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First-principles calculations of magnetic exchange parameters of the austenitic and martensitic phases of
Ni-Mn-Ga allow one to characterize this Heusler system across the phase diagram in agreement with experi-
mental trends. The ab initio investigations have been combined with Monte Carlo simulations for a detailed
description of the magnetic, martensitic, and magnetocaloric properties of Ni2+xMn1−xGa �0.18�x�0.27�
Heusler alloys, which undergo a first-order magnetostructural phase transition. For these alloys, the calculated
temperature dependence of the magnetic and lattice contributions to the total specific heat as well as the
evaluation of the isothermal magnetic entropy �Smag�T ,Hext� and adiabatic temperature �T�T ,Hext� changes
around the magnetostructural transition in an external magnetic field agree fairly well with the experimental
data. In particular, results for �Smag�T ,Hext� and �T�T ,Hext� may be used to speculate about designing new
magnetic Heusler alloys with better magnetocaloric properties, i.e., larger �T�T ,Hext� values.
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I. INTRODUCTION

The magnetocaloric effect �MCE� describing the reduc-
tion in the magnetic part of the total entropy upon adiabatic
magnetization is an intrinsic property of any magnetic mate-
rial. Nowadays, this phenomenon has attracted considerable
attention due to the possibility of utilizing the MCE in room-
temperature magnetic refrigeration.1 In particular, the discov-
ery of giant MCE in Gd5�Si1−xGex�4 �Ref. 2� and
MnFeP0.45As0.55 �Ref. 3� has renewed the interest in materi-
als undergoing first-order magnetic phase transitions where
the frequently observed giant magnetic entropy change arises
from the coupling of the magnetic to the elastic degrees of
freedom.4

The MCE has been studied theoretically for several alloy
systems in the framework of molecular-field approximation,5

bond-proportion model, where antiparallel spins are assumed
to have a different stiffness than parallel spins,6,7 and Monte
Carlo �MC� method.8–13 Using the MC approach, the mag-
netocaloric properties of rare-earth silicides and Laves phase
compounds could be modeled successfully. In particular, the
calculated isothermal magnetic entropy ��Smag� and adia-
batic temperature ��T� changes in Gd5�SixGe1−x�4 �x�0.5�,8
R5Si4 �R=Gd,Tb�,9 RAl2 �R=Dy,Tb�,10 and �GdxTb1−x�5Si4
�Ref. 11� were found to be in good agreement with available
experimental data. It is worthwhile to note that the above-
mentioned alloys undergo a second-order magnetic phase
transition. Therefore, only the magnetic subsystem has been
taken into account when calculating their magnetocaloric
properties. The case of first-order magnetic transition, for
instance, in La�FexSi1−x�13 or MnAs, has so far been consid-
ered either phenomenologically14,15 or by the bond-
proportional model.6,7

Among the Mn-based intermetallic compounds and
alloys,16 Ni-Mn-Ga Heusler systems have received signifi-

cant attention regarding their magnetic shape memory prop-
erties for compositions close to stoichiometry and, in particu-
lar, their magnetocaloric properties at off-stoichiometric
compositions17–31 �see Ref. 32 for a discussion of the MCE
and its relation to shape-memory properties in ferromagnetic
�FM� Heusler alloys�. Since, in particular, the Heusler alloys
are cheaper than the rare-earth alloys and are also environ-
mentally more friendly than MnAs-based materials, Ni-
Mn-Ga �with a large magnetic entropy change17,21,24,27� is
attractive for application in magnetic refrigeration.

Stoichiometric Ni2MnGa, with the crystal structure shown
in Fig. 1, undergoes a martensitic transformation on cooling
below Tm�200 K in the ferromagnetically ordered state
with a Curie temperature TC�376 K.33 Recent experimental
studies on nonstoichiometric Ni2+xMn1−xGa have revealed
that both transition temperatures, Tm and TC, are very sensi-
tive to changes in the chemical composition as shown by the
increase in Tm and decrease in TC with Ni excess.34–36 In the
range of compositions 0.18�x�0.27, structural and mag-

(b)(a)

FIG. 1. �Color online� �a� The cubic L21 structure of the Heusler
compound Ni2MnGa and �b� the tetragonal L10 structure with
c /a=1.25. Filled squares �black�, open circles �blue�, and filled
circles �red� denote Ni, Mn, and Ga atoms, respectively. Solid lines
in �b� highlight the tetragonal unit cell.
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netic phase transitions merge together �see the phase diagram
in Fig. 2�. For these alloys, a large isothermal magnetic en-
tropy change across the first-order magnetostructural phase
transition in an external magnetic field has been
reported.17,18,20,23,28,37

In this work, we study the magnetic properties and the
MCE of Ni2+xMn1−xGa in the composition range
0.18�x�0.27. We use the magnetic exchange parameters
from first-principles calculations to obtain the magnetic
phase diagram by means of MC simulations using the clas-
sical Heisenberg model �Sec. I�. For the discussion of the
MCE, we have used the q-state Potts model, which is
coupled to the martensitic instability leading to a coupled
magnetostructural phase transition for 0.18�x�0.27. The
Potts model is used here because it has advantages over the
Heisenberg model regarding specific heat and entropy calcu-
lations at lower temperatures. The two structure models used
in the Potts model MC simulations described in Secs. II and
III, are the simple cubic lattice model denoted as model I
�computationally fast� and the full Heusler lattice model de-
noted as model II �computationally more demanding�. Model
II allows a systematic search for magnetic Heusler systems
with larger MCE.

II. FIRST-PRINCIPLES DESCRIPTION
OF Ni-Mn-Ga ALLOYS

Figure 1 shows the cubic L21 �c /a=1� and tetragonal L10
�c /a=1.25� structure of Ni2+xMn1−xGa and Fig. 2 shows the

experimental phase diagram in the �x ,T� plane for Ni-excess
concentrations x.35,38 The region of interest in the phase dia-
gram where the MCE is important is confined to composi-
tions 0.18�x�0.27 with coinciding magnetic and structural
transitions, i.e., there are only two phases: paramagnetic aus-
tenite with cubic L21 structure and ferromagnetic martensite
with L10 structure. The structural transformation follows the
tetragonal Bain transformation from c /a=1 �L21� to
c /a=1.25 �L10� with very little volume change.

In order to check the transformation behavior, we have
undertaken first-principles zero-temperature calculations em-
ploying the generalized gradient approximation �GGA�,39

projector-augmented wave approach,40,41 and the Vienna ab
initio Simulation Package �VASP�;41,42 an energy cutoff of
478 eV and 64 k points in the irreducible wedge of the Bril-
louin zone have been used.

The calculations of the energetic changes along the tetrag-
onal deformation path, which transforms the unit cell in Fig.
1�a� to that in Fig. 1�b�, are displayed in Fig. 3. The FM
solution and two antiferromagnetic �AFM� solutions along
the Bain path lie close in energy, where AFM involves anti-
ferromagnetic alignment of Mn spins in two Mn-Ga layers
separated by a Mn-Ga layer with ferromagnetic spin align-
ment. AFM-L denotes layer wise antiferromagnetic arrange-
ment of Mn spins with complete spin reversal from layer to
layer. Note that the tendency to build up AFM correlations as
shown in Fig. 3, is related to environmental effects and
slightly changing Mn-Mn distances and manifests itself in
the exchange parameters by the appearance of AFM contri-
butions in case of noncubic crystal structures, see Fig. 4.

In order to simulate in a simplified fashion the off-
stoichiometric composition x=0.25 along the Bain transfor-
mation path, the Mn atom at centre position has been re-
placed by an extra Ni atom, which corresponds to
Ni9Mn3Ga4 �the nonstoichiomentric alloy with the same e /a
would be Ni2.25Mn0.75Ga�. The same unit cell was used by
Banik et al.43 in their structural studies of Ni2+xMn1−xGa.

Magnetic exchange parameters are helpful to complete
the magnetic characterization of Ni2+xMn1−xGa. These have
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FIG. 2. �Color online� Ni-excess phase diagram showing the
merging of Curie and martensitic transformation temperatures for
0.18�x�0.27 �triangles up and down, respectively�, which is the
important region of the MCE. TP marks the premartensitic transi-
tion. PM and FM denote the paramagnetic and ferromagnetic
phases, and L21 and L10 are the cubic and tetragonal phases, re-
spectively. The dotted line separates the modulated 5M and 7M
phases with tetragonal distortion c /a�1 from the nonmodulated
phases with c /a�1. Open and filled circles mark the TC values
obtained from Monte Carlo simulations and mean-field approxima-
tion using the ab initio Jij for c /a=1.00 and 1.25, respectively. TC

A

and TC
M indicate schematically the behavior of the magnetic phase

transition lines if one would extrapolate �by hand� the Curie tem-
peratures of austenite �x�0.18� and martensite �x�0.27�,
respectively.
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less than 0.25%�. Beside the FM solution, two antiferromagnetic
�AFM� solutions are shown, see text for explanation.

