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Light scattering in an axially symmetric composite system of a nanoparticle, an oscillating dipole and a
metal film �covering a dielectric support� is considered. Nanoparticle and dipole are placed on the axis of
symmetry. The axially oriented dipole is situated between film and nanoparticle. The field-enhancement factor
at the position of the dipole and dipole radiation is calculated on the basis of Maxwell’s equations, reduced by
Green’s functions to a system of boundary integral equations. The total enhancement of the light scattering,
which is a product of the enhancement of the field intensity and the dipole radiation, depends on many
parameters: the wavelength of light, the metal permittivity, film thickness, geometry of the nanoparticle, angle
of incidence of the laser beam, but most strongly on the distance between the nanoparticle and film surface.
According to our calculations, the total enhancement factor for Raman radiation can reach huge values in the
order of 1010–1011. The angular spectrum of the radiating dipole is derived and the accuracy of calculations is
checked by the optical theorem of reciprocity.
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I. INTRODUCTION

Coherent oscillations of the free-electron gas inside me-
tallic nanoparticles cause an enhanced electric field near the
particle surface. It is the main reason for phenomena like
surface and tip enhanced Raman scattering �SERS �Refs.
1–10� and TERS �Refs. 11–17��, when under external illumi-
nation several molecules or even a single molecule �SM-
SERS� placed in a narrow gap between two nanoparticles8–10

or between a metallic surface and a scanning tunnel micros-
copy �STM� �or atomic force microscopy �AFM�� tip11–17

produce an enhanced Raman radiation. It can be explained as
antenna effect of two nanoparticles attached to the molecule
�sandwichlike structure or dimer, according to Ref. 10�.
These antennas at first concentrate the incoming radiation
and enhance the electric field at the molecule position. Then
the same antennas enhance again and reradiate into space the
Raman signal emanated by the molecule. For TERS the Ra-
man enhancement factor measured in recent experiments15 is
about 106. It is much less than 1014 reported for SM-SERS
experiments.8,9 Because STM and AFM devices are among
the major tools for the investigation and manipulation on the
nanolevel, it is important to estimate the potential of TERS
in a sense of single molecule spectroscopy.

The large enhancement in SM-SERS �SM-TERS� experi-
ments can have several reasons. When a molecule is pressed
between the tip and surface the electronic orbitals in the tip
material and in a molecule can overlap and electron transfer
can change and increase the Raman signal.18 Usually, the
contribution of this chemical enhancement factor is esti-
mated to be small. This mechanism is not considered here.
Our interest is focused on the electromagnetic �EM� mecha-
nism of the SERS phenomenon, calculated on the basis of
classic electromagnetic theory described by Maxwell’s equa-

tions. Electromagnetic models of SERS at first were devel-
oped in a nonretarded approach,4–6 then in partially retarded
variants,19,20 and also as full Maxwell models.21–23 They ex-
plained many details in SERS and the intensity enhancement
factors of order 105–107 are obtained in these papers. It must
be noted that usually in these models the effects of an adja-
cent particle or surface were neglected.

An interesting idea to use an illuminated metallic nano-
particle as a detector in a configuration where the particle is
scanned over a surface was suggested by Wessel.24 Indeed, in
calculations made by Takemori et al.25 for a very small Ag
sphere near an Ag surface �at gap 1 nm� values for the Ra-
man enhancement factors of about 108 were obtained. The
first experiments conducted by Fischer and Pohl26 with
spherical nanoshells and Inouye and Kawata27 with metallic
tip excited by light in a Kretschmann configuration28 have
really shown a large increase in the elastic scattering signal.
It was an indication that the neighborhood of a metallic sur-
face can increase the enhancement of Raman radiation of
molecules adsorbed on a nanoparticle. One should also men-
tion the paper of Xu et al.,10 where not only the key idea of
a dimer �two coupled nanoparticles� was formulated but also
an enhancement factor of the Raman signal in the order of
1010 �at the gap 1 nm� was obtained theoretically for the
dimer. Moscovits noted,7 that the highest field enhancement
can be met in gaps between closely spaced metal features in
aggregated colloids or cold-deposited films.

From the first quasistatic models of SERS,4–6 it is known
that the Raman enhancement factor is proportional to the
fourth power of the electric field at the position of the mol-
ecule. The main values to be calculated should be the maxi-
mally enhanced field �at the poles of the nanoparticle� and
the fluxes of light energy scattered from the nanoparticle.
The scattering system is depicted in Fig. 1, where the dipole
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�black triangle� and the nanoparticle �NP�, placed together on
the symmetry axes close to a layered medium, are shown.
The dielectric support, film, lower semispace and NP have
permittivities �s, � f, �e, and �p, respectively. NP’s contour �
and characteristic lengths d, g, and h, are designated in Fig.
1. Four light beams: two illuminating Bessel beams �BBs�
�BB+ or BB−� and the outgoing dipole radiation in two di-
rections �P+��� and P−���� are indicated in Fig. 1. Plasmons
excited in the NP and in the metallic film enhance the electric
field at the dipole position. This is described by field-
enhancement factors �FEFs�: FEF+��� for BB+ and FEF−���
for BB−. The introduced factors are calculated independently
as solution of four problems. But thanks to the known feature
called optical reciprocity some of them must be exactly pro-
portional to each other: FEF+����P+��� and FEF−���
�P−���. This will be demonstrated in the paper.

A large enhancement occurs only for the exciting electric
field polarized along the symmetry axis which can be ar-
ranged by a side illumination, but more effectively by a ra-
dially polarized Bessel beam.29–32 It was shown, that in the
focus of such a beam a strong electric field directed along the
beam axis is produced. Similar radially polarized beams
were used as illumination sources in theoretical models,33–36

where the electric field enhancement33,34 and radiation fluxes
for nanoparticle and dipole35 placed near a metallic semis-
pace or a thin metal film36 were calculated by the boundary
element method.

The main motivation of our work is to find through ex-
tensive calculations the answer on the question: at what cir-
cumstances can we expect for TERS really huge enhance-
ment factors? Here our previous work36 is continued by
dealing with: �1� a full description of the method of calcula-
tion; �2� metals other than silver �aluminum, gold�; �3�
“large” nanoparticles �1 �m; �4� a derivation of the angular
spectrum of the dipole radiation; and �5� a demonstration of
the agreement of the results with the optical reciprocity theo-
rem.

The paper is organized as follows. In Sec. II the Bessel
beam passing through the layered medium and the radiation
of a dipole placed near this medium are considered in the
absence of a nanoparticle. In Sec. III the Green’s functions
and basic boundary integral equations �BIEs� are introduced
and main enhancement factors for the electric field in a
particle/surface gap and for the energy flux from the dipole
are determined. In Sec. IV a total Raman radiation enhance-
ment factor �REF� and two important relative enhancement
factors for the local field and for the dipole radiation are
introduced and the results are presented for nanobodies of
various shapes and sizes. Sections V and VI contain the dis-
cussion and conclusion, respectively.

II. TWO TYPES OF LIGHT SOURCES: BESSEL BEAM
AND RADIATING DIPOLE

A. Bessel beam illumination of a thin metal film covering a
dielectric support

Let us consider a radially polarized light beam �Bessel
beam or BB� propagating through the layered medium:
dielectric/film/dielectric. Only axial symmetric and time har-
monic solutions of Maxwell’s equations are considered in a
frequency domain �with time dependence exp�−i�t�, where
� is the light frequency and t is time�. All coordinates are
made dimensionless by the reduced wavelength of light �
=� /2	. Maxwell’s equations are used in the Gauss system of
units. The external illumination must also have an axial sym-
metry and obey Maxwell’s equations. One can build this ex-
ternal field by a superposition of solutions for the reflected
and transmitted parts of the electromagnetic waves going
through the dielectric and the metal film. The result is for-
mulated for the azimuthal 
 component of the magnetic field
H
, the only nonzero magnetic field component for the light
beam with a radial polarization of the electric field.

