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While the thermal conductivity of the filled skutterudites has been of great interest it had not been calculated
within a microscopic theory. Here a central force, Guggenheim-McGlashen, model with parameters largely
extracted from first-principles calculations and from spectroscopic data, specific to LaFe4Sb12 or CoSb3, is
employed in a Green-Kubo/molecular dynamics calculation of thermal conductivity as a function of tempera-
ture. We find that the thermal conductivity of a filled solid is more than a factor of two lower than that of an
unfilled solid, assuming the “framework” interatomic force parameters are the same between filled and unfilled
solids, and that this decrease is almost entirely due to the cubic anharmonic interaction between filling and
framework atoms. In addition, partially as a test of our models, we calculate thermal expansivity and isotropic
atomic mean-square displacements using both molecular dynamics and lattice dynamics methods. These quan-
tities are in reasonable agreement with experiment, increasing our confidence in the anharmonic parameters of
our models. We also find an anomalously large filling-atom mode Gruneisen parameter that is apparently
observed for a filled skutterudite and is observed in a clathrate.
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I. INTRODUCTION

The skutterudite structured materials are of current inter-
est due to their unusual electronic properties such as heavy
fermion behavior, mixed valence states, and unconventional
superconductivity1 and due to their highly promising thermo-
electric properties.2–4 One of the most important require-
ments for high thermoelectric figure of merit is low lattice
thermal conductivity in combination with reasonable electri-
cal conductivity, the so-called phonon-glass electron crystal.5

The skutterudites seem to be a most interesting material in
that regard because the lattice thermal conductivity is found
to be strongly reduced by the addition of a rare-earth �filling�
atom in the crystal cell6 and because it had been theorized
that the reduction does not depend on changes in electron
bonding upon filling. Much discussion of this reduction in
thermal conductivity is in terms of the rattling ion model put
forth by Slack.5,7 Most recently there have been numerous
syntheses and thermoelectric property measurements of
double-filled8–13 and misch-metal14,15 materials, where the
single-filling element is replaced by two or more different
filling elements. In some cases only a small amount of partial
filling seems to have a large effect in the thermal
conductivity.16,17 Rattling has taken on different meanings,
ranging from a rather harmonic vibrator, but with large
mean-square displacements and the ability to resonantly scat-
ter phonons, to a highly anharmonic, flat potential-well situ-
ation. That the latter does not exist in several low thermal-
conductivity filled skutterudite materials has been shown by
numerous theoretical and experimental investigations; e.g.,

inelastic neutron scattering �INS� �Refs. 18 and 19� and
nuclear resonant inelastic scattering �NRIS� �Ref. 20� are
well represented by theory within the harmonic approxima-
tion, and first-principles calculations show a rather harmonic
potential-well corresponding to the filling atom sublattice
motion.21,22

We also remark that a model where the filling atom can
occupy off-center positions and perhaps tunnel between sev-
eral equivalent low symmetry sites has been employed for
explaining extended x-ray-absorption fine structure23 and
ultrasonic24 data for a few skutterudites, and diffraction
measurements25 on PrOs4Sb12 and NdOs4Sb12 were also
found to be consistent with that model upon detailed analysis
of data.

In addition to a strongly anharmonic rattling ion mecha-
nism, the proposed mechanisms for reducing the thermal
conductivity in filled materials have been both the chemical
disorder in the occupancy of the transition-metal sites16 and
resonance scattering by the filling atom vibration, for ex-
amples Refs. 14, 26, and 27. Very little attention has been
given to the Umklapp scattering effect despite the fact that an
expression for it is often included in analyses of data. That
expression is essentially the Callaway expression28 derived
on the basis of a single-phonon relaxation time approach to
the solution of the phonon Boltzmann equation and the De-
bye approximation.

It was recently suggested based on ultrafast optical mea-
surements that resonance scattering by the filling atom
occurs.14 However, there may be complications in explaining
the data since the bare La atom frequency is far removed
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from any frequencies observed in this experiment. Further-
more, the Ag frequencies are not the same between filled and
unfilled materials29,30 so the claim that what is seen at inter-
mediate filling are not coherent Ag modes needs verification.
Indeed, comparison between theory and experiment that as-
sumes a coherent vibrational structure, i.e., mixed filling
atom and cage atom normal modes, tends to argue against
resonance scattering. Perhaps recent detailed inelastic
neutron-scattering study19 argues best for the existence of
coherent vibrations.

The lack of a more rigorous understanding of the thermal
conductivity may be due to the difficulty of obtaining a reli-
able model to describe both harmonic and anharmonic pa-
rameters as well as the general complexity of the problem of
calculating thermal conductivity. Here we perform molecular
dynamics �MD� Green-Kubo calculations of thermal conduc-
tivity, as a function of temperature, of central force models of
fully filled and unfilled skutterudites and we rely on some of
our previous studies to obtain the necessary potential param-
eters. We also perform lattice dynamics �LD� calculations of
related quantities, including vibrational densities of states,
mean-squared displacements, and thermal expansivities. The
first Green-Kubo calculation that showed significant lower-
ing of thermal conductivity for a caged structure was per-
formed by Dong et al.31 for clathrates at room temperature.

