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We report on a comprehensive first-principles investigation of Li diffusion in spinel Li1+xTi2O4, a viable
anode material for Li-ion batteries. Concentration dependent diffusion coefficients are calculated by applying
kinetic Monte Carlo simulations to a first-principles parametrized cluster expansion of the configurational
energy and migration barriers. Diffusion mechanisms in spinel transition metal oxide intercalation compounds
are sensitive to the Li concentration. Below x=0 in Li1+xTi2O4, Li ions occupy tetrahedral sites and individual
Li hops between neighboring tetrahedral sites pass through intermediate octahedral sites, which we find to be
activated states as opposed to local minima. The migration barriers are sensitive to the overall Li concentration,
decreasing as the Li concentration over the tetrahedral sites is increased. A miscibility gap exists between
LiTi2O4 and Li2Ti2O4. Li-diffusion mechanisms in Li2Ti2O4 are qualitatively different from those in
Li1+xTi2O4 when x�0, with Li hops between neighboring octahedral sites passing through intermediate tetra-
hedral sites that are locally stable. The present study provides insight to the origin of the high Li mobility in
spinel crystal structures compared to the layered crystal structures of common intercalation compounds used as
electrodes in Li-ion batteries.
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I. INTRODUCTION

Charge and discharge rates of Li-ion batteries depend sen-
sitively on Li-ion mobility within the electrode materials.
Most electrode materials of reversible Li-ion batteries are
intercalation compounds that accommodate Li ions in the
interstitial sites of a crystalline host.1 Lithium ions diffuse in
and out of the intercalation compound by exchanging with
vacancies. Often the Li concentration within the host can be
varied from very dilute concentrations to the fully concen-
trated limit. Hence, Li diffusion predominantly occurs at
nondilute concentrations where interactions among Li ions
play an important role in influencing mobility.

Lithium intercalation compounds exhibit a wide variety
of crystal structures and chemistries.1–4 Transition
metal oxides such as LixCoO2, Lix�Ni1/2Mn1/2�O2, and
Lix�Co1/3Ni1/3Mn1/3�O2 have a layered crystal structure that
accommodates Li ions between transition metal oxide slabs,
thereby restricting Li diffusion to two-dimensional layers.
Crystallographic features of the lithium sites in layered
LixCoO2 and LixTiS2, for example, result in a diffusion
mechanism predominantly mediated by divacancies,5–7

which becomes inefficient at high Li concentrations where
the number of vacancies becomes small. Diffusion in layered
intercalation compounds is also affected by dimensional
variations of the host crystal structure. The contraction of the
c-lattice parameter �perpendicular to the Li layers� with de-
creasing Li concentration in LixCoO2 and LixTiS2 results
in an increase of migration barriers, causing the diffusion
coefficient to decrease at low Li concentration.6,7 Intercala-
tion compounds such as LixFePO4 have an olivine crystal
structure8 in which Li diffusion is restricted to one-
dimensional channels.9 One-dimensional diffusion has im-
portant consequences for the rate capabilities of the olivine
compounds as well as the kinetic mechanisms of the two-
phase reaction from LiFePO4 to FePO4.10–13 The crystal

structures of other intercalation compounds such as spinel
LixMn2O4 �Ref. 14� or anatase TiO2 �Refs. 15 and 16� con-
sist of three-dimensional interstitial networks, and it is gen-
erally believed that higher dimensional networks lead to en-
hanced Li mobility.

While several in-depth studies have been performed on Li
diffusion in layered intercalation compounds,6,7 much re-
mains to be understood about the dependence of diffusion
mechanisms on crystal structure and composition in nonlay-
ered intercalation compounds. In this paper, we perform a
first-principles investigation of lithium diffusion in the spinel
crystal structure as a function of lithium concentration, fo-
cusing on Li1+xTi2O4.17–19 The spinel form of Li1+xTi2O4
is crystallographically identical to spinel LixMn2O4.14,20

Though the manganese spinel variant is currently used as a
cathode in Li-ion batteries for automotive applications, its
electronic structure is significantly more complex than that
of spinel Li1+xTi2O4, exhibiting localized charge ordering,21

local and cooperative Jahn-Teller distortions,22 and complex
magnetic ordering,23–25 all varying with Li concentra-
tion. The arrangements of Mn3+ and Mn4+ ions in spinel
LixMn2O4, for example, are likely correlated with the ar-
rangements of Li ions and could result in a coupling between
Li hops and rearrangements of charge ordering over the Mn
sublattice. This electronic complexity is for a large part ab-
sent in Li1+xTi2O4, thereby simplifying the study of both its
thermodynamic26 and kinetic properties and allowing us to
isolate the role of the spinel crystal structure on lithium dif-
fusion at nondilute concentrations.

Unlike most lithium transition metal oxides that serve
as cathodes in Li-ion batteries, the Li1+xTi2O4 spinel elec-
trode exhibits a low voltage making it a viable anode
in lithium batteries. Especially the Li-excess variant,
Li1+x�Li1/6Ti5/6�2O4, has proven very attractive as a high rate
anode material18,19,27–30 in part since its cubic lattice param-
eter varies negligibly with Li concentration, thereby making
it less susceptible to mechanical fatigue that results from
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repeated Li removal and insertion. The spinel titanate also
operates above the voltage of solid-electrolyte interface for-
mation, which is in part responsible for the limited cycle
lifetimes of graphitic anodes.31,32

We start our study with an investigation of the thermody-
namics of Li intercalation in Li1+xTi2O4 spinel from first
principles using a cluster expansion in combination with
Monte Carlo simulations. Next we analyze elementary Li
hop mechanisms at a variety of Li compositions and in vari-
ous states of Li-vacancy order or disorder. These results are
then used in kinetic Monte Carlo simulations where Li-
diffusion coefficients are calculated as a function of Li con-
centration. A cluster expansion is implemented in the kinetic
Monte Carlo simulations to rigorously account for variations
in the migration barriers with Li composition and local Li-
vacancy �dis�order. We conclude with a discussion of the
unique features of the spinel crystal structure with respect to
Li diffusion and how they lead to enhanced mobility com-
pared to layered intercalation compounds.

II. METHODS

We use a combination of well-established electronic
structure33 and statistical mechanical techniques34–37 to study
phase stability and lithium transport as a function of lithium
concentration. First-principles energies are used to param-
etrize a cluster expansion �i.e., an effective Hamiltonian� de-
scribing the energy of the crystal as a function of the con-
figurational degrees of freedom arising from all possible
ways of arranging Li ions and vacancies over the interstitial
sites of the spinel Ti2O4 host. Contributions from electronic
and vibrational degrees of freedom are less important in
lithium intercalation compounds and are neglected in the
present study. The cluster expansion is then used in Monte
Carlo simulations to predict finite temperature phase stabil-
ity. Lithium diffusion within the electrode material is a non-
equilibrium kinetic process and therefore depends both on
equilibrium properties of the solid as well as the manner in
which it responds to small deviations from equilibrium. Ki-
netic Monte Carlo simulations applied to the cluster expan-
sion enable the calculation of Li-diffusion coefficients using
a Kubo-Green formalism. Below we describe the various
techniques used in this study in more detail.

A. First-principles calculations

Essential ingredients for the construction of a cluster ex-
pansion �effective Hamiltonian�, to be used in Monte Carlo
simulations, are the energies of different Li-vacancy arrange-
ments over the Li1+xTi2O4 host as well as the migration bar-
riers for Li-ion hops in different environments and Li con-
centrations. These were calculated with density functional
theory �DFT� as implemented in the VASP plane wave elec-
tronic structure code.38,39 We worked within the generalized-
gradient approximation �GGA� and used projector aug-
mented wave40,41 pseudopotentials for the electronic core
states. All calculations were performed nonspin polarized as
several tests at three Li compositions spanning the whole
composition range indicated that total energies are not af-

fected by the inclusion of spin polarization. Migration barri-
ers for Li hops between adjacent sites were calculated with
the nudged elastic band �NEB� method as implemented in
VASP. The NEB calculations were performed at constant vol-
ume, fixing the volume to that of the initial state of the hop.