�1� For the case of a beam incident on the film from below
�BB− in Fig. 1�

He = H0J1�r��e sin ���ei�ez + R−e−i�ez�, �z� 0� , �1�

Hs = H0J1�r��e sin ��T−ei�s�z−h�, �z h� , �2�

R− =
�ef − �sfE

2

1 − �ef�sfE
2 , T− =

�1 + �ef��1 − �sf�E
�1 − �ef�sfE

2�
,

�ef =
�e� f − � f�e

�e� f + � f�e
, �sf =

�s� f − � f�s

�s� f + � f�s
, E = exp�i� fh� ,

�3�

where J1� · � is the Bessel function, h is the film thickness,
and the dimensionless axial wave vector components are:

�e = ��e cos �, � f = �� f − �e sin2 �, �s = ��s − �e sin2 � .

�4�

�2� For the case of a beam incident on the film from above
�BB+, see Fig. 1�

He = H0J1�r��s sin ��T+e−i�ez, �z� 0� , �5�

�s

�e

�

z

r

�p

�f

gd

h

�

BB+

�P ( )- �

P ( )+ �

�

BB-

�

FIG. 1. Axial symmetrical scheme of a scattering system: a
nanoparticle, a dipole �triangle�, a thin film, a dielectric substrate,
characteristic lengths �d , g , h�, permittivities of media
��s , �e , � f , �p�, illuminating Bessel light beams �BB�, and en-
hanced dipole radiations P��� are shown. The contour of NP is
signified by letter �.
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Hs = H0J1�r��s sin ���e−i�s�z−h� + R+ei�s�z−h��, �z h� ,

R+ =
�sf − �efE

2

1 − �ef�sfE
2 , T+ =

�1 − �ef��1 + �sf�E
�1 − �ef�sfE

2�
. �6�

and in this case the axial components of wave vectors are

�e = ��e − �s sin2 �, � f = �� f − �s sin2 �, �s = ��s cos � .

�7�

H0 is the amplitude of the magnetic field in the illuminating
laser beam and � is the angle of the Bessel beam relative to
positive or negative vectors normal to the film surface. We
use in our formulas subscripts e, f , and s, designating the
domains of the environment, film and support, respectively.

The formulas for the components of the electric field fol-
low from the Maxwell equations:

Er = −
i

�r

��rH
�
�z

, Ez =
i

�r

��rH
�
�r

. �8�

In the case of attenuated total reflection �ATR�: ���cr

=arcsin���e

�s
�, and in the domain z�0 there is a nonpropa-

gating �evanescent� EM field. The axial and radial compo-
nents of the electric field are

Ez = iE0T+��s

�e
sin �J0�r��s sin ��e−��ez�, �9�

Er = − iE0T+
�e

��e

J1�r��s sin ��e−��ez�, �10�

where E0=H0 /��e is the amplitude of electric field in the
incident EM wave.

The dimensionless amplification factor for the electric
field on the film surface at the point r=0, z=−d is introduced
as a ratio A= �Ez /E0�. From formula �9� and a similar expres-
sion derived from formula �1� follow the film amplification
factors, when BB illuminates the film from above �+� or
from below �−�, respectively

A+ = �ei�edT+���s

�e
sin � , �11�

A− = �e−i�ed + R−ei�ed�sin � . �12�

One could build other external light sources that are
closer to experimentally used illumination schemes: by mul-
tiplying fields expressed by formulas �1�, �2�, �5�, and �6�
with some weight function �apodization function29� depend-
ing on the angle of incidence and integrating over a certain
angular range. Such a source also obeys Maxwell’s equation.
Here we intentionally stick to Bessel beams of a defined
angle because the results will show clearly the correspon-
dence between the field enhancement by illumination from
one angle and dipole radiation into the same angle.

B. Dipole illumination of a thin metal film covering a
dielectric support

The Hertz potential37 for a dipole placed near a metal
semispace was derived previously.35 Here this approach is
extended to the case when the dipole is placed near a dielec-
tric support covered by a thin metal film.36 The Hertz poten-
tial for a dipole placed below the film are described by for-
mulas

�s = i�
0

�

T−ei�s�z−h�+i�edJ0��r�
�d�

�e
, �13�

�e = i�
0

�

�ei�e�z+d� + R−ei�e�z−d��J0��r�
�d�

�e
, �14�

where subscripts s and e indicate when observation point is
situated in the dielectric support �z�h� or in empty space
�z�0�, respectively, d is the dipole/film distance �the dipole
coordinate is zd=−d�0�, the transmission and reflection co-
efficients are

T− =
�1 + �ef��1 − �sf�E

1 − �ef�sfE
2 , R− =

�ef − �sfE
2

1 − �ef�sfE
2 , E = ei�fh,

�15�

�ef =
�e� f − � f�e

�e� f + � f�e
, �sf =

�s� f − � f�s

�s� f + � f�s
,

�i = ��i − �2, �i = e, f ,s� . �16�

Formulas �13� and �14� were derived from the Helmholtz
wave equation by Hankel integral transformation. They rep-
resent the Hertz potential as a superposition of cylindrical
waves, which have in various regions the same radial com-
ponents of wave vector � and different axial wave vector’s
components �i. The Hertz potential determines the magnetic
field: H
= iH�

��
�r , where H�=k3p0 is the characteristic mag-

netic field for the dipole, p0 is the electric dipole moment,
k=� /c is the vacuum wave number for dipole radiation, and
the electric field components are obtained via Maxwell’s Eq.
�8�.

For the following calculation of the dipole-energy fluxes
we need the fields:

Er
�s� =

H�

�s
�

0

�

�sT−J1��r�ei�s�z−h�+i�ed�
2d�

�e
, �z h� ,

�17�

H

�s� = H��

0

�

T−J1��r�ei�s�z−h�+i�ed�
2d�

�e
, �z h� , �18�

Er
�e� = −

H�

�e
�

0

�

�ei�e�z+d� + R−ei�e�z−d��J1��r��2d�, �z� − d� ,

�19�
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H

�e� = H��

0

�

�ei�e�z+d� + R−ei�e�z−d��J1��r�
�2d�

�e
, �z� − d� .

�20�

By integration of the z component of the Poynting
vector35 Sz= c

8	Re	Er
��H

 on the planes situated above the

film �z�h� or below the dipole �z�−d� one can obtain the
dipole-energy fluxes directed into the upper or lower semi-
spaces

j+ =
ck4p0

2

4�s
�

0

��s � �s

�e
ei�edT−�2 �3d�

��s − �2
,

j− =
ck4p0

2

4�e
�

0

��e

�1 + R−e2i�ed�2
�3d�

��e − �2
.

Dividing values j+ and j− by the semiflux of energy of a free
dipole

j� =
1

2

ck4p0
2

3
��e, �21�

and by introducing a new variable of integration � and by
substituting of �2=�s�1−�2� in j+ and �2=�e�1−�2� in j−,
two dimensionless expressions for dipole-energy fluxes are
obtained

J+ =
3

2
��s

�e
�

0

1 � �s

�e
ei�edT−�2

�1 − �2�d� , �22�

J− =
3

2
�

0

1

�1 + R−e2i�ed�2�1 − �2�d� . �23�

These values are the enhancement factors of dipole radia-
tion caused by the metallic film only �in the absence of a
nanoparticle�. The formula �23� gives for thick film the
Sommerfeld’s38 result for the radiation of a dipole placed
close to semispace with finite conductivity.

C. Influence of film thickness and illumination angle on the
field-enhancement factor A, the dipole flux J, and the

film-enhancement factor I

Illumination of a film at angles � larger than the critical
angle of total reflection �cr ��cr=41.81° for glass/air inter-

face� serves as effective method of exciting plasmons in the
metallic film �Kretschman, Ref. 28�. Let us fix the film/
dipole distance d �d=0.5 nm� and illumination angle ��
=45°� and consider the influence of film thickness h on the
factors A+ and J+. The plasmon resonances can be recog-
nized in the values A+ and J+, shown in Fig. 2 for the three
metals, gold, silver, and aluminum, as a function of the pho-
ton energy �� �in electron volt, eV� instead of the wave-
length. It helps to show clearly details in the short-
wavelength region. As for a thickness h=50 nm for silver
and gold and h=20 nm for aluminum the resonant plasmon
maximum in the factor A+ is the highest, these optimal val-
ues are chosen in our calculations below. Note, that the high-
est maximum for the dipole factor J+ �shown in the insets�
occurs for thinner films: h=30 nm �silver, gold� and 10 nm
�aluminum�. From Fig. 2 one can conclude that in the case of
ATR the amplified electric field A+ for some resonant wave-
length and for optimal film thickness is enhanced by a factor
of 8–10 times in Ag films and 4–5 in Al and Au films, re-
spectively. Note, that for aluminum films the dipole factors
J+ are not enhanced in the visible but are strongly enhanced
in the ultraviolet region.

