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Scattering theory is employed to derive a Landauer-type formula for the spin and the charge currents,
through a finite region where spin-orbit interactions are effective. It is shown that the transmission matrix
yields the spatial direction and the magnitude of the spin polarization. This formula is used to study the
currents through a tubular two-dimensional electron gas. In this cylindrical geometry, which may be realized in
experiment, the transverse conduction channels are not mixed (provided that the spin-orbit coupling is uni-
form). It is then found that for modest boundary scattering, each step in the quantized conductance is split into
two, and the new steps have a nonzero spin conductance with the spin polarization perpendicular to the

direction of the current.
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I. INTRODUCTION

The conductance of a confined system connected to elec-
tronic reservoirs (held at slightly different chemical poten-
tials) can be expressed by its scattering properties, notably
the transmission, leading to the celebrated Landauer
formula.'> When the motion of the electrons is ballistic and
the transmission is perfect, the two-terminal conductance is
given by

2¢?

g= 71\’ 1s (1)
where N is the number of conducting channels not includ-
ing spin. As a function of the energy of the injected elec-
trons, additional channels open successively and the conduc-
tance follows a staircase structure, as was indeed observed in
experiment.* When the motion is not ballistic, Eq. (1) is
modified, with the number of channels being replaced by the
sum over the transmissions among channels.?

Here we extend this picture to include spin-orbit interac-
tions and derive both charge and spin conductances in terms
of the scattering matrix of the mesoscopic system. Our ap-
proach is based on scattering theory in which the entire sys-
tem is represented by its scattering matrix.>® We avoid the
ambiguities associated with the definition of spin currents in
systems with spin-orbit interactions’ by considering scatter-
ing through a finite region where these interactions are effec-
tive, and computing the currents far away from that region,
where these interactions are absent.® In this respect our ap-
proach differs from those presented in Refs. 9 and 10, which
have deduced the conductance from the energy spectrum, or
of Ref. 11, which employed semiclassical arguments to study
spin-polarized currents in smooth barriers.

When the electrons are restricted to move in a plane, an
asymmetry in the confining potential leads to the appearance
of the Rashba spin-orbit interaction.'> Another source for the
spin-orbit coupling is the Dresselhaus mechanism,'? in par-
ticular the cubic one, which might be quite substantial in
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GaAs nanostructures.'*!> The Rashba spin-orbit interaction
is in particular interesting, since its strength can be con-
trolled in experiment, by applying gate voltages.'®'® From
the strictly theoretical point of view, however, there is not
much difference between the linear Dresselhaus interaction
and the Rashba term, as they are connected by a unitary
transformation.'” The scattering formalism presented in Sec.
IT is independent of the type of the spin-orbit coupling.

Spin-orbit interactions, which couple the momentum of
the electron to its spin, have attracted much interest due to
the possibility to manipulate the spin by electric fields. When
electrons are injected from spin-polarized electrodes into a
spin-orbit coupled region, they might lose their polarization;
this decoherence effect has been studied in Ref. 20. The role
of lateral interfaces formed between regions with different
spin-orbit couplings?! in polarizing the spins, and its analogy
with optics, has been established in Refs. 22 and 23. How-
ever, as direct measurements of the electron spin polarization
or of the electron-spin accumulation are not easily accom-
plished (see, however, Ref. 24), it may be helpful to study
the effect of that polarization on the (more easily accessed)
electronic-charge conductance. At the same time, it is desir-
able to analyze the spin currents which arise upon the appli-
cation of a small source-drain bias and explore their possible
effect on the charge transport. Previous studies of the con-
ductance through a region where spin-orbit interactions are
active had relied on numerical approximations,>>~>® and con-
sequently some of the conclusions drawn were dictated by a
specific choice of parameters.

