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Electrostatic plasmon resonances of metal nanospheres situated in a stratified medium are analyzed theo-
retically utilizing a Green’s function surface integral equation method. An efficient scheme for direct calcula-
tion of both particle plasmon eigenfrequencies and absorption cross sections is presented. By means of sym-
metry considerations we reduce the three-dimensional analysis to a single integral along the polar angle of the
nanosphere and we show how all effects of the stratified surrounding can be built into the Green’s function. We
exemplify our approach by calculating the plasmon eigenfrequencies and absorption cross sections of silver
nanospheres above a silicon surface and within a thin silicon film. The analysis of such configurations is
important for plasmon enhanced solar cells.
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I. INTRODUCTION

It is well known that the strong colors of metallic nano-
particles are caused by collective excitations of the free con-
duction electrons of the particles. Such excitations are known
as particle plasmons or localized surface plasmons, and have
resonance frequencies that in general are dependent on the
particle geometry, size, local dielectric surrounding, and the
material that the particle is made from. One consequence of
these localized surface plasmon resonances is that the near
field around metallic nanoparticles can be orders of magni-
tude stronger than the incident field. Another is that the in-
cident field gets strongly scattered for wavelengths close to
the resonance. These properties suggest a variety of applica-
tions of metal nanoparticles. A few examples are plasmon
enhanced solar cells1–7 and different sensing applications8 as,
e.g., surface enhanced raman scattering9 and biomedical
detection.10,11

For a long time it has been known that light scattering
from a spherical particle in a homogenous surrounding can
be analyzed analytically.12,13 The more complicated configu-
ration, where a sphere is within close proximity of a surface
has also been studied quite extensively, both for a single
sphere, a dimer of spheres, and clusters of spheres.14–20

However, in general for complex geometries and inhomoge-
neous surroundings where, e.g., one or more particles are
close to a surface or embedded within a thin film, the analy-
sis must often be performed utilizing advanced numerical
techniques such as, e.g., finite difference time domain
�FDTD�,21 finite element �FE�,22 or Green’s function
integral23,24 approaches.

In this work, we are interested in analyzing geometries,
which potentially are important for the development of plas-
mon enhanced solar cells; a small metallic nanoparticle em-
bedded in a thin silicon film or placed near a silicon surface.
The relevance for solar cells comes from the fact that scat-
tering resonances can be tuned over a wide wavelength range
via careful design of the surrounding geometry. In particular
resonances in the infrared can be realized by embedding the

nanoparticle in a layer of high refractive index material. The
configuration, where the particle is embedded in a thin film,
has not been much studied. In Ref. 25 the radiation from a
dipole embedded in a multilayer slab is studied theoretically,
and in Ref. 26 optical measurements are made on a system
consisting of either silver or indium nanoparticles embedded
in a thin amorphous silicon film on top of a quartz substrate.
In the present work, plasmon resonances of nanospheres near
a surface or embedded in a thin layer are studied. Under the
assumption that the radius of the nanosphere is very small
compared to the wavelength, we present an efficient scheme
for calculating particle plasmon eigenfrequencies and ab-
sorption cross sections. Our scheme is based on the Green’s
function surface integral approach, which compared to, e.g.,
FDTD or FE has an advantage in scattering problems be-
cause, by choosing an appropriate Green’s function, only the
surface of the nanosphere has to be discretized.

The paper is organized as follows. In Sec. II the theoret-
ical approach for calculating particle plasmon eigenfrequen-
cies and absorption cross sections is presented. Sec. III pre-
sents the results, where silver spheres both above a silicon
surface and within silicon film is analyzed. Both eigenvalues
and absorption cross section spectra are calculated. In Sec.
IV we offer our conclusions.