BUCHELNIKOV et al. PHYSICAL REVIEW B 81, 094411 �2010�

094411-2



been calculated for the L21 and L10 structures and several x
by employing Lichtenstein’s formula44,45 and the Munich
SPR-KKR package46 as well as the Machikaneyama code.47

Using the local-density and scalar-relativistic approximation
corresponding Curie temperatures obtained from MC simu-

lations using the Jij in the classical Heisenberg model are
shown in the phase diagram in Fig. 2 by open circles. Re-
garding the Jij, we note that the by far largest magnetic in-
teraction occurs between the nearest-neighbor �nn� Mn and
NiA atoms �Ni atoms on the regular Ni sublattice�. This in-
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FIG. 4. �Color online� Ab initio magnetic exchange interactions of stoichiometric Ni2MnGa with �a� c /a=1 �cubic�, �b� c /a=0.95
�tetragonally distorted� and off-stoichiometric Ni2.18Mn0.82Ga with �c� c /a=1 and �d� c /a=1.25 and Ni2.25Mn0.75Ga with �e� c /a=1 and �f�
c /a=1.25 as a function of the distance d /a between pairs of atoms i and j �in units of the lattice constant a�. Mn-Mn, Mn-Ga, and Mn-Ni
denote the corresponding Jij between the atoms on their respective sublattices; the index A refers to Ni atoms on the Ni sublattice and index
B to Ni atoms on the Mn sublattice, respectively. In each plot, a Mn atom is at the origin. When evaluating the Jij for the nonstoichiometric
cases in �c�–�f�, the coherent potential approximation �CPA� and the SPR-KKR code �Ref. 46� have been used.
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teraction is ferromagnetic and mainly determines the magni-
tude of the Curie temperature TC.

With increasing disorder and dilution of the magnetic lat-
tice �i.e., with increasing x�, the Jij change systematically
leading to lower TC values, which agrees qualitatively with
the experimental trend. However, the measured Curie tem-
perature increases again with the onset of the magnetostruc-
tural transition at x=0.18, which is not displayed by the the-
oretical TC values �open circles in Fig. 2�. On the contrary,
the Curie temperatures obtained from the Monte Carlo simu-
lations using the ab initio Jij as input parameters, lie below
the extrapolated Curie temperatures TC

A and TC
M marked by

dashed lines in Fig. 2. There may be several reasons for this.
�1� In the region of coinciding magnetic and structural

phase transitions, local compositional changes may play an
important role when determining the magnetic exchange pa-
rameters Jij. Since we use Lichtenstein’s formula44,45 for
small rotations of the spin moments with frozen potentials,
which is good for ideal ferromagnetic systems, an additional
averaging is required in case of atomic disorder so that

�Jij�disorder

= � 1

4�
Im	EF

dE Tr
�ti�E�Gij
↑ �E��tj�E�Gij

↓ �E���
disorder

.

�1�

However, local variations are averaged out when using the
single-site coherent potential approximation �CPA� which
amounts to the replacement of each of the Green’s functions
in Eq. �1� by the corresponding CPA Green’s function. Figure
4 shows only the results obtained in the single-site CPA and
Fig. 2 shows the associated Curie temperatures. It is obvious
that treatment, e.g., using the nonlocal CPA �see Ref. 48 and
references therein� will be important, in particular, for com-
positions which exhibit the magnetostructural phase transi-
tion.

For other Heusler alloys such as Ni-Mn-�In, Sn, Sb� with
even stronger antiferromagnetic correlations near the magne-
tostructural transition,49,50 nonlocal CPA corrections will be
important as well. A systematic investigation of nonlocal
CPA effects on the Jij in comparison with single-site CPA
results is missing so far.

�2� When calculating the Jij, the atomic sphere approxi-
mation and local-density approximation �LDA� within the
Korringa-Kohn-Rostoker �KKR� CPA code have been used.
We may expect a slight enhancement of the Mn spin mo-
ments and hence of TC if instead of LDA, GGA, or full-
potential calculations would have been used. These calcula-
tions are lengthy and have not been performed so far. The
importance of full-potential calculations or rather a better
treatment of electronic correlations has recently been high-
lighted for the half-metallic Heusler alloys.51

�3� Near the magnetostructural transition, an extreme
sensitivity of the Jij with respect to small abrupt changes in
the volume at the phase transition can be expected, which is
not taken into account in the calculation of the Jij.
Explicit inclusion of a magnetoelastic coupling term may
help here which, however, is not really the subject of
density-functional theory �DFT� calculations at zero tem-

perature. The importance of the magnetoelastic interaction
for the magnetostructural transition has recently been
emphasized for Ni50Mn34.3

57Fe0.5In15.2 �Ref. 52� and
Ni50Mn36.5

57Fe0.5Sn13.
53 Here, a reverse effect has been

found, i.e., an abnormal magnetostructural transition due to
weakening of exchange interactions caused by an abrupt
change in the interatomic Mn-Mn distances at the transition,
respectively. For the Ni-Mn-Ga alloys near the magneto-
structural transition considered in this paper, an enhanced
positive magnetoelastic coupling must be expected for
0.18�x�0.27. The influence of the magnetic state on the
structural transformation may also be important in non-
Heusler systems such as elemental iron.54

�4� A further modification of the calculated TC is expected
if the change in the magnetic anisotropy energy �MAE� from
the cubic to tetragonal structure with increasing x is consid-
ered. We have calculated the effect of increasing dilution of
the magnetic sublattice on the MAE from Ni2MnGa to
Ni2.25Mn0.75Ga. For the latter alloy we obtain an MAE of
�1.25 m Ry / f.u. with �001� as easy magnetization plane,55

which would enhance TC by a few kelvins, hence, not a big
effect on TC. This change in MAE is in agreement with pre-
viously reported results by Enkovaara et al.56 and Gruner et
al.,55 �see also Sozinov et al.57 and Heczko et al.58�.

Such subtleties of magnetostructural phase transitions
would require an exploration of DFT at finite temperatures
which is beyond the scope of the present work. The model
introduced below can handle such metamagnetic phenomena
because of the extra magnetoelastic coupling term introduced
in the model, which allows to adjust magnetic and structural
phase transitions in such a manner that they coincide �mag-
netostructural transition�. This highlights the importance of
the magnetoelastic coupling in the magnetic Heusler alloys.
Without such correlation, there will be no giant magnetoca-
loric effect.

In the following we will use the ab initio data for the
discussion of the MCE in Ni2+xMn1−xGa alloys. Two models
are introduced: a simple cubic lattice model of interacting
Mn spins and a realistic Heusler lattice model of interacting
Mn and Ni spins. The first model originates from the obser-
vation that the Ni magnetic moments may be considered to
be induced by the Mn moments and do not contribute with
individual degrees of freedom to the temperature dependence
of magnetization. Antiferromagnetic order of the Mn spins or
the paramagnetic phase then necessarily implies vanishing
Ni moments. In this case, we are left with a simple cubic
lattice model of renormalized magnetic degrees of freedom
which, in addition, are coupled to the lattice degrees of free-
dom for the description of the austenite-martensite transfor-
mation. A similar approach was successfully employed by
Mryasov et al.59 for the description of magnetic interactions
in FePt using an effective Fe-Fe-spin model including a bi-
quadratic spin interaction term. On the other hand, Ležaić et
al.60 have demonstrated for the half-metallic half-Heusler al-
loy NiMnSb that longitudinal fluctuations of the Ni moment
are energetically as important as transversal, i.e., Heisenberg-
type, ones. Furthermore, combined DFT and model calcula-
tions of the inverse magnetocaloric alloy �-FeRh predict that
longitudinal fluctuations of the induced Rh moment �which
takes over a role which is similar to the Ni moments in the
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094411-4



Heusler alloys� can provide a significant contribution to the
large entropy change at the metamagnetic phase transition.61

Thus, it may be questioned whether an effective Mn-Mn-spin
model is really sufficient for all alloys. Therefore, we intro-
duced the real Heusler structure with explicit spin degrees of
freedom for Mn and Ni sites in order to account for the
subtle differences between both descriptions. It turned out
that indeed better results are obtained when retaining all pos-
sible magnetic exchange interactions when discussing en-
tropic changes over the magnetostructural transition for the
MCE. Nevertheless, we start with the simple cubic lattice
model to introduce the underlying physics of the magneto-
structural coupling.

