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We describe the internal structure of acceptor-bound excitons in wurtzite semiconductors. Our approach
consists in first constructing, in the context of angular momentum algebra, the wave functions of the two-hole
system that fulfill Pauli’s exclusion’s principle. Second, we construct the acceptor-bound exciton states by
adding the electron states in a similar manner that two-hole states are constructed. We discuss the optical
selection rules for the acceptor-bound exciton recombination. Finally, we compare our theory with experimen-
tal data for CdS and GaN. In the specific case of CdS for which much experimental information is available,
we demonstrate that, compared with cubic semiconductors, the sign of the short-range hole-exchange interac-
tion is reversed and more than one order of magnitude larger. The whole set of data is interpreted in the context
of a large value of the short-range hole-exchange interaction �0=3.4�0.2 meV. This value dictates the
splitting between the ground-state line I1 and the other transitions. The values we find for the electron-hole
spin-exchange interaction and of the crystal-field splitting of the two-hole state are, respectively, −0.4�0.1 and
0.2�0.1 meV. In the case of GaN, the experimental data for the acceptor-bound excitons in the case of Mg
and Zn acceptors, show more than one bound-exciton line. We discuss a possible assignment of these states.
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I. INTRODUCTION

The radiative recombination of bulk semiconductors is, in
general, dominated by excitons localized to impurities, im-
purity complexes, or fluctuations of the crystal potential that
trap charge carriers, rather than by free-exciton
fluorescence.1 The free-exciton recombination, even in direct
band-gap semiconductors, has a “forbidden nature” in mo-
mentum space, related with the difficulty to fulfill wave-
vector momentum-conservation criteria: the large wave vec-
tor of the freely propagating exciton in the crystal has to be
transformed into a small photon wave vector propagating out
of the material. This process is not straightforward and may
be interpreted in terms of the complex interaction of the elec-
tromagnetic field with the crystal states via the exciton-
polariton picture. The weakness of the free-exciton fluores-
cence can then be interpreted in terms of radiative decay
times, exciton-photon scattering processes, and photon den-
sity of states.2 This momentum-conservation rule is relaxed
for localized excitons, as in the case of impurity-bound ex-
citons, when the exciton or carrier wave vectors are reduced
by localization. The value of the radiative decay time of the
bound exciton is decreased with respect to the value of the
“radiative decay time of the free exciton.” This leads to
stronger photoluminescence �PL� peaks than free-exciton
ones. The photoluminescence intensity of bound excitons is
also reinforced by thermalization effects; localization leads
to a quantum state of lower energy than the energy of the
free exciton and thus favors population of these low-energy
states at low temperatures. The near band-gap photolumines-

cence features of semiconductors therefore show a compli-
cated structure with, from high to low energies, the free ex-
citon, donor-bound exciton, acceptor-bound exciton, other
defect bound-exciton lines, excitons bound to pair defects, or
more complex clusters. Phonon-assisted recombination may
also occur, further complicating the picture. Localization of a
free exciton occurs via a long-range potential interaction
�this is typical of hydrogenic impurities� and/or via a
medium-range or short-range potential. Both contributions
are, in principle, a signature of the nature of the localizing
potential. Photoluminescence can be used to probe the dop-
ing of a semiconductor and eventually to discriminate local-
ization centers.1

The real situation with the electronic structure of bound
excitons in crystalline semiconductors is much more compli-
cated. Electrons and holes have their respective effective
masses related to the real band structure, and free excitons
can be viewed as analogs of positronium atoms rather than as
analogs of hydrogen atoms. This influences the fine-structure
splitting of exciton states. The situation is even more com-
plicated in semiconductors with the p-type symmetry of the
valence band. The hole has to be treated in the context of its
sixfold �including spin� symmetry. Therefore, bound-exciton
physics cannot be handled from a transfer of the physics of
small electron atoms.3 We have recently reviewed the phys-
ics of donor-bound excitons in cubic and wurtzite
semiconductors.4 We could, by using this model, properly
interpret the symmetry of two-electron transitions �related to
an Auger-type recombination process that promotes the re-
sidual electron into an excited state of the donor�.4,5
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This paper addresses the internal structure of acceptor-
bound excitons in wurtzite semiconductors. Careful exami-
nation of the literature has not revealed any full theoretical
treatment of this problem in semiconductors, including the
fundamental valence-band states and the spin-orbit split-off
ones. The case of cubic �zinc-blende� semiconductors previ-
ously addressed by many groups6 can be easily obtained in
the angular momentum treatment that follows by increasing
the symmetry of the problem. This may be realized via can-
cellation of the crystal-field splitting parameter and by giving
an identical value to two matrix elements of the spin-orbit
coupling in the valence band. Below, the electronic structure
of acceptor-bound excitons will be developed stepwise. First,
we describe the valence-band hole states, with relevance to
the single-particle effective-mass bound hole states in the
acceptor potential, derived from the valence-band top. The
next step is the addition of a second hole to the potential, i.e.,
a description of a bound two-hole state, where the hole-hole
exchange interaction is included. Finally, the outer electron is
added, completing the bound exciton, in the spirit of the
classical Thomas-Hopfield model.7 At this stage, the effects
of the electron-hole exchange interaction are introduced.

Our model is further applied to CdS where proper experi-
mental data exist in the literature.7,8 We demonstrate that the
previous interpretation of the data is inconsistent with the
predictions of group theory and with the valence-band struc-
ture of CdS. We propose a new one that is consistent with the
experimentally established symmetry of the acceptor-bound
exciton states. For GaN, the experimental data for the
acceptor-bound excitons in the case of Mg and Zn acceptors,
show splitting into more than one bound-exciton ground
state. We discuss a possible assignment of these states.

The paper is organized as follows. Section II is dedicated
to recall some basic elements of the valence-band physics of
wurtzite semiconductors. Then, in Sec. III, we construct the
wave functions of the two-hole system that fulfill Pauli’s
exclusion’s principle. In Sec. IV, we construct the acceptor-
bound exciton states and discuss the optical selection rules
for the acceptor-bound exciton recombination. Finally, we
compare our theory with experimental data for CdS and
GaN.