II. GREEN’S FUNCTION SURFACE INTEGRAL
EQUATION APPROACH

Several Green’s function surface integral equation ap-
proaches for studying electromagnetic and quantum-
mechanical problems involving nanoparticles, nanostruc-
tures, and nanocavities are known see, e.g., Refs. 23 and
27–37. Usually the Green’s function surface integral equa-
tion method relates the field at any position inside a closed
domain to the field and its normal derivative on the surface
of the domain by means of surface integral equations, and
individual domains are related via the boundary conditions.
For light scattering from, e.g., a metallic nanoparticle �
placed in an open infinite domain � �see Fig. 1� the method
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is an appropriate and efficient choice because, as mentioned
in the introduction, the analysis simply reduces to an integral
over the surface S of �. In an electrostatic analysis the sur-
face integral equations can with advantage be formulated in
terms of the electrostatic potential ��r� because this yields a
set of scalar equations. We wish to demonstrate that the ap-
parently different formalisms; the nonretarded version of the
approach introduced in, e.g., Ref. 22 and the approach of
Ref. 37 do, in fact, lead to identical surface integral equa-
tions. Following this, the surface integral equations are
solved for a number of important cases.

We start our discussion by introducing the electrostatic
potential which is related to the electrostatic electric field as
E�r�=−���r�. The electrostatic potential must in each do-
main fulfill Laplace’s equation

�2��r� = 0 ∀ r , �1�

with the boundary conditions �cf. Fig. 1�

�� = ��, ����
���

�n
= �0

���

�n
on S , �2�

where � /�n= n̂ ·�. If we define a Green’s function g�r ,r��
satisfying

�2g�r,r�� = − ��r − r�� , �3�

where ��r� is the Dirac delta function, it is straightforward,
using Green’s second integral identity, to show that a set of
surface integral equations in terms of the electrostatic poten-
tial can be formulated as23,28,31,35

��r� = �0�r� + �
S
���s��

�g�r,s��
�n�

− g�r,s��
����s��

�n�
�dS� for r � � ,

��r� = − �
S
���s��

�g�r,s��
�n�

− g�r,s��
�0

����
����s��

�n�
�dS� for r � � , �4�

where � /�n�= n̂� ·��, n̂ is the outward normal of �, �0�r� is

the incident potential, and s is a point belonging to the sur-
face S of �. By means of Eq. �4� the potential at positions
outside and inside � can be calculated. However, before Eq.
�4� can be used, the field and its normal derivative on the
surface of � must be known. These can be calculated from
the self-consistent equations obtained by letting the point r in
Eq. �4� approach the surface S from either sides r→s. This
yields

1

2
��s� = �0�s� + PV�

S

��s��
�g�s,s��

�n�
dS�

− �
S

g�s,s��
����s��

�n�
dS�,

1

2
��s� = − PV�

S

��s��
�g�s,s��

�n�
dS�

+ �
S

g�s,s��
�0

����
����s��

�n�
dS�, �5�

where PV refers to Cauchy’s principal value. The singularity
at s=s� of �g�s ,s�� /�n� is handled by rewriting the part of
the integrals involving this term as principal value integrals.
At the singularity these integrals yield ���s� /2 for a smooth
surface element where the � depends on from which domain
r approaches the surface S. Note that the formulation of the
surface integral equations in Eq. �5� is very similar to the
formulation of the scalar surface integral equations of the
magnetic field for p polarization as formulated in. e.g., Refs.
23 and 35. The formulation in these two references includes
retardation effects but is only suitable for two-dimensional
problems, whereas the formulation in terms of the potential
in Eq. �5� can be used to analyze three-dimensional struc-
tures in the electrostatic limit. The self-consistent surface
integral equations of Eq. �5� can be further simplified if we
rewrite in terms of the surface polarization charge density
��s�=	0�

����s�
�n −

����s�
�n �, where 	0 is the vacuum permittivity.

If we take the normal derivative of both equations and add
them together using the boundary conditions of Eq. �2� we
obtain

��s� − 
�
S

h�s,s����s��dS� = 2	0
n̂ · E0, �6�

where E0 is the amplitude vector of the incident electric field
and the parameter 
 is given as


 =
���� − �0

���� + �0
. �7�

In order to obtain Eq. �6� we have also introduced an integral
kernel as

h�s,s�� = − 2
�g�s,s��

�n
. �8�

If there is no incident field Eq. �6� reduces to the following
homogenous surface integral eigenvalue equation

n

Ω

S Γ

ε(ω)

ε0

FIG. 1. Schematic of the elements involved in the surface inte-
gral equation method. The � region represents a nanoparticle with
a surface S, an outward normal n̂, and a frequency dependent rela-
tive dielectric constant ����. The surrounding medium is � and is
described by the relative dielectric constant �0.
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��s� − 
�
S

h�s,s����s��dS� = 0. �9�

Both Eqs. �6� and �9� have been presented before, see e.g.,
Refs. 37–40. However, it has not been pointed out that the
approach of Eq. �6� is identical to the standard approach of
Eq. �5�.