B. Cluster expansion

The cluster expansion is a mathematical technique to pa-
rametrize any property of the crystal that depends on con-
figurational degrees of freedom.34,35,42 In spinel Li1+xTi2O4,
configurational degrees of freedom arise from all 2M possible
ways of distributing Li ions and vacancies over the M avail-
able tetrahedral and octahedral interstitial sites of the oxygen
sublattice of the Ti2O4 host. A particular arrangement of Li
ions and vacancies can be specified by assigning an occupa-
tion variable, �i, to each Li site i, which is +1 if it is occu-
pied and −1 if it is vacant. The collection of all occupation
variables �� = ��1 , . . . ,�i , . . . ,�M� then uniquely determines
the arrangement of Li ions within the crystal. A useful prop-
erty of this description is that the products of occupation
variables, �i, belonging to clusters of sites � �e.g., pair clus-
ters, triplet clusters, etc.� and defined according to

����� � = �
i��

�i, �1�

form a complete and orthonormal basis in configuration
space.34 Hence, any property of the crystal that depends on
how its atoms are arranged on a particular lattice �e.g., Li and
vacancies over the interstitial sites of spinel Ti2O4� can be
expanded in terms of the basis functions �� according to34

E��� � = V0 + �
�

V� · ����� � , �2�

where the V0 and V� are referred to as effective cluster in-
teractions �ECIs�. The above expansion is rigorous when the
sum extends over all possible clusters of sites. The ECIs,
which are constant and independent of composition, are not
to be confused with interatomic potentials. They are expan-
sion coefficients that describe the energy of the crystal as a
function of the configuration of the Li ions and vacancies. In
practice, the above cluster expansion must be truncated
above some maximum sized cluster. The ECIs of the trun-
cated cluster expansion can then be determined by fitting Eq.
�2� to first-principles energies of a subset of all possible Li-
vacancy configurations. The quality of the cluster expansion
is usually measured by a root mean square error with respect
to the energies of the Li-vacancy configurations used in the
fit and a cross validation score, which measures the quality
of the cluster expansion in predicting structures not included
in the fit.43 The quality of the fit can be controlled by the
level of truncation of the cluster expansion. Here we use a
genetic algorithm to find the optimal collection of clusters to
include in the fit.44

A truncated cluster expansion can be evaluated rapidly for
any configuration of Li ions and vacancies over the intersti-
tial sites of the spinel host. Subjecting it to standard Monte
Carlo simulations, within the grand canonical ensemble, for
example, enables the calculation of thermodynamic proper-
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ties, including the relationship between the Li chemical po-
tential and the Li concentration. This relationship is of im-
portance for battery applications as the open circuit voltage
of an intercalation compound electrode with respect to a me-
tallic Li reference anode is related to the chemical potentials
of the electrodes according to

V�x� = −
�Li − �Li

reference

Fz
, �3�

where z is the electron charge carried by one Li ion, F is
Faraday’s constant, and �Li is the Li chemical potential of
the intercalation compound. �Li

reference is the Li chemical po-
tential of a pure Li reference electrode.

C. Calculation of diffusion coefficients

The diffusion coefficient, D, appearing in Fick’s first law
depends both on the thermodynamic as well as the kinetic
properties of the solid. For Li diffusion over the interstitial
sites of the host, it is convenient to write D as a product of a
thermodynamic factor, �, and a self-diffusion coefficient,
DJ, according to D=�DJ.

45 The thermodynamic factor

� =

�� �Li

kBT
�

� ln x
�4�

measures the deviation from thermodynamic ideality. It is
unity in the dilute limit where interactions between different
Li ions are negligible and diverges close to an ordered stoi-
chiometric phase where the deviation from ideal solution be-
havior is the largest. The self-diffusion coefficient measures
the mobility of the Li ions over the interstitial sites and can
be evaluated at equilibrium with a Kubo-Green expression46

DJ =
1

2dt

1

N	
�
i=1

N

�Ri�t��2� , �5�

where d is the dimension of the interstitial lattice �for
Li1+xTi2O4 spinel, it is three dimensional�, t is the time, N is
the total number of lithium ions, and �Ri�t� is the vector
connecting the end points of the trajectory of the ith Li ion at
time t. The self-diffusion coefficient, DJ, has a similar form
as that of the tracer diffusion coefficient, D�, which is de-
fined as

D� =
1

2dt

1

N�
i=1

N

��Ri�t��2� . �6�

The self-diffusion coefficient is related to the square of the
displacement of the center of mass of all diffusing Li ions at
equilibrium, thereby accounting for correlations in the trajec-
tories between different Li ions. The self-diffusion coeffi-
cient is therefore a measure of the collective mobility of
many Li ions. The tracer diffusion coefficient, D�, in contrast
is related to the square of the displacement of one Li and
therefore measures the mobility of individual Li ions. While
DJ and D� are metrics of the kinetics of diffusion, they also
depend on the thermodynamic behavior of the solid. The

mobility of Li ions can be very sensitive to the equilibrium
degree of short- and long-range order among the Li ions.
Often mobility is reduced in ordered phases having stoichi-
ometric compositions as elementary hops will then introduce
some degree of local disordering, which is often accompa-
nied by a significant increase in the energy of solid.

The thermodynamic factor �Eq. �4�� can be calculated
with grand canonical Monte Carlo simulations by
evaluating45

� =
N�

��N�2�
, �7�

where N is the number of Li atoms in the system �Monte
Carlo cell� and �N is the fluctuation around the average N�
at constant Li chemical potential �Li. Both DJ and D� can be
calculated with kinetic Monte Carlo simulations, which
simulate trajectories �Ri�t� as a function of time. Essential
input for a kinetic Monte Carlo simulation47,48 is an accurate
description of hop frequencies for elementary Li-vacancy ex-
changes. These can be calculated with transition state theory,
which for Li-ion hops into an adjacent vacant site takes the
form49

	 = 
� exp�− �E

kBT
� , �8�

where �E is the activation barrier and 
� is the vibrational
prefactor. Often the Li ions are disordered over the intersti-
tial sites of the host and can sometimes exhibit long-range
order at stoichiometric compositions. The migration barriers
�E appearing in the hop frequency �Eq. �8�� depend on the
local Li composition and state of disorder and will therefore
vary as the migrating ions sample different local environ-
ments along their trajectories. Several approaches have been
formulated and implemented to account for the dependence
of migration barriers on local Li-vacancy disorder using a
local-cluster expansion.6,7 In this study, we also use a cluster
expansion to describe the dependence of the migration bar-
rier on the local degree of disorder.

III. RESULTS

The spinel form of Li1+xTi2O4, which belongs to the

Fd3̄m space group, consists of an oxygen fcc sublattice �32e
sites� with the titanium atoms filling half of the available
octahedral interstitial sites of the oxygen sublattice �16d
sites�. The other half of the octahedral sites, designated 16c,
and one eighth of the available tetrahedral sites, designated
8a, can be occupied by Li.4 The remaining interstitial sites
share faces with oxygen octahedra surrounding titanium and
are, therefore, energetically too costly for lithium occupancy.
The crystal structure of spinel and the interstitial Li sites are
shown in Fig. 1.

