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The formation energies of intrinsic defects in ZnO are calculated by a family of screened exchange and
hybrid density functionals, which include different fractions of Fock exchange and range separation in the
hybrids. All functionals improve on local-density methods and agree remarkably well for formation energies of
neutral vacancies but show significant variations for the energy of charge transition levels in the gap. This
result highlights that a correct prediction of the band gap by a functional does not guarantee a high accuracy
for the defect levels. Hybrid functionals obtain the correct localization of trapped hole states at the Zn vacancy.
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I. INTRODUCTION

The importance of semiconductor point defects in control-
ling the creation and annihilation of free carriers has long
motivated a strong interest in predicting their properties. The
three main quantities of interest are �i� the defect formation
energy H�� ;Ef� as a function of the Fermi Energy �Ef� and
chemical potential � of its components. This formation en-
ergy sets the defect concentration attainable in the solid at a
given temperature and EF in equilibrium with a dopant
source. �ii� The energy E�q ,q�� required to ionize the center
from charge state q to q�. This �donor or acceptor� transition
energy sets the ability of the defect to produce carriers at a
given temperature. �iii� The spatial localization of deep de-
fect states that show polaronic localization of carriers. For
example, acceptors in oxides often introduce hole states lo-
calized on single oxygen but which are wrongly described in
the local-density approximation �LDA�.1,2

These defect-related issues are of particular interest for
ZnO, which is an important semiconductor widely used as a
phosphor, piezoelectric, and transparent electrode for ultra-
violet light emission and spintronics.3–7 It can be easily
doped n type, but it is difficult to dope p type,5 �attributed to
self-compensation of holes by intrinsic donors8�. It is there-
fore important to understand the energetics of its intrinsic
defects.

Accurate calculations of the above quantities H�� ,Ef�,
E�q ,q�� and localization have often used density-functional-
based “supercell” methods. This approach has two classes of
difficulties:9 first, unlike Green’s-function methods10 that
treat a single defect in an infinite solid, supercell methods
treat a defect in a periodic finite cell. While this allows us to
use standard band-structure codes, when the supercell size is
restricted typically to �100 atoms, the results can be clouded
by the supercell periodicity. Fortunately, these periodicity er-
rors consisting of spurious electrostatic interactions between
periodically repeated charged defects, and the filling of host
bands by artificially large carrier densities can be corrected
postfacto by well-tested procedures.9 Omitting or approxi-
mating such corrections causes some of the scatter in exist-
ing ZnO defect calculations.

The second difficulty, the subject of this paper, involves
shortcomings of the density-functional depiction of the

electron-electron interactions of the electron gas, causing the
well-known underestimation of the band gap. This is a large
error for ZnO, with LDA giving a gap of �0.9 eV compared
to 3.44 eV, experimentally. Postdensity-functional methods
can correct this band-gap error in bulk solids but it is unclear
if they suffice to fix the defect levels. Indeed, defect orbitals
are constructed from host states spread throughout the Bril-
louin zone and extend to highly excited bands.10 Thus, a
functional that correctly describes band-edge states may not
suffice to correctly describe deep defects or impurity levels.

In this work, we examine the performance for defect cal-
culations of a class of functionals with screened exchange
�sX� interactions applied to the important test case of ZnO.
The local exchange and correlation functionals underlying
the LDA and generalized gradient approximation �GGA�
lead to a spurious self-interaction which places occupied �un-
occupied� states too high �too low� an energy. The Hartree-
Fock �HF� method uses a nonlocal exchange, so it can be
self-interaction free, but HF lacks interelectronic correlation,
and its exchange is unrealistically long ranged due to an
absence of screening. The latter shortcoming has been vari-
ously addressed by hybrid and screened exchange correc-
tions. The screened exchange functional replaces all the
LDA exchange by a Thomas-Fermi screened Coulombic ex-
change potential,11,12

VSX�r,r�� = − �
i

�i�r�e−kTF�r−r��� j
��r�

�r − r��
�1�

leaving the LDA correlation potential, where i and j label the
electronic bands, and ks is the inverse Thomas-Fermi screen-
ing length.