III. MODEL I: COUPLING OF SPIN AND DISTORTION
ON THE SIMPLE CUBIC LATTICE

For the description of magnetic ordering and structural
transformations we make use of the q-state Potts model,
which is supplemented by an Ising-type term for modeling
tetragonal distortions. We have used the q-state Potts model
�instead of the Heisenberg model� since the use of discrete
spin variables guarantees the well behavior of magnetic en-
tropy and specific heat over the whole temperature range.

In order to simplify the simulations and to decrease the
computational efforts, we first consider the case of a simple
cubic lattice with periodic boundary conditions taking into
account only the nn interactions between effective atoms
�neither Ni nor Mn but atoms which resemble Mn and have
a large spin moment�, which interact via a large positive Jij
with each other �model I�. The Jij are average values, which
have been obtained from averaging the ab initio values over
atomic shells.

Thus, stoichiometric Ni2MnGa is described in the cubic
lattice model by having all sites occupied by these effective
Mn-like atoms. Off-stoichiometric Ni2+xMn1−xGa alloys are
described by binary “Ni2+xMn1−x” alloys. Only the Mn-like
atoms are assumed to have a magnetic moment, where the
atoms may be displaced from their ideal cubic lattice sites
�tetragonal distortion� while the Ni atoms have no magnetic
moments and only a displacement degree of freedom. In
view of the tiny Ni-spin moments, this is a reasonable as-
sumption �magnetic Compton-scattering study of
Ni2+xMn1−xGa has shown that the small magnetic moment of
the excess Ni atoms on the Mn sublattice remains essentially
unchanged�.62

The magnetic degrees of freedom are described by the
q-state Potts model, which allows first-order and second-
order transition from the ferromagnetic to the paramagnetic
state depending on the interaction strength.63 Here, q is the
number of spin states, where q=2 is identical with the Ising
model. For the effective Mn atom in the simple cubic lattice
model, we use five spin states, since the spin moment S of
the original Mn atoms is 4/2 allowing 2S+1 spin projections
�−2,−1,0 ,1 ,2�. Hence, the magnetic part of the Hamiltonian
including an external magnetic field Hext may be written as

Hm = − 
�ij�

Jm�i, j��Si,Sj
− g	BHext

i

�Si,Sg
, �2�

�Si,Sg
= �1 Si = 2

0 else,
� �3�

where Jm�ij� is the magnetic exchange parameter, which may
become negative depending on the degree of tetragonal dis-
tortion or disorder. The Kronecker symbol, �Si,Sj

, restricts the
spin-spin interactions to the interactions between the same q
states. The sum is performed over all nn spin pairs. In the
simple cubic lattice model, Jm�ij� is replaced by a constant
�averaged� value Jm. The other Kronecker symbol, �Si,Sg

,
couples the spin system via the q=5 �i.e., Si=2� Potts state to
the external magnetic field. Sg is called ghost spin,64 its im-
pact is that positive Hext favors spins parallel to the ghost
spin. 	B is the Bohr magneton and g is the Landé factor.

In distinction to the Ising model, the magnetization of the
q-state Potts model is obtained by

m =
1

L3

qNmax − NmagL3

q − 1
, �4�

where L is the linear dimension of the system �L3=N�, Nmax
the maximum number of identical magnetic states on the
lattice, Nmag is the number of magnetic atoms, and q denotes
the number of magnetic states at each lattice site.

In order to incorporate the mutual influence of magnetic
ordering and structural transformation from cubic austenite
to tetragonally distorted martensite with decreasing tempera-
ture, we make use of the degenerate Blume-Emery-Griffiths
�BEG� model,65 which allows one to describe the interaction
between the elastic variables. This model contains the basic
physical ingredients to describe martensitic
transformations.66,67

In this model, the cubic austenite corresponds to a state
with zero displacement ��x=�y=�z=0� whereas the marten-
site consists of structural variants with elongation and con-
traction along x, y, and z axes giving rise to six structural
variants. In the present model, we retain only two of them,
corresponding to distortions along one of the cubic axes,
which leaves us with a high-temperature cubic phase of two-
fold degeneracy.

As discussed in Refs. 49 and 67, we introduce for each
lattice site i=1. . .N a variable 
i= �1,0 defining the defor-
mation state near each lattice site, with 
i=0 as undistorted
phase taken to be p-fold degenerate, which allows to ap-
proximately account for the high entropy of the lattice vibra-
tions in the cubic phase.67 The states 
i= �1 represent the
distorted phase. The corresponding lattice Hamiltonian is es-
sentially the one introduced by Castán et al.67 supplemented
by a term which favors the variant 
i=1 in the presence of
an external magnetic field,

Hlat = − J
�ij�


i
 j − K
�ij�

�1 − 
i
2��1 − 
 j

2�

− kBT ln�p�
i

�1 − 
i
2� − K1g	BHext

i

�
i,
g
�ij�


i
 j .

�5�
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The first term characterizes the interaction between 
i and

 j in tetragonal martensite while the second term defines the
interaction between the 
i in cubic austenite. Large values of
K will stabilize the pure cubic phase for which 
i=0 holds.
For small values of K, an intermediate modulated �pre-
martensitic� cubic phase may form having equal population
of the strain variables 
i= �1 and 
i=0.67 Premartensite is
not of interest here, since there is no intermediate state in-
volved around the magnetostructural transition, which is the
primary interest of this paper. K1 is the dimensionless mag-
netoelastic interaction constant.

The term kBT ln�p� may be regarded as a temperature-
dependent crystal field which arises from the augmentation
of the entropy of the cubic state �
i=0� by assigning it the
degeneracy factor p �see also Ref. 68� regarding the
equivalence of the p degenerate and ordinary
Blume-Emery-Griffiths models. In Ref. 67 and also here, p is
fixed to p=2. Finally, the parameter K in conjunction with
the degeneracy factor p of the cubic phase, controls the order
of the transition which changes from second �for small K� to
first order �for large K�. So, a large degeneracy p may initiate
first-order premartensitic transitions.

The preference of one martensitic variant in an external
magnetic field can be induced by coupling the strain variable

i to another ghost variable, 
g, with the condition

�
i,
g
= �1 
i = 1

0 else,
� �6�

where 
g may be considered as a ghost deformation state,
characterized by the structural variant which is favored in the
external magnetic field Hext. A somewhat similar term has
been used in Ref. 69 in a Landau functional theory of elastic
and magnetic interactions.

Nonetheless, such a term allows to retain in a very easy
way the experimental trend that the martensitic transforma-
tion temperature increases with increasing external magnetic
field in Ni-Mn-Ga alloys because the magnetization in mar-
tensite is slightly stronger than in austenite �see also Refs. 70
and 71�.

Two order parameters may be conceived,

� =
1

N


i


i, �7�

 =
1

N


i


i
2, �8�

where � describes the degree of distortion, with �=0 as cubic
phase with equal occurrence of 
i= �1,0, while  can be
considered as modulation of the atoms in the lattice planes or
shuffling of the atoms. As mentioned before, because we are
interested in magnetostructural transitions where intermedi-
ate martensites are absent, the latter order parameter is not of
interest �see Ref. 67 for a discussion of  involving first-
order phase transitions from the cubic to the premartensitic
phase�.

For the coupling of magnetic and structural variables,
Castán67 has used the following symmetry allowed interac-
tions,

Hint = − U00
�ij�

�Si,Sj
�1 − 
i

2��1 − 
 j
2�

− U01
�ij�

�Si,Sj
�
i

2�1 − 
 j
2� + 
 j

2�1 − 
i
2��

− U11
�ij�

�Si,Sj

i

2
 j
2, �9�

where we have replaced the product of Ising variables, SiSj,
used in Ref. 67 by the Potts’ variables. The coupling con-
stants U
,
� can, in principle, be obtained from ab initio cal-
culations by studying various energy differences involving
tetragonal lattice distortions in the vicinity of the martensitic
transformation. However, for simplicity, we consider here as
in Ref. 67 the case U00=U11=0 and set U01=−U, which
yields the simplified Hamiltonian,

Hint = 2U
�ij�

�Si,Sj
�1

2
− 
i

2��1

2
− 
 j

2� −
1

2
U

�ij�
�Si,Sj

,

�10�

where the first term describes the effective coupling �propor-
tional to the square of the magnetization� to the modulation
of the lattice while the last term renormalizes the spin-spin
interaction.