II. HOLE STATES (VALENCE-BAND STATES) IN
WURTZITE SEMICONDUCTORS

In this section, we recall some of the basic elements re-
quired to describe the physics of holes in wurtzite semicon-
ductors at the zone center, in the context of invariants theory.
We point out that a description of bound acceptor states and
acceptor-bound exciton states also involves consideration of
the acceptor potential localizing the carriers. As discussed
previously,1 an effective-masslike approach is sufficient to
describe the proper symmetry of shallow acceptor or bound-
exciton states, and the relevant fine-structure splitting. Any
attempt to calculate the binding energies of the particles nec-
essarily involves accounting for the detailed shape of the
localization potential, and is a very difficult problem for
bound excitons, as described in Ref. 1. In the treatment be-
low, we therefore do not expect to accurately represent the

absolute energies of the bound-exciton states but the symme-
try, fine-structure splitting, and classification of the bound
states are expected to be properly obtained, as discussed in
the original paper by Thomas and Hopfield.7

In a spinless description, the valence-band states are rep-
resented in the B0 basis in terms of the following spherical
harmonics:

�1� = �−
x + iy
�2

� ,

�0� = �z� ,

�1̄� = � x − iy
�2

� . �1�

These states are split by the wurtzite crystal field and the
spectral picture is obtained phenomenologically by applica-
tion of the following operator:9

H0 = �1Lz
2, �2�

where �1 is the crystal-field energy and Lz is the z compo-
nent of the angular momentum. The z direction is chosen to
be parallel to the c axis of the crystal. The spectral depen-
dence of the valence-band states, including spin is accounted
for by the following operator:10

H1 = �1Lz
2 + �2�Lx�x + Ly�y� + �3Lz�z, �3�

where �2 and �3 are spin-orbit energy parameters and �i are
components of the spin operators. The simplest form of this
Hamiltonian is written as follows:

H1 = Hone-hole

=

�1�↑ �1̄�↓ �1�↓ �0�↑ �1̄�↑ �0�↓
�1 + �2 0 0 0 0 0

0 �1 + �2 0 0 0 0

0 0 �1 − �2 �2�3 0 0

0 0 �2�3 0 0 0

0 0 0 0 �1 − �2 �2�3

0 0 0 0 �2�3 0

,

�4�

where ↑ and ↓ denote the two spin components of the holes.
The eigenvalues and their corresponding eigenvectors are
doubly degenerate and given by

E9 = �1 + �2 �5�
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with V9 eigenvectors being �1�↑ and �1̄�↓, that we write � �1�↑
�1̄�↓ �.

The two-row matrix representation is here introduced to give
the two eigenvectors using a compact notation, i.e., one row
for one eigenvector,

E7
1 =

�1 − �2

2
+���1 − �2

2
	2

+ 2�3
2 �6�

with V7
1 eigenvectors being

V7
1 = �1 − a2��1�↓

�1̄�↑
	 + a��0�↑

�0�↓	 , �7�

E7
2 =

�1 − �2

2
−���1 − �2

2
	2

+ 2�3
2 �8�

with V7
2 eigenvectors being

V7
2 = a��1�↓

�1̄�↑
	 − �1 − a2��0�↑

�0�↓	 . �9�

In Eqs. �7�–�9�, the parameter a is given by

a =

�2�3

�
�1 − �2

2
−���1 − �2

2
	2

− 2�3
2�2

+ 2�3
2

.

�10�

The evolution of a with ��1 /�2� in the particular case where
�2=�3 is plotted in Fig. 1. The eigenvalues E9 �respectively,
E7

i � are associated eigenvectors of the �9 �respectively, �7�
symmetry. In the symmetry-inappropriate context of a band
to band description of the optical transitions at the band-gap
energy of the wurtzite semiconductors �e.g., GaN�, they, re-
spectively, correspond to the commonly discussed A, B, and
C transitions.11,12 The two-component nature of the �7 wave
functions indicates that the band to band transitions are al-
lowed in both ��E�c� and ��E �c� polarizations with rela-
tive oscillator strength being proportional to the square of
their expansion components along �1�, �1̄�, and �0� spinless
valence-band states.13

Including the two components of the spin, the valence-
band states are sometimes expressed in the basis set of
spherical angular momenta. Often a 
J ,mJ� representation is
used, where J is the total angular momentum and mJ its z
projection,

�
� 3

2
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2
�

� 3
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,
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�
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2
,−

1

2
�
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2
,−

3

2
�


1
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1

2
	


1
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1

2
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�
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�
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�
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0 0
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�3
0 �2
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�3
0

���1�↑
�0�↑

�1̄�↑
�1�↓
�0�↓

�1̄�↓
� . �11�

Note the use of round bras for representing the spin-orbit split-off states. The one-hole Hamiltonian �Eq. �4�� now rewrites as

-20 -10 0 10 20
0.0

0.2

0.4

0.6

a

∆∆∆∆
1

( unit ∆∆∆∆
2

= ∆∆∆∆
3

)

FIG. 1. �Color online� Coupling parameter a for wave functions
of �7 valence-band states �distribution of the E7

1 valence-band states
in terms of �0�� as a function of the crystal-field splitting in units of
the spin-orbit interaction parameter.
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Hone-hole =

��
3

2
� ��

1

2
� 
�

1

2
	

�1 + �2 0 0

0
�1 − �2 + 4�3

3

�2��1 − �2 + �3�
3

0
�2��1 − �2 + �3�

3

2�1 − 2�2 − 4�3

3

.

�12�

III. TWO-HOLE STATES

For two Fermi particles having angular momentum J1 and
J2, the wave function of total angular momentum J in non-
equivalent orbits is14

�J,m� =
1
�2

��
C�J1J2J;�,m − ��

	� �J1,��1 �J1,��2

�J2,m − ��1 �J2,m − ��2 � , �13�

where C are the classical Clebsch-Gordon coefficients for
one particle,15

�J,m� = ��
C�J1J2J;m,m − ���J1,���J2,m − �� �14�

and m is the projection of the total angular momentum J; m,
integer, runs from −J to J.

The two-hole states can be built by coupling either two
J=3 /2 hole states, two J=1 /2 hole states, or a J=3 /2 hole
state with a J=1 /2 hole state. Coupling of two J=3 /2 hole
states is the model used for cubic zinc-blende semiconduc-
tors such as GaAs and InP.6 In GaAs and InP, this restriction
is possible in correlation with the huge value of the spin-
orbit interaction �SO=3�2=3�3, respectively, equal to 340
and 120 meV compared to the exciton binding energy EB
=4.3 and 5.2 meV, respectively.16 Then, the low-energy lev-
els are the only nonresonant ones and the strength of the
coupling of the fundamental acceptor states with the spin-
orbit split-off one is very weak. This is not the case in wurtz-
ite semiconductors �GaN, ZnO�, displaying simultaneously a
crystal-field-induced splitting of the fourfold J=3 /2 states
and a weak spin-orbit interaction.