In earlier work we computed the potential energy as a
function of La or Ce displacement in La and Ce filled Fe/Sb
skutterudites using linearized augmented plane-wave
density-functional calculations32 within the local density ap-
proximation �LDA�.21 We found that a quartic polynomial
yields excellent agreement with those calculations which ex-
tended to a displacement of 1 bohr. In another paper we
employed the direct method for calculating force constants.
Atomic displacements were chosen small enough that quartic
anharmonic interactions could be ignored30 and a least-
squares method was used to extract the �tensor� second-order
force constants and leading-term central-force cubic anhar-
monic coefficients of a short-ranged model. Additional
analysis of those LDA calculations is presented in the Ap-
pendix of this paper.

We choose harmonic parameters to be central force pa-
rameters of earlier models that we developed21,33,34 despite
the fact that those models also contained three body angular
terms. We also consider the Lutz-Kliche central-force
model.35 We isolate different effects by performing calcula-
tions for various models and for modifications of potential
parameters. Specifically, we numerically examine the follow-
ing: �a� pristine filling atom effect, �b� La-Sb and La-Fe an-
harmonic interactions, �c� filling atom frequency effect, and
�d� phonon propagation effect, i.e., the effect of mixed
modes.

Finally we present MD calculations of mean-square dis-
placements and thermal expansivity for our models, as well
as LD calculations of thermal expansivity and mode Grun-
eisen parameters. We calculate the vibrational density of
states of all our models and compare them with experiment
in the low-frequency region where the density of states is
quadratic in frequency. We also make some comparisons
with our harmonic LDA-based, noncentral or tensor, short-
range force-constant model30 �in the remainder of this paper

referred to as “LDA model”� for assessing the validity of our
results for LaFe4Sb12.

II. THEORY

The Green-Kubo formulas relate the thermal conductivity
� to the heat current autocorrelation function36

� =
V

3kBT2�
0

�

�q�t� · q�0��dt , �1�

where q�t� is the instantaneous heat flux, V is the system
volume, T is the temperature, and kB is the Boltzmann con-
stant. For the case of central forces, and ignoring liquidlike
diffusive terms, the heat flux can be written as37

qV =
1

2�
i�j

�vi + v j� · Fijrij
0 , �2�

where vi and v j are velocities of atoms i and j, Fij is the force
on atom i due to the interaction between atoms i and j, and
rij

0 is the fixed equilibrium relative position of atoms i and j.
We use the Guggenheim McGlashan potential form38

U = �
i�j

�1

2
�ij

�2���rij�2 +
1

6
�ij

�3���rij�3 +
1

24
�ij

�4���rij�4� ,

�3�

where �rij =rij −rij
0 and rij

0 is a fixed equilibrium distance
between atoms i and j. Admittedly the forces in the skutteru-
dites are not central in nature as was pointed out in the case
of CoSb3.33 Therefore we present these calculations as an
attempt to compute the thermal conductivity for these mate-
rials from a microscopic point of view. The same potential
form had been employed previously in a MD study of ther-
mal conductivity of a two-dimensional system.39 Similar to
the case of two dimensions, even if �3 and �4 were set to
zero the potential would still have �Cartesian� anharmonic
terms. These so-called nonleading terms involve displace-
ments perpendicular to a bond.39 If, in the Taylor radial ex-
pansion, the ratio of a higher-order term to a lower-order
term is sufficiently large only leading order terms are impor-
tant. If the ratio of an n+1 term to an n order term �appro-
priately scaled by an interatomic distance� is 10, which is
typical, non-negligible deviations from the leading term ap-
proximation are still present.

The coefficients of the quadratic terms in this work are
taken as the central force parameters of three lattice dynami-
cal models in the literature for CoSb3 �Refs. 33 and 35� and
LaFe4Sb12.

21 Two models, Feldman and Singh’s �FS� �Ref.
33� model B �based on LDA calculations and experimental
IR optic mode frequencies measured by Lutz and Kliche35�,
and the model by Lutz and Kliche35 �LK, fit to their IR
frequencies�, were developed for the unfilled structure. The
third model, published by Feldman et al. �FSM�,21,34 was
developed for the filled structure by modifying the FS model
to fit some LDA force vs. displacement calculations of the
filled structure. Since we neglect the noncentral force terms
of the FSM and FS models, our models give different vibra-
tional spectra than the original models �See Sec. IV C�.
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The cubic anharmonic terms are mainly extracted from
the LDA calculations;30 Fe-Fe and Fe-La interactions could
not be obtained from those calculations due to symmetry and
system-size limitations of the underlying LDA calculations.
Here we estimate the Fe-Fe cubic coefficient by assuming
�3=10�2 /rij

0 . For the Fe-La cubic parameter, we use half the
Sb-La cubic coefficient, scaled by the interatomic distances.
To check the sensitivity of our results to this estimate, we
also performed calculations neglecting the Fe-La cubic term
altogether. Furthermore, in the FSM and FS models the an-
harmonic parameters of two “longer-range” Fe-Sb interac-
tions are treated in the same ad hoc fashion as above for the
Fe-Fe interaction.

For the quartic interactions between La and the frame-
work atoms we use LDA calculations �see Appendix�. For
the quartic interactions between other atoms we use a generic
value of �4=10�3 /rij

0 . In the Appendix we also test the cen-
tral force approximation for the anharmonic La framework-
atom interactions on the basis of our LDA calculations.