In Fig. 3 the factors A+ and A− �in the insets� are shown
for film thicknesses 50 nm �Ag, Au� and 20 nm �Al�, and
beam angles �=41°, 42°, 43°, 44°, and 45°, respectively. The
first angle is smaller than the critical angle of total reflection
��cr=41.81°�, and the dramatic difference between ATR and
non-ATR ��=41°� regimes of film illumination is clearly
seen in factors A+. For ATR configuration the plasmonic
resonances in A+ spectra are present. Factor A− corresponds
to illumination coming from below �BB−�. It has no plas-
monic resonances and its dependence on the illumination
angle is weak.

For relatively “thick” films �h�40 nm for Ag and Au
films and h�15 nm for Al films� one can derive an approxi-
mate formula for a beam angle at which the factor A+ has a
maximum

�max = sin−1�Re �s

�e
+
�s

� f���
�−1/2� . �24�

This formula follows from the denominator ��e� f +� f�e� in
the factor �1−�ef�, which is contained in the transmission
coefficient T+ �see Eqs. �5�–�7��. By putting it to zero a com-
plex expression sin �max= ���s /�e�+�s /� f����−1/2 can be ob-
tained, the real part of which gives expression �24�. For
small light frequencies � the value �� f� is much larger than

(b)(a) (c)

FIG. 2. �Color online� The field-enhancement factor A+ and dipole radiation J+ �in the insets� are shown for three metallic films: �a� gold
�Ref. 39�; �b� silver �Ref. 39�; and �c� aluminum �Ref. 40�. Curves correspond to different films thicknesses h.
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the dielectric permittivity �s and the angle �max approaches
the critical angle.

When a nanoparticle is retracted away to infinity, the il-
lumination field �A� and the dipole radiation �J� are enhanced
only due to the presence of metallic film. We will consider
four film-enhancement factors: two for the enhanced electric
field at the dipole position for a beam coming from above
�A+� or from below �A−� and two factors for the enhanced
dipole radiation into the upper �J+� and lower �J−� semis-
paces. By using words “or” and “and” we will underline that
illumination beams are applied alternatively �BB+ or BB−�
and the fluxes J+ and J− are the spatially separate but simul-
taneous parts of the total dipole radiation. The total film-
enhancement factor is I=A2J. Due to the independence of A
and J there are four combinations

I++ = A+
2J+, I+− = A+

2J−, I−+ = A−
2J+, I−− = A−

2J−.

�25�

In Fig. 4 these values are shown for the chosen film thick-
nesses, at BB angle 45°, and for a surface/dipole distance
d=0.5 nm. In the insets of Fig. 4 one can see the optical
constants n , ����=n+ i�� for the metals used in our calcu-
lations according to Johnson and Christy39 for silver and
gold and according to Palik40 for aluminum. Note, that the
optical constants have no resonances in the wavelength do-
main, where the plasmonic peaks are situated.

An interesting feature is seen in Fig. 3: by a small change
in angle for ���cr the maximum in A+ can scan the whole
spectral region from IR to UV. The largest maximum in
value I++ is for Ag film at �=44° �Fig. 4�b��: I++�300. The
radial size of the central spot in the BB giving rise to the
field enhancement A+ can be estimated from the first root of

the Bessel function J0� · �: r�=2.2� /sin � corresponding to a
spot size comparable to the wavelength. This nonlocal dif-
fraction limited central spot will create a strong background
signal to the local-field enhancement by the nanoparticle. In
order to eliminate this nonlocal enhancement effect we will
introduce below relative enhancement factors F and D.

III. METHOD OF CALCULATION

A. Green’s function and BIEs

For problems of axial symmetry a modified Green’s func-
tion should be used. It can be obtained by multiplying the
three-dimensional �3D� Green’s function for free space with
cos 
 and integration on the azimuth angle 
:41

Gin = �
0

2	 ei��p�r�−�� �

4	�r� − �� �
cos 
 d
 , �26�

where �r�−�� �=�r2+�2−2r� cos 
+ �z−��2, � and � are the
integration coordinates, and r and z are the observation co-
ordinates. This function is used for the solution of the inner
Maxwell problem, and therefore the permittivity in Eq. �26�
is �p, the particle’s permittivity. For the field H


�p� inside the
particle the solution is represented by the Green’s formula

− H

�p��O� = �

�

�H

�p����

�Gin�O,��
��

− Gin�O,��
�H


�p����
��

��d� , �27�

where the observation point is designated by letter O �coor-
dinates r and z� and the integration points �� , ��, placed on

(b)(a) (c)

FIG. 3. �Color online� The factors A+ and A− �insets� for metallic films made of: �a� gold, �b� silver, and �c� aluminum. Curves correspond
to different BB angles �.

(b)(a) (c)

FIG. 4. �Color online� The film-enhancement factors I=A2J for BB angle �=45° and three metals: �a� gold, �b� silver, and �c� aluminum.
In the insets the optic constants of corresponding metals are shown. The optimal film thicknesses, indicated in figures, are used.
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the particle’s surface, are noted by letter �. An external nor-
mal to the particle surface is designated by the letter �. Inte-
gration is performed along the meridian line going from one
pole to another pole of the particle �contour � in Fig. 1�.

In order to build the Green’s function describing the outer
solution for the domain outside the particle we should con-
sider the equation for it

1

r

�

�r
r

�

�r
Gi +

�2Gi

�z2 −
1

r2Gi + �iGi = −
��r − ��

r
��z − �� ,

�28�

where subscript i designates letters e, f , and s for three space
domains with different permittivities: the empty subspace
�under the film�, the metallic film, and the dielectric support
�semispace above the film�, respectively.

Boundary conditions, expressing the continuity of tangen-
tial EM-field components, on the film surfaces are

z = 0: Ge = Gf,
1

�e

�Ge

�z
=

1

� f

�Gf

�z
, �29a�

z = h: Gs = Gf,
1

�s

�Gs

�z
=

1

� f

�Gf

�z
. �29b�

It was obtained for ��0

Ge = i�
0

�

�ei�e�z−�� + R−ei�e�z+���
J1��r�J1�����d�

2�e
, �z� 0� ,

�30�

Gs = i�
0

�

T−e−i�e�+i�s�z−h�J1��r�J1�����d�

2�e
, �z h� .

�31�

Now the scattered magnetic field H
� in the regions below
and above the film is represented through the Green’s for-
mula

H
��X� = �
�

�H
����
�Gout�X,��

��
− Gout�X,��

�H
����
��

��d�
�32�

with Gout expressed by formulas �30� and �31�, respectively.
The field H
� in the last formula is the scattered field outside
the particle. The external points �relative to the particle vol-
ume� are designated by letter X and the integration points are
designated again by letter �.

The boundary conditions for fields and normal derivatives
on the particle surface are

H

�p� = H
� + H


�0�,

1

�p

�H

�p�

��
=

1

�e

��H
� + H

�0��

��
, �33�

where the outer source field H

�0� is introduced. This field is

described above. It is: �1� the field produced by the Bessel
beam when the field-enhancement factor is calculated or �2�

the dipole field when the dipole-enhancement factor �DEF� is
calculated. Note that the sum of scattered and incident fields
H
=H
� +H


�0� is the full magnetic field outside the nanopar-
ticle.