A. Two-hole wave functions in the case
of coupling of two identical holes

According to the Pauli symmetry principle, the two-hole
states display antisymmetric behavior by particle exchange.
Following group-theory arguments, in terms of angular mo-
mentum algebra, the relevant states are �2,m2� and �0,0�
born from the coupling of two J=3 /2 holes, and �0,0� from
the coupling of two J=1 /2 holes. These eigenvectors are
expressed using Slater determinants where the two holes are
labeled using superscript numbers 1 and 2, and their wave
functions are referenced using triangular or round bras de-
pending on whether they originate from J=3 /2 state or from

J=1 /2 state �spin-orbit split-off state�. For the sake of com-
pleteness, we also give their symmetry in terms of the reduc-
ible representations �i of the C6v point group. Note the use of
superscript to label the irreducible representations when a
given symmetry appears several times,

��1
1� = �0,0� =

1
�2�
−

1

2
	1 
−

1

2
	2


1

2
	1 
1

2
	2 � , �15�

��1
2� = �0,0� =

1

2��−
1

2
�1 �−

1

2
�2

�1

2
�1 �1

2
�2 �

−
1

2��−
3

2
�1 �−

3

2
�2

�3

2
�1 �3

2
�2 � , �16�

��1
3� = �2,0� = −

1

2��−
1

2
�1 �−

1

2
�2

�1

2
�1 �1

2
�2 �

−
1

2��−
3

2
�1 �−

3

2
�2

�3

2
�1 �3

2
�2 � , �17�

��5
1�� = �2, � 1� = �

1
�2���

3

2
�1 ��

3

2
�2

�

1

2
�1 �


1

2
�2� , �18�

��6
1�� = �2, � 2� = �

1

�2���
3

2
�1 ��

3

2
�2

�

1

2
�1 ��

1

2
�2� . �19�

It is worthwhile noticing that, except for ��1
1�, the two-

hole states are built from both �9�� 3
2 � and �7�� 1

2 � holes.

B. Wave functions for the coupling of J=3 Õ2 hole
with J=1 Õ2 hole

When the angular momentum of the second particle �J2�
is a spin �or any half integer�, the total angular momentum
for the two-particle system is J1+1 /2 or J1−1 /2 and the
eigenvectors are given by
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�J1 +
1

2
,m� =�J1 + m + 1/2

2J1 + 1
�J1,m −

1

2
��1

2
,
1

2
� +�J1 − m + 1/2

2J1 + 1
�J1,m +

1

2
��1

2
,−

1

2
� , �20�

�J1 −
1

2
,m� = −�J1 − m + 1/2

2J1 + 1
�J1,m −

1

2
��1

2
,
1

2
� +�J1 + m + 1/2

2J1 + 1
�J1,m +

1

2
��1

2
,−

1

2
� . �21�

In our case, the first particle has an angular momentum J1=3 /2 with eigenstates �3 /2,m3/2�1 while the second particle has
an angular momentum J2=1 /2 with eigenstates �1 /2,m1/2�2. Therefore, the eigenvectors are

��6
2�� = �2, � 2�� = ��

3

2
�1
�

1

2
	2

, �22�

��5
2�� = �2, � 1�� =

1

2

�3��

1

2
�1
�

1

2
	2

+ ��
3

2
�1



1

2
	2� , �23�

��1
4� = �2,0�� =

1
�2

�−

1

2
�1
1

2
	2

+ �1

2
�1
−

1

2
	2� , �24�

��5
3�� = �1, � 1� = −

1

2

��

1

2
�1
�

1

2
	2

− �3��
3

2
�1



1

2
	2� , �25�

��1
5� = �1,0� = −

1
�2

�−

1

2
�1
1

2
	2

− �1

2
�1
−

1

2
	2� . �26�

Note that, for J=2, vectors are primed in order to avoid confusion with the preceding series.

C. Matrix representation of the two-hole Hamiltonian in the angular momentum representation

The matrix elements of the two-hole Hamiltonian are obtained as functions of the one-hole Hamiltonian �Eq. �12�� as
follows:

� � �x
1��y

2�Htwo-hole�u
1�v

2d3r1d3r2 = �yv� �x
1�H1�u

1d3r1 + �xu� �y
2�H2�v

2d3r2 �27�

or in Dirac notation

��x
1�y

2�Htwo-hole��u
1�v

2� = ��x
1�H1��u

1���y
2���v

2� + ��y
2�H2��v

2���x
1���u

1� = ��x�H��u��yv + ��y�H��v��xu. �28�

Here the Hi are the one-hole Hamiltonians, the �

�’s are the total wave functions �including spin� of the hole labeled in terms

of particle ��� and quantum numbers �
�, and the integration is done over the whole space �spin included� leading to �
synonyms for Kronecker coefficients. The values of integrals that contribute to Eq. �28� are given in Eq. �12�.

Let us now include the j-j interaction,

�J1 · J2 = �
J2 − J1

2 − J2
2

2
. �29�

We have to introduce three parameters to deal with antisymmetric coupling of two identical holes ��0 and �2� and coupling
of the J=3 /2 with the J=1 /2 hole ��1�. To take into account the crystal-field splitting �Jz

2, three parameters are also needed:
�0, �1, and �2. The first parameter, �0, is needed when we deal with states ��6

1��, ��5
1��, and ��1

3�, arising from two identical
holes J=3 /2 whereas coupling of the J=3 /2 with the J=1 /2 hole leads to either states ��5

3�� and ��1
5� with total spin equal to

1 ��1� or states ��6
2��, ��5

2��, and ��1
4� with total spin equal to 2 ��2�.