The total Hamiltonian is then the sum of terms,

H = Hm + Hlat + Hint. �11�

We would like to point out that the Hamiltonian in Eq.
�11� has been used by Castán et al.67 to discuss magnetic,
premartensitic, and martensitic phase transitions in a qualita-
tive manner, i.e., no ab initio input parameters; also the ghost
variables as well as the direct coupling of the external mag-
netic field to a specific martensitic variant were omitted.
Buchelnikov et al.49 have used the full Hamiltonian plus an
additional term accounting for the antiferromagnetic interac-
tions appearing with the lattice distortion as well as param-
eters from ab initio calculations to study the unusual mag-
netic behavior of Ni-Mn-�In, Sn, Sb�. This has shown that
the model is rather powerful and may correctly describe the
experimental phase diagrams.

In order to discuss the MCE of Ni2+xMn1−xGa for compo-
sitions 0.18�x�0.27, we need to calculate further quanti-
ties such as the temperature dependence of the specific heat,
C=Cmag+Cel+Clat with magnetic, electronic, and lattice
contribution �Cel has been omitted throughout the paper�, and
entropy Smag as well as the magnetic ��mag� and structural
���� susceptibility defined by

Cmag�T,Hext� =
1

kBT2 ��H2� − �H�2� , �12�

Smag��T,Hext� = 	
T1

T2

dT
Cmag�T,Hext�

T
, �13�

�mag�T,Hext� =
1

kBT2 ��m2� − �m�2� , �14�
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���T,Hext� =
1

kBT2 ���2� − ���2� . �15�

For the lattice heat capacity we will use the Debye approxi-
mation,

Clat�T,�D� = 9RNi�4� T

�D
�3	

0

�D/T

dx
x3

ex − 1

− ��D

T
� 1

e�D/T − 1� , �16�

where Ni is the number of ions per formula unit and �D is
the Debye temperature.

In order to calculate the isothermal entropy and adiabatic
temperature changes with varying external magnetic field,
we make use of

�Smag�T,Hext� = Smag�T,Hext� − Smag�T,0� , �17�

�T�T,Hext� = − T
�Smag�T,Hext�

C�T,Hext�
. �18�

Here, Smag�T ,Hext� and Smag�T ,0� denote the entropy in
presence of a magnetic field Hext and in zero field,
respectively. Note that in Eq. �18�, C�T ,Hext� is the total
specific heat of magnetic and lattice contribution.72 Because
Slat�T ,Hext��Slat�T ,0�, i.e., �Slat�T ,Hext��0, the adiabatic
temperature change in Eq. �18� is the total temperature
change available in magnetic refrigerants for temperatures
near the magnetostructural transition slightly above room
temperature. The hypothetical �Tmag�T ,Hext� may be ob-
tained from Eq. �18� if we replace C�T ,Hext� by
Cmag�T ,Hext�.

All quantities in Eqs. �11�–�18� can be evaluated from the
MC simulations. Since we use Eq. �13� for the evaluation of
the isothermal entropy change and do not use Maxwell rela-
tions �i.e., the magnetic analogue of the Clausius-Clapeyron
equation�, our procedure is more appropriate compared to the
standard procedure used in most experimental work, where
the magnetization curves for different magnetic fields are
analyzed over the magnetic and martensitic phase transitions
by

�Smag�T,Hext� = Smag�T,Hext� − Smag�T,0�

= 	0	
0

Hext

dHext� �M

�T
�

Hext

, �19�

where 	0 is the permeability of free space. In particular, Eq.
�19� has been used in the context of conventional and inverse
MCE in Ni-Mn-Sn and Ni-Mn-In alloys, respectively, where
conventional and inverse effect may be distinguished by the
sign of ��M /�T�Hext

.32,73,74

A. Choice of parameters for model I

For the simple cubic lattice model, the calculation of mag-
netocaloric properties of Ni2+xMn1−xGa has been performed
by using the parameters listed in Table I with Jm taken as an
average value over the exchange constants in Fig. 4 of the

first three neighbor shells yielding a value of approximately
4 meV.49 An approximate value for J may be estimated from
the experimental phonon-dispersion curves of Ni-Mn-Ga al-
loys if J is assumed to be proportional to the soft phonon
energy.49,75,76 This yields 2 meV for the compound with
TC=364 and Tm=284 K. For K and U, which fix Tm, we
have assumed both quantities to be positive �positive U is
dictated by experiment because of the positive volume mag-
netostriction constant�.77 A negative magnetoelastic constant
may exist near the premartensitic transition in Ni2MnGa as
calculations for a two-dimensional lattice model have
shown.67 However, premartensitic phenomena do not exist in
the region 0.18�x�0.27.

Although values for K may be obtained from ab initio
simulations, we use here a simpler procedure. In general, for
K /J�0.5, we obtain three consecutive phase transitions with
decreasing T: a magnetic transition from the paramagnetic to
the ferromagnetic phase at TC, a premartensitic transition
from the cubic to the quasicubic phase at TP, and a marten-
sitic transition from the quasicubic to the tetragonal phase Tm
with Tm�TP�TC.67 For the compositions 0.18�x�0.27,
we may get rid of the premartensitic phase by choosing
K /J�0.5.

The final values of K and U in Table I have been chosen
such that for a given ferromagnetic exchange parameter Jm,
the magnetic and structural phase transition temperatures co-
incide. K1�0.4 assures that both transition temperatures still
coincide in the presence of an external magnetic field too.

Instead of fixing J by the soft phonon energy of 2 meV,
we have used as in Ref. 49 a slightly different procedure by
introducing reduced temperatures T� and Tms

� ,

T� = kBT/zJ, Tms
� = kBTms/zJ , �20�

where Tms is the magnetostructural transition temperature
and z=6 is the number of nn of the simple cubic lattice. This
sets kBTms in relation to J, which may be used to let magnetic
and structural phase transitions merge together as demon-
strated for Ni-Mn-X �X=In,Sn,Sb�.49 For Ni2+xMn1−xGa
considered here, the magnetostructural phase transition is ap-
proximately fixed by Tms

� =2. Taking this value, the structural
parameter J for Ni2.18Mn0.82Ga with Tms�338 K �Ref. 37�
is J�2.42 meV, being slightly different from 2 meV esti-
mated from the soft phonon energy. In the MC simulations,
we have used the values of Table I obtained in such a way.

Since the elastic properties of Ni-Mn-Ga change with
temperature, all model parameters also depend on tempera-

TABLE I. Parameters �in meV� used in the simple cubic lattice
model for the Ni2+xMn1−xGa alloys �K1 is taken to be 0.4 for each
composition�.

Nickel
excess �x� 0.18 0.20 0.22 0.24 0.27

Jm 4.0 4.2 4.48 4.403 4.155

J 2.42 2.485 2.58 2.56 2.43

K 1.016 0.994 0.968 0.896 0.729

U 0.121 0.298 0.516 0.998 1.8
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ture. In principle, the magnetic exchange parameters and
elastic energy parameters could be calculated by ab initio
method using the finite-temperature lattice parameters from
experiment. However, this would require large numerical ef-
forts. Here, we will assume that this temperature dependence
may be safely neglected.

B. Computational results for model I

The MC simulations have been carried out employing the
standard Metropolis algorithm78 for the simple cubic lattice
model and compositions x=0.18, 0.20, 0.22, 0.24, and 0.27.
Changes in the independent variables q and 
i are accepted
or rejected according to a single-site transition probability
W=min
1,exp�−�H /kBT��. The number of sites used in the
simulations was N=153, where the configuration of Ni-
excess atoms on the Mn sublattice was chosen randomly.
One Monte Carlo step consists of N attempts to change the
variables q and 
i meaning that for a given temperature, the
number of Monte Carlo steps on each site varied from 105 to
106. We started the simulations in the ferromagnetic marten-
sitic phase with q=2 and 
i=1. The energy H of the system
and the order parameters m and � were averaged over 400
configurations for each 100 Monte Carlo steps. In order to
obtain equilibrium values of H, m, and �, the first 104 Monte
Carlo steps were discarded. The degeneracy factor p and the
Landé factor g were taken as p=2 and g=2. The multiplicity
of spin state, i.e., q, was chosen as a random number r with
0�r�1 by fixing q according to the scheme: If 0�r� l /5
then q= l , l=1, . . . ,5.

