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We investigate the equation of state and elastic properties of hcp iron at high pressures and high tempera-
tures using the first-principles linear-response linear-muffin-tin-orbital method in the generalized-gradient ap-
proximation. We calculate the Helmholtz free energy as a function of volume, temperature, and volume-
conserving strains, including the electronic excitation contributions from band structures and lattice vibrational
contributions from quasiharmonic lattice dynamics. We perform detailed investigations on the behavior of
elastic moduli and equation of state properties as functions of temperature and pressure, including the pressure-
volume equation of state, bulk modulus, the thermal-expansion coefficient, the Grüneisen ratio, and the shock
Hugoniot. Detailed comparison has been made with available experimental measurements and theoretical
predictions.
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I. INTRODUCTION

Iron is one of the most abundant elements in the Earth and
is fundamental to our world. The study of iron at high pres-
sures and high temperatures is of great geophysical interest
since both the Earth’s liquid outer core and solid inner core
are composed mostly of this element. Although the crystal
structure of iron at the extremely high-temperature �4000–
8000 K� and high-pressure �330–360 GPa� conditions found
in the inner core is still under intensive debate,1–10 the
hexagonal-close-packed phase ��-Fe� is commonly believed
to have a wide stability field extending from deep mantle to
core conditions, and serves as a starting point for understand-
ing the nature of the inner core.11 Significant experimental
and theoretical efforts have been recently devoted to investi-
gate various properties of hcp iron at high pressures and high
temperatures. New high-pressure diamond-anvil-cell tech-
niques have been developed or significantly improved, which
makes it possible to reach higher pressures and provide more
valuable information on material properties in these extreme
states. First-principles-based theoretical techniques have
been improved in reliability and accuracy and have been
widely used to predicate the high pressure-temperature be-
havior and provide fundamental understandings to the ex-
periment.

Despite intensive investigations, numerous fundamental
problems remain unresolved, and many of the current results
are mutually inconsistent.11 The melting line at very high
pressures has been one of the most difficult and controversial
problems.12–19 Other major problems include possible sub-
solidus phase transitions2,4,5,11,20 and the magnetic structure
of the dense hexagonal iron.21–23 First-principles calculations
predicted that hexagonal-close-packed iron has antiferromag-
netic ground state up to 50 GPa and becomes nonmagnetic
with further increase in pressure.24,25 Recent antiferromag-
netic calculations explained the anomalous splitting of the
Raman mode and the absence of hyperfine splitting in Möss-
bauer measurements in hcp iron.21

Knowledge about the elasticity of hcp iron and its pres-
sure and temperature dependences plays a crucial role in un-
derstanding the seismological observations of the inner core,

such as the low shear velocity and the elastic anisotropy.
Several sets of first-principles elastic moduli have been re-
ported for hcp Fe at high pressures,26–34 most of which are
zero-temperature calculations. Steinle-Neumann et al.28 ex-
amined the thermoelasticity at the inner core conditions us-
ing first-principles pseudopotential calculations and the
particle-in-cell �PIC� model but their calculations gave too
large c /a ratios at high temperatures. The elastic constants of
hcp Fe were computed at several selected temperatures and
atomic densities via ab initio molecular-dynamics simula-
tions and thermodynamic integration.34,35 Here we present
the calculated elasticity of nonmagnetic hcp Fe as a function
of pressure and temperature using first-principles linear-
response calculations.

Since we focus here on iron properties at high pressures
and high temperatures, we perform nonmagnetic computa-
tions. Although we provide results even at lower pressures
for sake of comparison with other studies, only our results
above 50 GPa, where iron is nonmagnetic according to all
analyses, should be considered comparable to experiments.