In the basis of irreducible representations, the two-hole Hamiltonian writes
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Htwo-hole��1� =

��1
1� ��1

2� ��1
3� ��1

4� ��1
5�

A11 −
3

4
�2 0 0 0 A15

0 A22 −
15

4
�0 A23 0 −

A15

�2

0 A23 A22 −
3

4
�0 0

A15

�2

0 0 0 A44 +
3

4
�1 0

A15 −
A15

�2

A15

�2
0 A44 −

9

4
�1

�30�

for the two-hole states of �1 symmetry,

Htwo-hole��5� =

��5
1�� ��5

2�� ��5
3��

A22 −
3�0

4
+ �0 


A15

2�2



�3A15

2�2



A15

2�2
B22 +

3�1

4
+ �2

�3A23

4



�3A15

2�2

�3A23

4
B33 −

5�1

4
+ �1

�31�

for the two-hole states of �5 symmetry, and

Htwo-hole��6� =

��6
1�� ��6

2��

A22 −
3

4
�0 + 4�0 −

A15

�2

−
A15

�2
C22 −

3

4
�1 + 4�2

�32�

for the two-hole states of �6 symmetry. In the equations
above

A11 = 4
�1 − �2 − 2�3

3
, �33�

A22 = 2
2�1 + �2 + 2�3

3
, �34�

A23 = 2
�1 + 2�2 − 2�3

3
, �35�

A44 = �1 − �2, �36�

A15 = −
�2��1 − �2 + �3�

3
, �37�

B22 =
7�1 − 4�2 − 2�3

6
, �38�

B33 =
3

2
�1 − �3, �39�

C22 =
5�1 + �2 − 4�3

3
. �40�

IV. ACCEPTOR-BOUND EXCITON STATES AND
SELECTION RULES FOR OPTICAL

TRANSITIONS IN WURTZITE
SEMICONDUCTORS

A. Selection rules as predicted by group theory

The symmetry of the electron state is �7. The coupling of
the electron state with the two-hole �1 states leads to �7
states while �7 � �5 and �7 � �6 dissociate into �7+�9 and
�8+�9, respectively.17 Then, acceptor-bound exciton eigen-
states have �7, �8, and �9 symmetries.

The eigenvalues of the 30-fold acceptor-bound exciton
problem �fortunately, the levels obey Kramers degeneracy,
which leads to 15 twofold levels� in wurtzite semiconductors

GIL et al. PHYSICAL REVIEW B 81, 085211 �2010�

085211-6



can be solved by diagonalization of a block-diagonal Hamil-
tonian with an 8	8 matrix for the eight twofold �7 acceptor-
bound exciton levels, a 5	5 matrix for the twofold �9
acceptor-bound exciton levels, and by analytical resolution
of a 2	2 Hamiltonian for the twofold �8 levels. In an an-
gular momentum representation, these states correspond to
eigenvalues of the projection of their angular momentum be-
ing �1 /2, �3 /2, and �5 /2, respectively. Recombination of
one hole with the electron in any of these 15 twofold states
of the acceptor-bound exciton complex leads to one of the
three neutral acceptor states as the final state. The final state
is either the �9 or one of the two �7 acceptor states.

Radiative recombination of the A0
x�8 neutral acceptor-

bound exciton in ��E�c� polarization occurs with annihila-
tion of the �7 hole such as that the final neutral acceptor state
is �9. Radiative recombination of the A0

x�9 neutral acceptor-
bound exciton states in ��E�c� polarization occurs with
annihilation of the �7 hole such as that the final neutral ac-
ceptor state has �7 symmetry. Finally, radiative recombina-
tion of A0

x�7 to any of the neutral acceptor states of �7 sym-
metry is also allowed in ��E�c� polarization via
recombination of the �9 hole. Group theory therefore pre-
dicts 36 transitions in � polarization.

In the context of ��E �c�, polarization radiative recombi-
nation occurs between acceptor-bound exciton and neutral
acceptor states having identical symmetry. This gives five
possibilities between initial and final states of �9 symmetry
and 16 possibilities between initial and final states of �7
symmetry. This is summarized in Fig. 2. Of course, the pos-
sibility to resolve so many spectral lines is tributary to ho-
mogeneous and inhomogeneous broadening, accidental de-
generacy, and thermalization effects if performing
photoluminescence experiments, exciton-phonon interac-
tions, and many other effects that distinguish solid-state
physics from atomic physics.

B. Acceptor-bound exciton eigenstates

Following Thomas and Hopfield’s proposal7 and in line
with the procedure previously used for cubic crystals,
acceptor-bound exciton states are described in terms of the
coupling of the angular momentum of the two holes with the
electron one. In the j-j coupling scheme, this is achieved by

coupling the angular momentum of the two-hole state with
the electron spin. The resulting states belong to the double
group. A complete description requires an introduction of
exchange-interaction term proportional to the scalar product
J ·�, where J is the two-hole state angular momentum and �
is the electron spin.

In terms of angular momentum algebra, we have the fol-
lowing states:

�A+1/2
mA+1/2 =�A − mA

2A + 1
�mA + 1;− 1/2�

+�A + mA + 1

2A + 1
�mA;1/2� , �41�

�A−1/2
mA+1/2 =�A + mA + 1

2A + 1
�mA + 1;− 1/2�

−�A − mA

2A + 1
�mA;1/2� . �42�

Using the language of angular momentum algebra, one
would say that the absolute value of the projection of the
angular momentum is a good quantum number.

1. Acceptor-bound excitons with �8 symmetry

The excitonic exchange interaction Hamiltonian writes

�5

2
, �

5

2
� �5

2
, �

5

2
��

�0 0

0 �1

, �43�

where �0 and �1 are the two parameters required to distin-
guish the different nature of two-hole states having similar
angular momentum value �J=2�. Using Eq. �43�, the global
Hamiltonian and basis of acceptor-bound excitons with �8
symmetry �A0

x�8� is expressed as

��6
1���↑↓ 	 ��6

2���↑↓ 	
A22 −

3

4
�0 + 4�0 + �0 −

A15

�2

−
A15

�2
C22 −

3

4
�1 + 4�2 + �1

�44�

with eigenvalues

σσσσ
Neutral

Acceptor

Bound

Exciton

2Γ2Γ2Γ2Γ
8

5Γ5Γ5Γ5Γ
9

8Γ8Γ8Γ8Γ
7

ΓΓΓΓ
7

ΓΓΓΓ
1111

7

ΓΓΓΓ
9

Neutral

Acceptor

ππππ

FIG. 2. �Color online� Summary of the optical transitions be-
tween neutral acceptor bound excitons and neutral acceptors in
wurtzite semiconductors for � polarization �E�c� and � polariza-
tion �E �c�. Ordering of levels is arbitrary.
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E8
x =