The nontrivial solutions �i�s� of Eq. �9� specifies the ei-
genvalues 1 /
i, which through the knowledge of ���� allows
for calculation of the eigenfrequencies of the surface plas-
mon eigenmodes supported by �. If we assume that the di-
electric constant of � is of the canonical Drude form ����
=��−�p

2 /�2, the relation between the eigenvalue and the
resonance frequency is given as

�i =
�p

��� + �0

i + 1


i − 1

. �10�

It is important to notice that because we are in the electro-
static limit, where the Green’s function is independent of the
materials optical properties �see Eq. �3��, this is also the case
for the entire surface integral in Eqs. �6� and �9�.

In the following we use Eqs. �6� and �9� to extend the
work of Ref. 37 and others, in order to analyze layered ge-
ometries, where the particle is situated within a thin film. For
spherical particles we present an efficient scheme that allows
for calculation of both plasmon eigenfrequencies and absorp-
tion cross sections by means of a single integral along the
polar angle of the sphere. The specific configuration that we
analyze is a metallic nanosphere described by a frequency
dependent relative dielectric constant ���� situated inside a
thin film of thickness �a+b� /2 with optical properties de-
scribed by the relative dielectric constant �0. The relative
dielectric constants of the two media above and below the
film are �1 and �2, respectively, and the origin of the coordi-
nate system is chosen to coincide with the center of the nano-
sphere. The distance from the center of the nanosphere to the
lower boundary of the film is b /2 and to the top boundary it
is a /2. In all calculations we assume that a /2�R and b /2
�R, where R is the radius of the nanosphere �Fig. 2�.

With the method of electrostatic images in mind it is
straightforward to show that the Green’s function that we
must use in Eqs. �6� and �9� in order to incorporate the two
boundaries of the reference medium is, cf. Fig. 2, given as

h�s,s�� =
− n̂ · �

2
� 1

	s − s�	
+

�1

	s − sM� − aẑ	
+

�2

	s − sM� + bẑ	
+

�1�2

	s − s� + �a + b�ẑ	
+ . . .�

=
n̂ ·

2
� s − s�

	s − s�	3
+ �1

s − sM� − aẑ

	s − sM� − aẑ	3
+ �2

s − sM� + bẑ

	s − sM� + bẑ	3
+ �1�2

s − s� + �a + b�ẑ
	s − s� + �a + b�ẑ	3

+ . . .� , �11�

where �i are given as

�i =
�0 − �i

�0 + �i
, �12�

and s and s� are points belonging to the surface S of the
sphere, and sM� is the mirrored version of s� about z=0. As a
consequence of the symmetry of the problem the surface
polarization charge density can be expanded as ��r�
=��r ,��exp�im��, where m is an integer. This is because
��r� must be 2 periodic in � in order to ensure the azi-
muthal periodicity of the structure. We only look for dipolar
solutions with m=0 and m= �1 as higher-order modes are
very difficult to excite. If we measure all distances in units of
the sphere radius, this implies for m=0 to search for solu-
tions that only depend on �, and for m= �1 solutions that

vary as cos � times a function of �. m=0 modes with a
vertically polarized particle dipole moment can be excited if
the incident electric field is directed along ẑ, and m= �1
modes with a horizontally polarized particle dipole moment
can be excited if the incident electric field e.g., is directed
along x̂. In order to comply with this we may choose �cf. Fig.
2�

n̂��� = s��� = sin �x̂ + cos �ẑ ,

s����,��� = sin �� cos ��x̂ + sin �� sin ��ŷ + cos ��ẑ ,

x

θ

ψ

y

z

r

ε0 ε

ε2

ε1

(ω)

a/2

b/2

FIG. 2. A metallic nanosphere situated inside a thin film.
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sM� ���,��� = s�� − ��,��� . �13�

By contemplating the integral kernel of Eq. �11� we see that
in order to eliminate the � dependence, we need to evaluate
reduced kernel terms of the form

Ha
�v���,��� = 


0

2 n̂ · �s − s� − aẑ�
2	s − s� − aẑ	3

d��,

Ha
�h���,��� = 


0

2 n̂ · �s − s� − aẑ�cos ��

2	s − s� − aẑ	3
d��, �14�

where �v� and �h� are applied for vertically and horizontally
polarized particle dipole moments, respectively. By substitut-
ing the vectors from Eq. �13� into Eq. �14� it is easy to show
that the results can be expressed in terms of the elementary
integrals

Fm,n�x,y� � 

0

2 cosm ��

�x + y cos ����2n+1�/2d��, �15�

with x=1+a2 /2+a�cos ��−cos ��−cos � cos �� and
y=−sin � sin ��. Such integrals can be expressed by means
of the complete elliptic integrals of first and second kind,
K��� and E���, respectively, if the argument is �=2y /
�x+y�, see Appendix. Thus the reduced kernel terms for the
two polarizations can be expressed as

Ha
�v���,��� =

1

4�2
�F0,0�x,y� − �1

2
a2 + a cos ��F0,1�x,y�� ,

Ha
�h���,��� =

1

4�2
�F1,0�x,y� − �1

2
a2 + a cos ��F1,1�x,y�� ,

�16�

which for a=0 are given as

H0
�v���,��� =

K� 2 sin � sin ��

cos�� − ��� − 1


�2�1 − cos�� − ����
,

H0
�h���,��� =

1

�2�1 − cos�� − ����

�� cos�� − ��� − 1

sin � sin ��
E� 2 sin � sin ��

cos�� − ��� − 1


−
cos � cos �� − 1

sin � sin �
K� 2 sin � sin ��

cos�� − ��� − 1
� .

�17�

Using Eqs. �11�, �16�, and �17� the full reduced kernel can be
expressed as

H��,��� = H0��,��� + �1Ha��, − ��� + �2H−b��, − ���

+ �1�2H−�b+a���,��� + . . . �18�

Thus, the surface integral equation of Eq. �6� can be rewrit-
ten in a reduced form, where the azimuthal dependence is

analytically integrated. The reduced form of the surface in-
tegral equation is given as

���� − 


0



H��,��������sin ��d�� = 2	0
n̂ · E0, �19�

where n̂ ·E0 is E0 cos � for vertical polarization and E0 sin �
for horizontal polarization. In the case of eigenvalue analy-
sis, the right-hand side with the source term is zero. To some
extent, a similar approach has recently been used to reduce
the number of dimensions in Ref. 41, where a surface inte-
gral approach was used to calculate absorption spectra from
small cylindrical gold rods. However, only for m=0.

From Eq. �17� it can be seen that the H0�� ,��� term of the
integral kernel is singular for �=��. In order to deal with this
singularity we split the full kernel H�� ,��� in a direct, sin-
gular part H0�� ,��� and an indirect, nonsingular part I�� ,���
such that H�� ,���=H0�� ,���+ I�� ,���. If we define

S0��� � 

0



H0��,���sin ��d��, �20�

which for vertically and horizontally polarized particle
dipole moments is given as

S0
�v���� = 1,

S0
�h���� = −

1

8 �
m=0

� ���m +
1

2


�m + 1�!
�

2

P2m+1
1 �cos �� , �21�

respectively, where Pm
n �x� is the associated Legendre polyno-

mial and ��x� is the complete gamma function, we can re-
write the reduced surface integral equation in a nonsingular
form as

���� − 
�S0������� + 

0



H0��,��������� − �����sin ��d��

+ 

0



I��,��������sin ��d��� = 2	0
n̂ · E0, �22�

where again n̂ ·E0 is E0 cos � and E0 sin � for vertical and
horizontal polarization, respectively.