There have been many discussions regarding the c /a lat-
tice strains at high temperatures. Two earlier calculations
used the PIC model to obtain the lattice vibrational contribu-
tions and predicted a rapid increase in the c /a axial ratio to
above 1.7 at the core conditions.28,36 However, later theoret-
ical work by Alfè and coauthors using ab initio molecular-
dynamics simulations37–40 and experimental measurements
up to 2000 K �Ref. 12� both gave much smaller temperature
dependences of the c /a ratio. We found that the results from
the first-principles linear-response calculations and the PIC
model usually agree well except when the lattice approaches
instability, and both theoretical techniques predicted a slight
increase in the axial ratio with temperature, in contradiction
to the earlier PIC computations.41 Alfè et al. obtained an
anharmonic coefficient of �1�10−9 eV /K2 for hcp Fe
based on their ab initio molecular-dynamics method,37,38 and
our PIC model calculations gave a similar value.41 Thus the
anharmonic energy in hcp Fe is on the order of 0.01 eV or
less up to the melting temperature, a much smaller and neg-
ligible value compared to the electronic and lattice vibra-
tional contributions. Here we use first-principles linear-
response calculations based on the full-potential linear-
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muffin-tin-orbital �LMTO� method and quasiharmonic
approximation to examine the thermal equation of state
�EoS� of nonmagnetic hcp Fe.42

In Sec. II we detail the theoretical methods to perform the
first-principles calculations and to obtain the thermal proper-
ties and elastic moduli. We present the results and related
discussions about the thermal equation of state in Sec. III and
about the thermoelasticity in Sec. IV. We conclude with a
brief summary in Sec. V.

II. THEORETICAL METHODS

The Helmholtz free energy F for many metals has three
major contributions43

F�V,T,�� = Estatic�V,�� + Fel�V,T,�� + Fph�V,T,�� �1�

with V as the volume, T as the temperature, and � as
the strain. Estatic is the zero-temperature energy of a static
lattice, Fel is the thermal free energy arising from electronic
excitations, and Fph is the lattice vibrational energy contribu-
tion. We obtain both Estatic and Fel from first-principles cal-
culations directly, assuming that the eigenvalues for given
lattice and nuclear positions are temperature independent
and only the occupation numbers change with tempera-
ture through the Fermi-Dirac distribution.36,41,44 The validity
of the static eigenvalue approximations is well justified
by the fact that the calculated electronic entropies of non-
magnetic hcp Fe agree well with the values from the self-
consistent high-temperature linear-augmented-plane-wave
�LAPW� method36 over a wide temperature �6000–9000 K�
and volume �40–90 bohr3 /atom� range. The linear-response
method gives the phonon-dispersion spectrum and phonon
density of states �DOS�, which provide both a microscopic
basic for, and a means of calculating the thermodynamic and
elastic properties.11 We obtain the vibrational free energy
within the quasiharmonic approximation.

The computational approach is based on the density-
functional theory �DFT� and density-functional perturbation
theory using multi-� basis sets in the full-potential LMTO
method.45,46 The induced charge densities, the screened po-
tentials, and the envelope functions are represented by
spherical harmonics inside the nonoverlapping muffin-tin
spheres surrounding each atom and by plane waves in the
remaining interstitial region. We use the Perdew-Burke-
Ernzerhof �PBE� generalized-gradient approximation �GGA�
for the exchange and correlation functional.47 The k-space
integration is performed over a 12�12�12 grid using the
improved tetrahedron method.48 We use the perturbative ap-
proach to calculate the self-consistent change in the
potential,49,50 and determine the dynamical matrix for a set of
irreducible q points on a 6�6�6 reciprocal-lattice grid.
Careful convergence tests have been made against k and q
point grids and other parameters. We examine hcp Fe at vol-
umes from 40 to 80 bohr3 /atom and at c /a ratios from 1.5 to
1.7 in 0.05 interval. We determine the equilibrium thermal
properties by minimizing the Helmholtz free energies with
c /a ratio at a given temperature and volume.41

We obtain the elastic moduli as the second derivatives of
the Helmholtz free energies with respect to strain tensor by

applying volume-conserving strains and relaxing the
symmetry-allowed internal coordinates. For hexagonal crys-
tals, the bulk modulus K and modulus CS yield the combina-
tions of the elastic moduli

K = �C33�C11 + C12� − 2C13
2 �/CS, �2�

CS = C11 + C12 + 2C33 − 4C13. �3�

To make direct comparisons to the ultrasonic measure-
ments, we use the adiabatic bulk modulus KS,43

KS = �1 + ��T� � KT, �4�

where KT is the isothermal bulk modulus, � is the thermal
expansivity, and � is the Grüneisen parameter. We obtain the
equation of state parameters KT, �, and � as functions of
temperature and pressure from the first-principles linear-
response calculations.