1

2

A22 + C22 −

3

4
��0 + �1� + 4��0 + �2� + �0 + �1�

�
1

2

��A22 − C22 −

3

4
��0 − �1� + 4��0 − �2� + �0 − �1�2

+ 2A15
2 � . �45�

Finally, introducing A22, A15, and C22 from Eqs. �34�, �37�, and �40�, we obtain

E8
x =

1

2

3�1 + �2 −

3

4
��0 + �1� + 4��0 + �2� + �0 + �1�

�
1

2

��− �1 + �2 + 8�3

3
−

3

4
��0 − �1� + 4��0 − �2� + �0 − �1�2

+
4��1 − �2 + �3�2

9
� . �46�

2. Acceptor-bound excitons with �9 symmetry

In this case, the excitonic exchange-interaction Hamiltonian writes

�5

2
, �

3

2
� �5

2
, �

3

2
�� �3

2
, �

3

2
�

�
�3

2
, �

3

2
�

�

� �3

2
, �

3

2
�




�0 0 0 0 0

0 �1 0 0 0

0 0 −
3�0

2
0 0

0 0 0 −
3�1

2
0

0 0 0 0
�2

2

�47�

with

�5

2
, �

3

2
� =

��6
1���↓↑ 	 + 2��5

1���↑↓ 	
�5

, �48�

�5

2
, �

3

2
��

=

��6
2���↓↑ 	 + 2��5

2���↑↓ 	
�5

, �49�

�3

2
, �

3

2
�

�

=

2��6
1���↓↑ 	 − ��5

1���↑↓ 	
�5

, �50�

�3

2
, �

3

2
�

�

�
=

2��6
2���↓↑ 	 − ��5

2���↑↓ 	
�5

, �51�

�3

2
, �

3

2
�




= ��5
3���↑↓ 	 . �52�

From now on, the indices � and 
 distinguish two-hole states based on the coupling of two identical holes, namely, with
J1=J2=3 /2 ��� from the two-hole states built from J1=3 /2 and J2=1 /2 holes �
�. A third exchange-interaction parameter �2
is also introduced.

The A0
x�9 states are solutions of the following Hamiltonian:
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��5
1���↑↓ 	 ��5

2���↑↓ 	 ��5
3���↑↓ 	 ��6

1���↑↓ 	 ��6
2���↑↓ 	

A22 −
3�0

4
+ �1 +

�0

2



A15

2�2



�3A15

2�2
�0 0



A15

2�2
B22 +

3�1

4
+ �2 +

�1

2

�3A23

4
0 �1



�3A15

2�2

�3A23

4
B33 −

5�1

4
+ �1 +

�2

2
0 0

�0 0 0 A22 −
3

4
�0 + 4�0 − �0 −

A15

�2

0 �1 0 −
A15

�2
C22 −

3

4
�1 + 4�2 − �1

. �53�

There are no real simplifications to split this �5	5� system.

3. Acceptor-bound excitons with �7 symmetry

The excitonic exchange-interaction Hamiltonian writes

�5

2
, �

1

2
� �5

2
, �

1

2
�� �3

2
, �

1

2
�

�
�3

2
, �

1

2
�

�

� �3

2
, �

1

2
�



�1

2
, �

1

2
�



�1

2
, �

1

2
�

�

1

2
, �

1

2
	

�0 0 0 0 0 0 0 0

0 �1 0 0 0 0 0 0

0 0 −
3�0

2
0 0 0 0 0

0 0 0 −
3�1

2
0 0 0 0

0 0 0 0
�2

2
0 0 0

0 0 0 0 0 − �2 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

�54�

with

�5

2
, �

1

2
� =

�2��5
1���↓↑ 	 � �3��1

3��↑↓ 	
�5

, �55�

�5

2
, �

1

2
��

=

�2��5
2���↓↑ 	 + �3��1

4��↑↓ 	
�5

, �56�

�3

2
, �

1

2
�

�

=

�3��5
1���↓↑ 	 
 �2��1

3��↑↓ 	
�5

, �57�

�3

2
, �

1

2
�

�

�
=

�3��5
2���↓↑ 	 
 �2��1

4��↑↓ 	
�5

, �58�

�3

2
, �

1

2
�




=

��5
3���↓↑ 	 � �2��1

5��↑↓ 	
�3

, �59�

�1

2
, �

1

2
�




=

�2��5
3���↓↑ 	 
 ��1

5��↑↓ 	
�3

, �60�
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�1

2
, �

1

2
�

�

= ��1
2��↑↓ 	 , �61�


1

2
, �

1

2
	 = ��1

1��↑↓ 	 . �62�

The A0
x�7 states are solutions of an 8	8 Hamiltonian

��1
1��↑↓ 	 ��1

2��↑↓ 	 ��1
3��↑↓ 	 ��1

4��↑↓ 	 ��1
5��↑↓ 	 ��5

1���↓↑ 	 ��5
2���↓↑ 	 ��5

3���↓↑ 	
A11 −

3

4
�2 0 0 0 A15 0 0 0

0 A22 −
15

4
�0 A23 0 −

A15

�2
0 0 0

0 A23 A22 −
3

4
�0 0

A15

�2
�3

2
�0 0 0

0 0 0 A44 +
3

4
�1 0 0 �3

2
�1 0

A15 −
A15

�2

A15

�2
0 A44 −

9

4
�1 0 0 �3

2
�2

0 0 �3

2
�0 0 0 A22 −

3�0

4
+ �1 −

�0

2



A15

2�2



�3A15

2�2

0 0 0 �3

2
�1 0 


A15

2�2
B22 +

3�1

4
+ �2 −

�1

2

�3A23

4

0 0 0 0 �3

2
�2 


�3A15

2�2

�3A23

4
B33 −

5�1

4
+ �1 −

�2

2

.