In each case �except where specified� we use the same
values of cubic and quartic potential parameters. Most im-
portantly we assume that the anharmonic parameters are the
same between filled and unfilled materials, despite the
known differences in harmonic properties between the two.
For the unfilled skutterudites we present results from three
different parameter sets: FSM central force omitting the fill-
ing atoms and their interactions �unfilled-FSM-cf�, FS cen-
tral force �unfilled-FS-cf� and the LK parameters �unfilled-
LK�. For the filled skutterudites we primarily use three
different parameter sets: FSM central force �filled-FSM-cf�,
FS central force with the addition of the same filling atom
harmonic terms and the same cubic and quartic anharmonic
terms as for filled-FSM-cf �filled-FS-cf�, and LK with the
likewise addition of filling atom harmonic and all anhar-
monic terms �although fewer in number because of the
shorter range of the LK model� �filled-LK�. We also present
results for a few modified versions of these models: filled-
FSM-cf without the Fe-La cubic interactions �filled-FSM-cf-
alt1�, filled-FSM-cf-alt1 with four times lower Sb-La cubic
interaction �filled-FSM-cf-alt2�, and filled-FSM-cf with an
artificially low mass for the La atoms �filled-FSM-cf-alt3�.
For all models we use the volume and equilibrium positions
corresponding to the experimental structure of LaFe4Sb12.

III. METHODS

We simulate 6�6�6 cubic supercells consisting of 6912
and 7344 atoms for unfilled and filled samples, respectively.
We carry out MD runs using the velocity Verlet algorithm
and a 0.5 fs time step at constant energy and supercell size
and shape. Because the results are noisy, we do 40 runs at
each temperature with independent sets of initial velocities,
and average over the runs. Each run is allowed to equilibrate
for 0.25 ns and configurations from an additional 1.25 ns are
used to compute the heat current autocorrelations. The ther-
mal conductivity is proportional to the integral from zero to
infinity of the heat current autocorrelation, two examples of
which are plotted in Fig. 1. For long lags the autocorrelation
becomes dominated by numerical noise. We therefore fit the

tail to an exponential decay and compute the full integral by
adding the explicit numerical integration of the autocorrela-
tion for short times to an analytic integration of the exponen-
tial fit.

We also compute isotropic mean-square displacements
�MSDs� from the same MD runs used for the thermal con-
ductivity as a function of temperature by averaging fluctua-
tions of atomic positions over the entire system for 50 ps.
Thermal expansivities were computed from MD simulations
by averaging the virial pressure for 10 ps at a range of vol-
umes at each temperature and determining the equilibrium
volume by interpolating a linear fit of the pressures.

Thermal expansivities were also computed using lattice
dynamics from the vibrational modes of a 4�4�4 supercell
at the � point. All other lattice-dynamical calculations were
based on a dense sampling of the Brillouin zone of a primi-
tive cell. These include MSDs for the LDA model, vibra-
tional density of states G���, sound speeds 	from fitting the

-910

-1010

-1110

-1210

-1310
0 10 20 30 40 50 60 70

-61.60×10

-61.40×10

-61.20×10

-610

-78×10

-76×10

-74×10

-72×10

0

lo
g(

au
to

co
rr

el
at

io
n

(e
V

/A
fs

2
K

))

In
te

gr
al

of
au

to
co

rr
el

at
io

n
(e

V
/A

fs
K

)

lag (ps)

autocorrelation
integral (used)

integral (discarded)
Exp tail

Integral of Exp tail

-810

-810

-910

-1010

-1110

-1210

-1310
0 5 10 15 20

-77×10

-76×10

-75×10

-74×10

-73×10

-72×10

-710

0

lo
g(

au
to

co
rr

el
at

io
n

(e
V

/A
fs

2
K

))

In
te

gr
al

of
au

to
co

rr
el

at
io

n
(e

V
/A

fs
K

)

lag (ps)

autocorrelation
integral (used)

integral (discarded)
Exp tail

Integral of Exp tail

(b)

(a)

FIG. 1. Example of heat current autocorrelation from MD run
for filled-FSM-cf �see text� model at 300 K �top panel� and 900 K
�bottom panel�. Decaying fluctuating curve is autocorrelation and
rising curve is integral of autocorrelation. Vertical lines indicate
region over which exponential tail is fit. Decaying long-dashed line
is the result of exponential fit and rising dash-dotted curve for t
greater than fit range is sum of numerical integral and analytic
integral.
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low-frequency portion of G���
, and the Callaway
expression28 for thermal conductivity �see Sec. V�.

IV. RESULTS

A. Thermal conductivity

The thermal conductivity for the different models as a
function of temperature is plotted in Fig. 2. The thermal con-

ductivity shows a decrease at room temperature by a factor
of about 2 when the rare-earth atom is added �see Fig. 2, top
and middle panels�. The reduction is similar for all our mod-
els, whether based on the FSM, FS, or LK harmonic interac-
tions. The consistency of this observation for the different
models indicates that this is a robust result. The reduction we
obtain is substantial but smaller than the experimentally ob-
served factor of 5 between filled and unfilled materials.42 We
regard this as an estimate of the pristine lattice dynamical
effect of the filling atom on the thermal conductivity, since
the harmonic force constants are the same, aside from the
filling atom, between corresponding filled and unfilled mod-
els. Other differences that could be caused by filling, in par-
ticular, changes in chemical binding of the framework, are
included implicitly only via the choice of harmonic param-
eters �FSM vs FS or LK�.

We checked the adequacy of our system size by calculat-
ing a few thermal conductivities for 4�4�4 and 8�8�8
supercells. We found that there was a significant difference
between the 4�4�4 and 6�6�6 cells but the larger cells
did not change the results from the 6�6�6 values. We
therefore concluded that 6�6�6 cells are necessary and
sufficient for a calculation that is converged with respect to
system size.