We calculate CS by varying the c /a ratio at a given vol-
ume,

���� = �� 0 0

0 � 0

0 0 �1 + ��−2 − 1
� , �5�

where � is the strain magnitude. The Helmholtz free energy
F��� is related to � as,

F��� = F�0� + CSV�2 + O��3� , �6�

with F�0� as the free energy of the unstrained structure.
The volume dependences of the equilibrium c /a ratio are

related to the difference in the linear compressibility along
the a and c axes

−
d ln�c/a�

d ln V
= �C33 − C11 − C12 + C13�/CS. �7�

We apply a volume-conserving orthorhombic strain to cal-
culate the difference between C11 and C12, C11−C12=2C66,

���� = �� 0 0

0 − � 0

0 0 �2/�1 − �2�
� . �8�

The corresponding free energy change is,

F��� = F�0� + 2C66V�2 + O��4� . �9�

We use a monoclinic strain to determine C44,

���� = �0 0 �

0 �2/�1 − �2� 0

� 0 0
� , �10�

which leads to the energy change

F��� = F�0� + 2C44V�2 + O��4� . �11�

When evaluating C44 and C66, we relax the internal degree
of freedom by minimizing the total energy with respect to the
atomic positions in the two atom primitive unit cell.24,29

Since the leading error term is third order in � for CS and
fourth order for C44 and C66, we include both positive and
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negative strains to calculate CS. We choose 4–6 values for
each strain ranging from 0 to 0.03 and perform first-
principles linear-response calculations to obtain the band
structure and phonon density of states for all the strained
structures at each volume. We then calculate the Helmholtz
free energies at temperatures from 0 to 6000 K, and fit a
polynomial of the free energies to the strain magnitudes. The
quadratic coefficients of the polynomial fitting give the elas-
tic moduli that appear in the equations of motion and directly
give sound velocities.24,51,52

III. THERMAL EQUATION OF STATE

We present in Fig. 1 the calculated phonon DOS of hcp Fe
at the c /a ratio of 1.6 and volumes of 40, 60, and
70 bohr3 /atom. Nuclear resonant inelastic x-ray scattering
techniques have been used to measure the phonon DOS of
hcp Fe up to high pressures53–56 and our first-principles
linear-response results agree well with the experimental mea-
surements. The Raman-active E2g phonon correlates with the
zone-edge acoustic mode, the elastic modulus C44, and shear-
wave velocity, and their frequencies at high pressures have
been recently measured using Raman spectroscopy.57,58 Our
linear-response E2g frequencies show excellent agreements
with the first-principles frozen-phonon values at both ambi-
ent and high pressures,21,57 as shown in Fig. 2. Although
theory gives similar pressure dependences of the Raman fre-
quencies as experiment,57,58 all the theoretical calculations

overestimate the E2g frequencies by �15%. At low pres-
sures, the antiferromagnetic nature of the ground-state hcp
Fe leads to splitting of the Raman frequencies,21 and substan-
tial temperature and compositional dependence.58 All these
account for some of the discrepancies between theory and
experiment.

We fit the calculated Helmholtz free energies at each
given temperature to an EoS formulation to obtain the bulk
modulus and thermal pressures. Due to its versatility and
high accuracy, we choose the Vinet EoS form59–61

F�V,T� = F0�T� +
9K0�T�V0�T�

�2

��1 + ���1 − x� − 1�exp���1 − x��	 , �12�

where x= �V /V0�1/3, K0�T� is the bulk modulus, �= 3
2 �K0�−1�,

and K0�= � �K�T�
�P �0. The subscript 0 throughout represents

the standard state P=0 GPa. We list the calculated Vinet
EoS parameters at ambient condition in Table I. The current
LMTO results agree well with recent first-principles cal-
culations for nonmagnetic hcp Fe using the all-electron
LAPW method24 and the projector-augmented-wave �PAW�
method,62 both using the PBE GGA functional. The discrep-
ancy between the nonmagnetic calculations and diamond-
anvil-cell experiments63–65 is significantly larger for hcp
Fe than for typical transition metals. As shown in earlier
calculations, including the antiferromagnetic ground state
in the first-principles calculations helps to significantly im-
prove the agreements with experiment at low pressures
�P	50 GPa�.24 The temperature dependences of the Vinet
EoS parameters V0�T�, K0�T�, and K0��T� are plotted in Fig. 3,
which show typical features of transition metals: thermal ex-
pansion, and decrease of bulk modulus with increasing
temperature.44,66