The optical absorption is calculated by means of the par-
ticle dipole moment p, which can be calculated from knowl-
edge of the electric field inside the particle as

p = 	0����� − �0�

V

E�r�dV = �0�
S

s��s�dS , �23�

where the boundary conditions and the divergence theorem
have been used to rewrite the volume integral of the electric
field over the particle to a surface integral involving the sur-
face polarization charge density. With Eq. �13� and the above
symmetry considerations in mind, we can express the par-
ticle dipole moment for vertical and horizontal polarization
as

p�v� = 2�0

0



����cos � sin �d� ,
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p�h� = �0

0



����sin2 �d� , �24�

respectively. Finally, we can calculate the absorption cross
section as the time-averaged power lost due to absorption in
the particle �Ohmic losses� normalized with the magnitude of
the Poynting vector of the incident field. For plane wave
incidence this yields

�abs��� =
� Im�p · E0

��

c	0
��0	E0	2

, �25�

where c is the speed of light in vacuum. Equation �25� is, in
fact, an expression for the extinction cross section �the sum
of the scattering cross section and the absorption cross sec-
tion� for a small particle with the approximation

	0����� − �0�

V

E�r� · E0
��r�dV � p · E0

�. �26�

For a purely real dielectric constant our electrostatic ap-
proach neglects a small phase difference between p and E0
and thus Eq. �25� is only apt to account for the absorption in
the particle.

For numerical purposes we discretize using the following
Gauss-Laguerre quadrature �→�i, �→� j, and �� . . . �d��
→� j� . . . �wj.

42 Thus

1



���i� − S0��i����i� − �

j�i

H0��i,� j����� j� − ���i��sin � jwj

− �
j

I��i,� j���� j�sin � jwj = 2	0n̂i · E0, �27�

where n̂i ·E0 is E0 cos �i for vertical polarization and
E0 sin �i for horizontal polarization. In the case of eigen-
value analysis this implies that we look for eigensolutions of
a matrix with elements

Hij = I��i,� j�sin � jwj

+�S0��i� − �k�i
H0��i,�k�sin �kwk for i = j

H0��i,� j�sin � jwj for i � j
� ,

�28�

whereas if we are interested in the optical absorption it im-
plies that we solve a matrix equation on the form Ax=b,
where A is given as

A =
1



I − H , �29�

where H has elements as specified in Eq. �28�, I is the iden-
tity matrix, the elements of b are bi=2	0E0 cos �i for vertical
polarization and bi=2	0E0 sin �i for horizontal polarization,
and the elements of the solution vector x are xi=���i�.

III. RESULTS

Using the surface integral approach outlined in Sec. II, we
analyze silver nanospheres in two different configurations.

Above a silicon surface and within a silicon film which is
situated on top of a quartz substrate. The latter configuration
coincides with the structure studied experimentally in Ref.
26. In all calculations, we used a simple Drude formula

���� = �� −
�p

2

��� + i��
, �30�

with ��=5.0, ��p=9.3 eV, and ��=0.1 eV, in order to
model the spectral dependence of the dielectric constant of
the silver nanospheres. The silicon and quartz media are
modeled as dispersionless lossless dielectrics with dielectric
constants of 12 and 2.25, respectively. As scattering and ei-
genvalue analysis of three-dimensional plasmonic nanostruc-
tures usually is a time �CPU� consuming task, it is important
to point out that the electrostatic approach presented above is
quite efficient. For example, a full converged absorption
cross section spectrum for 500 wavelengths can be calculated
in a few seconds using Intel Math Kernel Library �MKL�
routines and standard Fortran 95. In all calculations 200
quadrature points are used along � and 20 terms of the infi-
nite sum are included in the calculation of S0

�h����, see Eq.
�21�. For spheres within a thin film the first nine terms are
included in the Green’s function of Eq. �11�.

A. Sphere above a silicon surface

We have calculated the first five eigenvalues �numbered
l=1 to 5�43 of a metallic nanosphere placed a distance d−R
from a silicon surface �Fig. 3�, where R is the radius of the
sphere and d is the distance between the center of the sphere
and the silicon surface �see inset of Fig. 3�. Such a configu-
ration can easily be analyzed with the scheme outlined in
Sec. II. The difference from the film configuration is that
only two terms must be included in the Green’s function �Eq.
�11��, a direct propagation and an indirect propagation which
accounts for the interaction with the surface. The eigenvalues
are calculated both for vertically �m=0� and horizontally
�m=1� polarized surface plasmon resonances. Again we
stress that the eigenvalues are decoupled from the optical
properties of the metallic nanosphere. The influence of ����

1 1.5 2 2.5 3
0

2

4

6

8

10

12

Distance d/R

Ei
ge

nv
al
ue

s
λ

m = 0
m = 1

R d

l = 1

l = 2

l = 3

l = 4

l = 5

FIG. 3. �Color online� The first five �l=1 to 5� resonant eigen-
values of a metallic sphere of radius R above a silicon surface. d is
the distance between the center of the sphere and the surface, see
inset, and the dielectric constants of the reference medium are �0

=�1=1 and �2=12. See Fig. 2.
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does not enter before the eigenvalues are converted into plas-
mon resonance frequencies by means of Eq. �10�. For large
sphere-surface separations �d /R�3� the eigenvalues of the
two polarizations are practically degenerate, as in the case of
an isolated sphere, meaning that the particle plasmon reso-
nances of the sphere are almost decoupled from the surface.
However, when decreasing the separation the degeneracy be-
tween the two polarizations is lifted and the eigenvalues start
to decrease. With Eq. �10� in mind a decreasing eigenvalue
corresponds to a redshift of the plasmon resonance fre-
quency. By contemplating the results it can be seen that ver-
tically polarized surface plasmon resonances are redshifted
more than horizontally polarized resonances. Note also that
the eigenvalues of nanosphere plasmons with a large l are
bending more than the eigenvalues of nanosphere plasmons
with a small l when the sphere approaches the surface. We
have compared our calculation of the eigenvalues for the
sphere-surface configuration with the result of an analysis of
a metal nanosphere in the vicinity of a metal surface with an
infinite plasmon frequency which was presented in Ref. 17.
An excellent agreement was found.

Given the eigenvectors belonging to the eigenvalues it is
possible, by means of Eq. �24�, to calculate the dipole mo-
ments associated with the individual eigenmodes. Normaliz-
ing such that

�
S

	����cos�m��	dS = 1, �31�

where dS=sin �d�d��R2�, the first five dipole moments have
been calculated as a function of the sphere-surface separation
for m=0 and 1 �Fig. 4�. Because the presence of the surface
breaks the spherical symmetry, eigenmodes with l�1, which
for a sphere in a homogenous surrounding are symmetry
forbidden, are allowed. This is clearly seen in Fig. 4. For
large sphere-surface separations �d /R�3� all the dipole mo-
ments for eigenmodes with l�1 are vanishing and the two
l=1 dipole moments are degenerate. For intermediate dis-
tances �1.1�d /R�2� the dipole moment of the l=2 mode
increases significantly, and as the sphere gets very close to
the surface �	d /R−1	�1� even the l=3, 4, and 5 dipole
modes become important.

In order to study the optical absorption of the sphere-
surface configuration we have calculated the absorption cross
section �abs��� using Eq. �25�. First for vertically polarized
induced dipole moments m=0, where the incident electric
field is directed along the z axis �Fig. 5�a��. Four different
separations d /R are depicted, three where the sphere is rela-
tively close to the surface �the separation is below the radius
of the nanosphere� and one where the separation is infinite.
As expected from the eigenvalue analysis, the optical absorp-
tion peak redshifts as the silver sphere approaches the silicon
surface. The presence of resonances with l�1 is clearly seen
in the absorption cross-section spectrum when the sphere is
close to the surface. For d /R=1.1 �dashed/blue curve� two
peaks are seen in the spectrum, one large around 380 nm and
a smaller at 350 nm. By comparing Fig. 5�a� to Figs. 3 and 4
it can be concluded that the two peaks corresponds to the l
=1 and 2 eigenmodes. For d /R=1.025 �solid/green curve� at
least three distinct resonance peaks appear, and it is seen how
the oscillator strength of the l=1 resonance around 410 nm is
reduced because it is distributed over several resonances with
l�1. For horizontally polarized induced dipole moments,
where m=1 and the incident electric field is directed perpen-
dicular to the z axis, the absorption cross section spectrum is
depicted for four separations in Fig. 5�b�. All the same ten-
dencies as for vertically induced dipole moments are seen in
the spectra. The resonances redshift and more resonance
peaks emerge as the sphere approaches the surface. When
comparing with vertical polarization �Fig. 5�a��, we see, as
expected from the eigenvalue analysis, that the redshift is
smaller. As a result a smaller splitting between the reso-
nances with different l is observed. For d /R=1.025 it can be
noted that the l=2 resonance is stronger than the l=1.