Here we study coherent transport through a mesoscopic
hollow cylinder; this geometry enables an exact calculation
of the scattering matrix, and reveals its symmetries. In par-
ticular we are able to analyze the effect of these symmetries
on the spin polarization of the transport current. We present
in Sec. II our scattering formalism for spin-dependent trans-
port, which follows closely the derivations of the Landauer
formula for spin-independent potentials as formulated in
Refs. 5 and 6. We identify there the specific combinations of
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the elements of the scattering matrix that convey the infor-
mation on the spin-polarization direction and its magnitude.
By carrying out this analysis we are able to show that the
transmission matrix of the finite system gives directly the
direction and the amount of the spin polarization. Moreover,
under not too stringent conditions the conductance itself car-
ries information on the spin polarization. In Sec. III we study
the implications of this generalized Landauer formula for a
specific system: a coherent mesoscopic hollow cylinder. This
system, whose experimental realization is found in the car-
bon nanotubes,* has recently attracted much interest since
the remarkable observation of the effect of the electron mo-
tion on the direction of its spin.>® Another experimental re-
alization of this geometry may be found in the core-shell
nanowires.3! Finally, we summarize our conclusions in Sec.
Iv.

II. LANDAUER FORMULA FOR SPIN-DEPENDENT
TRANSPORT

In scattering theory>® the electron field operator (a spinor)
is expressed in terms of the scattering states of energy E,

W(r,1) = f j—ie"mz Cany(E) Xany(T3E). (2)

ann

(Here and below #i=1.) In Eq. (2), X,,(r;E) is a solution of
the Schrodinger equation

(E - H)Xann(r;E) =0 (3)

with ‘H being the Hamiltonian of the entire system. It is the
scattering state excited by an electron of spin polarization #
incoming from the nth channel of terminal a. The operator
Cany(E) [czn 77(E)] destroys (creates) an electron in such a
state. The thermal average of these operators (denoted by a
bar) is defined by the temperature 7 and the chemical poten-
tial of the reservoirs. For reservoirs of unpolarized electrons

CT (E)Ca’n’ n’(E,) = 2775(E - E,)aaa’ 5nn'57]77’fa(E) > (4)

ann

where
foE) = (eFrd/ksl 1 1)7! (5)

is the Fermi distribution with the chemical potential w, of
reservoir a.3> Equations (2) and (4) are used to obtain the
thermal averages of the charge and the spin currents. This is
accomplished by writing down the currents in terms of the
field ¥, Eq. (2), and then performing the thermal average
over the creation and destruction operators, ¢ and ¢f, accord-
ing to Eq. (4).>°

To avoid cumbersome notations, we confine ourselves to
the case of two terminals, located for concreteness along the
x direction. Then, all currents flow along x and in the absence
of a magnetic field are given by

. d 1
Ii(l') = f ;b;z fa(E)%<<Xann(r;E)|o-j|

anmn

X(—i%))(a,m(r;E)> +c.c.>, (6)

where o; is the jth Pauli matrix. The charge current, /,, is
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given by Eq. (6) upon identifying o7 as the unit matrix (and
multiplying by the electronic charge e). For a two-terminal
system, the lead index is a=L or R, for the left and for the
right reservoirs, respectively.

The currents given by Eq. (6) are computed far away from
the scattering region, where they are uniform, e.g., on the left
side. To this end we represent the scattering states by the
incoming and outgoing exciting waves, e.g.,

Xanyx in L,y,z;E) = 5E,Lw2;m(r;E)

+ 2 oy (S0 anyE).
l’l, 7]!

()

Here, """ are the exciting waves, incoming or outgoing in

channel n of lead a and having the spin polarization 7, nor-
malized to carry a unit flux, and § is the scattering matrix of
our system. The meaning of Eq. (7) is quite transparent: the
scattering state which has been excited by a wave incoming
in lead a consists, when considered in the left lead L, of all
waves that are scattered into that lead from lead a (including
those that are reflected), as represented by the second term in
Eq. (7), and the incoming wave in a, in case a coincides with
LS

Next, the expansion Eq. (7) is inserted into Eq. (6), and
the integration over the cross-section is performed. As a re-
sult, Ii becomes spatially independent,

= f Ly fa(E)Tr[ 500~ S MLnr,a,,(ij]
dE
- [ 1w - TS M0, ®

where the trace is carried out in spin space. Here we have
introduced the definition