We obtain the pressure analytically from the Vinet EoS
parameters,

FIG. 1. �Color online� The calculated phonon density of states
for nonmagnetic hcp Fe at c /a ratio of 1.6 and volumes of 40, 60,
and 70 bohr3 /atom, shown as the dotted, solid, and dashed lines,
respectively. The computed data at 60 bohr3 /atom agree with the
nuclear resonant inelastic x-ray scattering measurements at 50 GPa
�dots, Ref. 53�, where the sample has a similar density according to
the experimental pressure-volume equation of state.

FIG. 2. �Color online� The pressure dependence of the E2g pho-
non frequencies for hcp Fe. The linear-response data �solid line�
agree well with frozen-phonon calculations �dotted line, Ref. 57;
filled circles, Ref. 21�, both assuming nonmagnetic hcp phase. Re-
sults from antiferromagnetic theoretical calculations �filled tri-
angles, Ref. 21� and Raman measurements �open circles, Ref. 57;
cross, Ref. 58� are also shown.
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P�V,T� = 
3K0�T��1 − x�
x2 �exp���1 − x�	 . �13�

In Fig. 4 we show the calculated pressure-volume equation
of state for hcp Fe at temperatures between 0–3000 K in 500
K intervals. Compared to the ambient-temperature x-ray dif-
fraction measurements, our first-principles results agree well
with the experiments to 78 GPa with Ar and Ne pressure-
transmitting media67 and to 304 GPa without a medium.63

The discrepancies between the calculated and experimental
data are larger at low pressures �	50 GPa� mainly due to
the neglect of magnetism in the calculations, and spin-
polarized GGA calculations of an antiferromagnetic structure
agree better with the experiment.24

We obtain the thermal pressures as functions of volume
and temperature according to the pressure differences among
the EoS isotherms, as shown in Fig. 5. The thermal pressures
are small and essentially volume independent at low tem-
peratures but increase dramatically and show complex

volume dependence at high temperatures. At a given volume,
the thermal pressures increase linearly with temperature. All
these are similar to the behavior previously reported in bcc
Fe �Ref. 44� and Ta.68

In order to more accurately extract higher order deriva-
tives, we fit a Debye model with a Debye temperature

D�V ,T�, which is a function of volume and temperature.
Such a model for the free energy does not assume that the
phonon spectrum is Debye type, and has been successfully
used for many complex minerals.69–73 An accurate high-
temperature global equation of state can be formed from the
0 K Vinet isotherm plus a volume-dependent thermal free
energy Fth,43

TABLE I. The equation of state parameters for hcp Fe. All the
theoretical calculations are performed on nonmagnetic hcp Fe, ex-
cept for two antiferromagnetic configurations denoted as afmI and
afmII.

V0

�bohr3�
K0

�GPa� K0�

This study 68.1 296 4.4

Expt. �Ref. 63� 75.4 165 5.33

Expt. �Ref. 64� 75.6 156 5.81

Expt. �Ref. 65� 75.7 163.4 5.38

LAPW-GGA �Ref. 24� 69.0 292 4.4

PAW-GGA �Ref. 62� 69.2 293

LAPW-LDA �Ref. 24� 64.7 344 4.4

afmI, LAPW-GGA �Ref. 24� 70.5 210 5.5

afmII, LAPW-GGA �Ref. 24� 71.2 209 5.2

FIG. 3. The fitted Vinet equation of state parameters V0�T�,
K0�T�, and K0��T� as functions of temperature for nonmagnetic hcp
Fe.

FIG. 4. �Color online� The calculated pressure-volume equation
of state �lines� for hcp Fe at several selected temperatures. The
ambient-temperature results agree with the diamond-anvil-cell x-ray
diffraction measurements �filled circles, Ref. 67; open circles, Ref.
63; cross, Ref. 64�.