In order to fully illustrate the dependence of the optical
absorption on the sphere-surface separation we have made a
contour plot of the spectrum versus the separation for d /R
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ranging from 1 to 2 for both m=0 and m=1 �Fig. 6�. The
contour plot illustrates how the l=1 resonance continuously
redshifts as the sphere approaches the surface. For short
separations it can also be seen how resonances with l�1
emerge and grow as the separation is reduced. Again it is
clear that the redshift of the resonances is considerably
smaller for horizontal polarization.

B. Silver sphere within a silicon film

We analyze a sphere-in-slab configuration where a silver
nanosphere is embedded within a thin silicon film which is
placed on top of a quartz substrate. The thickness of the
silicon film is 2d and the sphere of radius R is placed in the

center of the film. The lowest five eigenvalues for both po-
larizations versus the film thickness is depicted in Fig. 7. For
2d /R�6 the configuration closely resembles an isolated
sphere, where the eigenvalues of the two polarizations are
degenerate and take the values 3, 5, 7, 9, and 11 when l is
varied from 1 to 5. As the film thickness is decreased the two
polarizations split up and the eigenvalues increase, which
corresponds to a blueshift of the sphere plasmon resonances.
As for the sphere-surface configuration the largest shift is
seen for vertically polarized eigenmodes. We have also cal-
culated the individual dipole moments of the eigenmodes for
the sphere-in-slab configuration �Fig. 8�. Again as the two
surfaces of the film and the asymmetry introduced by the
difference in �1 and �2 have broken the spherical symmetry,
resonances with l�1 are symmetrically allowed in the
sphere-in-slab configuration. This effect is clearly seen in the
calculation of the dipole moments of the individual eigen-
modes, where eigenmodes with l�1 gain a dipole moment
as the film thickness is reduced. However, the l=1 eigen-
mode has by far the largest dipole moment for all film thick-
nesses. All higher degree dipolar modes have a dipole mo-
ment that is at least a factor of 5 smaller than the dipole
moment of the l=1 mode, even for small film thicknesses
close to the diameter of the nanosphere. Note that resonances
with an odd l have significantly larger dipole moments than
resonances with an even l. The dipole moments of the even
eigenmodes �l=2 and 4� are actually decreasing for film
thicknesses below approximately 2.5 in units of the sphere
radius.

For the sphere-in-slab configuration the calculated absorp-
tion cross sections are related to the incident field E0, which
is the electric field within the slab. For vertical polarized-
induced dipole moments the absorption cross section spec-
trum is presented for four different film thicknesses in Fig.
9�a�. As expected from the dipole moments of the individual
eigenmodes �Fig. 8�, all four spectra are dominated by the
l=1 resonance. As the film thickness is reduced the reso-
nance blueshifts. For films with thicknesses close to the di-
ameter of the sphere the dipolar resonances of l�1 modes
become visible in the spectrum as small shoulders to the left
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of the large l=1 resonance. A contour plot of the absorption
cross section spectrum versus the film thickness is presented
in Fig. 10�a� for m=0. It can be seen that the resonance
continuously blueshifts as the film thickness is reduced. A
total blueshift of approximately 90 nm from �720 to
�630 nm is observed when the silicon film thickness is re-
duced to 2 in units of the sphere radius. Note that two effects

are involved in the resonance shift when the film thickness is
reduced. From the results presented in Fig. 5, we know that
when the sphere approaches an interface the nanosphere
plasmon resonances redshift. However, when the thickness
of the silicon film is reduced the sphere is not only getting
closer to the interfaces, the effective refractive index of the
surrounding is also reduced. Hence, the free space wave-
length must be smaller �blueshifted� if the resonance wave-
length must be the same. The calculations show that the
combination of the two mechanisms results in a blueshift
when the thickness of the film is reduced.