From the Green’s formulas �27� and �32� and boundary
conditions Eq. �33� the next system of BIEs can be derived

for two unknown values H
� and
�H
�
�� on �

− ��H
� + H

�0�� = �

�

��H
� + H

�0��

�Gin

��

−
�p

�e
Gin

��H
� + H

�0��

��
��d� , �34�

�H
� = �
�

�H
�
�Gout

��
− Gout

�H
�

��
��d� , �35�

where �=0.5.
Note that the illumination field H


�0� is also an exact solu-
tion of the Maxwell equation. From this fact follows an iden-
tity for H


�0�, which is very useful for the control of accuracy
of the calculated Green’s function Gout and the field H


�0�

− �H

�0� = �

�

�H

�0��Gout

��
− Gout

�H

�0�

��
��d� . �36�

For example, the absolute value of the difference between
the left and right sides of Eq. �36� in our calculations for one
hundred control points on the contour of a nanoparticle was
less than 10−4 for small nanobodies �50–200 nm� and about
10−2 for long nanoparticles �1–5 �m�.

We add the BIE Eq. �36� to the Eq. �35�, introduce the full
field H
 and its normal derivative

�H

�� as the main wanted

values, and obtain for them the final system of BIEs

�H
 + �
�
�H


�Gin

��
−
�p

�e
Gin

�H

��

��d� = 0, �37�

�H
 − �
�
�H


�Gout

��
− Gout

�H

��

��d� = H

�0�. �38�

The solutions of the system of BIEs permit to represent
the outer and inner fields via the formulas �27� and �32�.

B. FEF

Let us introduce a measure of the field enhancement
caused by the NP at the dipole position, the field-
enhancement factor

FEF = �Ez�r = 0;z = − d�
E0

� , �39�

where E0 is the amplitude of the electric field in the incident
laser beam, Ez is the axial component of electric field. Obvi-
ously, the maximal electric field is expected at the pole of the
nanoparticle which is placed close to the film surface. At the
other pole placed far from the film surface the electric field is
also interesting to see. It illustrates modes excited in the
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nanoparticle. This dimensionless field will be indicated as
FEFfar below.

C. Dimensionless dipole-energy flux or DEF

By combining fields of the dipole and nanoparticle and by
substituting them into the Pointing vector and integrating of
the z component of the vector Sz over the control planes we
obtain two total dipole-energy fluxes directed up and down
relative to the film. Let’s introduce dimensionless ratios by
relating these fluxes to the semiflux of the free dipole �j�

described by formula �21�� to obtain the dimensionless
dipole-enhancement factors or dipole-energy fluxes

DEF+ =
3

2
��s

�e
�

0

1 � �s

�e
�T−�2

�1 − �2�d� , �40�

DEF− =
3

2
�

0

1

���2�1 − �2�d� , �41�

where

� = ei�ed −
1

2i
�
�
�H
�����J0��� −

J1���
�

� − i���e�
J1���
�

�
− �

J1���
�

�H
�

��
�e−i�e��d� , �42�

� = Fd −
1

2i
�
�
�H
����F+�J0��� −

J1���
�

� − i���e�F−
J1���
�

− �F+
J1���
�

�H
�

��
���d� , �43�

where �=� ·����, F = ei�e�+R−e−i�e�, Fd=e−i�ed+R−ei�ed,
and �� and �� are the components of the external normal and
values R−, T−, �e, �s, and ���� are the same as described for
a dipole in formulas �15�, �16�, �22�, and �23�.

Note that the values H
� , and
H
�
�� , staying under the inte-

grals in the formulas �42� and �43�, are the dimensionless
solutions of the system of BIEs �Eqs. �34� and �35�� with the
dipole source illumination described above. Dimensionless
dipole-energy fluxes, DEF+ and DEF−, represent a full en-
hancement of the dipole radiation caused by metallic film
and nanoparticle.

D. Angular distribution of the dipole radiation

One can arrive by another way to the formulas �40� and
�41� for the flux of dipole energy. The asymptotic value of
the Green’s function in the far zone for large z and r is
represented by the expression

G =
w��,��

R
ei��R,

R = �r2 + z2, �44�

where � is the medium permittivity, R is the radius in spheri-
cal system of coordinates, and w is a spherical wave ampli-

tude. The wave amplitude w in the upper semispace is

ws =
�s

2�e
T−e−i�e�−i�shJ1��s�� , �45�

where �s=��s sin �, �s=��s cos �, and �e=��e−�s sin2 �.
In the lower semispace the amplitude w is represented by

expression

we =
1

2
�ei�e� + R−e−i�e��J1��e�� , �46�

where �e=��e sin �, �e=��e cos �, �s=��s−�e sin2 �, and �
is the azimuth angle in spherical coordinates �counted from
the positive or negative z semiaxes, respectively�. Formulas
�44�–�46� are obtained from expressions �30� and �31� by the
saddle-point approximation method. For the case without NP
�considering only the point dipole� our results coincide with
formulas from the paper of Sakoda et al.42

The full magnetic and electric fields H
 and E�, calculated
from the superposition of incident and scattered dipole fields
and inserted in the time-averaged radial component of the
Pointing vector, give the energy-flux density

SR =
c

8	
E!H


� . �47�

By using a dipole characteristic field H�=k3p0 �p0 is the
dipole moment� and the dipole-energy semiflux j� �see for-
mula �21��, we obtain the dimensionless angular distribution
functions

P��� =
2	R2SR���

j�

for the dipole radiation in the upper and lower semispaces

P+��� =
3

2
sin2 ���s

�e
� �s

�e
T−��ei�ed

−
1

2i
�
�
�H
�����J0��� −

J1���
�

� − i���e�
J1���
�

�
− �

J1���
�

�H
�

��
�e−i�e�� � ��2

, �48�

P−��� =
3

2
sin2 ��Fd −

1

2i
�
�
�H
����F+�J0��� −

J1���
�

�
− i���e�F−

J1���
�

− �F+
J1���
�

�H
�

��
��� � ��2

,

�49�

where

Fd = e−i�ed + R−ei�ed, F =  ei�e� + R−e−i�e�,

R− =
�ef − �sfE

2

1 − �ef�sfE
2 , T− =

�1 + �ef��1 − �sf�E
�1 − �ef�sfE

2�
,

E = exp�i� fh� ,
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�ef =
�e� f − � f�e

�e� f + � f�e
, �sf =

�s� f − � f�s

�s� f + � f�s
,

�i = ��i − �2, �i = e, f ,s ,� ,

� = �� j sin �, �j = e,s� .

By integration of expression �48� and �49� over the full
angular range of the upper and lower semispaces we obtain
again the formulas �40� and �41� for dipole radiation into the
dielectric support and into the lower subspace, respectively

DEF+ = �
0

	/2

P+���sin � d� ,

DEF− = �
0

	/2

P−���sin � d� .

In the case when the NP is retracted to infinity and the
integral’s inputs in formulas �48� and �49� disappear one can
note an important feature: due to a simple connection be-
tween the transmission coefficients T+ and T−,

T+ =
�e

�s

�s

�e
T−,

the angle distribution functions are exactly proportional to
the illumination intensity at the dipole position: P+���
�A+

2��� and P−����A−
2���. This is a consequence of the

known reciprocity theorem in optics43 and it was used by Le
Ru and Etchegoin44 for proving the proportionality of a
SERS signal to the fourth power of the local electric field.