The temperature dependence of the normalized magneti-
zation, tetragonal distortion, and susceptibility of the mag-
netic and strain order parameters are shown in Fig. 5 for the
composition Ni2.18Mn0.82Ga. The merging of magnetic and
martensitic phase transitions is clearly visible from the coin-
ciding peaks of magnetic ��mag� and strain ���� susceptibility
shown in the upper part of Fig. 5. Furthermore, Fig. 5 reveals
that the magnetostructural phase transition temperature in-
creases by �6 K with increasing external magnetic field
Hext from 0 to 5 T, which is in agreement with the experi-
mentally observed shift of �1 K /T.79

Theoretical and experimental results for the temperature
variation in the magnetization for different compositions in a
magnetic field of 5 T are presented in Fig. 6. The theoretical
magnetization M �in units of Gauss� was obtained from M
=mM0, where m is normalized magnetization and M0 is the
saturation magnetization for stoichiometric Ni2MnGa de-
rived from

M0 =
R�g	BS

	kB
, �21�

where R is the gas constant, S the spin moment, � the density
of the alloy, 	B is Bohr’s magneton, g the Landé factor, kB
the Boltzmann constant, and 	 is the molar mass. For
Ni2MnGa we have taken the following values: g=2, S=4 /2,
�=8.1 g /cm3, and 	=242 g /mol. It is obvious from Fig. 6
that the magnetization decreases with increasing Ni excess
due to the dilution of the magnetic subsystem.

Figure 7 shows the composition dependence of magnetic
and strain susceptibility of Ni2+xMn1−xGa alloys as a function

of temperature in zero external magnetic field indicating that
for each composition, the peaks of both susceptibility curves
coincide, defining the magnetostructural transition, in agree-
ment with the experimental phase diagram35 in Fig. 2. The
calculated temperature dependence of the magnetic contribu-
tion to the specific heat in zero magnetic field is shown in
Fig. 8. We notice a decrease in the magnitude of the mag-
netic specific heat with increasing Ni-excess atoms.

Comparison of the computational results for the specific
heat with available experimental data for the compositions
x=0.18, 0.19, and 0.24, leads to the following observation:
The change in specific heat at the Tms of Ni2.18Mn0.82Ga,80

Ni2.19Mn0.81Ga,81 and Ni2.24Mn0.76Ga �Ref. 80� is approxi-
mately obtained as 153 J / �mol K�, 145 J / �mol K�, and
132 J / �mol K�, respectively. Our theoretical values for the
specific heat change at the Tms of Ni2.18Mn0.82Ga and
Ni2.24Mn0.76Ga are 285 J / �mol K� and 180 J / �mol K�, re-
spectively, showing that the underlying simple model used in
the simulations yields reasonable results because of the
rather good fitting of the model parameters: Jm from ab initio
and J from fixing Tms.

Figure 9 shows the calculated entropy variation in
Ni2.18Mn0.82Ga for various magnetic fields, Hext=0, 1.85, and
5 T, using Eq. �13� with T1=290 and T2=375 K. We would
like to remind again that Monte Carlo simulations of the
classical Heisenberg Hamiltonian do not reproduce the satu-
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FIG. 5. �Color online� Results of MC simulations using model I
showing �a� the temperature dependence of the magnetic suscepti-
bility �filled circles �blue�: �mag�T ,Hext=0 T� and filled triangles
�red�: �mag�T ,Hext=5 T�� and strain susceptibility �solid lines:
���T ,Hext=0 T� and dashed lines: ���T ,Hext=5 T�� of
Ni2.18Mn0.82Ga; �b� the temperature dependence of normalized
magnetization m and tetragonal distortion � in 0 T and 5 T, respec-
tively; same symbols as in �a�.
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ration value of the magnetic entropy, Smag=R ln�2S+1�,
where 2S+1 is the number of available spin states, because
the spins are treated as classical variables, which may take
on continuous values. Thus, in order to obtain the first-order
magnetic phase transition and reproduce the expected satu-
ration value of the magnetic entropy we have used the q-state
Potts model, for which the z components of the spin can take
discrete values in the interval −4 /2�Siz�4 /2. Taking into
account that in the cubic phase the entropy of our model is
determined by the magnetic subsystem only, the
calculated saturation value of the entropy of Smag
�12 J / �mol K� is almost consistent with the expected one
��13.3 J / �mol K�� given by Smag=R ln�2S+1�. Figure 9
also shows that the entropy in zero magnetic field exhibits a
break around T�338 K, which is indicative for first-order
phase transition characteristics of Tms.

In Fig. 10, we present the isothermal magnetic entropy
change �Smag in Ni2.18Mn0.82Ga for different magnetic fields
ranging from 0 to 1.85 T assuming that the structural part of
the entropy does not change significantly with the magnetic
field. The experimental results for �Smag were obtained from
isothermal magnetization measurements with the help of the
Maxwell relation.37 It is obvious that the theoretical curve of
the isothermal magnetic entropy change is in good agree-
ment with the experimental data.

Using the temperature variation in the entropy for
Hext=0 T and Hext=5 T, we calculated the isothermal mag-
netic entropy change for other Ni2+xMn1−xGa alloys using
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FIG. 6. �Color online� Monte Carlo results using model I �filled
symbols� compared to experimental results �open symbols� of mag-
netization curves of Ni2+xMn1−xGa alloys in an external magnetic
field of 5 T. The experimental results were taken from Ref. 37.
Figure �a� shows the results for Ni2.18Mn0.82Ga, Ni2.20Mn0.80Ga, and
Ni2.22Mn0.78Ga while figure �b� those for Ni2.24Mn0.76Ga and
Ni2.27Mn0.73Ga, respectively.
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FIG. 7. �Color online� Monte Carlo results using model I show-
ing the magnetic �filled symbols� and strain �open symbols� suscep-
tibility as a function of temperature for Ni2+xMn1−xGa alloys in zero
magnetic field. Figure �a� shows the results for Ni2.18Mn0.82Ga,
Ni2.20Mn0.80Ga, and Ni2.22Mn0.78Ga while figure �b� displays the
results for Ni2.24Mn0.76Ga and Ni2.27Mn0.73Ga, respectively. For
each composition, the coinciding peaks of �m and �� curves identify
the magnetostructural phase transition temperature Tms.
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0.22, 0.24, and 0.27, respectively. For each composition, the peaks
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Eqs. �13� and �17�. The resulting temperature dependence of
�Smag in magnetic fields from 0 to 5 T shows that
Ni2.18Mn0.82Ga and Ni2.20Mn0.80Ga have maximum values of
�Smag and that the isothermal magnetic entropy change de-
creases with further increasing the Ni-excess concentration x,
see Fig. 11. The discrepancy between the peak value of
�Smag calculated by the Monte Carlo method and the one
determined from the isothermal magnetization curves with
the help of the Maxwell relation, may be due to limited ap-
plicability of the Maxwell relation to materials undergoing
first-order magnetic phase transitions and due to the simple
cubic lattice model. To summarize, the magnetocaloric prop-
erties of model I have been collected in Table II.

IV. MODEL II: COUPLING OF SPIN AND DISTORTION
ON THE FULL HEUSLER LATTICE

In this section we use the real three-dimensional lattice
with periodic boundary conditions for Ni-Mn-Ga Heusler al-

loys. The unit cell arises from four interpenetrating fcc sub-
lattices, see Fig. 1�a�. This unit cell corresponds to the high-
temperature cubic phase in which lattice distortions are
absent. During cooling the austenitic phase transforms to the
low-temperature tetragonal martensite, see Fig. 1�b�. As dis-
cussed before, the martensitic phase consists of six variants
which may be described by lattice distortions, from which
we retain only two variants.

TABLE II. Model I: calculated values of heat capacities in
J / �mol K� and MCE ��Smag in J / �mol K�, �Tmag and �T in K� for
Ni2+xMn1−xGa alloys upon variation in the magnetic field from 0 to
5 T obtained for the simple cubic lattice model. �Tmag is obtained
from Eq. �18� when replacing the full specific heat C�T ,Hext� by
only the magnetic contribution Cmag�T ,Hext�.

Nickel
excess �x� 0.18 0.20 0.22 0.24 0.27

Cmag 287.7 362 231.5 182.3 143.8

C 386.7 461 330.5 281.3 242.8

�Smag −3.33 −2.95 −2.56 −1.87 −1.58

�Tmag 3.39 2.85 4.15 3.85 4.03

�T 2.93 2.24 2.90 2.49 2.39
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FIG. 9. �Color online� Monte Carlo simulations using model I of
the temperature dependence of the magnetic entropy of
Ni2.18Mn0.82Ga in magnetic fields Hext=0 T, 1.85 T, and 5 T, re-
spectively. The curves have been obtained by integrating corre-
sponding specific-heat curves using Eq. �13�.
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In the off-stoichiometric alloys, the Ni-excess atoms oc-
cupy regular Mn positions, which in our model will be de-
noted as NiB in contrast to NiA atoms on the regular Ni sub-
lattice. In stoichiometric Ni2MnGa, the magnetic moment of
�4	B is largely confined to the Mn atoms; the contribution
of the Ni atoms to the total magnetic moment is much
smaller ��0.3 	B /atom �Ref. 33��, and the contribution
from the Ga atoms is practically negligible. As already no-
ticed, the ab initio calculations of the magnetic exchange
parameters show that the Mn-NiA exchange interaction is
positive and by far the largest of all exchange integrals,
which guarantees a ferromagnetic ground state. The Jij pre-
sented in Fig. 4 show that in case of tetragonal phases
�c /a=0.95 in case of Ni2MnGa and c /a=1.25 in case of
Ni2.18Mn0.82Ga and Ni2.25Mn0.75Ga�, the second-nearest Mn
atoms interact antiferromagnetically. In the cubic phase,
these antiferromagnetic interactions vanish. In the MC simu-
lations of the full Heusler lattice model this different behav-
ior of the Jij is taken care of. The corresponding magnetic
exchange parameters are listed in Table III �see also Fig. 4�.
NiA and NiB atoms are now assumed to have magnetic and
structural degrees of freedom whereas sites occupied by Ga
atoms have only structural degrees of freedom. Hence, the
whole system can again be considered as consisting of inter-
acting magnetic and structural subsystems which may be de-
scribed by the same Hamiltonian �11�.