The hybrid functionals employed here include �a� Perdew,
Burke, Ernzerhof �PBEh�,13 which simply replaces a fraction
� of the local DFT exchange by the unscreened and nonlocal
HF exchange. A value �=0.25 yields reasonable band gaps
and energies of many molecules and solids.13,14 �b� The
Heyd, Scuseria, Ernzerhof �HSE� functional15 uses the error
function to separate the exchange into long-range and short-
range parts, and replaces a fraction � of the short-range GGA
exchange by the respective fraction of a nonlocal Fock ex-
change potential,
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Vhyb�r,r�� = − ��
i

�i�r�erfc���r − r���� j
��r�

�r − r��
. �2�

A range-separation parameter �=0.2 Å−1 is chosen as a rea-
sonable compromise.15 The PBEh functional corresponds to
limiting case of �=0 in Eq. �2�. Since the attenuation of HF
exchange in the HSE form usually reduces band gaps, the
fraction � is sometimes increased beyond the PBEh value of
0.25, and a value of �0.40 has been found to reproduce the
band gap of ZnO.16 We use both values �HSE-25/HSE-40� to
compare below the results for defects. Figure 1 shows the
family of sX and hybrid DFT functionals considered here, in
terms of the amplitude and decay length of HF exchange
with interelectronic separation �r−r��. These functionals
have been previously applied to study molecules, semicon-
ductors, and their defects, particularly ZnO.12,16–21

Here, we apply the family of mixed HF-DFT and
screened HF functionals �Fig. 1� to structural defects in ZnO,
performing in all cases systematic corrections to the artificial
periodicity errors so that our results adequately reflect the
underlying functionals. The functionals are efficient enough
so that full geometry relaxations can be carried out on
realistic-sized defect supercells, and not just postprocessing
of geometries found by LDA. The results are briefly com-
pared with previous LDA-based corrections to defects in
ZnO,9,22 and recent GW supercell calculations.23

II. METHOD

The total energy �Eq� is calculated for a defect cell of
charge q, for a perfect cell �EH� of charge q, and a perfect
cell of charge 0. This allows us to calculate the defect for-
mation energy, Hq, as a function of the Fermi energy ��EF�
from the valence-band edge EV and the relative chemical
potential ���� of element �,9

Hq�EF,�� = �Eq − EH� + q�EV + �EF� + �
�

n����
0 + ���� ,

where qEV is the change in energy of the Fermi level when
charge q is added and n� is the number of atoms of species
�. This is the shift in the average electrostatic potential due
to the change in charge of the system with respect to the
uncharged system. The corrections for background charge,

band filling are included as described in Ref. 9. The oxygen
chemical potential ��0� is referred to that of the O2 molecule,
taken as zero, which is the O-rich limit. The O-poor limit
corresponds to the Zn:ZnO equilibrium.

The sX calculations use the CASTEP plane-wave code,24

norm-conserving pseudopotentials, and a cutoff energy of
800 eV. The Zn pseudopotential includes the shallow Zn 3d
core states. kTF is determined from the valence-electron den-
sity, and for elements such as Zn with shallow core states,
from s , p electrons only. The sX defect calculations use a
120-atom supercell. The internal geometry is relaxed within
sX, using one special k point �1/4,1/4,1/3�. The HSE and
PBEh calculations use VASP,25 a 64-atom supercell of zinc-
blende �ZB� ZnO, a 2�2�2 k-point mesh �excluding ��,
and projector-augmented wave pseudopotentials with 283 eV
cutoff.

III. RESULTS

The results for the basic quantities discussed in Sec. I are
as follows.

A. Ground-state formation enthalpies and bulk bands

Hybrid DFT and sX produce a similar, robust result. For
bulk ZnO, they give a heat of formation of −3.1 to −3.3 eV
�experiment: −3.63 eV� whereas GGA �PBE� gives
−2.8 eV. The converged lattice parameters of ZnO are
within 0.5% of experiment whereas GGA is 1% too large
�Table I�. Figure 2 shows the calculated sX band structure of
wurzite ZnO. The calculated gap is 3.41 eV, very close to
experiment: 3.44 eV.4 Our sX value is much closer to experi-
ment than HSE with the standard �=0.25 �2.49 eV in wurtz-
ite �WZ� �Ref. 19��, or even the expensive GW �2.7 eV�.27