The tetrahedral 8a sites form a diamond sublattice. The
octahedral 16c sites reside half-way between neighboring tet-
rahedral sites. Each tetrahedral site, therefore, has four octa-
hedral nearest-neighbor sites, while each octahedral site has
two nearest-neighbor tetrahedral sites. There are twice as
many octahedral 16c sites as tetrahedral 8a sites.
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A. Formation energies and cluster expansion

To construct a cluster expansion for the configurational
energy, we calculated the formation energies of 123 sym-
metrically nonequivalent lithium-vacancy configurations
over the interstitial sites of the Li1+xTi2O4 spinel using DFT
�VASP within GGA�. Configurations were generated in peri-
odic supercells having varying sizes. Fourteen configurations
had the primitive unit cell consisting of four Ti and eight O
atoms; 64 configurations had a supercell consisting of two
primitive cells; 40 configurations had a cubic supercell con-
sisting of four primitive cells; and five configurations had a
supercell consisting of eight primitive cells �2�2�2�. The
coordinates of all atoms were fully relaxed. An energy cutoff
of 400 eV was used and an 8�8�8 k point mesh was used
in the reciprocal lattice of the primitive cell. For the cubic
supercell and the supercell with eight primitive cells, we
used a 4�4�4 k-point grid. Of the 123 configurations in-
vestigated, 15 relaxed to other configurations, reducing the
number of fully relaxed symmetrically distinct configura-
tions to 108. The formation energies of these configurations
were calculated with respect to the energies of delithiated
spinel Ti2O4 �keeping the spinel symmetry� and fully lithi-
ated Li2Ti2O4 �with Li filling all octahedral 16c sites� ac-
cording to

Eformation = E −
1

2
�1 + x�ELi2Ti2O4

−
1

2
�1 − x�ETi2O4

�9�

and are illustrated in Fig. 2 �the formation energies are per
primitive cell, which contains four Ti and eight O�.

The blue line in Fig. 2 represents the convex hull of the
formation energies. The convex hull is equivalent to the
well-known common tangent construction applied to free en-
ergies to determine phase stability as a function of composi-
tion. The formation energies residing on the convex hull in
Fig. 2 are equal to the free energies of stable ordered phases
of Li1+xTi2O4 at 0 K, where the entropy is equal to zero. The
equilibrium state of Li1+xTi2O4 when x has a value between
pairs of stable ordered phases consists of a two-phase mix-
ture of the two stable phases. The energy of the two-phase
mixture resides on the common tangent at the composition x.

The DFT formation energies of Fig. 2 provide important
insights about the behavior of Li insertion into spinel
Li1+xTi2O4. In the concentration range −1.0�x�0.0, all low
energy configurations consist of tetrahedral Li, in agreement
with a previous first-principles study of this system.26 Octa-
hedral occupancy in the same composition range is mechani-
cally unstable �see Sec. III C�. Initial configurations with oc-
tahedral lithium either relax to a configuration with only
tetrahedral occupancy or, if the symmetry of the configura-
tion prevents Li relaxation out of an octahedral site, relax to
a high-energy configuration corresponding to a saddle point
in the energy landscape. At x=1, in contrast, the ground state
structure consists of only octahedral Li ions. A miscibility
gap �i.e., two-phase coexistence� exists in the range 0.0�x
�1.0 as can be seen by the absence of any ground states in
that concentration range and as was predicted previously.26

The uniform and dense distribution of ground states for
−1.0�x�0.0 suggests that a solid solution like behavior,
where no particular ordering of lithium and vacancies is pre-
ferred, should dominate at moderate temperatures. This be-
havior changes once all tetrahedral sites of the host are oc-
cupied at x=0. For x�0, the configurations either consist of
mixed tetrahedral and octahedral occupancy by Li or exclu-
sively octahedral occupancy by Li. Although the energy of
the crystal is minimized when Li occupies tetrahedral sites,
the addition of Li to LiTi2O4, in which all the tetrahedral
sites are filled, must occur by filling octahedral sites. This
can occur in two ways: �i� if existing tetrahedral Li is not
displaced, the additional Li must fill octahedral sites that are
nearest neighbors to the filled tetrahedral sites, thereby incur-
ring a large energy penalty; �ii� Li addition to octahedral sites
can also be accompanied by the displacement of tetrahedral

(a)

(b)

Octahedral site
Tetrahedral site

FIG. 1. �Color online� �a� Crystal structure of Li1+xTi2O4 spinel.
Li ions can occupy the 8a sites �center of the green LiO4 tetrahe-
drons�. Ti ions are located at the 16d sites �center of the brown TiO6

octahedrons�. �b� The Li sublattice in the spinel host consists of a
diamond network of 8a tetrahedral sites �large green circles� with
the octahedral 16c sites �small pink circles� halfway in-between two
nearest-neighbor tetrahedral sites.

0.0 1.0-1.0

0.0

1.0

-1.0

-2.0

x in Li1+xTi2O4

Fo
rm
at
io
n
En
er
gy
(e
V
)

FIG. 2. �Color online� Formation energies of different configu-
rations calculated from first-principles. The energies of the ground
states are connected by the line forming a convex hull. Formation
energies are per primitive cell consisting of four Ti and eight oxy-
gen atoms.
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Li to energetically less favorable but more abundant octahe-
dral sites. In either case, the energy of the configuration with
intermediate Li composition is higher than that of a two-
phase mixture of LiTi2O4 and Li2Ti2O4.

Experimentally, it is not possible to remove all the Li ions
from spinel Li1+xTi2O4. Voltage curves have only been mea-
sured up to a composition of x=−0.2,19 while studies using
chemical delithiation indicate that Ti atoms begin to rear-
range over the interstitial sites of the oxygen sublattice to
adopt more stable arrangements as more and more Li are
removed from spinel LiTi2O4.50 The energy of delithiated
spinel Ti2O4, for example, is higher than that of anatase TiO2
by 557 meV/TiO2 f.u. �both have the same fcc oxygen sub-
lattice but a different Ti ordering over the octahedral sites�.
This shows that delithiated spinel has a significantly higher
energy than other polymorphs of TiO2 thereby making it
susceptible to transformation. Even when the Ti atoms are
constrained to remain in the 16d sites of the spinel crystal
structure, we found that the removal of symmetry constraints
during total energy minimization of delithiated spinel Ti2O4
results in severe structural relaxations of the oxygen and ti-
tanium ions to the degree that it no longer resembles a spinel
host structure.

Of the 108 symmetrically distinct configurations illus-
trated in Fig. 2, 70 were used to fit the ECIs of a cluster
expansion for the configurational energy of Li-vacancy order
or disorder over the tetrahedral and octahedral sites of
Li1+xTi2O4. Two configurations in the dilute lithium regime
were left out of the fit as they relaxed to structures that no
longer resemble spinel while an additional 36 high-energy
configurations were left out to facilitate a more rapid conver-
gence of the truncated cluster expansion.51 For statistical me-
chanical averaging, a key requirement of the cluster expan-
sion is that it accurately predicts low energy configurations.
We also fit to differences in energies between configurations
in which a Li is initially in a tetrahedral site and then in an
adjacent octahedral site. Since the octahedral sites are me-
chanically unstable when x�0, we used the nudged elastic
band method to calculate the GGA saddle point energies of
the octahedral sites. Fitting to differences in energy between
octahedral and tetrahedral Li occupancies was done to ensure
an accurate prediction of migration barriers since as will be
described in Sec. III C, the octahedral sites correspond to
activated states when x�0. Nine such differences in energy
were used in the cluster expansion fit. The resulting cluster
expansion consists of an empty cluster V0, two point clusters
�one for the tetrahedral and the other for the octahedral site�,
nine pair clusters, seven triplets, and five quadruplets. The
overall rms error was 9 meV and the CV score was 18
meV/TiO2 f.u.