M an(E) = Spr a E)S) 1 (E), 9)

Ln'.,an

where S;,/ z, denotes an entry of the scattering matrix
which is a 2 X 2 matrix in the spin space. The second equal-
ity in Eq. (8) is derived from the unitarity of the scattering
matrix. Note that I{, vanishes when there is no bias voltage,
= pmp. Although it appears as if pertains for general values
of the bias voltage, Eq. (8) is strictly valid only in the linear-
response regime, in where u;—pup approaches zero. A de-
tailed account of the subtleties associated with the Landauer
formula can be found in Ref. 2.

The general expression (8) for the charge and the spin
currents is our central result in this section. In the small-bias
limit it yields the linear charge and spin conductances. To
express those, it is useful to note that the transmission from
channel n to channel n' is determined by the matrix M, Eq.
(9). Since this matrix is obviously Hermitian, it can be de-
composed into a scalar and a vector,?”
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Moy o E) = STV () ), (10)

where both 7/, and V,,, are real. The two real eigenvalues
of this matrix are

Y 1
)\,:/n(E) = E[,Tn’n(E) * |Vn’n(E)|] (1 1)

Their corresponding eigenvectors are spinors fully polarized
along =V,,,. The total transmission between these two chan-
nels is given by

Ty =T Mpy gl =Ny, + Ny, (12)
while the spin transmission is
T My ga 0=V, (13)
with

|Vn’n| = )\:'n -\,

n

- (14)
As is well known, (see, e.g., Refs. 11 and 22) spin-orbit
interactions may turn one of the modes (for each energy) to
be evanescent; when this happens, the eigenvalue belonging
to that mode, \~, is vanishingly small. As a result, the (per-
fect) conductance is reduced to A*=1 (in units of e*/h),
while the current becomes almost fully spin polarized, its

respective conductance being |V,,,/| = )\:n, =1. On the other
hand, when none of the modes is evanescent, one has )\::n,

=\ ,=1,leading to G =2¢?/h and zero spin polarization for
the perfect conductor.

III. CHARGE AND SPIN TRANSPORT THROUGH A
COHERENT TUBULAR TWO-DIMENSIONAL
ELECTRON GAS

In order to illustrate the general features of the scattering
matrix as embodied in Egs. (10)—(14), we study a specific
example: transport through a two-dimensional stripe, of
width 2d (along x), in which the electrons are subject to the
Rashba spin-orbit interaction. The interfaces at x=*d are
parallel to the y axis; effects of interfacial scattering are in-
cluded by a repulsive delta-function potential located at the
interface. Elsewhere, the electrons move ballistically. Such a
potential is characterized by a single parameter, { (measured
in momentum units). When { is very large, the interface ap-
proaches the tunnel-junction limit. This model becomes par-
ticularly transparent when a periodic boundary condition
along the y axis is assumed; then the spin-orbit interaction
does not mix the transversal modes. This model system,
whose realization may be found in nanotubes (see in particu-
lar Ref. 30) is depicted in Fig. 1. For cylinders, the coordi-
nate y represents the azimuthal angle around the cylinder
(with perimeter £), and the coordinate z is radial, i.e., per-
pendicular to the surface of the cylinder.

The scattering matrix is computed by solving for the scat-
tering states of the Hamiltonian
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FIG. 1. (Color online) A schematic representation of our model:
a hollow cylinder, containing a region, |x|=d, where a spin-orbit
interaction, of strength «, is active. The electrons are moving on the
surface of the tube ballistically, and thus mode mixing is hindered.
Short-range boundary scattering, of strength {, separates the spin-
orbit coupled region from the free regions. The boundaries in be-
tween these regions are marked by thick solid lines.