Let us introduce two normalized angular distribution
functions for the cases when the NP is present or absent

fNP
+/−��� = P+/−���/DEF+/−,

fdip
+/−��� = lim

g→�
	fNP

+/−���
 . �50�

In the case when the NP is retracted to infinity the angular
distribution functions fdip

+/−��� are shown in Figs. 5�a� and 5�b�
for a photon energy of 1.97 eV or a wavelength of 630 nm,
for Ag film thickness h=0 and 50 nm, and for two surface/
dipole distances d=0.5 and 3000 nm. The function shown in
Fig. 5�a� has a very narrow peak situated at �max=43.34°.
This value corresponds exactly to the position of the maxi-

mum of A+ at the wavelength of 630 nm as obtained by
formula �24�. One can see that the dipole placed close to the
film �d=0.5 nm� radiates strongly into the forbidden sector
���cr, and the distant dipole �d=3 �m� sends a very small
amount of radiation into this sector. The light transmitted
into the forbidden sector, according to expression �48�, and
the film-enhancement factor A+, determined by formula �11�,
contain the same factor �ei�ed�2, which describes the exponen-
tial decay versus the surface/dipole distance d. These inter-
esting features of radiation of a dipole situated in the near or
far zones of a dielectric surface were described previously by
Lukosz and Kunz45 and in the book of Novotny and Hecht.46

E. Boundary element method

The system of BIEs �Eqs. �37� and �38�� may be effec-
tively resolved by the boundary element method
�BEM�.33–36,41 BEM works especially well for problems de-
scribed by Laplace and Helmholtz equations with piece-wise
constant material properties. This is exactly the problem
what we have. BEM was widely used in radio technique
calculations, in microwave and antenna theory. In the last
decade similar methods, called surface integral equation
methods, are also used in nano-optics47–50 for 3D calcula-
tions. These methods have advantages in comparison to oth-
ers: �1� they permit to reduce the dimension of the problem
and to decrease a total number of unknown values; �2� the
surface can be divided in a much more flexible way into
small cells and the density of the nodes can be increased in
points of high field intensity �hot spots�. Our method differs
from the others by taking into account the effects of a lay-
ered medium. For this we pay a long time to calculate so-
called Sommerfeld integrals,38 which determine the Green’s
function. Additional reduction in the dimension of the prob-
lem due to the axial symmetry leads us to a system of one-
dimensional integral equations and permits to investigate
many cases in a rich space of parameters of the problem.

When the integration point approaches the observation
point �both on contour �� the Green’s function and its de-
rivative have a singular behavior. Zakharov and Eremin41

showed that singularities in G and �G
�n have a logarithmic

character and may be subtracted and integrated during calcu-
lation of integrals along the elements. For the calculation of
the nonsingular part of the Green’s function and its normal
derivative an adoptive algorithm QUANC8 �Ref. 51� was
used. Calculations of integrals of the Green’s function and its
normal derivative along the boundary element are performed
by using a six-point Gauss formula. By applying a modified
Gauss algorithm51 the logarithmic singularities mentioned
above are also successfully integrated.

IV. INFLUENCE OF A NANOPARTICLE ON A RAMAN
SIGNAL

The calculations are performed for three metals: silver,
gold, and aluminum, often used in near-field optic experi-
ments. The nanoparticle and film are assumed to be made of
the same metals. Due to a high conductivity in the visible
and infrared, silver is the best metal for the field enhance-

(b)(a)

FIG. 5. �Color online� Angular distribution functions of dipole
radiation for Ag film �without NP� at a photon energy of 1.97 eV
��=630 nm�. Film thickness is h=50 nm and in the insets the
variants for glass only �with h=0� are shown.
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ment, although it is not so stable as gold. An interesting
metal is aluminum, which has a high plasmonic activity in
ultraviolet. In the following Secs. IV A–IV G the optimal
film thickness is chosen, h=50 nm for Au and Ag and h
=20 nm for Al films, the gap is g=1 nm �except in Sec.
IV C�, and the angle of the BB is �=45° �except Secs. IV D,
IV F, and IV G�. In the insets of figures of this chapter the
NP contour and size �in nm� are shown.

A. Definition of enhancement factors: F, D, REF

In order to investigate an influence of the nanoparticle we
introduce the relative enhancement factors F and D deter-
mined by formulas

F+ = FEF+/A+, F− = FEF−/A−, �51�

D+ = DEF+/J+, D− = DEF−/J−. �52�

These factors permit to account for the direct impact of the
NP on the enhancement of the local field and dipole radia-
tion.

Let us introduce the total enhancement factor for Raman
radiation as a product of two enhancement factors FEF2 and
DEF introduced earlier

REF = FEF2���DEF�� − �mol� . �53�

For simplicity we will ignore the shift produced by the mol-
ecule frequency �mol and will take DEF also at the same
frequency of the incoming laser light �. By introducing the
film-enhancement factor I=A2J we can rewrite this formula
as REF= IF2D. There are four REF factors for the four cases
described above by formulas �25� for the factors I

REF++ = I++F+
2D+, REF+− = I+−F+

2D−,

REF−+ = I−+F−
2D+, REF−− = I−−F−

2D−. �54�

It should be mentioned that REF is not the most relevant
enhancement factor for Raman radiation because REF in-
cludes I, focusing of the light beam to a diffraction-limited
spot, which causes a large background for the very local near
field of the nanoparticle. We remind that the I factors have a
complex dependence on light frequency and on parameters �,
d, and h �see Figs. 2–4� and via the value I this dependence
is included into the REF factors. We will not use factor REF.

The most relevant enhancement factor is F2D, and we will
focus our attention on the components F2 and D.

B. Influence of metal property and diameter of a spherical NP
on the enhancement factors

The simplest shape of a NP is a sphere. We assume in this
paragraph the fixed parameters: �=45°, g=1 nm, d=g /2,
and a glass support of refractive index n=1.5. In Fig. 6 for
three metallic spheres and films made of Au, Ag, and Al
�figures �a�, �b�, and �c�, respectively� the enhancement fac-
tors F2 and D are shown. The film thickness h is 50 nm for
figures �a� and �b� and 20 nm for �c�. Spheres of two diam-
eters are considered: for figures �a� and �b� 2a=50 and 200
nm and for �c� 2a=50 and 100 nm. In the last case the larger
diameter is taken to be 100 nm because for the diameter 200
nm too many excited resonances would complicate the fig-
ure.

From Fig. 6 one can conclude: �1� there is a full coinci-
dence of all introduced relative factors for the first �dipolar�
resonance situated at low frequency; �2� enhancement factors
exhibit two groups of close values �F+

2 , D+� and �F−
2 , D−�

and a second group is larger than the first one; �3� the larger
is the sphere diameter, the smaller is the photon energy,
where the splitting into two groups occurs; and �4� the com-
bined factor F2D for aluminum and gold can reach 108 and
for silver it can be more than 1010 �at appropriate sphere size
and wavelength of light�.

Why are the factors with plus subscripts smaller than the
ones with minus subscripts? One can see from Fig. 6 that the
factor’s splitting occurs when the sphere radius becomes
larger than the reduced wavelength �a���. For the chosen
angle we have for BB+ the ATR configuration: in the lower
semispace there is an evanescent EM wave. Only the surface
elements of the NP which are situated in the near zone �z
�2�� are strongly illuminated and can contribute to en-
hancement factor F+

2. An exponentially decaying factor
�e−��e��, formulas �5�, �7�, and �42�� decreases the contribution
of distant parts of the NP to the enhanced field at the dipole
position �F+� and similarly diminishes the NP radiation into
the “forbidden” ����cr� angular sector above the film �D+�.
In values F−

2 and D− such a damping factor is absent and the
radiation from distant and near parts of the NP can interfere
constructively and produce an additional enhancement as we

(b)(a) (c)

FIG. 6. �Color online� Relative enhancement factors F2 and D for metallic spheres ��a� gold, �b� silver, and �c� aluminum� in dependence
of the photon energy. In figure �a� all lines collapse to a single line for 2a=50 nm. The same holds for figures �b� and �c� in the low-energy
region for the dipolar peaks.
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see in Fig. 6. But this interference is not always constructive
as will be demonstrated below.