B. Thermodynamics

Grand canonical Monte Carlo simulations were applied to
the cluster expansion to calculate thermodynamic averages.
We used 6000 Monte Carlo passes of which the first 2000
passes were for equilibration and the last 4000 were used for
averaging. Each Li site is visited on average once during a
Monte Carlo pass. Output from grand canonical Monte Carlo

simulations includes the equilibrium Li composition and av-
erage grand canonical energy as a function of chemical po-
tential and temperature. Figure 3 shows the calculated volt-
age curve for Li1+xTi2O4 as a function of x obtained by
inserting the calculated chemical potential into Eq. �3� and
using the energy of bcc Li for the chemical potential of the
reference anode.

The plateau in the voltage curve signifies a two-phase
coexistence between LiTi2O4 and Li2Ti2O4. We will refer to
Li1+xTi2O4 with x�0 as the � phase and Li1+xTi2O4 with x
�1 as the  phase. The smooth decrease in voltage with
increasing Li content in the � phase indicates solid solution
behavior as expected from the first-principles formation en-
ergies. The plateau voltage is approximately 0.94 V, while
the experimental voltage curve19 exhibits a plateau at 1.34 V.
The discrepancy can be attributed to the underestimation by
GGA of voltages in transition metal oxide intercalation com-
pounds due to self-interaction in the d orbitals of the transi-
tion metals.52 The step in the voltage at x=0 is approxi-
mately 1.2 V. Colbow et al.19 measured the voltage curve of
Li1+xTi2O4 down to a Li concentration of x=−0.2. Their
measured voltage curves indicate that the voltage increases
by approximately 1.4 V when charging Li1+xTi2O4 from the
plateau voltage to x=−0.2. The corresponding difference in
the calculated voltage curve is 1.2 V. Apart from a systematic
underprediction of the equilibrium voltage curve, both the
qualitative shape and the relative variation in voltage are in
very good agreement with experiment.

A phase diagram, mapping phase stability as a function of
temperature and composition, can also be constructed based
on output from Monte Carlo simulations. Using well-
established free energy integration techniques53 �i.e., dG
=�dN at constant T and d���=�d at constant �Li, where
G is the Gibbs free energy, �=G−�LiN, �=E−�LiN, and
=1 /kBT�, it is possible to calculate the Gibbs free energy as
a function of composition at various temperatures. Regions
of two-phase coexistence can then be determined with the
common tangent construction applied to the Gibbs free en-
ergy �or equivalently by determining the crossing of �’s for
different phases as a function of �Li�. Free energy integra-
tion, however, requires a value for the free energy in a par-
ticular reference state. Convenient reference states corre-
spond to those in which the configurational entropy is

0.0 1.0-0.5

1.0

0.5

1.5

2.0

2.5
3.0

x in Li 1+xTi2O4

Vo
lta
ge

FIG. 3. �Color online� Equilibrium voltage curve as a function
of lithium concentration �at room temperature�, calculated with
grand canonical Monte Carlo simulations. The plateau between
x=0.0 and x=1.0 indicates two-phase coexistence.
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negligible, such as at dilute concentration and well-ordered
phases at low temperature. The free energy of the phase is
then very close to its energy and can be approximated with a
low-temperature expansion technique.54

Figure 4 shows the calculated phase diagram for
Li1+xTi2O4, which exhibits a miscibility gap between the �
phase �with exclusively tetrahedral occupancy� and the 
phase �with exclusively octahedral occupancy�. The equilib-
rium concentrations of the coexisting phases at fixed tem-
perature define the boundary of the miscibility gap. The steep
nature of the two-phase boundary suggests that both phases
are very stable even at high temperatures until the system
forms a complete solid solution above 1500 K.

The thermodynamic factor ��� is an important part of the
chemical diffusion coefficient and can be calculated in grand
canonical Monte Carlo simulations by keeping track of the
fluctuations of the number of lithium atoms at constant �Li
according to Eq. �7�. Figure 5 shows the variation of the
thermodynamic factor with Li concentration at room tem-
perature. In the � phase, � ranges between 20 and 40 but
diverges as x approaches 0 in Li1+xTi2O4 when all tetrahedral
Li sites are filled. The thermodynamic factor also diverges in
-Li2Ti2O4 in which all octahedral Li sites are occupied.
Both LiTi2O4 and Li2Ti2O4 correspond to well-ordered
phases and therefore deviate strongly from thermodynamic
ideality. In stoichiometric phases, with a dilute concentration
of vacancies over the occupied sublattice, it can be shown

that the thermodynamic factor scales with the inverse of the
vacancy composition. The thermodynamic factor is not de-
fined in the two-phase region �0�x�1�.

C. Diffusion

1. Elementary hop mechanisms and barriers

The mechanisms of lithium diffusion are qualitatively
very different in the � and  phases due to the change in Li
site occupancy from tetrahedral sites in �-Li1+xTi2O4 �x
�0� to octahedral sites in -Li2Ti2O4. Furthermore, as dif-
fusion typically occurs in the nondilute concentration re-
gime, interactions between nearby diffusing lithium ions also
affect migration barriers for a particular atomic hop mecha-
nism. We explored hop mechanisms and migration barriers
from first-principles as a function of Li concentration using
the NEB method as implemented in VASP. NEB calculations
were performed within a cubic supercell of Li1+xTi2O4 con-
taining 32 oxygen, 16 titanium, and variable number of
lithium ions. Migration barriers were also calculated in larger
supercells containing 64 oxygen, 32 titanium, and variable Li
ions.

Figure 6�a� shows the lithium ion migration path as it
hops between two nearest-neighbor tetrahedral sites. Figure
6�b� shows the energy along the migration path between ad-
jacent tetrahedral Li sites in representative Li-vacancy con-
figurations at three different concentrations �x=−7 /8,
−1 /2, −1 /8� in the � phase �i.e., Li occupies the tetrahedral
sites�. A Li hop between neighboring tetrahedral sites must
pass through an octahedral site. The curve at x=−1 /2, for
example, is for a Li hop in one of many possible Li-vacancy
configurations within the cubic unit cell used for these cal-
culations. A striking feature of all three curves is that the
octahedral site is never a local minimum but rather a saddle
point �i.e., a maximum along the hop direction and a mini-
mum perpendicular to the hop direction� for all compositions
considered in the � phase �−1�x�0�. This is contrary to
the common belief that the octahedral sites of spinel interca-
lation compounds, such as Li1+xMn2O4 and
Li1+xNi0.5Mn1.5O2, while energetically less favorable than
tetrahedral sites for x�0, are nevertheless a local minimum.4

The results of Fig. 6�b� show that this is not the case for
Li1+xTi2O4, rather the octahedral site is the activated state of
the hop. This is in agreement with recent NMR evidence on
Li-excess spinel titanate.55 Figure 6�b� also shows a variation
of the migration barrier with Li concentration, systematically
decreasing as the Li concentration increases. This is also
illustrated in Fig. 6�c�, which shows the migration barriers at
seven different concentrations in �-Li1+xTi2O4. At each con-
centration, there are many possible Li-vacancy configura-
tions. In Fig. 6�b� we have only considered one configuration
at each concentration; however, there will be some variabil-
ity in migration barriers for different Li-vacancy configura-
tions even at the same Li concentration. Overall, though, Fig.
6�c� shows a clear trend of decreasing migration barriers
with increasing Li concentration. We point out that at very
dilute Li concentrations �i.e., x=−15 /16�, large relaxations
within the 2�2�2 supercell resulted in a structure that no
longer resembles the spinel host. The migration barrier cal-
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bility gap between the two phases for 0.0�x�1.0. The miscibility
gap disappears above 1500 K.