For the Heusler lattice model, the magnetic degrees of
freedom are now described by a slightly modified q-state
Potts model which allows first- and second-order phase

transitions.63 Note that in experiment most paramagnetic-
ferromagnetic phase transitions in the austenitic phase show
a sudden increase in the magnetization since the magnetic
field is usually not large enough to measure the saturation
magnetization but the transitions are of second order.

Since the Ni-Mn interaction plays a dominant role regard-
ing the stabilization of ferromagnetic order, we now take into
account the spin moments S of both Mn and Ni atoms with
S=4 /2 and 2S+1 spin projections �−2, −1, 0, 1, and 2� for
the Mn atoms, i.e., qMn=5, and S=1 with spin projections
�−1, 0, and 1� and qNi=3 for the Ni atoms. Therefore, we do
the Monte Carlo simulations for a 3-5-state Potts model.

The structural part of the Hamiltonian is described as be-
fore by the degenerate 3-state BEG model allowing for the
structural transformation from cubic austenite phase to te-
tragonal martensite.67 Formally, the Hamiltonian is again
given by Eq. �11�, only that now we deal with a more real-
istic description of the Ni spin and use the real crystal lattice
shown in Fig. 1.

In order to calculate the average energy at a given tem-
perature, we practically use the same procedure as was em-
ployed in the simple cubic lattice case.

�1� We generate an initial spin and strain configuration in
the ferromagnetically ordered state and choose the equilib-
rium strain configuration of the tetragonal or cubic lattice.
For a particular site i and 
i= �1, the initial elastic energy
Hlat,1 is calculated according to Eq. �5� for the tetragonal
lattice; if 
i=0, the initial elastic energy Hlat,1 is calculated
for the cubic lattice.

�2� We then change randomly the value of strain 
i and
calculate for the new configuration Hlat,2 according to the
cases 
i= �1 and 
i=0. If Hlat,2�Hlat,1, Hlat,2 is accepted
and we proceed further with step �3�. If Hlat,2�Hlat,1, we
calculate exp�−�Hlat /kBT� and generate a random number r
such that 0�r�1; if r�exp�−�Hlat /kBT�, the new configu-
ration with energy Hlat,2 is accepted, else the old strain con-
figuration is preserved and we proceed to step �3�.

�3� Choose a spin configuration for the cubic or tetragonal
lattice and calculate the energy H for the selected strain at
site i by using Eq. �11�. In case of 
i= �1 �
i=0�, the te-
tragonal �cubic� lattice is used to calculate H1. If a tetragonal
lattice is considered in Eq. �1�, the antiferromagnetic inter-
action between second nn �snn� Mn atoms must be taken into
account. We then change randomly the spin state q at site i
and calculate the energy for this new configuration �H2�
analogously to the evaluation of H1.

�4� We move to the next lattice site and repeat the proce-
dure until all lattice sites have been swept. The whole pro-
cess of the partition of the lattice is described by one Monte
Carlo step.

For a given temperature, the average energy �H� and av-
erage squared energy �H2� are calculated by using

�H� =
1

Nc − N0


i�N0

Nc

Hi,

�H2� =
1

Nc − N0


i�N0

Nc

Hi
2, �22�

where Nc is the total number of Monte Carlo steps, N0 the
number of Monte Carlo steps which are used for thermaliza-

TABLE III. Nearest-neighbor magnetic exchange interactions Jij

in meV of some cubic and tetragonal Ni2+xMn1−xGa Heusler sys-
tems. NiA refers to Ni atoms on the original Ni sublattice, NiB to Ni
atoms on the Mn sublattice. Mn-MnAF refers to the antiferromag-
netic exchange interaction which appears between nn Mn atoms on
the regular and original sublattice, respectively �c.f. Fig. 4�.

Jij x=0 x=0.18 x=0.25

�c /a=1.0�
�d /a�0.7� Mn-Mn 0.71 −0.02 −0.04

�d /a�0.47� Mn-Ni 4.85

�d /a�0.47� Mn-NiA 1.63 4.6 4.26

�d /a�0.7� Mn-NiB 0.2 0.016

�c /a=0.95�
�d /a�0.69� Mn-Mn 1.63

�d /a�0.7� Mn-MnAF −1.3

�d /a�0.47� Mn-Ni 4.9

�c /a=1.25�
�d /a�0.7� Mn-Mn 4.33 4.26

�d /a�0.8� Mn-Mn 1.93 1.38

�d /a=1.0� Mn-MnAF −1.28 −1.14

�d /a�0.47� Mn-NiA 6.027 5.86

�d /a�0.7� Mn-NiB
AF −0.77 −0.68

�d /a�0.8� Mn-NiB 1.039 0.97
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tion; the index i denotes the Monte Carlo step.
The magnetization of the 3-5-state Potts model is defined

as

m =
1

N
�qNiNmax

Ni − NNi

qNi − 1
+

qMnNmax
Mn − NMn

qMn − 1
� , �23�

where N is the total number of Ni and Mn atoms, qNi and qMn
are the numbers of magnetic states of Ni and Mn atoms, Nmax

Ni

and Nmax
Mn are the maximum numbers of identical magnetic

states on the lattice and NNi and NMn are the numbers of Ni
and Mn atoms on the lattice, respectively.

A. Choice of parameters for model II

For the calculation of magnetic and magnetocaloric
properties of Ni2.18Mn0.82Ga, we have used the numerical
parameters listed in Table IV �taken from the second
column in Table III�. As for model I, additional information
is required to fix the actual parameter associated with
the structural change which may be estimated as before from
the phonon-dispersion curves of Ni-Mn-Ga alloys,75,76 i.e.,
J�2 meV at the structural phase transition temperature
�Tm=284 K, TC=364 K�.

The values of magnetic exchange interactions between
Mn-Mn, Mn-NiA, and Mn-NiB for cubic and tetragonal lat-
tices are taken from the ab initio calculations of
Ni2.18Mn0.82Ga. The antiferromagnetic interaction appearing
in case of tetragonal distortion and disorder denoted by
JMn-Mn

AF and JMn-NiB
AF in Table III enters Eq. �1� and is taken

care of in the simulations.
Values for K, which fix the martensitic transition, and

magnetoelastic interaction U have been determined for both
martensite and austenite phases using the condition
U�c /a=1.25��0, U�c /a=1��0, and K�0. As before, the
choice of a positive sign for U�c /a=1.25� and U�c /a=1� is
due to the positive sign of the volume magnetostriction in
Ni-Mn-Ga.77 Furthermore, we fix K and U as before by
choosing K /J�0.5 for Ni2.18Mn0.82Ga; the values of
U�c /a=1.25�, U�c /a=1�, and K given in Table IV were then
chosen such that for fixed ferromagnetic exchange constants
JMn-NiA

, JMn-NiB
, JMn-Mn, JMn-Mn

AF , and JMn-NiB
AF , we have coin-

ciding magnetic and structural phase transitions. As for

model I, the magnetoelastic interaction constant K1 for
Ni2.18Mn0.82Ga is fixed such that the magnetic and the struc-
tural phase transition temperatures also coincide in the pres-
ence of external magnetic fields. This is achieved for
K1�0.25. Also for this more refined full Heusler lattice
model, the parameters still depend on temperature, which for
the sake of simplicity has been ignored.