For horizontally polarized induced dipole moments the
absorption cross section spectrum versus the film thickness is
presented in Fig. 9�b� for four different thicknesses and as a
contour plot in Fig. 10�b�. As expected from the eigenvalue
analysis the blueshift as the film thickness is reduced is
smaller for horizontal polarization than for vertical polariza-
tion. A total blueshift of 70 nm from �720 to �650 nm is
observed. This calculation can be directly compared to the
experiment presented in Ref. 26, where the resonances of
silver nanoclusters incorporated into a thin sputtered amor-
phous silicon film on top of a quartz plate are measured. For
comparison, the measured resonance shifts from approxi-
mately 740 nm for thick films to around 550 nm for film
thicknesses in the order of the size of the silver nanoclusters.
A possible explanation of the slightly larger resonance wave-
length for thick films can be that the dielectric constant of
amorphous silicon is slightly larger than the dielectric con-
stant of 12 used in our calculations. If, e.g., the dielectric
constant of the amorphous silicon is 15 the l=1 plasmon
resonance redshifts to �790 nm. An explanation of the
larger blueshift observed in the experiment can be that the
silver particles are sticking out of the amorphous silicon film
when the film thickness is comparable to the diameter of the
particles in the experiment. If this is the case, the plasmon
resonance frequencies will most likely change.

In solar cell applications particle plasmon resonances in
the near infrared part of the spectrum are desirable.7 For the
sphere-in-slab configuration a resonance at 720 nm is
achieved when the film is thick. Importantly, our results �cf.
Figs. 7–10� show how thin the film can be made before the
resonance starts to move toward lower wavelengths. This is
an important design aspect for plasmon enhanced solar cells.

IV. CONCLUSION

In conclusion, we have presented an efficient method for
analysis of electrostatic plasmon resonances of a metallic
nanosphere situated in a layered geometry. The method is a
surface integral approach for the surface polarization charge
density that allows for calculation of both the source free
plasmonic eigenmodes and, in the presence of an external
field, the absorption cross-section spectrum. By means of
symmetry considerations the three-dimensional problem is
reduced to a single integral along the polar angle of the
sphere, as all effects of the stratified surrounding are built
into the Green’s function. The approach is exemplified by
studying the eigenmodes and the optical absorption of silver
nanospheres, first above a silicon surface and second within a
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thin silicon film on top of a quartz substrate. In the first
configuration a redshift of the fundamental l=1 resonance is
observed as the sphere approaches the surface. In the latter
configuration the resonance blueshifts as the film thickness is
reduced. As the presence of the surface�s� breaks the spheri-
cal symmetry of the problem, plasmon resonances with l
�1 that usually are symmetry forbidden become allowed.
This effect is, e.g., clearly seen in the sphere-surface con-
figuration, where several resonances emerge in the absorp-
tion cross section spectrum when the sphere is close to the
surface. For horizontally polarized induced dipole moments
the l=2 resonance even dominates the l=1 resonance for
small sphere-surface separations. Note that a method as pre-
sented in this work, which can be used for exact analysis of
the electrostatic optical absorption of nanoparticles buried
within thin films, is an important development step toward
the realization of efficient plasmon enhanced solar cells.
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APPENDIX: REDUCED KERNEL TERMS

The individual terms of the reduced kernel can be
expressed in terms of the elementary integrals

Fm,n�x,y� � 

0

2 cosm ��

�x + y cos ����2n+1�/2d��. �A1�

The first few of these are given as

F0,0�x,y� =
4

�x + y
K� 2y

x + y
 , �A2�

F0,1�x,y� =
4

�x − y��x + y
E� 2y

x + y
 , �A3�

F1,0�x,y� =
4�x + y

y
E� 2y

x + y
 −

4x

y�x + y
K� 2y

x + y
 ,

�A4�

where K�x� and E�x� are the complete elliptic integrals of
first and second kind defined as

K�x� � 

0

/2

�1 − x sin2 ��−1/2d� , �A5�

E�x� � 

0

/2

�1 − x sin2 ��1/2d� , �A6�

respectively. Higher terms of Fm,n�x ,y� can be generated us-
ing

Fm,n�x,y� =
Fm−1,n−1�x,y� − xFm−1,n�x,y�

y
. �A7�
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