0.0 1.0-0.5
101

103

105

107

x in Li1+xTi2O4

Th
er
m
od
yn
am
ic
Fa
ct
or

FIG. 5. �Color online� Variation of thermodynamic factor ��� as
a function of lithium composition. Note that the thermodynamic
factor diverges near the stoichiometric phases �x=0.0 and x=1.0�.

JISHNU BHATTACHARYA AND ANTON VAN DER VEN PHYSICAL REVIEW B 81, 104304 �2010�

104304-6



culated at this concentration is not included in Fig. 6�c�.
Li diffusion in -Li2Ti2O4 is qualitatively different from

that in �-Li1+xTi2O4 �x�0� as Li occupies octahedral sites
now. The grand canonical Monte Carlo simulations �Sec.
III B� indicate that -Li2Ti2O4 is only stable in a very narrow
concentration interval. Hence diffusion will be primarily me-
diated by a dilute concentration of vacancies. Occasionally
though, several vacancies may encounter each other, thereby
forming vacancy complexes that result in diffusion mecha-
nisms differing from that of a single vacancy hop mecha-
nism. With the nudged elastic band method, we investigated
two types of hops: �i� the migration of an octahedral Li to a
neighboring vacant octahedral site �Fig. 7�a�� and �ii� the
migration of an octahedral Li to a neighboring vacant octa-
hedral site that is next to a second octahedral vacancy �Fig.
7�b��. A Li ion migrating between nearest-neighbor octahe-
dral sites must perform a curved hop through an adjacent
tetrahedral site as illustrated in Figs. 7�a� and 7�b�.

Figure 7�c� shows the calculated energy along the migra-
tion paths for the two hops of Figs. 7�a� and 7�b� as calcu-
lated with the NEB method. Curve a in Fig. 7�c� �green
squares� corresponds to the energy path when an octahedral
lithium hops to a neighboring octahedral vacancy through an
intermediate tetrahedral site. The tetrahedral site is a local
minimum but higher in energy ��200 meV� compared to
the octahedral site. The migration barrier for the octahedral
to tetrahedral Li hop is �280 meV, while for the tetrahedral
to octahedral hop, it is �80 meV. When there are two va-
cancies in nearest-neighbor octahedral sites, the energy curve
changes substantially �curve �b� in Fig. 7�c��. The tetrahedral
site now becomes more stable than the octahedral site
��90 meV�. As a result, the migration barrier for the octa-
hedral to tetrahedral hop is lower ��100 meV� than that for
the tetrahedral to octahedral hop ��190 meV�. Both of the
migration barriers were calculated in the same cubic cell
used for most of the barrier calculations in � phase.

The local stability of the intermediate tetrahedral sites in
-Li2Ti2O4 in the presence of octahedral single and divacan-
cies implies that hops between neighboring octahedral sites
occur as a sequence of two subhops �octahedral
→ tetrahedral and tetrahedral→octahedral�. This is in con-
trast to hops between tetrahedral sites in �-Li1+xTi2O4 �x
�0� where, as described above, the intermediate octahedral
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sites are the activated states �i.e., saddle points�.
When three octahedral vacancies in -Li2Ti2O4 encounter

each other, the energy landscape becomes even more com-
plex. We found that a configuration consisting of three octa-
hedral vacancies surrounding a common vacant tetrahedral
site is mechanically unstable: the fourth nearest-neighbor oc-
tahedral lithium of the vacant tetrahedral site spontaneously
relaxes to the tetrahedral vacant site. This implies that once
three octahedral vacancies coalesce, tetrahedral occupancy
occurs spontaneously. Migration of this tetrahedral Li, how-
ever, cannot occur by means of a nearest-neighbor tetrahe-
dral to octahedral hop since the end state of this hop is me-
chanically unstable. One possible mechanism with which a
tetrahedral Li surrounded by four octahedral vacancies in
-Li2Ti2O4 can migrate is through a coordinated two-atom
hop as illustrated in Fig. 8. We did not investigate these
possibilities in detail and restrict our analysis to octahedral to
tetrahedral hops in the immediate vicinity of single octahe-
dral vacancies and pairs of octahedral vacancies.

2. Kinetic Monte Carlo simulations

Having established the elementary hop mechanisms in
�-Li1+xTi2O4 and in stoichiometric -Li2Ti2O4, we next cal-
culated collective Li-diffusion coefficients with kinetic
Monte Carlo simulations. The kinetic Monte Carlo simula-
tions sample Li trajectories over the interstitial sites of the
Ti2O4 spinel host structure, whereby each elementary hop
occurs with a frequency given by transition state theory ac-
cording to Eq. �8�. At nondilute concentrations, the Li ions
and vacancies in �-Li1+xTi2O4 are disordered, such that the
migration barriers, �E, appearing in Eq. �8� will vary along
the trajectory of each Li ion as they depend on the local
arrangement of Li ions and vacancies surrounding the Li
performing a hop. In �-Li1+xTi2O4, the migration barrier for
elementary hops between neighboring tetrahedral sites is the
difference in energy between the intermediate octahedral site
and the initial tetrahedral site. These energy differences can
be calculated directly with the cluster expansion for the con-
figurational energy described in Sec. III A. The cluster ex-
pansion predicts the configurational energy over both the tet-
rahedral and octahedral sites of spinel Li1+xTi2O4 and, as
described in Sec. III A, was optimized to reproduce energy

differences between octahedral and tetrahedral site occupan-
cies.

In -Li2Ti2O4, both octahedral and tetrahedral sites cor-
respond to local minima and elementary hops occur between
adjacent octahedral and tetrahedral sites. In this case, the
cluster expansion can only be used to predict the end states
of the hop. To calculate the migration barriers within kinetic
Monte Carlo in -Li2Ti2O4, we used a method that relies on
a cluster expansion for the energies of the end states of a hop
combined with a kinetically resolved activation barrier,
�EKRA, as described in Ref. 6. The �EKRA for a given hop
mechanism corresponds to the average of the forward and
backward migration barriers. The actual migration barrier in
a particular direction is then equal to �EKRA plus the average
of the end-state energies minus the energy of the initial state.
The dependence of �EKRA on the configuration of surround-
ing Li ions can be described with a local-cluster expansion.6

In our kinetic Monte Carlo simulations of diffusion in
-Li2Ti2O4, we only considered dilute vacancy concentra-
tions �i.e., one vacancy or two vacancies in the Monte Carlo
cell� such that the degree of disorder around migrating Li
ions is minimal. In our simulations, we simply used a con-
stant value for �EKRA �162 meV� for a octahedral-tetrahedral
hop surrounded by an isolated octahedral vacancy and a dif-
ferent value for �EKRA �143 meV� for a octahedral-
tetrahedral hop surrounded by an octahedral divacancy.

The vibrational prefactors, 
�, appearing in Eq. �8� were
calculated within the local harmonic approximation.56 Any
variation of 
� with concentration and configuration was not
taken into account in this study. In �-Li1+xTi2O4, we calcu-
lated 
� for a lithium hop into an isolated vacancy within the
cubic cell �1/8 vacancies over the tetrahedral sites�. We used
this value of 
� �13.4 THz� over the whole composition
range in the kinetic Monte Carlo simulations of
�-Li1+xTi2O4. In -Li2Ti2O4, we calculated 
� for a octahe-
dral to tetrahedral hop next to a single vacancy among 16
octahedral sites in the cubic cell. The vibrational prefactor
was averaged over the forward and backward hop directions
�octahedral→ tetrahedral and tetrahedral→octahedral�. This
averaged value �5.9 THz� was used in the kinetic Monte
Carlo simulations for -Li2Ti2O4.