B. Computational results for model II

We now discuss results of MC simulations of
Ni2.18Mn0.82Ga using the full Heusler lattice model
and the standard Metropolis algorithm.78 Changes in the in-
dependent variables qNi, qMn, and 
i are accepted or
rejected according to a single-site transition probability
W=min
1,exp�−�H /kBT��. Since the crystal lattice of the
full Heusler alloys is used in the simulations, the coordina-
tion number of nn atoms takes on various values for each
atom in the cubic and tetragonal lattices. For the magnetic
subsystem in cubic austenite, each Mn atom has 12 nn Mn
atoms, 8 nn Ni atoms and each Ni atom has 4 nn Mn atoms;
in martensite, each Mn atom has 38 nn Mn and Ni atoms and
4 snn Mn atoms with which the considered Mn atom inter-
acts antiferromagnetically, and each Ni atom has 4 nn Mn
atoms. Regarding the structural subsystem in austenite, each
atom Mn �Ga� has 12 nn Mn �Ga� atoms, 6 nn Ga �Mn�
atoms, and 8 nn Ni atoms and each Ni atom has 4 nn Mn, Ga
atoms and 6 nn Ni atoms; in martensite, each Mn �Ga� atom
has 8 nn Mn �Ga� atoms, 2 nn Ga �Mn� atoms, and 8 nn Ni
atoms, respectively, and each Ni atom has 4 nn Mn and Ga
atoms and 6 nn Ni atoms.

The number of sites used in the simulation is N=L3,
where L is the number of cubic unit cells of Fig. 1�a�, here,
L=6. Thus we have used a lattice containing 900 Mn,
1728 NiA, 198 NiB, and 1099 Ga atoms. The configuration
of NiB atoms on the Mn sublattice is set randomly and its
total number is fixed by the composition of Ni2.18Mn0.82Ga.
As time unit, we have used one Monte Carlo step consisting
of N attempts to change the variables qNi, qMn, and 
i. For a
given temperature, we have used 5�105 Monte Carlo steps.
The simulation was started in the ferromagnetic martensitic
phase with qNi=1, qMn=1, and 
i=1. The internal energy of
the system H and the order parameters m and � were aver-
aged over 400 configurations for each 100 Monte Carlo
steps. In order to obtain equilibrium values of H, m,
and �, the first 104 Monte Carlo steps were discarded. As
before, degeneracy factor p and Landé factor g were taken to
be p=2 and g=2. The magnitude of spin states �i.e., qNi and
qMn� was chosen as a random number r such that
0�r�1, qNi and qMn were fixed according to the
scheme: if 0�r� l /3, qNi= l , l=1. . .3 and 0�r� l /5, then
qMn= l , l=1, . . . ,5.

Results of Monte Carlo simulations of the magnetic and
magnetocaloric properties of Ni2.18Mn0.82Ga are presented in
Figs. 12–16. Figure 12 shows the simulated temperature
variation in the magnetization and tetragonal distortion and
the magnetic and strain susceptibility. Due to the choice of
model parameters, the curves of the magnetic order param-
eter m and strain order parameter � coincide in the phase

TABLE IV. Model II: parameters �in meV� used in the real
lattice model for the Ni2.18Mn0.82Ga alloy.

Parameter c /a=1 c /a=1.25

�d /a�0.7� JMn-Mn −0.02 4.33

�d /a�0.8� JMn-Mn 1.93

�d /a=1.0� JMn-Mn 1.47 −1.28

�d /a�0.47� JMn-NiA
4.64 6.027

�d /a�0.7� JMn-NiB
0.2 −0.77

�d /a�0.8� JMn-NiB
1.039

J 2.0 2.0

U 2.9 4.3

K 0.25 0.25
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transition region, i.e., they display the coupled nature of the
magnetostructural phase transition. This coupling is also evi-
dent from the coinciding peaks of magnetic and strain sus-
ceptibility. Figure 12 indicates that for model II, we obtain
the same temperature increase in �6 K with increasing ex-
ternal magnetic field Hext from 0 to 5 T as for the simpler
model I, agreeing with the experimentally observed shift of 1
K/T.79

The calculated temperature dependence of the magnetic
part Cmag and total specific heat �C=Cmag+Clat� of
Ni2.18Mn0.82Ga is shown in Figs. 13�a�–13�c�. The lattice
specific heat was calculated using the Debye model with
�D=328 K �approximate value for N2MnGa�.82 The results
of simulation may be compared with available experimental
data for some compositions �x=0.18, 0.19, and 0.24�: the
experimental total specific heat of Ni2.19Mn0.81Ga in the ab-
sence of an external magnetic field81 is presented in Fig.
13�d�.

An interesting detail is revealed in Fig. 13�b�, which
shows the corresponding magnetic part of the specific
heat in the absence of magnetoelastic coupling, i.e., for
J=U=K=0, showing that it is considerably smaller than in
presence of the coupling. The changes in the specific heat at
Tms have already been listed before �153, 145, and
132 J / �mol K� for x=0.18, 0.19, and 0.24, respectively�.
Our theoretical value of the zero-field specific heat change at
Tms in Ni2.18Mn0.82Ga is �160 J / �mol K� and comes fairly
close to the experimental data.

Figure 14 shows the MC results for the magnetic entropy
as a function of temperature for Ni2.18Mn0.82Ga in various
magnetic fields �Hext=0 and 5 T� using Eq. �13� and
T1=270 and T2=383 K. The saturation value of the entropy
of Smag�8 J / �mol K� is almost consistent with the expected
one ��10.5 J / �mol K�� given by

Smag = R�NMn

N
ln�2SMn + 1� +

NNi

N
ln�2SNi + 1�� , �24�

here, N is the total number of Ni and Mn atoms, NMn and NNi
are the numbers of Mn and Ni atoms, respectively. As is
obvious from Fig. 14, the theoretical curve of the entropy for
Hext=0 T exhibits a break at T�340 K indicating the first-
order character of the coupled magnetostructural phase tran-
sition.

Figure 15 displays the resulting isothermal magnetic en-
tropy change �Smag in Ni2.18Mn0.82Ga as a function of tem-
perature for varying magnetic fields from 0 to 5 T showing
the importance of the magnetoelastic coupling term and
comparing the result to the experimental data. As before, we
assume that the structural contribution to the entropy does
not change when changing the magnetic field. The experi-
mental results for �Smag have been obtained from isothermal
magnetization measurements with the help of the Maxwell
relation.37 The discrepancy between the peak value of �Smag
obtained from Monte Carlo simulations and the peak value
determined from the isothermal magnetization curves with
the help of the Maxwell relation can be due to limited appli-
cability of the latter to materials undergoing first-order mag-
netic phase transitions.83 Nevertheless, the theoretical curve
of entropy change follows qualitatively the experimental data
although the absolute values cannot really be compared be-
cause we have integrated the specific-heat curves to obtain
the entropy, i.e., Eq. �13� and �17�, whereas the experimental
entropy change has been obtained from Eq. �19�.

Finally, the adiabatic temperature change is of interest
with respect to any device exploiting the MCE. Table V lists
�Smag, �Tmag, and �T for Ni2.18Mn0.82Ga and compares cor-
responding results obtained for model I and II. The tempera-
ture variation in theoretical and experimental adiabatic tem-
perature changes is displayed in Figs. 16�a�–16�c�. We notice
that the comparison between theory and experiment is fairly
well as long as �T is evaluated by using the full specific heat
in Eq. �18�.

V. DISCUSSION AND CONCLUSIONS

In this work, magnetostructural phase transitions and
magnetocaloric properties of Ni2+xMn1−xGa alloys have been
studied by means of first principles and classical Monte
Carlo simulations. First, the magnetic properties and mag-
netic energy scales have been determined by ab initio calcu-
lations of the magnetic exchange interaction parameters �Fig.
4�, which also allowed to calculate the Curie temperature
from first principles. Since the MCE of Ni-Mn-Ga alloys is
most effective in the compositions range around x=0.25
where Curie and martensitic transformation temperatures
merge together, we have included in the MC simulations,
beside the magnetic degrees of freedom, also the tetragonal
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distortions. The corresponding parameters in Eq. �11� in-
volved in the changes in the crystal structure have not been
determined by ab initio calculations but have been used as fit
parameters to guarantee that TC and Tm coincide in the cor-
responding compositional region centered at x=0.25.

Since the change in entropy in an external magnetic field
around the first-order magnetostructural phase transition,

�Smag�T ,Hext�, plays a key role characterizing the size of the
MCE, we have used instead of the simpler Heisenberg model
an extended version of the Potts model allowing to simulate
the magnetostructural phase transition and the temperature
dependence of specific heat and entropy in a more adequate
fashion. The entropy change has been obtained by integrat-
ing the specific-heat curves avoiding the use of the magnetic
Clausius-Clapeyron equation.