FIG. 5. �Color online� The calculated thermal pressures of hcp
Fe �a� as functions of volume at several selected temperatures and
�b� as functions of temperature at selected volumes.
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Fth = RT�9

8


D

T
� + 3 ln�1 − e−
D/T� − D

D

T
�� , �14�

where the Debye function D�
D /T� is defined as

D

D

T
� = 3
 T


D
�3�

0


D/T z3dz

ez − 1
. �15�

We find the Debye temperature function 
D�V ,T� at 0 K by
numerical integration of the low-frequency part of the pho-
non density of state, and solve Eq. �14� to obtain 
D�V ,T� at
other temperatures. The calculated and fitted thermal free
energies agree well at different temperatures and volumes
with an rms deviation of �0.4 m Ry.

We derive various thermal equation of state properties
analytically from the Helmholtz free energy.43 The thermal
expansion coefficient � is

� = −
1

V

 �2F

�T � V
�/
 �2F

�V2�
T

=
3R�D

KTV
�4D
 


T
� −

3�
/T�
e
/T − 1

� .

�16�

The calculated � increases linearly with temperature at both
ambient and high pressures �Fig. 6�. The calculations show
fair agreements with the shock wave74 and in situ x-ray64

measurements at high pressures and temperatures �P
�200 GPa, T�5200 K�. Isaak and Anderson75 estimated
the thermal expansivity of hcp Fe at high pressures and tem-
peratures based on thermodynamic analysis of compression
curves constructed from ultrasonic elasticity, static compres-
sion, and shock compression and temperature measurements.
Compared to their high-pressure and high-temperature data,
our first-principles calculations give better agreements with
the shock and in situ x-ray measured data.

The Anderson-Grüneisen parameter �T is used to charac-
terize the pressure dependence of the thermal expansion co-
efficient,

�T = 
 � ln �

� ln V
�

T

= −
1

�KT

 �KT

�T
�

P

. �17�

The calculated �T drops rapidly with increasing pressure at a
given temperature, and shows complex temperature depen-
dences, as shown in Fig. 7�a�. For many materials, the pa-
rameter �T has been parameterized as a function of volume,43

�T = �T�� = 1� � ��, �18�

where �=V /V0�T0�. The equation works well for transition
metals such as bcc Ta �Ref. 68� and metal oxides such as
MgO.76 As shown in Fig. 7�b�, although �T of hcp Fe shows
a strong decrease during compression, it does not drop as
rapidly as power order at high pressures, similar to what has
been observed in bcc Fe.44

The Grüneisen ratio � is an important parameter in under-
standing the relationship between the thermal and elastic
properties,

� = V
 �P

�U
�

V

=
�KTV

CV
= V

�2F

�V � T
/
 �U

�T
�

V

, �19�

where U is the internal energy. Many different techniques
have been used to determine the Grüneisen ratio of hcp Fe,
including nuclear resonant inelastic x-ray scattering,54

FIG. 6. �Color online� The calculated thermal-expansion coeffi-
cients of hcp Fe as functions of temperature at 0, 100, and 200 GPa,
shown as the solid, dashed, and dotted lines, in comparison to the
shock compression data at 202�3 GPa �open circle with error bar,
Ref. 74�, in situ x-ray measurement at 202 GPa �star, Ref. 64�, and
estimated values at 100 GPa �filled diamonds, Ref. 75� and 200 GPa
�filled circles, Ref. 75� based on thermodynamic analysis of com-
pression curves constructed from ultrasonic elasticity, static com-
pression, and shock compression and temperature measurements.

(b)

(a)

FIG. 7. �Color online� The Anderson-Grüneisen parameter �T as
a function of �a� temperature and �b� volume.
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Raman,57 x-ray diffraction,64,77 shock wave,78 and thermody-
namic analysis.79,80 At a given pressure, our calculated � first
increases with temperature, and then drops rapidly at high
temperatures �T
1500 K�, as shown in Fig. 8. The pressure
dependence of � is complex and strongly temperature depen-
dent. The calculated ratios at 500 K agree fairly with
ambient-temperature x-ray diffraction measurements. The
volume dependence of the Grüneisen ratio is defined by the
parameter q,

q =
� ln �

� ln V
. �20�

The parameter q is usually treated as a constant and its ex-
perimental value for hcp Fe varies from 0.6 to over 1.6 de-
pending on the pressure range and measuring methods.11 Our
calculations show that q strongly depends on both the tem-
perature and pressure, and even becomes negative at some
pressure and temperature regimes �Fig. 9�. Similar complex
behavior of parameter q was previously reported for bcc Ta
�Ref. 68� and bcc Fe.44

