becomes strongly
asymmetric. Velocity differences appear between the front
and rear of the wave and are clear indications of nonlinear
and dispersive propagation.2 The calculations of Fig. 1�b�
demonstrate the formation of �five� acoustic solitons at the
front. We note that the solitons are critically damped because
of the �� damping term at 100 K and propagate slower than
in the absence of damping. Due to the small arrival time
differences, the individual solitons are not resolved.

At 60 K and below, damping has only a minor influence
and clear steps appear at the front of the strain wave. Know-
ing that the phase signal �	surface is proportional to the inte-
grated strain passing the surface, steps for t�0 at 60 and 18
K point to compressive wave packets separated in space34

and are characteristic to soliton formation.12 Calculated soli-

ton arrivals are indicated by numbers in Fig. 1�a� for the 60
K data.

We observe that the final pulse shape depends critically on
the magnitude and the frequency dependence of acoustic at-
tenuation. Monitoring nonlinear wave propagation can thus
be used to investigate attenuation of high-frequency phonons
in weakly attenuating materials.

B. Amplitude measurements at 18 K

Before presenting the phase measurements at 18 K, we
consider amplitude ��� measurements as a function of pump
fluence on the thinnest sample at 18 K. The results are shown
in Fig. 2�a�. The signals are qualitatively similar to those
measured elsewhere.9,10,12,13

Since solitons are unipolar and undergo sign change upon
reflection at the detection interface, convolution according to
Eq. �1� predicts a bipolar amplitude signal with a width equal
to the convoluted soliton width. Such bipolar signals indeed
show up prior to t=0 for fluences �4 mJ /cm2. At the high-
est fluence of 8.8 mJ /cm2, at least four solitons are discern-
ible.

Three typical features of solitons are readily visible. First,
their number increases with fluence. This is predicted by Eq.
�7�, where �N�s0

1/2. Second and third, the velocity of soliton
i increases with index number i and with pump fluence. This
follows from the calculated eigenvalues Eq. �13� and corre-
sponding supersonic soliton velocities vi in Eq. �10�.

Calculated strain waveforms corresponding to curves fit-
ting the measurements are shown in Fig. 2�b�. At
8.8 mJ /cm2, the calculated soliton positions are indicated by
arrows. Apparently, for all fluences the slowest one or two
solitons are not resolved because they produce only a very
small � signal. Arrival time variations further decrease the
soliton visibility and affect detection of the subsonic high-
frequency tail even more dramatically. In Fig. 2�a�, for ex-
ample, the lower two traces show effects of broadening on
the calculated signal for a fluence of 8.8 mJ /cm2.

C. Phase measurements at 18 K

Figures 3�a�, 4�a�, and 5�a� collect phase measurements
for the 123, 307 and 405 �m samples, respectively. In all
measurements, clear steps are visible. Their number in-
creases with fluence, in accordance with Eq. �7� and results
from the previous section. In contrast to amplitude traces,
smaller solitons are resolved in the phase signals. The ampli-
tude of steps in the phase signal, which is a direct measure
for the soliton volume Vi, increases with soliton number i. In
Fig. 5�c�, the steps in the measured trace at 5.9 mJ /cm2 for
the 405 �m sample are shown in more detail. The width of
the first step demonstrates that the first soliton fully passes
the surface in a time �1.5 ps. The time of passage increases
to �2.1 and �2.7 ps for the second and third soliton, re-
spectively, in agreement with Eq. �12�. At higher fluences,
even sharper steps are expected from Eq. �12� for the first
solitons but they apparently wash out.

The increased length of the subsonic dispersive tail with
increasing pump fluence confirms that the frequencies in the
wave packet have increased for higher pump fluences. Figure
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5�d� shows �500 GHz oscillations at a fluence of
5.9 mJ /cm2 for the thickest sample, where our temporal res-
olution at low fluences appeared to be optimal. At higher
fluences, where the oscillation frequencies are expected to
increase, the oscillation could not be resolved anymore. We
can however make an estimate of the frequency content of
the tail at the highest fluences. At 405 �m and a fluence of
10.7 mJ /cm2, the typical length of the tail is �75 ps, cor-
responding to a velocity difference �v of �23 m /s. From
the approximation of the first-order dispersion term,9 we find
that �v=�k2. For the typical frequency in the tail f tail
�vk /2� we find 1.5 THz.

V. DISCUSSION

All experimental data presented show excellent agreement
with calculations. In this section we discuss calculation de-
tails, in particular, the characterization of the generated input
pulse width and amplitude at 18 K. In addition, we use in-
herent properties of solitons for a detailed analysis.