Part of the LDA band-gap error in ZnO arises from the
Zn 3d�t2g� levels lying too high, and repelling the �15 O 2p
states which form the valence-band maximum. In sX, Zn 3d
states now lie at −7.0 eV below the VB top �Table I�, close
to their experimental energy in angle-resolved
photoemission.26

B. Defect enthalpies

For the charge-neutral oxygen vacancy VO
0 �in O-poor

conditions�, the formation energy is �0.85–1.0 eV, Fig. 3,
suggesting a reasonable vacancy concentration of 1019 cm−3

at 700 °C, consistent with experiment.28 It is interesting that
the formation energy for VO

0 is within �0.1 eV for all hybrid

|r-r'| (Å)

α

HSE-25/40

PBEh

sX

FIG. 1. �Color online� Illustrating the distance-dependent frac-
tion � of HF exchange in different hybrid DFT functionals consid-
ered here: sX �see Eq. �1�, kTF=2.3 Å−1�. PBEh �see Eq. �2�, �
=0.25, �=0� and HSE-25/40 ��=0.25 or 0.40, �=0.2 Å−1�,

TABLE I. Bulk properties of wurzite ZnO in sX, compared to
experiment.

GGA sX Expt.

a �Å� 3.286 3.267 3.2495

c �Å� 5.299 5.245 5.2069

Direct gap �eV� 0.9 3.41 3.44

Zn 3d �eV� −4.8 −7.0 −7.3a

aReference 26.
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functionals �sX, PBEh, HSE-25, and HSE-40� in Table II,
and also for GGA �see below�. On the other hand, the for-
mation energy for VO

2+ varies because of the variation in the
�0 /++� transition energy.

For the charge-neutral Zn vacancy �under Zn-poor condi-
tions�, HSE and sX also give consistently a formation energy
of 3.9–4.1 eV, a very close range. This suggests an extremely
low equilibrium concentration of �electron-compensating�
metal vacancies; consistent with the propensity of ZnO to be
dopable by electrons without opposition.

C. Electrical transition levels

In sX, VO is a negative U center, as found in most previ-
ous calculations. The negative U arises from the large lattice
relaxations with varying charge state around the vacancy as
seen in Figs. 4�a�–4�c�. The metastable �0 /+� level lies at
EV+0.9 eV agreeing perfectly with one interpretation of op-
tical measurements.29 The Zn interstitial is shallow in sX,
also agreeing with experiment.30 Comparing the results of
different functionals �Table II�, we see that unlike the unifor-
mity of the results on formation energies of charge-neutral

defects, the electrical transition levels show a larger spread
among the different functionals: in sX and HSE-40, which
both fully correct the ZnO gap, the �0 /++� level of VO lies at
EV+2.3 eV. In PBEh and HSE-25, which only partially cor-
rect the band gap, the levels lie lower at EV+2.0 and EV
+1.7 eV, respectively. Nevertheless, in all cases, the VO do-
nor is too deep to lead to any measurable free electrons in
equilibrium.30

A similar variation in transition energies is also observed
for the Zn vacancy VZn, where the first �second� acceptor
ionization energy range from 0.7 to 1.5 eV �1.2 to 2.3 eV�.
Here, there are small differences even between the gap-
corrected sX and HSE-40 functionals �Table II�. Our com-
parison illustrates the variation in the predicted defect levels
that can result from different choices of functional �sX,
PBEh, and HSE�, or hybrid parameters �HSE-25 vs HSE-40�.
A recent GW study23 on VO found that the level at EV
+1.7 eV in HSE-25 remains constant �relative to EV� when
the remaining gap error is corrected by GW, i.e., the defect
level does not follow the upward shift found for HSE-40.
Thus, a good reproduction of a perfect host property �e.g.,
band gap� by a given functional does not guarantee a good
reproduction of all its defect properties.

D. Carrier localization

The LDA is known to underestimate the localization of
hole states, such as the trapped hole of AlSi in quartz.1 Figure
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FIG. 3. �Color online� The formation energies of native defects
in ZnO evaluated using the sX functional under �a� oxygen-poor
and �b� oxygen-rich conditions.
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FIG. 2. The band structure of ZnO in the wurtzite structure
evaluated using sX functional.