To test the sensitivity of our model to the Fe-La cubic
interactions, which were fixed using a crude estimate, we
compare the results of the filled-FSM-cf and the filled-FSM-
cf-alt1 �no Fe-La cubic interactions� models. Removing the
Fe-La cubic interactions increases the thermal conductivity
by a small amount �see Fig. 2, middle panel�, much smaller
than the difference between filled and unfilled structures �see
Fig. 2, middle and top panels, respectively�. This indicates
that our results are not sensitive to the estimated value of this
parameter. It also suggests that Sb vibrations, which domi-
nate the acoustic modes �shown for LDA model calculations
in Ref. 18�, are more important to thermal conductivity than
Fe vibrations. This is consistent with the fact that the Fe-
derived modes are generally at higher frequency.

To better understand the source of the thermal-
conductivity reduction, we modified the dynamics of the La
atom in two different ways: reducing the Sb-La cubic anhar-
monic interaction �filled-FSM-cf-alt2� and decreasing the
filling-atom mass �to increase the associated vibrational fre-
quencies� �filled-FSM-cf-alt3�. We find that reducing the
Sb-La anharmonic interactions by a factor of 4 increases the
thermal conductivity of the filled structure to at least that of
the unfilled structure and in fact to a higher value at T
	600 K �see bottom panel of Fig. 2�. Our reduction of the
filling-atom mass to a fictitious value of 4.21 amu creates a
narrow frequency band at about 430 cm−1, significantly
above the maximum frequency of the model of about
270 cm−1, thus essentially eliminating mixing of filling atom
harmonic modes and cubic anharmonic coupling of filling
atom modes with acoustic modes. This mass reduction also
increases the thermal conductivity, almost up to the value of
the unfilled structure. The above results are discussed in
more detail in Sec. V

We find an interesting temperature dependence for these
results: in both filled and unfilled materials the thermal con-
ductivity is monotonically decreasing with increasing tem-
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FIG. 2. Results of Green-Kubo calculations of thermal conduc-
tivity at fixed volume for filled and unfilled skutterudite structure.
Description and notation of models is given in text. The experimen-
tal data �shown only sparsely� for the filled La0.75CoFe3Sb12 mate-
rial correspond to those of the 0.3% porosity sample given in Fig. 4
of Ref. 40 and for the unfilled CoSb3 material correspond to mea-
surements of Katsuyama et al. �Ref. 41� �depicted in Fig. 4 of Ref.
40�. Curves are guides to the eye proportional to 1 /T, i.e., the
expected temperature dependence from lowest-order Boltzmann-
Peierls theory.
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perature but only in the unfilled material is it clearly a 1 /T
dependence as expected from a lowest-order Boltzmann-
Peierls theory; in the filled material the thermal conductivity
decreases more slowly than 1 /T. This unusual result appears
to agree with experiment.40 While the precise reason for the
deviation from the linear theory is unclear, the Green-Kubo
formalism is nonperturbative with respect to interactions.
One obvious way in which the thermal conductivity could
increase above the Boltzmann-Peierls treatment is through
the explicit anharmonic terms in the heat current derived
from Eq. �3�; we have checked that removing those terms
does not change our observations.

B. Mean-squared displacements

One measure of our models’ vibrational properties that
can be compared to experiment is the MSD of the atoms. In
Table I we list the least-square-fitted linear and quadratic
coefficients A and B of the MSD as a function of tempera-
ture, extracted from the MD trajectories. The linear coeffi-
cients are in reasonable agreement with measured MSDs and
with the LDA model MSDs. We find that in the range of
temperatures simulated, 150–900 K, the MSDs of Fe and Sb
in filled and unfilled models are virtually exactly linear,
while the filling La atom MSD deviates from linearity, but
only by about 2% despite the high temperatures included.
What is somewhat surprising is that we find different signs
for the nonlinearity among the different harmonic force mod-
els that we used even though the anharmonic terms are the
same.

It is also worthwhile to compare the LDA model predic-
tion using LD with the room-temperature experimental MSD
results of Braun and Jeitschko,47 as those measurements
were obtained for a nearly stochiometric sample,
La0.94Fe4Sb12. The theoretical �experimental� results for the
Fe, Sb, and La isotropic MSDs are 0.0049 �0.0031�, 0.0059
�0.0040�, and 0.0154�0.0165� Å2, respectively, and the com-

putational and experimental uncertainties in the MSDs are a
few percent. Our LDA model and central force models are
consistent with experiment for the value of filling atom MSD
and in predicting a significantly lower MSD for the frame-
work atoms although the model values of the framework
atom MSDs are too high.

In Fig. 3 we show the comparison between theory and
experiment for the La MSD as a function of temperature.
The temperature dependence of the LDA model results
agrees very well with the x-ray measurements by Chakou-
makos et al.45 on a 75% La-filled antimonide with a nominal
formula of La0.75CoFe3Sb12. The offset may be caused by the
La site-occupancy disorder, which would add an approxi-
mately temperature-independent contribution to the mea-
sured MSD. The figure also shows that our MD results are
extremely close to the LDA model ones although the former
include anharmonic effects and are based on different har-
monic force constants. Finally, we also present results for the
MSD within an Einstein approximation, with the Einstein
frequency chosen as 74 cm−1 from the curvature of the La

TABLE I. MD MSD linear and quadratic temperature coefficients, A �10−5 Å2 /K� and B �10−9 Å2 /K2�,
room temperature thermal expansivity from MD 
 and from LD 
� �10−6 /K�, room temperature Gruneisen
parameter ��, and averaged sound velocity vs

� �m/s� �defined in text�. Superscript * indicates theoretical
values from lattice-dynamics calculations. Values in parenthesis correspond to calculations with �La,Fe

�3� , or in
addition �La,Fe

�4� �second MD value�, of Eq. �3� set to zero.