We calculated the self- and tracer diffusion coefficients
described in Sec. II C by simulating representative Li-ion
trajectories in kinetic Monte Carlo simulations. We used a
standard kinetic Monte Carlo algorithm, first proposed by
Bortz et al.47,48 A lithium-vacancy configuration representa-
tive of the equilibrium state at the temperature and compo-
sition of interest was chosen as the initial state of each simu-
lation. For the � phase �Li1+xTi2O4; x�0�, we used a Monte
Carlo cell containing 8�8�8 primitive cells �containing
3072 tetrahedral and octahedral sites�. 3000 Monte Carlo
passes were performed starting from each initial configura-
tion and the trajectories were averaged after 1000 passes
�each Monte Carlo pass corresponds to N Li hops where N is
the number of Li sites�. At each temperature and composi-
tion, 100 independent simulations were performed starting
from different initial Li-vacancy configurations. At each tem-
perature and composition, self- and tracer-diffusion coeffi-
cients �as described in Eqs. �5� and �6�� were averaged after
every Monte Carlo pass and over independent simulations
with different initial configurations.
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FIG. 8. �Color online� An example of a simultaneous two-atom
simultaneous hop. Octahedral sites are marked as O and tetrahedral
sites are marked as T. Blue circles represent occupied octahedral
sites and vacant sites are hollow circles. Two arrows indicate simul-
taneous hops of two atoms.
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For the stoichiometric  phase �Li2Ti2O4�, we calculated
diffusion coefficients using kinetic Monte Carlo cells con-
taining either one octahedral vacancy or two octahedral va-
cancies. In the simulations containing two vacancies, we
found that a fraction of the hops proceeds through the diva-
cancy mechanism illustrated in Fig. 7�b� in which the inter-
mediate tetrahedral occupancy is energetically more favor-
able than the octahedral end states �Fig. 7�c��. The remaining
hops proceeded as isolated single vacancy hops. The fraction
of divacancy hops depends on the vacancy concentration,
which we varied by changing the kinetic Monte Carlo cell
size. We found, for example, that approximately 16% of the
hops occurred according to the divacancy mechanism for a
vacancy concentration of 0.23%, 10% for a vacancy concen-
tration of 0.1%, and 7% for vacancy concentration of 0.05%.
These vacancy concentrations over the octahedral sites of
-Li2Ti2O4 correspond to Li concentrations that are within
the predicted two-phase miscibility gap of the phase diagram
of Fig. 4, indicating that the fraction of divacancy hops in
stoichiometric -Li2Ti2O4 is small. By adjusting the kinetic
Monte Carlo cell size �to sample different vacancy concen-
trations�, we determined that both the tracer and self-
diffusion coefficients scale linearly with vacancy concentra-
tion even for the simulations that contained two octahedral
vacancies.

Figure 9 illustrates the calculated diffusion coefficients as
a function of lithium concentration at room temperature. The
chemical diffusion coefficient, D, was calculated by multi-
plying the self-diffusion coefficient, DJ, with the thermody-
namic factor, � �of Fig. 5�. All three diffusion metrics in-
crease with increasing concentration in �-Li1+xTi2O4 except
as the Li concentration approaches x=0. The increase of D�

and DJ in �-Li1+xTi2O4 has its origin in the gradual lowering
of the migration barriers with Li concentration, as is pre-
dicted with DFT calculations described in Sec. III C 1 �Fig.
6�c�� and reproduced by the cluster expansion used in the
kinetic Monte Carlo simulations. As the stoichiometric com-
position of LiTi2O4 is approached, however, D� and DJ de-
crease sharply due to the reduction in the number of tetrahe-
dral vacancies. The tracer diffusion coefficient is always less
than the self-diffusion coefficient. Close to stoichiometric
compositions �i.e., LiTi2O4 and Li2Ti2O4�, both D� and DJ

scale with the vacancy concentration, while the thermody-
namic factor scales with the inverse of the Li-sublattice va-
cancy concentration. The dependencies of Dj and � on va-
cancy concentration in stoichiometric phases cancel each
other out when the self-diffusion coefficient and thermody-
namic factor are multiplied together to obtain the chemical
diffusion coefficient �D�. Note that the chemical diffusion
coefficients have very similar values in the � and  phases in
spite of the fact that the Li hop mechanisms are very differ-
ent in the two phases.

The correlated motion of lithium ions at nondilute Li con-
centrations can be measured with the correlation factor, f ,
which is defined as

f =
r��t�2�

na2 , �10�

where r��t�2� is the average of the squared distance a lithium
ion travels after a time t, n is the number of hops, and a is the
hop distance. The correlation factor, f , measures the degree
with which the actual Li tracer diffusion coefficient �D��
deviates from what it would be if Li ions performed a ran-
dom walk. The correlation factor is equal to 1 when subse-
quent Li hops are uncorrelated, as occurs in the dilute limit.
However, at nondilute Li concentrations, Li ions interact
with each other energetically and block potential sites for
hops to occur to, thereby introducing correlations between
successive Li hops. Figure 10 illustrates the calculated varia-
tion of the correlation factor, f , with lithium composition at
room temperature. Compaan and Haven analytically calcu-
lated the correlation factor in the diamond crystal to be 0.5 in
the presence of a single vacancy.57 Figure 10 shows that f is
slightly less than 0.5 between −0.5�x�0, becoming equal
to 0.5 as x approaches 0, where the vacancy concentration
over the tetrahedral sites goes to zero. The correlation factor
in the  phase is lower than in the � phase. In the presence
of a single vacancy in the  phase, f does not depend on the
vacancy composition for small vacancy concentrations, hav-
ing a value of approximately 0.37. In Monte Carlo cells con-
taining two vacancies, however, f varies strongly with va-
cancy concentration, decreasing as the vacancy concentration
increases. Hops between the nearest-neighbor octahedral
sites in -Li2Ti2O4 are modeled within the kinetic Monte
Carlo simulations as occurring in two steps through the in-
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termediate tetrahedral site. The fact that the Li ions are as-
sumed to thermalize in the tetrahedral sites increases the
fraction of return hops to the initial octahedral site.

IV. DISCUSSION

Intercalation compounds used as electrodes in Li-ion bat-
teries come in a wide variety of crystal structures. The crys-
tal structure of an intercalation compound can have a strong
influence on the electrochemical properties of an electrode
material, including the voltage profile and the concentration
dependence of the Li-diffusion coefficient. Here we per-
formed a comprehensive study of Li diffusion in the spinel
crystal structure, focusing in particular on Li1+xTi2O4. The
spinel crystal structure is more complex than many other
intercalation compounds used as electrodes in Li-ion batter-
ies in that it consists of both tetrahedral and octahedral sites
that can be occupied by Li. Below x=0 in spinel Li1+xTi2O4,
Li occupies the tetrahedral sites, while at x=1, Li occupies
the more numerous but energetically less favorable octahe-
dral sites. A miscibility gap exists between x=0 and x=1 due
to the strong repulsion between pairs of Li ions occupying
nearest-neighbor tetrahedral and octahedral sites. Spinel
Li1+xTi2O4 is very similar in structure to the Li-excess spinel,
Li1+x�Li1/6Ti5/6�2O4, an attractive anode material. Both the
titanate spinel and its Li-excess variant exhibit the rare trait
that their lattice parameters vary negligibly with Li concen-
tration �between x=0 and 1�, making them less susceptible
than other intercalation compounds to mechanical degrada-
tion during Li removal and reinsertion. Our study of the ti-
tanate spinel also sheds light on diffusion mechanisms in
LixMn2O4 spinel, although the existence of charge ordering
over the Mn ions is likely to complicate Li transport in the
Mn spinel.