A. Input pulse characterization

Strain pulses launched into the sapphire substrate were
calibrated by measuring the generated strain directly on the
pump film. The measured width 
 was found to be �3.6 ps
for all fluences. This value is typically 0.6 ps shorter than for
microcrystalline films, suggesting that the acoustic attenua-
tion is lower and the film quality better. Relative strain am-
plitude increases in the relevant fluence range as �I0

1.7,
slightly steeper than for a multicrystalline film at room
temperature.18 The superlinear increase can be traced back to
the huge rise in temperature in the generation film. For ex-
ample, at I0=10 mJ /cm2, using a heat capacity Cp of on
average 5
106 J / �m3 K�,35 an increase in film temperature
of typically I0 / �Cp�pump�=1800 K can be estimated. At these
elevated temperatures, an increase in expansion coefficient of
Cr by several factors has been observed.36

In the numerical calculation, s0 and 
 were left as free fit
parameters to allow optimal agreement with the measured
data. Values for 
 found by the fit routines agree with the
measured �3.6 ps. Fit values for s0 are collected in Fig.
6�a�. Reasonable overlap is obtained between the various sets
of measurements. The spread in values for different sets is
mainly caused by the �10% uncertainty in pump fluence.
Strain amplitudes and fluence dependences are comparable
to those found in earlier experiments.18

In absence of damping, a direct estimate for s0 for a
Gaussian derivative �Eq. �8�� can be obtained from the maxi-
mum phase signal �	max=−4��ecvss0
 /�, with c the inter-
ferometer contrast. Values for s0 differed less than 5% from
estimates based on the measured �	max for all measurements,
except for the 307 �m sample at the highest fluences. Figure
4 shows that for the highest fluences, the first solitons are
significantly lower than expected from calculations while the
positions are accurately predicted. This suggests spurious
scattering at the probe film for this sample.

B. Comparison to measured data

Development of the input pulse shape during propagation
was calculated using the known sapphire material parameters

and Eq. �5�. We subsequently use Eqs. �1�–�3� to determine
the measured � and �	 signals.

Experiments show strong additional temporal broadening
of the calculated signals. We account for linear broadening
effects by convoluting the calculated traces with a Gaussian
broadening function ��
br

2 /2�exp�−2�t− t0�2 /
br
2 � and 
br

= �
t
2+
p

2 +
m
2 �1/2. We include broadening contributions 
t

�probe pulse length� �180 fs, 
p �parallelism of the front
and rear plane of the sample�, specified in Sec. II and 
m
�attenuation in the probe metal film due to electron-phonon
interactions24� �100 fs. Thus, 
br is governed by the lack of
parallelism. Values of 1.4, 1.0, and 0.6 ps are found for the
123, 307, and 405 �m sample, respectively. At the highest
fluences nonlinear broadening sets in since 1 ps broadening
is by far not enough to account for measured broadening.
The characteristic width wmeas,i of all detected solitons for
the sample thickness of 405 �m was determined and the
result is shown in Fig. 6�b�. A clear connection between
pump fluence and/or soliton index number i and determined
width wmeas is found.

One cause for nonlinear broadening could be velocity dif-
ferences due to pump intensity variations. For solitons, the
variation in arrival time ti, �ti, can be estimated at �0.07

 ti.

37 For the thickest sample, where t1=−95 ps and �t1
�6.5 ps, exceeding the soliton width �200 fs by an order
of magnitude. The calculated �ti is plotted in Fig. 6�b� for
this sample and shown to be sufficient to explain the mea-
sured temporal broadening up to �10 mJ /cm2. At the high-
est fluence of 11 mJ /cm2, however, additional broadening
effects must be invoked. Possibly, higher-order dispersion
corrections come into play, affecting the stability of the soli-
ton. We already note that at this fluence, soliton volumes also
start to deviate significantly from theory �next section�. For
even higher fluences, solitons were impossible to detect.
Transverse dynamics may come into play, creating sizable
arrival time differences over the probe spot.

Our approach works well for the 123 �m � and �	 and
405 �m �	 data, where temporal broadenings of 0.08 ti,
0.07 ti, and 0.07 ti, respectively, are required to fit experi-
mental traces. For the 307 �m �	 data a broadening of 0.12
ti is required, which is again indicative of stronger scattering
than for the other samples.

(a) (b)

FIG. 6. �Color online� �a� Symbols: fitted strain amplitude s0

versus pump fluence at 18 K. Fitted temporal width was 3.6 ps in all
cases. Lines: values for s0 derived from maximum phase signal
amplitudes. �b� Temporal width determined for the first three soliton
signals �squares, circles, and triangles, respectively� and sample
thickness 405 �m. Lines are expected nonlinear broadening
�0.07�ti based on measured arrival times ti.
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Broadening corrections were included in the calculated
traces in Figs. 1�a� and 5�a�. To demonstrate the importance
of the broadening effect, corrected and uncorrected signals
are shown both for the amplitude measurement at a fluence
of 8.8 mJ /cm2 in Fig. 2�a� and for the phase at a fluence of
9.8 mJ /cm2 in Fig. 5�a�.