�63�

V. COMPARISON WITH EXPERIMENTAL DATA

A. Approximations

Determination of the identity of the recombination pro-
cess illustrated by one or another photoluminescence feature
is really an issue, which requires identification of the nature
of both the initial and final states that may produce a given
photon. Therefore, symmetry-breaking perturbations such as
external uniaxial stresses or magnetic fields, which have
been extensively used for acceptor-bound exciton studies in
zinc-blende semiconductors may be of great help to solve
this problem.6 The complex theory built above can fortu-
nately be simplified in the case of unstrained GaN, CdS, and
ZnO. As we shall see later, the present model contradicts
several earlier predictions in the literature. We take the GaN
case to validate the simplification of the complex theory de-
tailed in Secs. III and IV. This can be transferred to either
CdS or ZnO, mutatis mutandis. The valence-band parameters
of GaN have been taken as follows: �1=10.2 meV and �2
=�3=6 meV �Table I�. This gives hole energies of
16.2 meV�E9�, 10.84 meV �E7

1�, and −6.64 meV �E7
2�. The

valence-band parameters are also impacting the splitting of

acceptor-bound exciton states through the coupling terms Aij,
Bij, and Cij. The difference in energy between acceptor-
bound excitons and donor-bound excitons is typically about
5 meV in GaN.19 In addition, the donor-bound exciton ex-
hibits a series of narrow high-energy features corresponding
to excited rotational states of the hole and to hydrogenic

TABLE I. Valence-band parameters ��i� and corresponding
valence-band energies �Ei� for CdS, GaN, and ZnO.

CdSa GaNb ZnOc

�1 �meV� 28 10.2 27.4

�2 �meV� 21 6 4.2

�3 �meV� 21 6 11.5

E9 �meV� 49 16.2 31.6

E1
7 �meV� 33.4 10.84 31.6

E7
2 �meV� −26.4 −6.64 −8.4

aReference 16.
bReference 12.
cReference 18.
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excited states of electron. The valence-band structure calcu-
lation indicates that acceptor-bound exciton lines corre-
sponding to excited states will be degenerate with the donor-
bound exciton, free exciton, and the continuum. This
statement also holds for CdS or ZnO. Thus, the sophisticated
theory described in the preceding section can be restricted to
states built from the coupling of two identical J=3 /2 holes.

In the context of this approximation, the energy of the
A0

X��8� state of interest for us, namely, ��6
��� ↑

↓ � is

A0
X��8� = A22 −

3

4
�0 + 4�0 + �0. �64�

Introducing

E = A22 −
3

4
�0 + �0, �65�

we re-write Eq. �64� as

A0
X��8� = E + 4�0. �66�

The energies of the �9 acceptor-bound excitons are obtained
by resolution of the following 2	2 Hamiltonian:

��6
���↓↑ 	 + 2��5

���↑↓ 	
�5

2��6
���↓↑ 	 − ��5

���↑↓ 	
�5

A22 −
3

4
�0 +

8

5
�0 + �0 −

6

5
�0

−
6

5
�0 A22 −

3

4
�0 +

17

5
�0 −

3

2
�0

�67�

whose solutions are analytical and given by

A0
X��9�1,2 = A22 −

3�0

4
+

5�0

2

−
�0

4
�

1

4
�36�0

2 − 36�0�0 + 25�0
2, �68�

or

A0
X��9�1,2 = E +

5

2
�0 −

5�0

4
�

1

4
�36�0

2 − 36�0�0 + 25�0
2.

�69�

Concerning the four �7 states, the corresponding 4	4
Hamiltonian is

��1
1��↑↓ 	 ��1

2��↑↓ 	 ��1
3��↑↓ 	 ��5

���↑↓ 	
A11 −

3

4
�2 0 0 0

0 A22 −
15

4
�0 A23 0

0 A23 A22 −
3

4
�0 �3

2
�0

0 0 �3

2
�0 A22 −

3

4
�0 + �1 −

�0

2

�70�

which gives a trivial eigenvalue A11− 3
4�2 �it corresponds to

spin-orbit split hole states� and the eigenvalues of the 3	3
matrix below

�
E − 3�0 − �0 A23 0

A23 E − �0 �3

2
�0

0 �3

2
�0 E + �1 −

3

2
�0
� . �71�

B. CdS

This is the most documented situation in terms of fine
structure of the acceptor-bound exciton state in wurtzite
semiconductors. The main acceptor-bound exciton emission
line I1 in CdS occurs at 2.5356 eV.8 In earlier absorption
measurements, a high-energy replica of the I1 line is obtained
�2.53595 eV�.7 In both cases, the line is strongly E�c po-
larized and is attributed to a transition from the acceptor-
bound exciton �A0

X� ground state to the �9 state of the neutral
acceptor. At this stage, our theory indicates that the A0

X

ground state has either �8 or �7 symmetry.
In addition to the I1 line, a number of high-energy peaks

related to the A0
X have been observed in absorption7 and pho-

toluminescence excitation spectra.8 The E �c polarized exci-
tation spectrum of I1 revealed four resonances at 2.5479 eV
�I1B

1 �, 2.5485 eV �I1B
2 �, 2.5494 eV �I1B�

1 �, and 2.5500 eV
�I1B�

2 �.8 The two strongest resonances I1B
1 and I1B�

2 �presum-
ably E �c polarized� were interpreted as A0

X��9�→�9 transi-
tions. The other two weaker resonances I1B

2 and I1B�
1 are at-

tributed to transitions involving A0
X��8� and A0

X��7� states,
respectively. These transitions are in first order allowed only
for E�c polarization but also observed in E �c polarized
spectra due to the high excitation used.8 In the E�c polar-
ized excitation spectra, up to 12 lines are resolved within the
energy region located 6–7 meV above of the I1 line. These
lines �except for the two closest to I1 lines: I1

1 at 2.5381 eV
and I1

2 at 2.5393 eV� were identified as excited electronic and
vibronic states of the acceptor-bound exciton. The I1

1 and I1
2

lines were interpreted as �9→A0
X��8� transitions where the

A0
X��8� state involves two identical J=3 /2 holes with paral-

lel spins.8 However, such a state is Pauli forbidden and the
above interpretation is questionable.
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Thomas and Hopfield7 reported two high-energy absorp-
tion lines of A0

X, labeled I1B and I1B�. The I1B� line at 2.5504
eV seen only for E �c polarization corresponds to the I1B�

2

line in Ref. 8 �both are separated by 14.4 meV from the I1
line�. The I1B line appeared at 2.54887 eV for E �c polariza-
tion and at 2.54914 eV for E�c polarization. It seems that
the two I1B components corresponds to the I1B

1 and I1B
2 lines

reported by Baumert et al.8 but the splitting between them as
well as their separation from the I1 line are different in the
two papers. �We should note that the data of Thomas and
Hopfield7 are not cited correctly in Table II in Ref. 8�. An-
other discrepancy concerns the E�c polarized I1B�

1 line8

which in Ref. 7 is labeled I3 and interpreted as due to ionized
donor-bound exciton based on the observed splitting pattern
in magnetic field.