While only a limited concentration interval is accessible
experimentally below x=0 in Li1+xTi2O4, an advantage of a
computational study is that it enables us to investigate the
characteristics of Li diffusion within the spinel crystal struc-
ture even at concentrations where the host is metastable. Our
study of Li diffusion for x�0 has yielded the surprising
prediction that the octahedral sites, intermediate between
neighboring tetrahedral sites, are in fact the transition states
�i.e., saddle points on the energy surface� for elementary Li
hops. This is in contrast to what has been predicted for the
octahedral sites in the spinel form of Li1+xMn2O4, where the
octahedral sites for x�0 are local minima.58 Furthermore,
we have found that the difference in energy between the
octahedral site and the tetrahedral site decreases with in-
creasing Li concentration x. Hence the migration barriers for
elementary Li hops between tetrahedral sites decrease as
more Li ions fill the tetrahedral sites. This trend does not
arise solely from a change in crystal dimensions with Li
concentration, as was predicted for the layered intercalation
compounds.6,7 The same trend was found when calculating
the migration barriers at different concentrations while hold-
ing the supercell volume at each concentration fixed to a
common value. The decrease in migration barrier with in-
creasing Li concentration has an electrostatic origin, as an
increase in the Li content leads to a progressive reduction of

the effective Ti valence from Ti4+ at x=−1 to Ti3.5+ at x=0.
Indeed, we found that the difference between the electro-
static energy of Li in the octahedral site and the tetrahedral
site decreases as the Ti valence decreases. We expect a simi-
lar trend in other spinels, including Li1+xMn2O4.

At x=1, where the Li ions occupy octahedral sites, diffu-
sion becomes more complex. The tetrahedral sites between
the nearest-neighbor octahedral sites are now local minima
and hops between octahedral sites proceed in two steps. Fur-
thermore, in the presence of a divacancy over octahedral
sites, the intermediate tetrahedral site actually becomes more
stable than the end states.

When serving as an anode, only the voltage plateau be-
tween x=0 and 1 in spinel Li1+xTi2O4 is cycled over. The
plateau signifies two-phase coexistence between LiTi2O4 and
Li2Ti2O4 and the insertion or removal of Li ions from the
two-phase mixture will require the migration of interfaces
separating the coexisting phases. The kinetics of this process
can be treated as a standard moving boundary problem,59

where the velocity of the interface separating LiTi2O4 do-
mains �tetrahedral occupancy� from Li2Ti2O4 domains �octa-
hedral occupancy� depends on the diffusion coefficients
within the coexisting phases. Our study has shown that the
diffusion coefficients of LiTi2O4 and Li2Ti2O4 do not signifi-
cantly differ from each other, in spite of the qualitative dif-
ferences in hop mechanisms at the atomic scale for x=0 and
x=1. If the interface between the coexisting phases has a
sluggish mobility and thereby becomes the rate-limiting step
of Li extraction and insertion, then additional kinetic coeffi-
cients relating interface velocity to differences in thermody-
namic potentials across the interface must be determined. At
this stage, our understanding of the mobility of interfaces in
solids remains very limited.60

An important difference between the spinel crystal struc-
ture and the layered crystal structures of LixCoO2, LixTiS2
and Lix�Co1/3Ni1/3Mn1/3�O2 among others is the dimension-
ality of the interstitial network. The layered intercalation
compounds limit Li diffusion to two-dimensional triangular
lattices. Individual Li hops between neighboring octahedral
sites of layered intercalation compounds pass through an ad-
jacent tetrahedral site and the migration barriers for these
hops are significantly reduced if they occur into a
divacancy.6,7 At high Li concentrations, the self- and tracer-
diffusion coefficients therefore scale with the divacancy con-
centration, which to first order is equal to xV

2 �where, xV is
concentration of vacancies�. In spinel Li1+xTi2O4 when x
�0 in contrast, diffusion is mediated by a single vacancy
mechanism such that the tracer and self-diffusion coefficients
depend linearly on the vacancy concentration. The correla-
tion factors of Li diffusion also differ substantially between
layered intercalation compounds and spinel, with that of the
spinel phase being a factor of 5–10 times larger than that of
layered intercalation compounds at high Li concentrations.6

The efficiency of redistributing Li ions through a divacancy
mechanism over a two-dimensional network is significantly
lower than through a single vacancy mechanism in a three-
dimensional network. Hence for the same migration barrier
for individual hops, the spinel crystal structure should offer
Li ions a higher mobility �as measured by D� and DJ� com-
pared to layered intercalation compounds.
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The present study can be extended to the Li-excess vari-
ant, Li1+x�Li1/6Ti5/6�2O4, with similar methodological and
computational infrastructure. In Li-excess spinel, the excess
Li ions occupy a fraction of the Ti octahedral 16d sites. The
Ti sublattice will then also exhibits configurational degrees
of freedom arising from all possible ways of arranging Li
and Ti. The additional configurational degrees of freedom
can be treated with a coupled sublattice cluster
expansion.61,62

V. CONCLUSIONS

We have performed a first-principles investigation of the
concentration dependent Li-diffusion coefficient in spinel
Li1+xTi2O4 by applying kinetic Monte Carlo simulations to a
first-principles cluster expansion of the configurational en-
ergy of Li-vacancy disorder over the interstitial sites of the
Ti2O4 host. Spinel transition metal oxide intercalation com-
pounds such as LixMn2O4 and Li1+x�Li1/6Ti5/6�2O4 are impor-
tant electrode materials for Li-ion batteries. The present
study has demonstrated that the octahedral sites are activated
states for Li hops between neighboring tetrahedral sites when
x�0 in Li1+xTi2O4. Furthermore, the migration barriers for

hops between neighboring tetrahedral sites are sensitive to Li
concentration, decreasing with increasing x. We have been
able to attribute this decrease with an increase in the effec-
tive Ti valence states as Li is added to the host, which pe-
nalizes the octahedral site more than the tetrahedral site. In
Li2Ti2O4, Li ions occupy octahedral sites and migrate by
passing through intermediate tetrahedral sites, which are pre-
dicted to be locally stable �as opposed to being saddle points
in the energy landscape�. The predicted Li-diffusion coeffi-
cient varies by several orders of magnitude with Li concen-
tration for x�0. In spite of the qualitative difference in hop
mechanisms in LiTi2O4 and Li2Ti2O4, their Li-diffusion co-
efficients are nevertheless very similar in value. Our study
provides insight about the effect of crystallographic features
in spinel and layered intercalation compounds on Li mobil-
ity.

ACKNOWLEDGMENTS

We acknowledge John Thomas of University of Michigan
for valuable discussions relating to the computational infra-
structure development and General Motors for financial sup-
port.

*Corresponding author. FAX: �001 7347634788;
avdv@umich.edu
1 M. S. Whittingham, Chem. Rev. 104, 4271 �2004�.
2 C. Delmas, C. Fouassier, and P. Hagenmuller, Physica B & C

99, 81 �1980�.
3 M. M. Thackeray, J. Electrochem. Soc. 142, 2558 �1995�.
4 M. M. Thackeray, Prog. Solid State Chem. 25, 1 �1997�.
5 A. Van der Ven and G. Ceder, J. Power Sources 97-98, 529

�2001�.
6 A. Van der Ven, G. Ceder, M. Asta, and P. D. Tepesch, Phys.

Rev. B 64, 184307 �2001�.
7 A. Van der Ven, J. C. Thomas, Q. Xu, B. Swoboda, and D.

Morgan, Phys. Rev. B 78, 104306 �2008�.
8 A. K. Padhi, K. S. Najundaswamy, and J. B. Goodenough, J.