C. Plasmonic gap modes

In Fig. 7�a� for two silver spheres with diameters 2a=50
and 200 nm the factors F2 and D are shown as a function of
the film/particle gap distance g �the silver film thickness is
h=50 nm�. The dipole is placed in the center of a gap �d
=g /2�. In Fig. 7�b� the calculated normalized electric fields
at the far sphere pole �Ffar� are depicted. The factors Ffar
demonstrate clear “gap modes” especially well pronounced
for a small sphere. The presence of intensive oscillations at
the far pole of the nanobody demonstrates the global charac-
ter of these modes: they depend strongly on the gap distance,
but they are spreading over the whole volume of the nano-
body. One can see a series of maxima �resonances� which
occur at certain gaps gm. The gap modes were discussed by
elastic and inelastic light scattering.52–55 Similar gap modes
were described in calculations of light scattering by coupled
metallic nanorods48 and for a system of a nanosphere and a
metallic sample.34 It should be noted that by increasing the
gap g these modes have to transform continuously into the
known Mie modes of a single metallic sphere �not shown
here�. For very small gaps g, due to a strong interaction
between charges on sphere and the counter charges induced
on the film surface, these modes deviate dramatically from
the Mie modes. The negative slopes −2 and −8 /3 indicated
in Fig. 7�a� correspond to slopes −1 and −4 /3 for the field
factor F. The first slope −2, seen for the large sphere, can be

explained on the basis of an electrostatic analogy: the field in
the gap is similar to the field in a parallel plate capacitor.34

The average slope −8 /3 for the field factor F2, found for
small spheres, has no clear explanation. But it is obviously
an impact of the high amplitude of the gap modes, excited in
the small sphere. One should mention that for gap distances
smaller than 0.5 nm additional strong effects arise connected
with atomic roughness, tunneling current, and Landau
damping.35,56,57 Including these effects will change radically
the results of calculation for small distances g�0.5 nm.

D. Enhancement factors for large prolate spheroids

In Fig. 8 the relative enhancement factors F2 and D cal-
culated for large nanobodies are represented. One can see a
new feature: the F−

2 factor exhibits deep minima: the longer
is the body, the more minima appear in spectra of F−

2. One
can see with increasing length of the spheroids the increase
in the first �dipolar� resonance and its shift into the infrared.
In Fig. 9 the influence of Bessel beam angle is shown. One
can see the radically changed value F+

2 when the BB angle
increases only by 1°, see Figs. 9�b� and 9�c�. For ��41.8°
the ATR regime exists: due to the exponential decay of the
field the excitation by plasmons occurs at the “close” body
end. For the subcritical BB angles like 10° or 41° we see
deep minima in factors F+

2, which can be attributed to a de-
structive interference of the exciting Bessel beam with plas-
mon modes, excited along the whole nanobody length. Simi-
lar minima seen on curves of F−

2, can also be explained via
destructive interference of plasmons, excited �for this type of
illumination� by a nondecaying external field.

Another interesting effect is seen in Fig. 9�a� for small
angles of BB: the relative factors F+

2 and F−
2 have much

higher values in the region where photon’s energy is less
than 5 eV �in the visible and near UV�. It will be explained
below in Sec. IV F.

E. Enhancement factors for STM tiplike nanobody

Light scattering on an aluminum tiplike nanobody is con-
sidered. In Fig. 10 the enhancement factors for three nano-
bodies with equal lengths and volumes, having various
shapes and curvatures at the poles are shown. The shapes of
these nanotips are described by formulas

(b)(a)

FIG. 7. �Color online� Enhancement factors vs g �gap� for Ag
spheres of two diameters 50 and 200 nm at a photon energy of 3.1
eV ��=400 nm�: �a� relative factors at the sphere’s close pole; �b�
factor Ffar=Ez�z2� /A, at the sphere’s pole situated far from the Ag
film. The beam angle is �=45°.

(b)(a) (c)

FIG. 8. �Color online� Relative enhancement factors for aluminum prolate spheroids �semicontours are shown in the insets� with aspect
ratio 1:5. Spheroids have diameters, lengths, and corresponding curvature radii at the poles Rc, indicated in Fig. 8. The beam angle is �
=45°.

GESHEV, FISCHER, AND FUCHS PHYSICAL REVIEW B 81, 125441 �2010�

125441-10



z − z0 = b cos�"�, r = a sin�"��1 − 1 − Rc
a

b2�cos�"� ,

where a and b are the semiaxis of initial spheroid, " is the
parameter going from zero to 	, z0 is the center of the spher-
oid, and Rc is the radius of curvature at the pole, placed close
to film surface. Note that for the value Rc=b2 /a, we again
obtain nondeformed spheroid. A deformed spheroid will be
called below a tip.

Interesting features are seen in Fig. 10: �a� the height of
the first resonance at low frequencies �the dipolar resonance�
is independent of the nanobody’s radius of curvature; �b� a
small radius of curvature causes an increase in all spectra in

the low-frequency domain ����5 eV for F+
2 and D+ and

���7 eV for F−
2 and D−� and a strong damping in the high-

frequency region; �c� the minima positions in the factor F−
2

�Fig. 10�b�� are not dependent on the nanobody’s curvature.
Why does for the ATR configuration �Figs. 10�a� and

10�c�� a decrease in the local radius of curvature lead to a
strong damping of enhancement factors for short wave-
lengths? The reason is that the volume of the NP which is
excited by the exponentially decaying near field can be esti-
mated as V=Rc

2�, and when Rc is decreasing from 20 to 1 nm
one can get a reduction in enhancement factors by two-three
orders of magnitude.

F. Enhancement factors for long Al nanorod

Let us consider large NPs of a different shape, the silver
and aluminum nanorods, having a length of 1000 nm, a di-
ameter of 100 nm, and ending in spheroidal caps with radius
of curvature of 20 nm. Factors F2 and D are calculated and
shown in Fig. 11 �for �=10° and g=1 nm�. Note, that for the
silver nanorod we have to use the optical properties collected
in the book of Palik,40 because the data of Johnson and
Christy39 are not continued far enough into infrared. It is
well known, that in the visible the imaginary part of the
permittivity is very different for these two sets of data. It
means, the plasmonic resonances in Ag nanorod seen in Fig.
11�a� could be even higher if other material properties would
be used. For a silver nanorod the total enhancement factor
F2D can reach resonant values 1011, if D− is used.

One can compare curves in the Figs. 9�a� and 11�b� cal-
culated for Al nanobodies of different shapes at the same BB
angle 100. The curvature radii and lengths for two bodies are
the same, but the diameter of the prolate spheroid is twice
larger �200 nm� than for nanorod. The decreased surface and
volume of the nanorod results in a certain decrease in all
enhancement factors. Also the position of the first deep mini-
mum for F+

2 �and similar for F−
2� is shifted to a lower value

�from 6.4 eV �spheroid� to 5.5 eV �nanorod��. An interesting
feature of these figures is the existence of two domains of
photon energies with qualitatively different behavior of F
factors. To explain this, we can use quantum notions like
momentum of photon and plasmon. It is well known,46 that a
photon with momentum component �k��e cos��� parallel to
the NP surface cannot excite surface plasmon with momen-
tum �k��p�e / ��e+�p� �the real part of �p is negative and we

(b)(a)

(c) (d)

FIG. 9. �Color online� Enhancement factors for aluminum pro-
late spheroid �200�1000 nm2� illuminated under various angles of
Bessel beam. Note, the D factors are shown by the same curves in
all figures due to their independency of BB angle.

(b)(a)

(c) (d)

FIG. 10. �Color online� Enhancement factors for aluminum tip
�deformed spheroid�. Influence of curvature radius. All nanobodies
have the same length and volume as the spheroid 200�1000 nm2.
Nondeformed spheroid has the radius of curvature 20 nm. �=45°;
g=1 nm; and h=20 nm.

(b)(a)

FIG. 11. �Color online� F2 and D spectra for long �a� Ag and �b�
Al nanorods illuminated at BB angle �=10°. The shape of nanorod
is shown in the inset �100�1000 nm2, Rc=20 nm�. g=1 nm; �a�
h=50 nm �Ag�; �b� h=20 nm �Al�.
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ignore its small imaginary part�. To avoid this barrier, a sur-
face roughness or artificially grating is made on the smooth
metals. We need no grating: thanks to a finite NP length L,
there are disturbance modes with wave numbers m	 /L
which can help to fulfill the momentum conservation law

�
�

c
��e cos��� + �m

	

L
��e �

�

c
� �e�p

�e + �p

or in the final form

cos��� + m
	c

L�


1
�1 + �e/�p���

. �55�

The first root of Eq. �55� for silver is ��1=3.2 eV and for
aluminum nanorod it is ��1=5.65 eV �for NP length L
=1000 nm and BB angle �=10°�. In Fig. 11 these energies
are designated by vertical arrows with m=1. For silver all
these roots are found in the domain with a high damping and
therefore have no influence. For aluminum their positions
correlate well with the deep minima domain �see arrows in
Fig. 11�b��.