Model A-Fe A-Sb A-La B-La 
 
� �� vs
�

Unfilled-FSM-cf 1.63 2.14 6.71 7.76 1.48 2836

Filled-FSM-cf 1.80 2.06 5.03�0.09 4.1�1.6 9.31�7.95,7.41� 10.9�9.73� 2.00 �1.78� 2813

Unfilled-FS-cf 1.54 2.00 5.26 6.29 1.33 2932

Filled-FS-cf 1.67 1.92 5.10�0.03 −7.3�0.4 7.53 8.80 1.84 2908

Unfilled-LK 2.10 2.28 1.74 3.46 0.68 2462

Filled-LK 2.32 2.13 5.14�0.02 −6.4�0.4 4.28 6.49 1.24 2383

Filled-LDA 1.55� 1.94� 5.12� 2912

Unfilled Exp.a 6.36 0.95,1.5 3082

Filled Exp.b 1.14 1.79 4.69 9 1.5 2946

a
 and � from Ref. 43, vs from polycrystalline sound velocities in Ref. 44.
bA for Fe, Sb, and first La value from values at 200 and 296 K in Table II of Ref. 45, 
 from Ref. 45, � from
Ref. 46, and vs calculated from polycrystalline sound velocities in Ref. 44.
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FIG. 3. La MSD as a function of temperature from experiment
and models �see text�. BJ corresponds to Ref. 47 and Chak. et al.
corresponds to Ref. 45. LDA model results for the artificial con-
straint of a rigid Fe-Sb framework are also shown �see text�.
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potential well calculated in the LDA, although assuming
zone-center-like, or uniform, La displacements.21 �The uni-
form displacement results probably differ only slightly from
the La Einstein oscillator result because of the weak La-La
force constants.48� The difference between this result and the
measured MSD is merely another measure of mixed modes
in the La vibrational properties: as we have shown earlier,21

the La-dominated peak in the vibrational spectrum does not
correspond to the same frequency as computed from the La
potential well. Nevertheless effective Einstein frequencies or
temperatures are useful for describing properties of many
filled skutterudites �e.g., see Refs. 49 and 50�.

C. Vibrational spectrum

The FSM-cf model is expected a priori to yield the best
results among our filled central force models since the FSM
model parameters were partially derived from first-principles
calculations for LaFe4Sb12. The FSM-cf model does not ac-
curately reproduce the LDA-model force constant matrices30

for LaFe4Sb12 but the largest components are given to within
a factor of two and in most cases much more accurately than
that. On the other hand, it reproduces the LDA results for the
�zone-center� frequencies rather accurately. Only the lowest
Fu frequency is as much as 14% too small compared to the
LDA value of 54 cm−1. All other frequencies are within 8%
of corresponding LDA values. Furthermore the FSM-cf
model yields agreement with the measured30 Raman modes
of La0.75Fe3CoSb12 to better than 10%. Whereas the FS
model gives more accurate vibrational properties than does
the LK model in the case of CoSb3, the FS-cf model is not
necessarily superior to the LK model due to the uncontrolled
approximation made by ignoring the three-body terms of the
FS model. Nevertheless we find that the FS-cf model is more
accurate than the LK model. Most significantly, the low-
frequency Au mode, for which the LK model yielded a fre-
quency 40% lower than the LDA value, is only 10% too low.
Aside from the second lowest-frequency Fg mode, which is
14% too low, all other modes are within 6% of the measured
Raman29 and IR �Ref. 35� frequencies as well as of the LDA-
calculated upper Au frequency.

INS measurements and NRIS measurements have pro-
vided experimental data for the full vibrational spectrum as
well as the atomic-species projected spectra18,20,51–53 and
these measurements have largely substantiated predictions
made on the basis of the LDA and FS models for LaFe4Sb12
and CoSb3, respectively. Recently first-principles calcula-
tions of the dispersion curves and vibrational density of
states for CoSb3 have also been performed.22,54 Figure 4
compares the vibrational densities of states for the filled-
FSM-cf and LDA models corresponding to LaFe4Sb12, and
the FS-cf model corresponding to CoSb3 �however, we use
the Fe, rather than Co, mass, affecting by a few percent the
spectrum above 200 cm−1�. Overall, the main features of
these spectra are quite similar including the separated high
frequency “Fe” peaks and the maximum frequency of the
“Sb” band, where these identifications have been illustrated
elsewhere, both experimentally51 and theoretically.18,22,54

Figure 4 also shows the La-projected density of states. We

find that there is much greater dispersion of the La-
dominated modes with the central force models than with the
LDA model, as illustrated by the broad La-projected vibra-
tional spectrum for the filled FSM-cf model. Indeed this de-
viation from the LDA model also occurs for the FSM
model.21 Nevertheless all filled models lead to the largest
concentration of modes with significant La character in a
region centered near 50 cm−1 although the peak is sharp
only for the LDA model.