Electrochem. Soc. 144, 1188 �1997�.
9 D. Morgan, A. Van der Ven, and G. Ceder, Electrochem. Solid-

State Lett. 7, A30 �2004�.
10 G. Y. Chen, X. Y. Song, and T. J. Richardson, Electrochem.

Solid-State Lett. 9, A295 �2006�.
11 C. Delmas, M. Maccario, L. Croguennec, F. Le Cras, and F.

Weill, Nature Mater. 7, 665 �2008�.
12 N. Meethong, H. Y. S. Huang, S. A. Speakman, W. C. Carter, and

Y. M. Chiang, Adv. Mater. 17, 1115 �2007�.
13 A. Van der Ven, K. Garikipati, S. Kim, and M. Wagemaker, J.

Electrochem. Soc. 156, A949 �2009�.
14 M. M. Thackeray, W. I. F. David, P. G. Bruce, and J. B. Good-

enough, Mater. Res. Bull. 18, 461 �1983�.
15 F. Bonino, L. Busani, M. Lazzari, M. Manstretta, B. Rivolta, and

B. Scrosati, J. Power Sources 6, 261 �1981�.
16 T. Ohzuku, T. Kodama, and T. Hirai, J. Power Sources 14, 153

�1985�.
17 D. W. Murphy, R. J. Cava, S. M. Zahurak, and A. Santoro, Solid

State Ionics 9-10, 413 �1983�.
18 R. J. Cava, D. W. Murphy, S. Zahurak, A. Santoro, and R. S.

Roth, J. Solid State Chem. 53, 64 �1984�.
19 K. M. Colbow, J. R. Dahn, and R. R. Haering, J. Power Sources

26, 397 �1989�.
20 J. M. Tarascon, E. Wang, F. K. Shokoohi, W. R. McKinnon, and

S. Colson, J. Electrochem. Soc. 138, 2859 �1991�.
21 J. Rodriguez-Carvajal, G. Rousse, C. Masquelier, and M.

Hervieu, Phys. Rev. Lett. 81, 4660 �1998�.
22 A. Yamada and M. Tanaka, Mater. Res. Bull. 30, 715 �1995�.
23 J. E. Greedan, N. P. Raju, A. S. Wills, C. Morin, S. M. Shaw, and

J. N. Reimers, Chem. Mater. 10, 3058 �1998�.
24 J. E. Greedan, C. R. Wiebe, A. S. Wills, and J. R. Stewart, Phys.

Rev. B 65, 184424 �2002�.
25 Y. I. Jang, B. Huang, F. C. Chou, D. R. Sadoway, and Y. M.

Chiang, J. Appl. Phys. 87, 7382 �2000�.
26 M. Wagemaker, A. Van der Ven, D. Morgan, G. Ceder, F. M.

Mulder, and G. J. Kearley, Chem. Phys. 317, 130 �2005�.
27 E. Ferg, R. J. Gummow, A. Dekock, and M. M. Thackeray, J.

Electrochem. Soc. 141, L147 �1994�.
28 T. Ohzuku, A. Ueda, and N. Yamamoto, J. Electrochem. Soc.

142, 1431 �1995�.
29 K. Zaghib, M. Simoneau, M. Armand, and M. Gauthier, J. Power

Sources 81-82, 300 �1999�.
30 S. Scharner, W. Weppner, and P. Schmid-Beurmann, J. Electro-

chem. Soc. 146, 857 �1999�.
31 P. Arora, R. E. White, and M. Doyle, J. Electrochem. Soc. 145,

3647 �1998�.
32 S. S. Zhang, M. S. Ding, K. Xu, J. Allen, and T. R. Jow, Elec-

trochem. Solid-State Lett. 4, A206 �2001�.
33 J. Hafner, C. Wolverton, and G. Ceder, MRS Bull. 31, 659

�2006�.

PHASE STABILITY AND NONDILUTE LI DIFFUSION … PHYSICAL REVIEW B 81, 104304 �2010�

104304-11



34 J. M. Sanchez, F. Duscastelle, and D. Gratias, Physica A 128,
334 �1984�.

35 D. de Fontaine, Solid State Phys. 47, 33 �1994�.
36 A. Van der Ven and G. Ceder, Handbook of Materials Modeling,

Methods and Models Vol. 1, edited by R. Catlow, H. Shercliff,
and S. Yip �Kluwer, Dordrecht, 2005�.

37 A. Van der Ven, H. C. Yu, G. Ceder, and K. Thornton, Prog.
Mater. Sci. 55, 61 �2010�.

38 G. Kresse and J. Furthmuller, Phys. Rev. B 54, 11169 �1996�.
39 G. Kresse and J. Furthmuller, Comput. Mater. Sci. 6, 15 �1996�.
40 P. E. Blöchl, Phys. Rev. B 50, 17953 �1994�.
41 G. Kresse and D. Joubert, Phys. Rev. B 59, 1758 �1999�.
42 D. B. Laks, L. G. Ferreira, S. Froyen, and A. Zunger, Phys. Rev.

B 46, 12587 �1992�.
43 A. van de Walle and G. Ceder, J. Phase Equilib. 23, 348 �2002�.
44 G. L. W. Hart, V. Blum, M. J. Walorski, and A. Zunger, Nature

Mater. 4, 391 �2005�.
45 R. Gomer, Rep. Prog. Phys. 53, 917 �1990�.
46 P. M. Richards, Phys. Rev. B 16, 1393 �1977�.
47 A. B. Bortz, M. H. Kalos, and J. L. Lebowitz, J. Comput. Phys.

17, 10 �1975�.
48 F. M. Bulnes, V. D. Pereyra, and J. L. Riccardo, Phys. Rev. E 58,

86 �1998�.
49 G. H. Vineyard, J. Phys. Chem. Solids 3, 121 �1957�.

50 E. Moshopoulou, P. Bordet, J. J. Capponi, C. Chaillout, B. Sou-
letie, and A. Sulpice, J. Alloys Compd. 195, 81 �1993�.

51 G. Ceder, G. D. Garbulsky, and P. D. Tepesch, Phys. Rev. B 51,
11257 �1995�.

52 F. Zhou, M. Cococcioni, K. Kang, and G. Ceder, Electrochem.
Commun. 6, 1144 �2004�.

53 A. van de Walle and M. Asta, Modell. Simul. Mater. Sci. Eng.
10, 521 �2002�.

54 A. F. Kohan, P. D. Tepesch, G. Ceder, and C. Wolverton, Com-
put. Mater. Sci. 9, 389 �1998�.

55 M. Wagemaker, E. R. H. van Eck, A. P. M. Kentgens, and F. M.
Mulder, J. Phys. Chem. B 113, 224 �2009�.

56 R. LeSar, R. Najafabadi, and D. J. Srolovitz, Phys. Rev. Lett. 63,
624 �1989�.

57 K. Compaan and Y. Haven, Trans. Faraday Soc. 52, 786 �1956�.
58 C. Y. Ouyang, S. Q. Shi, Z. X. Wang, H. Li, X. J. Huang, and L.

Q. Chen, Europhys. Lett. 67, 28 �2004�.
59 S. Crusius, G. Inden, U. Knoop, L. Hoglund, and J. Agren, Z.

Metallkd. 83, 673 �1992�.
60 M. Hillert, Acta Mater. 47, 4481 �1999�.
61 P. D. Tepesch, G. D. Garbulsky, and G. Ceder, Phys. Rev. Lett.

74, 2272 �1995�.
62 J. C. Thomas, J. M. Millunchick, N. A. Modine, and A. Van der

Ven, Phys. Rev. B 80, 125315 �2009�.

JISHNU BHATTACHARYA AND ANTON VAN DER VEN PHYSICAL REVIEW B 81, 104304 �2010�

104304-12