We note that slight strain effects correlated with the way
samples are mounted on the sample holder may impact the
transitions energies, eventually break the crystal point sym-
metry and lead to impure selection rules. These discrepancies
among experimental papers are really acceptable.

Thanks to the theory developed above, we are able to
more properly describe the experimental data for the A0

X

absorption/recombination and to make a quantitative analysis
of the expected splitting energies. Considering only the
lowest-energy levels of the A0

X �formed by two J=3 /2 holes�,
six optical transitions �all doubly degenerate� to the �9 ac-
ceptor state are possible: four for E�c polarization and two
for E �c polarization.

In our interpretation, the ground state of the A0
X �involved

in I1 absorption/recombination line� has �7 symmetry. The
two E �c polarized lines observed at 12.9 meV �Ref. 7� �12.3
meV �Ref. 8�� and 14.4 meV above the I1 line correspond to
the two A0

X��9�→�9 transitions. According to Eq. �69�, the
energy splitting � between the two lines is given by

� =
1

2
�36�0

2 − 36�0�0 + 25�0
2. �72�

This equation gives an elliptic relation between �0 and �0,

�2�0 − �0�2

�2�

3
	2 +

�0
2

��

2
	2 = 1. �73�

In CdS, the experimentally determined splitting �
=1.5 meV. Inserting the experimental value into Eq. �73�,
one gets

�0 =
�0

2
���1

2
	2

− �2

3
�0	2

. �74�

The physical solutions for Eq. �74� dictate the following in-
equality to be fulfilled ��0�� 3

4 meV, further leading to ��0�
�

5
8 meV. It is worthwhile noticing that both values of �0

and �0 are on the order of 1 meV, at most. Therefore, the
splitting between line I1 and the other transitions is ruled by
the value of �0. The experimental splitting I1− �A0

x��9�� be-
tween the center of gravity �A0

x��9�� of lines associated to
A0

X��9�→�9 recombination and I1 is 13.6 meV. This leads us
to write

I1 − �A0
x��9�� = 3�0 −

A23
2

3�0
−

�0

4
= 13.6 meV. �75�

A simple calculation with A23=19 meV leads to the follow-
ing estimate: �0�4.0 meV.

We have then performed the final fitting of the value �0
using matrix diagonalization rather than perturbation theory
since A23=19 meV is not so small a matrix element, com-
pared to diagonal terms.

An additional indicator for choosing the set of parameters
that fit the data is the experimental report of two transitions
optically active in � polarization at energies intermediate
between the recombination energies of the two A0

X��9� exci-
tons. Selection rules do not help us in establishing the sym-
metry of these acceptor-bound excitons; they are �7 or �8
irreducible representations of C6v.

The fit to the data is shown in Fig. 3 where are plotted the
energy difference between the ground-state PL energy and
the high-energy lines. The whole set of data interprets in the
context of a large value of the short-range hole-exchange
interaction �0�3.4 meV. The physical values of the
electron-hole spin-exchange interaction, a negative quantity,
is in the −0.4�0.1 meV range and the crystal-field splitting
of the two-hole state is about 0.2�0.1 meV. This leads to
�0�3.4�0.2 meV. The sequence of levels for the six first
levels, in terms of increasing recombination energy, is either
A0

X��7�, A0
X��9�, A0

X��7�, A0
X��8�, A0

X��9�, A0
X��7� or A0

X��7�,
A0

X��9�, A0
X��8�, A0

X��7�, A0
X��9�, A0

X��7�, depending on the
value of �0. It is worthwhile noticing that the crystal-field
splitting parameter is obtained according to the solution hav-
ing sign plus in Eq. �75�. Using sign minus leads to solutions
with similar values of �0 but with their signs changed. We
believe the positive value not to be of physical meaning. In
Fig. 4 are plotted the values of �0 versus the whole set of �0s
allowed by Eq. �75�. Solutions compatible with the experi-
ment correspond to the left-hand bottom part of the closed
curve which is indicated by the bended arrow.

A plot of the evolution of A0
X��8� energy levels versus �0

leads to an elliptic graph, which is not a surprise, in relation

-0.6 -0.4 -0.2 0.0
12.5

13.0

13.5

14.0

14.5

15.0

15.5

A
x

0
Γ

1

9

A
x

0
Γ

7

A
x

0
Γ

8

E
n

e
rg

y
s
h

if
t

fr
o

m
g

ro
u

n
d

s
ta

te
(m

e
V

)

γγγγ
0

(meV)

CdS

A
x

0
Γ

1

9

FIG. 3. �Color online� Plot of the transition energies relative to
the ground-state photoluminescence lines in CdS for different val-
ues of the short-range electron-hole exchange interaction.
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with Eqs. �66� and �75�. A quarter of this curve is plotted in
Fig. 3. A similar behavior is also observed for level A0

X��7
2�.

The ordering of A0
X��8� and A0

X��7
2� versus �0 is symmetric

with respect to the long axis of the ellipsoids that represent
evolution of A0

X��8� and A0
X��7

2� levels.
It is worthwhile noticing that the symmetry of the

acceptor-bound exciton associated with I1 recombination line
is written � 1

2 , �
1
2 � in terms of total angular momentum rep-

resentation. This situation is opposite to the one encountered
for acceptor-bound excitons in cubic crystals where the level
ordering is � 5

2 , �
m5/2

2 �, � 3
2 , �

m3/2

2 �, � 1
2 , �

1
2 � in terms of recom-

bination energies. The value of �0 we report here reverses
the symmetry of the acceptor-bound excitons compared with
cubic semiconductors. This difference is, we believe in es-
sence, correlated with band-structure effects typical of wurtz-
itic semiconductors on the one hand, and on the other hand
correlated with the valence-band dispersion which is flatter,
giving higher hole masses and smaller acceptor Bohr radii in
wide-band-gap semiconductors and leading to high values of
the hole-hole exchange interaction. The electron-hole spin-
exchange interaction is about −0.4�0.1 meV, a value com-
parable to the short-range exchange interaction for free
excitons.16 Calculating it would be a very difficult issue but
we are able to compare the relative values of �0 and �0 in
the context of the effective-mass argument. For holes having
large effective masses, the direct Coulomb repulsion between
two holes is stronger than the direct Coulomb attraction be-
tween the electron and the two holes, thanks to the light
value of the electron mass compared with the hole one. This
argument also holds for the exchange parts of the Coulomb
interactions.