TABLE II. Host and defect properties using the exchange functionals of Fig. 1, PBEh, HSE-25, HSE-40,
and sX: heat of formation �Hf of bulk ZnO, formation energies of neutral O and Zn vacancies under
conditions favoring their formation �O-poor and Zn-poor, respectively�, band gap Eg, and charge transition
levels of the vacancies relative to VBM. Results in the last rows use GGA with “postprocessor” corrections
applied �GGA-C�. All numbers in electron volts.

�Hf �H�VO
0 � �O poor�

�H�VZn
0 �

�Zn poor� Eg VO ��2+ /0� VZn ��0 /1−� VZn ��1− /2−�

sX �WZ� −3.31 0.85 4.1 3.41 2.20 0.7 2.3

PBEh �ZB� −3.08 0.94 3.91 3.02 2.02 1.15 1.55

HSE25�ZB� −3.07 0.96 3.87 2.34 1.67 0.79 1.20

HSE40�ZB� −3.20 1.01 3.92 3.46 2.34 1.53 1.94

GGA-Ca 4 2.2

GGA-Cb −2.93 0.83 2.37 3.44 1.30 0.91 1.48

aReference 22.
bReference 9.
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4�d� shows the calculated sX wave function of the trapped
hole state of VZn

− . It is localized on only one of the four
oxygen neighbors. This is consistent with its spin-resonance
signature.31,32 Even LDA+U does not localize the hole
correctly.22 On the other hand, the wave functions of VO
localize symmetrically over all four Zn neighbors, see Figs.
4�a�–4�c�.

E. Assessment of previous LDA-corrected calculations

The significant computational cost of post-LDA methods
such as sX, HSE, or GW makes them useful benchmarks of
lower cost LDA-based methods, applying them to postpro-
cessor corrections. We will refer to these as “GGA-C”
�C=Corrected�. Examples include the LDA+U method used
by Janotti and Van de Walle22 to partly correct the band
structure, where an empirical energy U repels Zn 3d states
downward, and so partly opens up the gap. Lany9 used in-
stead a modest U �=6 eV� to shift EV down by 0.7 eV, ac-
counting for the remaining gap error by shifting upward the
conduction band minimum �CBM�. These two types of
LDA-C calculations differ also in how the defect levels track
the host band edges. Whereas a general conclusion cannot
yet be drawn on current post-LDA calculations, we note the
following: �i� Fig. 5 and Table II compare our sX formation
energies of VO to those calculated by LDA-C methods. The

formation energy of V0 of +0.85 eV in sX and +1 eV in
HSE is the same as found by Lany9 and slightly less than the
1.0 eV found by Oba.16 It is much less than the 4 eV of
Janotti.22 The +0.85 eV formation energy corresponds to a
frozen-in vacancy density of 1019 cm−3 at 700 °C, consis-
tent with experiment.28

�ii� The calculated �0 /++� levels of VO divide into two
groups: in HSE-40 and sX, they appear at EV
+ �2.2–2.3� eV, as in Janotti.22 In the second camp, we have
HSE-25 that gives EV+1.7 eV, GW calculations based on
HSE-25 �Ref. 23� giving EV+1.7 eV or even only 1.4 eV
�GW based on GGA+U�. This second camp is closer to the
LDA+C of Lany9 which gave a �0 /++� level at EV
+1.3 eV.

IV. CONCLUSIONS

In summary, the formation energies and electrical transi-
tion levels of intrinsic defects of ZnO were calculated using
a family of screened exchange and hybrid density function-
als. All functionals provide large improvements over stan-
dard DFT calculations, in particular, in regard of the magni-
tude of the band gap, and the localization of the deep hole
states of VZn. They give remarkably uniform results for the
formation energies of the charge-neutral lattice vacancies of
ZnO. A more differentiated picture emerges for the transition
levels, where our comparison shows there remain significant
differences between different choices for the functional
and/or hybrid DFT parameters.
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FIG. 4. �Color online� �a�, �b�, and �c� charge density of the
oxygen vacancy for its neutral, +1 and +2 charge states, respec-
tively. Note relaxation of Zn ions. �d� Defect state of the Zn va-
cancy is a p state localized on only one of the adjacent oxygen
atoms.
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