Figures 4�a� and 4�b� are essentially a comparison of the
FSM-cf model with experiment, as the density of states for
the LDA model closely represents the INS spectrum aside
from a small shift of the Fe peaks.18 We believe the compari-
son is reasonably good considering the sensitivity of the de-
tails of the spectrum to the complexity of the dispersion
curves. Figures 4�b� and 4�c� give a comparison of central
force models for filled and unfilled materials. The differences
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in the low-frequency �below 200 cm−1� region between
filled and unfilled systems are consistent with experimental
observations: the near gap around 100 cm−1 for CoSb3 but
not for LaFe4Sb12 and the higher maximum frequency of the
Sb-dominated region of the spectrum �essentially the Raman-
frequency region� for CoSb3 than for LaFe4Sb12. On the
other hand the noticeable difference in the region of the Fe
peaks between filled and unfilled materials is not observed
experimentally.18 Finally, low-frequency effects in the vibra-
tional densities of states of all models are compared with
experiment in Table I as an averaged sound velocity, v, de-
fined as 1 /v3� lim�0 G��� /�2.

D. Thermal expansivity

The thermal expansivity directly depends on cubic anhar-
monicity and should be a good overall test of our anhar-
monic parameters. A simplified treatment of lattice thermal
conductivity rather directly relates thermal expansivity and
thermal conductivity.55 Among the assumptions of that
theory are the leading term central force approximation and a
Bravais lattice. The Slack model7,56 adapts this treatment to
complex systems by assuming that only acoustic modes con-
tribute to thermal conductivity. Meisner et al.57 applied the
Slack formula without taking into account the differences in
Gruneisen parameters between filled and unfilled materials
and thereby arrived at a negligible decrease in thermal con-

ductivity upon filling. In fact the Slack model can yield a
factor of 2 or so decrease upon taking into account the avail-
able experimental values of thermal expansivity but we do
not investigate that model here. Mainly we concentrate on
treating the thermal expansivity as a necessary, although not
sufficient, test of the validity of our cubic anharmonic pa-
rameters.

In Table I we list the room-temperature thermal expan-
sivities calculated from our MD simulations on 6�6�6 su-
percells as well as from our LD calculations on a 4�4�4
supercell. The LD calculations of mode Gruneisen param-
eters �i, the essential anharmonic ingredient for calculating
the thermal expansivity,58 properly account for nonleading-
term cubic anharmonic coefficients, as defined earlier, and
internal displacement effects.59,60 Since the difference be-
tween our LD calculations on 4�4�4 and 3�3�3 super-
cells are less than 5%, we estimate that to be the system-size
error of our calculations. We consider all differences between
MD and LD results as acceptable numerical error except per-
haps those for the LK model which are well outside the
system-size error of the LD results. However, even for the
latter model, the discrepancy is somewhat understandable
upon noting that the high-temperature limit of the thermody-
namic Gruneisen parameter ��T� is simply the average mode
Gruneisen parameter �i. Our LD calculations show that the
LK model has large negative low frequency �i that partially
cancel positive higher frequency ones, leading to an anoma-
lously small net positive ��T�. We have found that these
negative �is arise from the aforementioned nonleading-term
cubic anharmonic coefficients. We emphasize that this does
not occur for our other models.

Generally, the comparisons with experiment for both ex-
pansivities and Gruneisen parameters seem satisfactory. We
note that the LD-based expansivities correspond to room
temperature and that the corresponding Gruneisen param-
eters involve calculated bulk moduli and heat capacities. The
latter two quantities are in reasonable agreement with experi-
ment. It appears that models appropriate to unfilled materials
�LK and FS-cf� yield lower thermal expansivity than the
FSM-cf model but it is important to emphasize that the an-
harmonic parameters were assumed to be the same for filled
and unfilled materials without justification. The quoted ex-
perimental values in the table are also in accord with this
relationship between the thermal expansivity of filled and
unfilled materials although the experimental data are scant.

Let us next consider recent highly accurate capacitance
dilatometer measurements of Viennois et al.46 of the thermal
expansivity of LaFe4Sb12 as a function of temperature, plot-
ted in Fig. 5 along with the corresponding experimental
thermodynamic Gruneisen parameter, as well as our LD cal-
culated thermal expansivity, mode Gruneisen parameter, and
thermodynamic Gruneisen parameter. We find that the
FSM-cf model yields excellent agreement with those mea-
surements over a wide temperature region. We also find that
the �i is strongly peaked for frequencies near the main La
peak in the vibrational spectrum �see Fig. 5, upper panel,
top�. We can explain this behavior as due to a combination of
�a� the relatively large value of r�� /�� for the La-Sb inter-
action, �b� the negative value of the Fe-La bond-stretching
harmonic force constant, rendering the value �� /� to be
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large due to the decrease in �, and �c� our ad hoc choice of
the Fe-La cubic anharmonic parameter; we obtain smaller
peaks in both mode and thermodynamic quantities by about a
factor of 2 if we choose the Fe-La cubic anharmonic param-
eter to be zero. The primary effect of this peak is to yield a
low-temperature peak in ��T� �see Fig. 5, lower panel�. At
low temperatures Viennois also find unusually high values of
��T� but their analysis does not extract lattice vibrational
effects from the data which also includes electronic excita-
tional effects. Interestingly a much closer experimental com-
parison is between our results and those on a silicon clath-
rate, Ba8Si48.

61 Another effect of the low-frequency peak in
�i is to increase ��T� at room temperature and evidence of
this effect is the reduction in the room-temperature expansiv-
ity and ��T� when �La,Fe

�3� is set to zero �see Table I�.