In zinc-blende semiconductors, InP and GaAs, the hole
mass is also heavier than the electron one but the differences
are not so drastic. Both the hole-hole and electron-hole ex-
change interactions equal typically 0.2 meV for acceptor-
bound exciton,6 giving at the end, a less clear picture and no
resolution of the fine-structure splitting of � 5

2 , �
m5/2

2 � and
� 3
2 , �

m3/2

2 � acceptor states.

C. GaN

In the case of GaN, existence of two kinds of acceptors
was predicted.20,21 One kind is the general �effective mass�

acceptor such as C substitutes N and other kind includes Mg,
Zn, and Cd which properties slightly deviate from those ex-
pected by the effective-mass theory. In wurtzite GaN, two
acceptors have been studied in low-temperature PL with suf-
ficient spectral resolution to allow a discussion of the split-
ting of A0

X states. The shallowest A0
X state has a PL line at

about 3.466 eV in unstrained GaN.22 Its origin is an Mg-
related acceptor,23 stable in n-GaN and having interesting
properties in p-GaN �instability and metastability19�. The ac-
ceptor ground state appears to be approximately effective-
masslike, with a strong anisotropy of the bound hole g
tensor.19,24 In material of sufficiently low doping, a second
emission line of the A0

X, 0.8 meV lower in energy is also
resolved. The doublet structure was tentatively interpreted as
due to the internal coupling in the A0

X complex.22 In contrast,
from their magneto-PL studies, Stepniȩwski et al.25 sug-
gested that the two components of the A0

X emission do not
arise from the splitting of the initial state but from the neutral
acceptor ground state instead. Such a conclusion comes from
the analysis of the Zeeman splitting patterns at different
angles between magnetic field orientation and the crystal c
axis. However, in order to obtain a satisfactory fit of the data
within quasicubic model, the authors assumed a spin-orbit
interaction �so=3�2�=3�3� for the hole bound to acceptor of
1.3 meV as compared to �so=18 meV for the free hole. In
fact, a decrease in the spin-orbit interaction for effective-
mass acceptor in GaN by a factor up to about 0.67 has been
predicted by the theory.26 The huge reduction as suggested in
Ref. 25 seems to be unlikely, however. Moreover, even in the
case of very small splitting between the two acceptor states,
the transition from the A0

X ground state to the �7 acceptor
state should occur at a higher energy than that to the �9
acceptor state, which contradicts with the above interpreta-
tion. Then, we are bound to believe that the two PL lines of
the Mg-related A0

X correspond to a splitting of the initial
state, i.e., of the A0

X itself.
The other case where resolved PL lines for the A0

X state
have been reported is the Zn acceptor in GaN. Zn introduces
a deep acceptor in GaN, with a binding energy about 0.34
eV.27 The g tensor for the bound hole in the acceptor ground
state is quite isotropic, as expected for a deep acceptor
state.28 This acceptor has an A0

X PL spectrum consisting of
three resolved lines at 3.4542, 3.4546, and 3.4556 eV in
strain-free GaN crystals at 2 K.27 Variable temperature mea-
surements showed an increased intensity of the high-energy
lines relative to that of the 3.4542 eV line with increasing
temperature, implying a splitting in the A0

X complex.29 No
magneto-PL data have been presented for the Zn acceptor
case, to our knowledge.

Due to the limited experimental data available, the analy-
sis of the fine structure of A0

X state in GaN is quite difficult.
Since the PL measurements discussed above were performed
with detection along the c axis, we can assume that all A0

X

recombination lines correspond to transitions with a pre-
dominant � polarization. As in the case of CdS, the ground-
state acceptor exciton is believed to have �7 symmetry and
the strongest PL lines �3.466 and 3.4542 eV for Mg- and
Zn-related complexes, respectively� are interpreted as
A0

X��7
1�→�9 transitions. Then, the two higher-energy lines

for Zn-related A0
X should correspond to A0

X��8�→�9 and
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FIG. 4. �Color online� Plotted values of �0 versus the whole set
of �0’s allowed by Eq.�75�. Solutions compatible with the experi-
ment correspond to the left-hand bottom part of the close curve
which is indicated by the bended arrow.
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A0
X��7�→�9 transitions. The ordering of A0

X��8� and A0
X��7�

is not clear a priori.
In the case of Mg-related A0

X, the low-energy PL line is
difficult to explain if the transition is still toward �9 acceptor
states, some of �8 and �7

3 states should be below the �7
1. We

can speculate that this is A0
X��9�1→�7 transition �only one

possible for � polarization�. In such a case, we get A0
X��9�1

−A0
X��7�1 splitting of 6.16 meV for the nonperturbed sepa-

ration between the �9 and �7 acceptor states �i.e., without
reduction in the spin-orbit interaction�.

This is the current experimental situation for the physical
structure of acceptor-bound excitons in GaN.

VI. CONCLUSIONS

We have described the internal structure of acceptor-
bound excitons in wurtzite semiconductors, using angular
momentum algebra in the context of invariants’ theory. Our
approach consisted in first constructing the wave functions of
the two-hole system which fulfill Pauli’s exclusion’s prin-
ciple. Then, we constructed the acceptor-bound exciton states
by adding the electron states in a similar manner as the two-
hole states were constructed. We discussed the optical selec-
tion rules for the acceptor-bound exciton recombination. We

compared our theory with experimental data for CdS and
GaN.

In the specific case of CdS, for which much experimental
information is available we demonstrated that the sign of the
short-range hole-exchange interaction is reversed compared
with cubic semiconductors. We have shown that the arith-
metic value of this exchange interaction is more than one
order of magnitude larger than that in zinc-blende semicon-
ductors. The whole set of data interprets in the context of a
large value of the short-range hole-exchange interaction �0
=3.4�0.2 meV. This value dictates the splitting between
the ground-state line I1 and the other transitions. Values we
find of the electron-hole spin-exchange interaction and of the
crystal-field splitting of the two-hole state are �0=
−0.4�0.1 meV and �0=0.2�0.1 meV, respectively. The
sequence of levels is in terms of increasing recombination
energy: A0

X��7�, A0
X��9�, A0

X��7�, A0
X��8�, A0

X��9�, and
A0

X��7�.
In case of GaN, the experimental data for the acceptor-

bound excitons in the case of Mg and Zn acceptors, show
splitting into more than one bound-exciton ground state. We
discussed a possible assignment of these states but could not
fit the three parameters of our model due to observation of
three lines �two splittings� only.
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