Let us show that the Eq. �55� gives also good results for
large angles. Return to Fig. 9�b�, and look at the solid curve
describing the factor F+

2 for the case of subcritical BB angle
�=41°. It is not the angle of illumination of NP. When we
use the refraction law the illumination angle in the lower
subspace is equal 80°. For this angle we get the first root of
Eq. �55� is ��1=0.75 eV; the second root is ��2=1.5 eV.
These values are close to the first minima of factor F+

2 as one
can see in Fig. 9�b�.

G. Angular distribution functions for dipole radiation:
Demonstration of the optical reciprocity theorem (ORT)

In Fig. 12 the angular distribution functions for dipole
radiation are shown. These functions are normalized with
respect to the radiation integrated over all angles into a semi-
space. Subscript “NP” in the distribution functions means the

configuration when dipole and NP are considered, subscript
“dip” means the case when only the dipole radiation �without
NP� is considered. The photon energy is 5.5 eV, where deep
minima in F2 factors are seen in Fig. 11�b�. The angle �
=10° is indicated in Fig. 12 by a vertical line, where a coin-
cidence of minima of factors F+

2 and F−
2 occurs. An interest-

ing feature is demonstrated by the solid and dashed curves,
which coincide for angles larger than the critical angle of
total reflection �the forbidden sector46�. It is a consequence of
the exponentially decaying factor �discussed in the Sec.
III D�: the distant parts of the NP are not sending photons
into the forbidden sector and the closely situated parts of the
NP radiate light in a similar way as a dipole. Alternating
maxima and minima seen in the angular distribution func-
tions fNP��� demonstrate alternating constructive and de-
structive interference between outgoing radiation and plas-
mon modes excited in the NP.

Let us demonstrate the ORT. We choose the same NP �Al
nanorod�. Then we take a certain BB angle, for example, the
angle �=34.7°, where the third deep minimum in the value
fNP

+ ��� is situated �shown by solid line in Fig. 12�. In Figs.
13�a� and 13�b� the spectra of FEF2��� and the angular dis-
tribution functions for outgoing radiation P���, given by ex-
pressions �48� and �49�, are shown. These values must be
proportional to each other according to the ORT. We can see

FIG. 12. �Color online� Angular distribution functions �normal-
ized� for NP/dipole/film fNP��� �solid, dash-dot lines� and for
dipole/film fdip��� �dashed, dash-dot-dot lines�. Signs “+” and “−”
mean dipole radiation directed in upper or lower semispaces, re-
spectively. For better visibility the functions for the lower semis-
pace are multiplied by a factor 100. Nanorod and film are made of
aluminum; the gap is 1 nm; the photon energy is 5.5 eV.

(b)

(a)

(c)

FIG. 13. �Color online� Spectra of field-enhancement factor
FEF2��� and angular distribution function for dipole radiation P���
calculated by formulas �48� and �49� at the angle �=34.7°. Light
comes from and goes to �a� upper and �b� lower semispaces, respec-
tively; �c�—ratios of the examined values FEF2��� and P���.
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in Figs. 13�a� and 13�b� a very complex behavior of the
values with many minima and maxima. But in general the
ratio of values FEF2��� and P��� is constant as it is demon-
strated in Fig. 13�c�. One can see that the exact proportion-
ality is not much destroyed by the numerical errors which
become larger with increasing photon energy. Also in Fig.
13�c� it is seen that the deviations are larger in close vicinity
to the sharp minima. It is a quite natural result.

The results shown in Fig. 8–13 were obtained for a num-
ber of 200 points distributed along the nanobody’s contour.
More dense distribution of nodes is used in the gap region.
We can conclude that our method of calculation gives results
which are in good accordance with the classical theorem of
reciprocity. It is very important because it means that the
calculated new features—deep spectral minima and a large
enhancement for small illumination angles—are not artifacts.
But we should recognize that the detailed mechanism of
these phenomena is still unclear.

V. DISCUSSION

The axial symmetry, used in our model, can be motivated
as follows. We consider axial symmetrical light scattering
and light collecting systems posed on the same axis of sym-
metry. Let’s consider a plane p-polarized EM wave coming
�as an example� from the lower semispace. The axial com-
ponent of the electric field in the wave reflected from a lay-
ered medium �without NP� can be expressed in cylindrical
coordinates by the formula

Ez
�e� = E0 sin ��eikz cos �

+ R−���e−ikz cos �� �
m=−�

�

imJm�kr sin ��eim
, �56�

where r, z, and 
 are the observation coordinates and E0, k,
�, and R− are the wave amplitude, wave number, propagation
angle relative to z axis, and the reflection coefficient, respec-
tively. The term with m=0, the zero harmonic, described by
the Bessel function J0� · � is the axial symmetrical BB used in
our model. Similar decompositions can be built for the other
two components of electric field vector.

The EM field scattered by a NP �placed at layered me-
dium� can be also expressed as a decomposition in azimuthal
modes

E� � = �
m=−�

�

E� m� �r,z�eim
. �57�

The electric field on the symmetry axis �at r=0� must be a
single-valued function of z and hence it must be independent
of 
. It means E� m� �r=0,z�=0 for m�0. The same is true for
formula �56� because Jm�0�=0 for m�0. We will use these
features later.

Let us describe the elastic scattering cross-section # fol-
lowing from the formula �57�. Substituting the electric field
in the Pointing vector S� = ck�

8	 �E� ��2 and integrating it over the
lower semisphere in a far zone yields the energy flux W of
scattered light. Dividing this value by the energy-flux density

of the illuminating plane wave �S0= ck
8	E0

2� we obtain the
elastic cross-section for light scattered into the lower semis-
pace

# =
W

S0
= �

m=−�

� �
0

	/2 �E� m� �R,��
E0

R�2

2	 sin � d� , �58�

where the cylindrical coordinates �r , z� are replaced by
spherical ones �R , �� natural for a far zone. This cross-
section corresponds to the case when illumination is coming
from below and scattered radiation is collected also in the
lower semispace. There are three additional cross-sections:
one for the radiation scattered into the upper semispace and
two for the other illuminating beam coming from above
through the support/film. But all these values have structures
similar to formula �58�: they are sums of positive terms.
Therefore the axial symmetrical approach described only by
the zero term in Eq. �58� leads to an underestimation of the
scattering cross-section.

In Fig. 14 we demonstrate the impact of the higher order
azimuthal modes for the exactly solved Mie problem �scat-
tering of plane EM wave on a single sphere�. Because in this
example the layered medium is absent we can consider inte-
gration in formula �58� spanning the full range of scattering
angle 0���	. The scattering cross-section efficiencies Qs
=# /	a2 shown in Fig. 14 for silver spheres of various diam-
eters are calculated at wavelength �=630 nm via our axial
symmetrical model �solid lines� and by the algorithm for the
Mie problem described in the book of Bohren and Huffman58

�dashed lines�. The influence of high modes is very small for
spheres with diameters less than reduced wavelength �
=� /2	=99.5 nm. The larger is the sphere, the more is the
difference between the curves, caused by the influence of
high harmonics. One can conclude that the approach of axial
symmetry can give only a lower estimate for the elastic scat-
tering cross-section. A similar conclusion is valid also for
extinction cross-section.59

Let us return to Raman �nonelastic� light scattering. This
light is emanated by the oscillating dipole and is shifted in
frequency. Therefore it cannot interfere with the light de-

FIG. 14. �Color online� Scattering cross-section efficiency for
Ag sphere: full Mie model �dashed line� and axial symmetrical
model �solid curve�. Spheres diameters are: �a� 2a=80; �b� 120; and
�c� 240 nm.
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scribed by formulas �56� and �57�. The single source of Ra-
man signal is the point dipole, placed on the symmetry axis,
oriented along the axis, and excited by a sum of the electric
fields �Eqs. �56� and �57��. As it was mentioned previously,
the impact of all high azimuthal modes in expressions �56�
and �57� disappear at r=0. Therefore, the dipole acts like
filter of high harmonics: it cuts off all modes with �m�1.
Only the azimuthal mode with m=0 can excite the dipole.
Hence the developed axial symmetrical model of the TERS
phenomenon is correct �exact and full�.