V. APPROXIMATE BOLTZMANN-PEIERLS THERMAL
CONDUCTIVITY

It is important to note that our models do not fit into the
simplest “rattling” ion picture. Our central-force harmonic
and quartic terms roughly agree with LDA-based results �see
Appendix�. The LDA calculations have already been shown
to produce a harmoniclike potential for the filling atom,21 not
a flat-bottomed potential well. The thermal-conductivity re-
duction in our models occurs through some more conven-
tional type of mode mixing or anharmonicity. We have
gained insight into this reduction by turning off the anhar-
monicity between the La atom and the framework atoms; we
find that it is the anharmonicity that gives rise to the lower-
ing and not the mode mixing. In order to gain further insight
into the question of the possible role of mode mixing in
reducing the thermal conductivity, we apply an approximate
Boltzmann-Peierls theory, namely a generalized Callaway
formula,28 to filled and unfilled central force and LDA mod-
els.

We use the following high-temperature expression, which
is a generalization of the Callaway treatment to a non-Debye
approximation

� =
kB

3V
� I���d� ,

where

I��� � �vg
2��G�������

�vg
2�� is the frequency averaged group velocity, G��� is the

density of states, and � is a relaxation time, which in the
Callaway treatment is independent of normal-mode polariza-
tion. We also adopt the high T formula 1 /�=A�T�2. Anhar-
monicity determines � but the other factors in I��� are har-
monic quantities. To appreciate the effects of the changes in
the harmonic properties, e.g., the effects of mixing, we plot
�vg

2��G��� /�2 for different models in Fig. 6. We see that the
effect of filling through the harmonic terms is to increase
I��� in the region of the filling atom vibration for the central
force models. The observed increase is consistent with the
small increase in thermal conductivity we see from the
unfilled-FSM-cf to the filled-FSM-cf-alt2 �which has filling

atoms but very small anharmonicity�. This again shows that
anharmonicity is essential for producing our models’ thermal
conductivity reduction upon filling. In contrast, the LDA
model shows a small reduction in I��� in the filling atom
frequency region. Perhaps, on the basis of these calculations,
our central-force model underestimates the pristine thermal-
conductivity reduction due to filling.

We note that several phenomenological treatments have
included anharmonic scattering, or Umklapp, terms given by
the Callaway expression and with parameters fitted to
thermal-conductivity measurements. Wang et al.14 found an-
harmonic scattering coefficients in reasonable qualitative
agreement with our main results, i.e., a much larger ampli-
tude of scattering for the more highly filled materials than for
the less filled ones. Nolas et al.,27 on the other hand, obtain
much smaller Umklapp scattering terms for the filled mate-
rials as compared with the unfilled ones. Care should be
taken in interpreting these results, however, because of the
severe approximations made in the phenomenological mod-
els. For example, they assume a Debye density of states gen-
eralized by an exponential factor to allow the application to
low temperatures and they include terms that are meant to
account for point defects and grain boundary scattering in
their polycrystalline samples. The phenomenological models
also include resonant scattering terms, which in the case of
Wang et al. used a resonance frequency arbitrarily taken
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from a measured frequency peak that approximately matches
the Ag mode frequencies.

VI. CONCLUSIONS

We have calculated the thermal conductivity of filled and
unfilled skutterudites from a microscopic description based
on central force models and a Green-Kubo molecular dynam-
ics approach. The pristine effect, i.e., the effect of simply
introducing filling-atom force constants, is a factor of 2 re-
duction in thermal conductivity, as compared with a factor of
5 seen in experiment. The effect is robust, occurring for three
different sets of harmonic parameters combined with a single
set of anharmonic parameters extracted from first-principles
simulations of LaFe4Sb12 and some ad hoc assumptions. Two
of the sets of harmonic parameters are given by the central-
force parts of two published fits to experiment and first-
principles results and the third set is from a central-force
model fit to experiment. An independent test of the accuracy
of our force constant models is provided by our calculation
of other quantities that can be compared to experiment: vi-
brational densities of states, thermal expansivities, and
atomic mean-square displacements. All of these are in rea-
sonable agreement with experiment, strengthening our con-
fidence in the models. Reducing the La-Sb anharmonicity by
a factor of 4 restores the unfilled structure’s thermal conduc-
tivity, indicating that this anharmonicity is necessary for the
thermal-conductivity reduction, and that harmonic mode
mixing does not affect the thermal conductivity. Reducing
the filling atom mass can also eliminate the thermal-
conductivity reduction, indicating that the frequencies of
filling-atom vibrational modes are important. An analysis
based on the Callaway theory expression for the thermal con-
ductivity confirms that it is the anharmonicity alone that
gives rise to the decreased thermal conductivity upon filling
as the phonon propagational character is unaffected. How-
ever, this is not precisely the case for our LDA model results
as a slight decrease in phonon propagational character in the
region of the filling atom vibrations is found. We therefore
conclude that the difference between the simulation and ex-
perimental conductivity reduction might be accounted for by
errors in phonon character as well as neglected chemical
changes in framework bonding between the filled and un-
filled structures.