These investigations have been done for both kind of
models, the simple cubic lattice �model I� and the realistic
Heusler lattice �model II�. For both models, the calculated
MCE properties like the isothermal magnetic entropy change
as well as the adiabatic temperature change upon variation in
the magnetic field from 0 to 5 T, reproduce fairly well the
experimental trends. However, fine tuning of simulation re-
sults �using the correct Jij� is easier to achieve when using
the real crystal structure of the Heusler systems.

To be more precise, in the fitting procedure, we have re-
quired that in the compositional range 0.18�x�0.27 the
Curie temperature TC and the martensitic transition tempera-
ture Tm coincide, where TC and Tm can be identified with the
peak positions of the corresponding susceptibility curves.
This is achieved by fixing the parameters K, K1, and U. In
spite of this fitting, the model is a powerful tool allowing to
calculate rather accurately the maximum values of isother-
mal entropy and adiabatic temperature changes across the
magnetostructural transition. Accurately means here that the
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FIG. 13. �Color online� Monte Carlo results using model II for Ni2.18Mn0.82Ga: �a� the magnetic part of the specific heat, the lines with
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values of �Smag and �T agree well in size with the experi-
mental results. This agreement is greatly achieved by using
the values of ab initio magnetic exchange parameters in the
MC simulations �in an approximate way for the simple cubic
lattice model and correctly for the Heusler lattice model�.

Our investigations also show that the lattice contribution
does not play an important role regarding the size of the
isothermal entropy change, Eq. �17�, across the magneto-
structural transition as long as we may consider �D not to
depend too strongly on magnetization and the external mag-
netic field. At this point we cannot precise this further. Note
that experiments on another Heusler alloy, Ni-Mn-In, have

not shown an influence of the external magnetic field on the
phonon dispersion so far, however, there seems to be some
influence of the field on the elastic properties.84 A weak in-
fluence of �D with a correction term proportional to the
square of the saturation magnetization has been discussed for
ferromagnetic rare-earth metals.85 However, in the present
work, the lattice contribution to �S�T ,Hext� is neglected.

Our simulations allow to study how a change in the mag-
netic interactions with composition will influence the MCE.
The corresponding trend, when changing the composition,
shows that with increasing x in Ni2+xMn1−xGa, Tms increases
as well as the size of �Smag�T ,Hext�. Since this trend is also
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FIG. 15. �Color online� Monte Carlo results using model II
showing �a� the isothermal magnetic entropy change �Smag in
Ni2.18Mn0.82Ga upon variation in the magnetic field from 0 to 5 T in
comparison to the �b� the corresponding entropy change in the ab-
sence of magnetoelastic coupling �U=J=K=0� and �c� experimen-
tal result of �Smag in Ni2.18Mn0.82Ga upon variation in the magnetic
field from 0 to 5 T taken from Ref. 37.
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FIG. 16. �Color online� Monte Carlo results using model II for
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Eq. �18� in comparison with �c� the experimental result obtained
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accompanied with increasing antiferromagnetic tendencies,
we may tentatively conclude that any enhancement of anti-
ferromagnetic correlations due to atomic disorder or distor-
tion in the ferromagnetic Heusler alloys will also enhance the
MCE. Regarding this, Ni-Mn-Sb alloys may be good candi-
dates exhibiting better MCE, i.e., higher �T. However, this
prediction has to be taken with some care since any softening
of the magnetic subsystem by admixture of antiferromag-
netic correlations will also enhance the magnetic contribu-
tion to C�T ,Hext� in Eq. �18� so that the final effect on �T
may be rather complex.

Nevertheless, calculations based on the Hamiltonian in
Eq. �11� with ab initio input parameters may allow to predict
whether a given material will display the conventional, in-
verse or both MCE.86 The calculations can even predict the
size of the MCE. So far, experimental trends in some of the
systems listed in Table VI have been confirmed by our cal-
culations. Further studies including an investigation of alloy-
ing antiferromagnetically interacting species of atoms are
under way. In particular, there is one prerequisite for having
a large MCE: A large shift in temperature of the martensitic
transformation temperature either to larger or to lower tem-
peratures under the influence of an external magnetic field is
required. Table VI shows the change in Tm associated with
the conventional MCE and inverse MCE observed for the
Ni-Mn-�Ga, In, Sn, and Sb� alloys.

The magnetic field dependence of the martensitic trans-
formation temperature and kinetic arrest in Ni-Mn-based
Heusler alloys has been investigated in a series of papers. We
cite here only a few results: for Ni-Mn-Ga the rate of change
may be weak ��1–3 K /T� �Refs. 70, 87, and 88� or strong

��6 K /T�;89 for Ni-Mn-In it is large ��10–11 K /T�;90 for
Ni-Mn-Sn and Ni-Mn-Sb it is weak, ��1–3 K /T�.74,91 The
Ni-Mn-Ga alloys in Table VI exhibit only two phases, para-
magnetic austenite and ferromagnetic martensite, i.e., there is
no ferromagnetic austenite. The alloy with the strong rate of
change �6 K/T� investigated by Jeong et al.89 is
Ni2.14Mn0.78Ga1.08.

In experiment, the shift of Tm is determined with some
error because the jump of the magnetization at Tm may be
rather broad. But for all alloys, the adiabatic temperature
change around the first-order phase transformation clearly
allows to distinguish the conventional MCE �positive �T�
from the inverse MCE �negative �T�.

A particularly interesting effect is connected with addi-
tional alloying, not investigated in the present work, which
may change Tm drastically. For instance, the addition of Co
in Ni45Co5Mn36.7In13.3 has been found sufficient to suppress
Tm in a magnetic field of 8 T.92 Such alloying effects in order
to achieve a maximum shift of Tm in a magnetic field in order
to optimize the MCE, will be studied later. Substantial alloy-
ing effects have also been found when substituting small
amounts of Ga for In in Ni50Mn34In16 thereby shifting the
technically important properties close to room temperature.93

On the basis of calculations of ab initio magnetic ex-
change interaction parameters of Ni-Mn-Ga alloys, we can
make some tentative prediction for new magnetic Heusler
alloys, which may show better MCE effects. For example,
we expect from substituting Ni by a few percent by ferro-
magnetic elements such as Co �or appropriate rare earth el-

TABLE V. Comparison of calculated MCE data for the simple
cubic lattice �model I� and the Heusler lattice �model II� for the
alloy Ni2.18Mn0.82Ga.

�Smag

�J /mol K�
�Tmag

�K�
�T
�K�

Model I

�Hext=1.85 T −1.86 2.20 1.63

�Hext=5 T −3.33 3.93 2.93

Model II

�Hext=1.85 T −0.78 3.15 1.6

�Hext=5 T −1.8 7.37 3.7

TABLE VI. Positive or negative change in the martensitic trans-
formation temperature Tm under the action of an external magnetic
field for the Ni-Mn-�Ga, In, Sn, and Sb� alloys in K/T �see text for
references�.

Heusler alloy
Change in Tm

�K/T�

Ni-Mn-Ga +�1–6�
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Ni-Mn-Sn −�1–3�
Ni-Mn-Sb −�1–3�
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FIG. 17. �Color online� Qualitative sketch of the isothermal en-
tropy as a function of temperature around a first-order phase trans-
formation for zero and finite external magnetic field, showing the
adiabatic temperature changes associated with the conventional and
inverse magnetocaloric effect, respectively.
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ements� will increase the positive rate of change in Tm with
the external magnetic field. This may be related to the en-
hancement of the ferromagnetic nature of correlations in the
martensitic state. On the other hand, an increase in the in-
verse MCE may be achieved by, as the experiment in Ref. 92
suggests, adding Co and Mn to the Ni-Mn-�In. Sn, Sb� al-
loys, which will enhance the ferromagnetic correlations in
austenite and increase the antiferromagnetic correlations in
martensite.

In search for alloys with better MCE, it may be useful to
have a look at the qualitative change in the entropy over the
temperature range which includes the first-order martensitic
transformation. This is sketched in Figs. 17�a� and 17�b� for
the conventional and inverse MCE. The idea of substitutional
alloying is to enhance the ferromagnetic correlations in the
martensitic state and simultaneously weaken these correla-
tions in the austenitic state which will enhance the conven-
tional MCE. The reverse, enhancing the ferromagnetic cor-
relations in the austenitic state, will lead to an increase in the

inverse MCE. In this context, see also the discussion in two
recent review articles.32,94

In summary, the 3-5-state Potts used here to describe the
mutual influence of magnetic and martensitic transitions, al-
lows predictive statements regarding the search for magnetic
Heusler alloys exhibiting a larger MCE although this has to
be checked by calculations in each case. For this fine tuning
of theoretical modeling, the full Heusler lattice model is su-
perior to the simpler cubic lattice model.
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