C. Soliton properties

It is interesting to use the measured phase signals at 18 K
to analyze the properties of individual solitons. The inte-
grated phase signal step �not taking into account the short
and minor contribution �	metal� of a soliton �Eq. �9�� reads

bi
1 + tanh	 �t − ti�
wmeas,i


� . �14�

The soliton velocity vi in the moving coordinate system can
be estimated from the fitted arrival time ti by ti /dsample. Here,
we take x0,i in Eq. �9� to be zero. For the 405 �m data,
where ti is very large, this certainly is a reasonable approxi-
mation. Further, the soliton volume Vi=2aiwi can be calcu-
lated from bi by Vi= �2bi�� / �8�c�. Finally, the measured sig-
nal width wmeas,i is the sum of the �typically subpicosecond�
soliton width wi and additional temporal broadening, dis-
cussed in the previous section.

First, we analyze the arrival times ti for the three sample
thicknesses at a fixed initial strain amplitude. The result for
s0=4.3
10−4 is shown in Fig. 7�a�. Here, �N=3.18 and three
solitons form. Arrival times decrease linearly with sample
thickness for each soliton. This confirms that solitons move
at a constant supersonic velocity. We determine the slope
�t /�d and the supersonic velocity vi=vs

2
�t /�d, indicated
in Fig. 7�a�.

For s0=1.6
10−3, six solitons are detected ��N=6.1�.
Measured arrival times ti are presented in Fig. 7�b�. Again, a
constant supersonic velocity is found. The first soliton at this
high fluence has a velocity v1=23.2 m /s. Using Eqs. �11�
and �12�, we derive an amplitude a1 for the first soliton of
3.4
10−3 ��2s0 �Ref. 31�� and a width w1 of only 200 fs.

Next, we analyze the soliton arrival times ti and volumes
Vi for the sample of 405 �m thickness. Using the s0 derived
earlier, �N can be determined for each measurement in Fig.
5. We have plotted the soliton arrival time ti and volume Vi
versus �N in Figs. 8�a� and 8�b�, along with the expected
dependence from the theory in Sec. III. Excellent agreement
is found. For �N� i, vi is found from Eqs. �10� and �13� to
depend quadratically on �N. On the other hand, Vi�vi

1/2 and
thus depends linearly on �N. Both dependencies are accu-
rately reproduced in Fig. 8.

VI. CONCLUSIONS

In conclusion, we have succeeded in observing soliton
formation in sapphire slabs of different thicknesses in inter-

(b)

(a)

FIG. 7. �a� Position of soliton versus sample thickness for an
initial strain wave of amplitude s0=4.3
10−4 and width 

=3.6 ps. Numbers indicate soliton velocity in meter per second. �b�
Like �a� but now for s0=1.6
10−3. All velocities are determined
�0.1 m /s. No accurate determination of velocity could be per-
formed for the sixth soliton.

(b)

(a)

FIG. 8. �a� Position of solitons versus similarity parameter �N.
Dashed lines give comparison to arrival times predicted by Eqs. �7�,
�10�, and �13�. �b� Soliton volume determined from measurements
versus similarity parameter �N. Dashed lines are soliton volume
Vi=2wiai predicted by theory.
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ferometric pump-probe experiments. A high degree of paral-
lellism of the sample front and rear planes, and the quality of
the Cr detection films appear to be crucial for successful
soliton detection. At 100 K, critical damping occurs prevent-
ing full soliton formation. However, at 60 K, solitons fully
develop and propagate virtually undamped. Extrapolation of
the damping determined at these temperatures suggests soli-
ton formation and propagation at liquid nitrogen tempera-
tures in sapphire. This observation may prove to be relevant
for the practical use of acoustic solitons in nanoultrasonic
material characterization.

Up to seven solitons in the train are distinguished at the
highest fluence of 11 mJ /cm2, for a strain pulse with input
amplitude 2.1
10−3 and temporal width 3.6 ps. At moderate
pump fluences, we have directly measured the temporal
width of single solitons of only 500 fs in sapphire, corre-
sponding to a spatial extent as small as 5 nm. From accu-
rately measured supersonic soliton velocities, a minimal soli-
ton width of 200 fs �corresponding to �2 nm width� can be
inferred at the highest fluences. Such time and length scales
open the way to acoustic manipulation of nanometer-sized
structures on a subpicosecond time scale.38

Frequencies of 500 GHz are observed in the high-
frequency tail while frequencies up to 1.5 THz can be in-

ferred. Direct observation of frequencies �500 GHz in both
compressive and tensile parts is washed out by nonlinear
broadening effects related to power fluctuations of the laser.
The recently demonstrated high-bandwidth piezoelectric
strain gauge may well prove a challenging new tool to dis-
close the full frequency acoustic spectrum present in soliton
trains.39

All measured traces agree excellently with numerical cal-
culations based on the Korteweg-de Vries equation. Further-
more, measured properties of the generated solitons match in
detail with the exact relations between soliton amplitude,
width, and velocity of the Korteweg-de Vries solutions.
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