Shock compression data gives the high-pressure high-
temperature equation of state along the shock Hugoniot. We
calculate the relationship between the pressures PH and tem-
peratures TH along the Hugoniot according to the Rankine-
Hugoniot equation,43

1

2
PH�V0 − VH� = EH − E0, �21�

where EH and VH are the internal energy and volume along
the shock Hugoniot, and V0 and E0 are the equilibrium vol-
ume and the internal energy at the standard state. We obtain
PH and TH based on our thermal equation of state results by
varying the temperature at a given volume until the Rankine-
Hugoniot equation is satisfied. The calculated data agree well
with the experimental data for both the shock Hugoniot81 and
the temperatures along the Hugoniot,82 and also show good
agreements with earlier thermodynamic estimations using

plausible bounds for specific heat and experimental con-
straints for the Grüneisen parameter,83 as shown in Fig. 10.

IV. THERMOELASTICITY

Many different sets of experimental84–92 and
theoretical24,26,28–30,32,33,62,93–97 elastic moduli at ambient or
zero temperatures have been reported for �-Fe. We present
our calculated static moduli of nonmagnetic hcp Fe as func-
tions of atomic volume in Fig. 11, in comparison to several
available experimental and theoretical data sets. One of the
major reasons for the wide distribution of the experimental
data is because single-crystal samples are not available for
hcp Fe. The single-crystal elastic moduli extracted from ra-
dial x-ray diffraction data on polycrystalline samples under
nonhydrostatic compression contain large errors since the as-
sumption of a single uniform macroscopic stress applied to
all grains is violated due to plastic deformation.98,99 As
shown for hcp cobalt, the C11, C33, C12, and C13 obtained
from polycrystalline samples are 20% off with respect to
single-crystal measurements, and the discrepancies are up to
50% and 300% for C66 and C44.

98 Our calculated elastic
moduli show a strong increase with pressure and agree fairly
with experiment and previous theoretical calculations. The

FIG. 8. �Color online� The Grüneisen ratio � of hcp Fe as a
function of �a� temperature and �b� pressure. The ambient-
temperature x-ray diffraction data �filled circles, Refs. 64 and 77�
are also shown.

FIG. 9. �Color online� The �a� pressure and �b� temperature
dependences of the parameter q for hcp Fe.
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large discrepancies between theory and experiment at low
pressures are attributed to the antiferromagnetic ground state
of hcp Fe, which is predicted to vanish at pressures higher
than 50 GPa.21

Most of the experiments only measure the elastic moduli
at ambient temperature, and only until recently it has become
possible to examine the temperature effects on sound veloci-
ties using nuclear inelastic x-ray scattering in a laser-heated
diamond-anvil cell.88 In Fig. 12 we show our calculated elas-
tic moduli as a function of temperature at several different
volumes, in comparison to previous theoretical results ob-
tained using a plane-wave mixed basis method and PIC
model.28 At a given atomic volume, our calculated elastic
moduli show modest linear changes with the temperature.
Most of the moduli show different temperature dependences
than those obtained by Steinle-Neumann et al.,28 mainly due
to the large c /a ratios at high temperatures obtained in their
study. Vočadlo reported that the elastic moduli of Fe and iron
alloys do not show any significant variation with temperature
at a given atomic density,35 similar to what we observe for
hcp Fe here. At �300 GPa, Vočadlo et al. found that the
calculated C11 slightly decreases with temperature, C44, C66,

and C33 decrease with temperature, and C12 and C13 increase
with the increase in temperature.34 Thus their ab initio
molecular-dynamics simulations and our linear-response
lattice-dynamics calculations agree on the temperature de-
pendences of the elastic moduli. We interpolate our high-
pressure high-temperature moduli to obtain the elastic prop-
erties at two temperatures that they examined for �-Fe. C13

and C33 agree well in �5%, and C11 and C12 agree within
�10%. However, the differences between the predicted C66

and C44 are large, 15% and 35%, respectively. Our zero-
temperature shear moduli agree well with Vočadlo et al.’s
previous work30 so the differences come from the thermal
contributions. We use linear-response lattice-dynamics and
quasiharmonic approximations, and Vočadlo et al. used ab
initio molecular dynamics and thermodynamic integration to
obtain the thermal contributions. As shown in previous cal-
culations using both thermodynamic integration and the PIC
model,37,41 the on-site anharmonicity in �-Fe is small up to
the melting temperature. The discrepancies might also come
from the different setups in the first-principles calculations.
Vočadlo used a 64-atom supercell and four irreducible k
points in her ab initio molecular-dynamics simulations. We
carefully compare the calculated C44 values at different
k-point meshes up to 24�24�24 and q meshes up to 6
�6�6, and make sure our results are converged. Further
experimental information is needed to validate these first
principles data.