We get the best agreement between our calculated thermal
conductivities and experimental results on the filled material,
despite the fact that the simulations are on fully filled or-
dered structure and the experiment is on 75% filled disor-
dered material. This agreement may not be surprising since
at high temperatures anharmonicity is dominant and a 25%
La void of the filled sample may not be important �e.g., see
Fig. 5 of Ref. 42�. The agreement between our calculations
on unfilled structures and experiments on unfilled materials
are generally not as good, probably because the anharmonic
terms �even for the unfilled models� are fit to the filled ma-
terial. Therefore, it may be that the reason why the thermal
conductivity reduction is less than seen experimentally is
that while we describe the anharmonicity of the filled com-
pound reasonably, our description of the unfilled compound

has too much anharmonic phonon scattering leading to a too
low thermal conductivity compared to experiment. In addi-
tion, our neglect of disorder, grain size, and quantum effects
will lead to incorrect temperature dependence of the thermal
conductivity at lower temperatures.

A more complete study should also include noncentral-
forces and chemical effects, i.e., differences in anharmonic
parameters between filled and unfilled materials. We also
conclude that measurements of mode Gruneisen parameters,
as can be obtained by measurements of infrared and Raman
spectra under pressure, would be of great value in under-
standing the effect of filling on thermal conductivity. Such
measurements could directly test whether the modes we ob-
serve with anomalously large mode Gruneisen parameters
are indeed present in the real filled skutterudites.
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APPENDIX: FORCE CONSTANT CALCULATIONS

This appendix augments the LDA-based results presented
in our earlier paper.30 We present here our calculations of
some two-body cubic and quartic anharmonic force constants
involving La atoms that we determined from atomic forces
generated by displacements of one La atom along one of the
cubic crystalline axes and using group theory to determine
other force constants related by symmetry. We used displace-
ments of 0.35 and 0.69 bohr. The larger of these are substan-
tially larger than those used in our previous harmonic force
constant determination. From these “data” we estimate
third order, ��Sb,La,La�
,�,�, and fourth order,
�
,�,�,��	Sb,Fe
 ,La,La,La� anharmonic force parameters,
i.e., third and fourth orders derivatives of the crystal poten-
tial energy with respect to displacement �
 and � indicate
Cartesian components�. We present results that correspond to
the atoms chosen to represent the second-order force con-
stants of Ref. 30. Thus the table gives the anharmonic force
constants for atoms “1”�Fe�, “9”�Sb�, and “17”�La� defined
in Ref. 30. Also obtained from the present analysis were
second-order force constants and these were found to be in
agreement with the corresponding least-squares fitted values
of Ref. 30 to within the reported least-squares uncertainties.

These LDA results were used to obtain our central force
La-Sb and La-Fe quartic anharmonic parameters by consid-
ering the largest LDA values in the table and assuming the
leading term form, whereas we used the least-squares analy-
sis of Ref. 30 to obtain the central force �La-Sb� cubic an-
harmonic parameter.

As a check of our filled models we compare the LDA
Cartesian anharmonic force constants with those generated
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by the models �see Table II�, where the La-Fe and
La-Sb parameters of the models are, in mRyd /bohr2, ��
=21.1, r��=−375, and r2�iv=3.66�103 for La-Sb �r
=6.444 bohr� and ��=−10.3, r��=−187, and r2�iv=1.81
�103 �r=7.476 bohr� for La-Fe and are the same for all
three filled �LK, FS-cf, and FSM-cf� models. Note that the
Cartesian anharmonic parameters include contributions from
the quadratic term in our model potential but we have found
those contributions to be small given the values of these
central force parameters. For the same reason the choice of
cubic central force constants affects the quartic Cartesian
force constants, which explains why the filled FSM-cf-alt1

model �where La-Fe �� is set to zero� has different La-Fe
quartic Cartesian force constants than the filled FSM-cf
model �see the table�. The estimated computational uncer-
tainty in the atomic forces is 0.14 mRy/bohr, which gives rise
to estimated uncertainties in the cubic �quartic� LDA anhar-
monic parameters of �2 mRy /bohr3 ��4 mRy /bohr4�.
Note that in the filled-FSM-cf model the La-Fe cubic coeffi-
cients is guessed to be the same sign and half the magnitude
of the La-Sb value �scaled by the bond distances�, despite the
fact that the corresponding harmonic force constants are op-
posite in sign.

We find that the La-Sb cubic and quartic force constants
are in good agreement with the corresponding LDA values
with deviations comparable in magnitude to the uncertainty
in the LDA values themselves. The La-Fe quartic terms are
very small compared to La-Sb and are in fact indistinguish-
able from zero within the estimated uncertainty.

Finally, we test our central-force models against the
results21 for the LDA-calculated La potential-well parameter,
b, defined as the coefficient of the quartic term in the expan-
sion of the total energy as a function of La displacement, and
dependent on direction.21 The LDA value of a, the coeffi-
cient in the corresponding quadratic, or harmonic, term was
used as input for our harmonic central-force-model
parameters34 so by construction our models exactly yield the
LDA value of a. For FSM-cf, as well as FS-cf and LK, we
obtain bc=7.48, bt=5.79 mRy /bohr4 to be compared with
the LDA results bc=10.7, bt=6.27 mRy /bohr4, where the
subscripts refer to displacements along the cubic or trigonal
crystallographic axis. These central-force results for b are
also sensitive to the cubic Taylor expansion term of the
central-force models 	Eq. �3�
. For example, setting �La–Fe

�3� to
zero �as in filled-FSM-cf-alt1� leads to bc=8.95, bt
=6.29 mRy /bohr4 in excellent agreement with the LDA.
These results further show that our central-force models are
reasonably consistent with our LDA first-principles calcula-
tion for the energetics of the filling atom.
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