The used method of calculation is based on the reduction
in the Maxwell equations for problems of axial symmetry to
a system of one-dimensional boundary integral equations
�BIEs�. This method is called also as BEM. BIEs method has
advantages: �1� decreasing of the dimension of problem; �2�
exact matching to the Sommerfeld radiation conditions for
fields at infinity; �3� simple accounting for the curvilinear
boundary of the scattering particles; and �4� accurate calcu-
lations of fields in regions of high curvature of particle’s
boundary and in narrow domains �“hot spots”�. The fields
calculated by this method are accurate solutions of Maxwell
equations. During long calculations simulating complex
physical phenomena it is important to have reliable methods
of quality control of calculated results. The exact solution
like the Mie problem is very useful for a demonstration of a
high accuracy of calculated values in a simple case. But in
the complex case as a NP placed near a layered medium we
should find other testing procedures. For the accuracy control
one can use some exact identities. First, we have used the
identities valid for the external illuminating fields �Bessel
beam and dipole radiations� as exact solutions of Maxwell
equations. This permits us to control the Green’s function of
the layered medium calculated via complex Sommerfeld38

integrals. Second, the accuracy of calculated enhancement
factors for local field and dipole radiation is proven via the
optical reciprocity theorem �ORT�. Both methods gave good
results: Green’s function is calculated with relative errors not
larger than 0.1%, and enhancement factors ratios deviate
from constant values less than �1–5�% in the regular regions
�except the deep minima and the shortest wavelengths�. Ac-
cording to ORT these ratios should be exactly constant.

We demonstrate that the gap modes have a strong depen-
dence on the NP-film distance g. For g�1 nm the gap elec-
tric field can be 103 times larger than the field of the illumi-
nating beam. Because these modes can be clearly detected at
the opposite pole of a NP, they should be considered as hav-
ing a global character. Gap modes are distributed over the
whole volume, or, more correctly, over the whole surface of
a NP. They are much stronger for small NPs with sizes ��,
than for large �elongated� NPs. For large NPs the influence of
gap modes on the field enhancement is small. A simple elec-
trostatic analogy with a flat capacitor can explain the gap
field behavior at small NP-film distances: FEF�g−1.

The used BIEs include a Fredholm integral equation of
the first kind �relative to a part of unknowns, the normal
derivative

�H

�� �. Usually this type of integral equations has

unstable solutions. But in our case, very stable results due to
a phenomenon of self-regularization60 were obtained. A self-
regularization means a presence of large elements in the
main diagonal of the global matrix of the system of linear

equations. These large elements arise due to the logarithmic
singularity in the Green’s function. We can conclude from
Figs. 7 and 8 that the used BEM gives really stable results of
high quality �without numeric noise� for supersmall gaps,
which are thousand times less than the NP length. Other
methods, based on finite differences, finite elements or series
decompositions cannot resolve so accurately the electromag-
netic problems with so small gaps.

The enhancement factor of Raman radiation is the product
of two factors: a square of a local field-enhancement factor
FEF2 and a DEF. The calculation of values FEF2 and DEF is
fully independent, but is based on the same Green’s function.
Therefore the resonance frequencies for values FEF2 and
DEF are the same �we ignore the frequency shift in the ar-
gument of DEF, caused by oscillating molecule�. We intro-
duce the relative factors F2= �FEF /A�2 and D=DEF /J,
where A is the local field at the dipole position and J is the
dipole radiation �both without nanoparticle�. By introducing
the film-enhancement factor I=A2J the total enhancement is
represented as REF= IF2D. The film factor I enhances the
signal due to plasmon resonance in the film, but it is not a
confined field. The light in BB has a spot size, comparable to
the wavelength. Therefore we concentrate our attention on
the product F2D as a measure of enhancement caused by NP.
The radius of field confinement is usually estimated as �gRc,
where g is the NP/film gap and Rc is the local curvature
radius of NP.

We consider two field-enhancement factors F+
2 and F−

2

when illumination comes under some fixed angle � from the
support or from below, and two factors D+ and D− for dipole
radiation, which goes in the upper or in the lower semis-
paces, respectively. Spectra of relative factors F2 and D dem-
onstrate very close values for NPs with extension in the z
direction less than the reduced wavelength �=� /2	. The
factors coincide for the first �dipolar� resonance because this
resonant wavelength is always much larger than the length of
NP. It was found in Kretschmann configuration ����cr� that
there is a strong correlation among the introduced relative
factors: F+

2 �D+. Illumination by an evanescent field seems
promising due to reducing the background light. But the
Kretschmann configuration responsible for F+ and its inverse
configuration of a dipole radiating into the forbidden angles,
being responsible for D+, has a disadvantage for elongated
NP. This is connected with an exponentially decaying factor
which decreases the contribution of distant parts of the NP to
the enhanced field at the dipole position �F+�. A similar ex-
ponentially decaying factor decreases the contribution of dis-
tant parts of the NP to the radiation into the forbidden angu-
lar sector above the film �a part of D+�. These decaying
factors decrease the values F+

2 and D+ relative to the factors
F− and D− by one to two orders of magnitude.

Two interesting new features are discovered in our calcu-
lations. First, for large NPs and non-Kretschmann illumina-
tion some deep minima occur in the field-enhancement fac-
tors F+

2 and F−
2. This effect depends on the BB angle � and

can be explained as a destructive interference of excited plas-
monic modes and the radiation field. It can considerably de-
crease the total enhancement caused by the NP. Second, for
small angles � in a wide spectral domain for photon energies
lower than some threshold level the opposite phenomenon is
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seen: the field-enhancement factors F+
2 and F−

2 are consider-
ably higher than for large angles of BB. This is demonstrated
for a long aluminum prolate spheroid in Fig. 9�a� and for Ag
and Al nanorods in Figs. 11�a� and 11�b�, respectively. This
phenomenon can be explained on the basis of the law of
conservation of momentum: the smaller is the angle �, the
better is the momentum matching between exciting photons
and excited NP plasmons.

At the gap �1 nm for aluminum prolate spheroid and
long nanorod in the visible the product F2D can be about
107–109. For small silver and golden spheres this composite
factor reach 1010–1011. This is close to results obtained in
Refs. 10, 17, 25, and 33–36. For long nanoparticles, cal-
culated in our work, all dipolar resonances are situated
in the infrared and for D and F2 factors we have obtained
here values �106. For a long silver nanorod at small
BB angles and at the resonant frequencies the calculated
product F2D can reach values 1010–1011. If the additional
chemical enhancement factor �102 is included into our esti-
mation one can get a huge enhancement of Raman signal
�1013, which is close to the total enhancement factor, found
for single-molecule surface enhanced Raman scattering
�SM-SERS�.8–10

We have considered three metals: gold, silver, and alumi-
num. Each of them has advantages and disadvantages. Gold
and silver are often used in SERS and TERS. Aluminum has
a high plasmonic activity in a very wide spectral region,
from UV to IR. But aluminum is always covered by a hard
and thin ��1–2 nm� film of oxide. This film not only in-
creases the tip/surface distance but also totally blocks the

chemical mechanism of SERS, which is based on overlap-
ping of molecular and atomic orbitals.

VI. CONCLUSION

An axially symmetrical TERS model is developed; solu-
tions of Maxwell equations are calculated by a self-made
flexible code based on the boundary element method; a lay-
ered medium and metallic nanoparticle made of various ma-
terials �gold, silver, and aluminum� with various shapes and
sizes, angles of the illuminating beam, and light frequencies
are considered; local field and dipole radiation enhancement
factors are calculated; the angular distribution function for
dipole radiation is derived and the correspondence of ob-
tained results to the known optical reciprocity theorem is
shown. At certain frequencies due to destructive interference
of plasmonic modes, excited in a long nanoparticle, and ex-
ternal radiation the local field enhancement can be consider-
ably damped. This negative effect can be shifted to the high-
frequency domain and field enhancement can be increased
by one to two orders by illuminating under small beam
angles. In this case, at least for silver and by including
chemical enhancement, the total enhancement �1013, suffi-
cient for SM-TERS, can be reached.
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