The calculated high-pressure high-temperature elastic
moduli of hcp Fe can be used to calculate the sound velocity
of the compressional and shear waves for hcp Fe at extreme
states, including under the Earth’s core conditions, which
could be directly compared with seismic wave measurements
and help to understand the origin of elastic anisotropy of the
Earth’s inner core. We show the temperature dependence of

(a)

(b)

FIG. 10. �Color online� �a� Shock Hugoniot and �b� the tempera-
tures along the Hugoniot for hcp Fe. First-principles calculated data
are denoted as lines, in comparison to the shock experimental data
�filled circles, Ref. 81; open triangles with error bars, Ref. 82� and
previous theoretical Hugoniot temperatures �filled diamonds, Ref.
83�.

FIG. 11. �Color online� Static elastic and bulk moduli of hcp Fe
�lines� as functions of atomic volume, in comparison to the
augmented-plane-wave plus local-orbital calculated results �open
circles, Ref. 24�, and ambient-temperature x-ray diffraction and ul-
trasonic experimental data �filled diamonds, Refs. 84 and 85; filled
circles with error bars, Ref. 86�.
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the calculated adiabatic bulk modulus and shear modulus at
the Earth’s inner core density in Fig. 13. At the given vol-
ume, bulk modulus increases with temperature while shear
modulus decreases. The moduli approach the values
determined from the radically averaged seismological
preliminary-reference Earth model100 at �6700 K. This
would be the estimated temperature for the Earth’s deep in-
ner core, assuming that it is all made of pure hcp iron. In
reality the Earth’s inner core contains a substantial fraction
of elements lighter than iron,101 so its temperature will prob-
ably be slightly lower.

V. CONCLUSIONS

In summary, we present the thermal equation of state
properties and thermoelasticity of nonmagnetic hcp Fe at

high pressures from first-principles linear-response cal-
culations. The calculated lattice dynamics at high pressures
agrees with nuclear resonant inelastic x-ray scattering
and Raman measurements. The calculated pressure-volume
equation of state, the thermal-expansion coefficient at high
pressures and temperatures, Grüneisen ratio, and shock
Hugoniot all show fair agreements with available experi-
mental data. Deviations from experiment are probably
due to errors in DFT, rather than our methodology, and show
the need for inclusion of magnetic fluctuations, such as
through dynamical mean-field theory.102,103 The variation in
the Gruneisen parameter with volume, given by the param-
eter q, which is usually considered as a constant, shows
strong temperature and pressure dependences in our calcula-
tions. The calculated static elastic and bulk moduli at ambi-
ent temperature are in fairly good agreements with measure-
ments and previous calculations. At a given atomic volume,
the elastic moduli show modest linear changes with tempera-
ture. This is the most comprehensive study of elasticity and
equation of state of high-pressure iron yet done, and should
provide constraints on anisotropy and thermal behavior of
iron under extreme conditions, such as in Earth’s core, and
provides constraints on understanding the seismology of the
Earth’s inner core.
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FIG. 13. �Color online� The adiabatic bulk modulus �KS� and
shear modulus ��� as a function of temperature �solid lines� at the
density of the Earth’s inner core. The dotted lines are the data de-
termined from the racially averaged seismological preliminary-
reference Earth model �Ref. 100�.

(b)(a) (c)(a) (b) (c)

FIG. 12. �Color online� The calculated temperature dependences of the elastic moduli for nonmagnetic hcp Fe at volumes from 40
�uppermost curve� to 70 bohr3 /atom �lowest curve� in 10 bohr3 /atom interval. Previous first-principles results using a plane-wave mixed
basis method and PIC model at 48 bohr3 /atom �filled circles, Ref. 28� are also shown.
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