»

H=2m+£[5(x+d)+&(x—d)]

+[Od-x)Ox+d)p- X o) +Hel, (15)
2m

where p is the (two-dimensional) momentum operator and «
is the spin-orbit coupling (in momentum units). With the
periodic boundary condition, of period £, the wave functions
vary along y as exp[igy], and the transverse momentum is
quantized,

g= *2mn/L, n=0,1,2,... (16)

Below, we measure all momenta (including « and {) in units
of A/ L. The x component of the wave vector is

k=\2mE-¢q* |x|=d (17)

for both spin components in the absence of the spin-orbit
interaction, and
/ 2_ 2
ki =\(ps = @)"—q (18)
for waves in the range |x| <d where the spin-orbit interaction
is effective.!! Here,
ps=\2mE + a?. (19)

As ¢g>=2mE, the wave vector k, is always real; in contrast,
k; is purely imaginary for |g|> ps—a (we assume a>0), and
then one of the waves in the region |x| <d is evanescent.!!??

Following the standard procedure of matching boundary
conditions at the two interfaces x= *=d (allowing for the
delta-function potentials?!-33) the scattering matrix of each

channel takes the form

S.+S8_ (8,-8.))o,
S=-1+ ' " . (20
Ux(8+ - S—) Ux(s+ + S—) Oy

where
1
Si'= z[k +2il+iX. —io(q—-Z.) +ioY.]. (21)

The functions X., Y., and Z. are all real, independent of
whether k; [see Eq. (18)] is real or imaginary,

3 &(SZ[CM(PS— a) * q] N S[Cps+a) + Q])
B k; k, ’

X+
+ Do
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2mE

FIG. 2. (Color online) The transmission 7 through a stripe with
spin-orbit interaction (thick line), the y component of the spin trans-
mission V (dotted line), and the staircase structure obtained in the
absence of the spin-orbit coupling (thin line) in a perfect system, as
a function of the energy. Here, the spin-orbit strength is a=0.97.

~ &(Su[qu + (ps+ )] S[gC,* (ps— a)])

Y.=
- Dy k, k;
Ps SlSu
Zo =5 2gpt + (C,-C,) |, 22
+ Do[ PSr (C )} (22)
where
2 2. 2
—at+
Dy=1-cC,+ 5= T g5 (23)
klku

Here we use the shorthand notations

S;. = sin(2k;,d), Cp, = cos(2k;,d). (24)

When the transversal channels are not mixed, then the total
charge and spin transmissions are given by

7= 2 7:1}1 and V= E Vons (25)

see Egs. (8), (12), and (13). The scattering matrix Eq. (20) is
unitary** and is self-dual® upon changing ¢ to —¢q. (Other
symmetries of the scattering matrix, in particular in the pres-
ence of the Zeeman interaction, are discussed in Refs. 36 and
37.) The self-duality symmetry of the scattering matrix im-
plies that upon summing over all channels, as indicated by
Eq. (25) [i.e., over positive and negative values of the trans-
verse wave vector g, see Eq. (16)] the contributions of the x
and z directions of the polarization are cancelled, and the net
spin transmission V is along the y direction, normal to the
direction of the current.'’?

Figures 2-4 were drawn using Eq. (20). The curves in
Fig. 2 are computed for entirely transparent boundaries
(¢=0); indeed, the transmission in the absence of the spin-
orbit coupling has the familiar perfect staircase structure, Eq.
(1). Due to the choice of periodic boundary conditions in the
transverse direction, the perfect transmission without the
spin-orbit interaction becomes 2N, =2(2n+1), where n
=0,1,2,... is the channel number. The transmission com-
puted in the presence of that coupling follows roughly this
pattern, but with two distinct new features. First, it shows
interference oscillations. These arise since the spin-orbit in-
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2mE

FIG. 3. (Color online) Same as Fig. 2, but in the presence of
potential barriers at the boundaries, {=1.2. Here, a=0.97.

teraction plays the role of a potential step at |x|<d.*® One
notes the complete vanishing of the spin conductance in the
leftmost part of the plot. There, the energy is too low to
support a nonzero transverse momentum ¢, and consequently
the motion becomes effectively one dimensional. In such a
case, one may handle the effect of the spin-orbit interaction
by a gauge transformation, which multiplies the wave func-
tion by exp[2ipgd]. Since this phase factor is the sole effect
of the spin-orbit interaction, the spin-polarization vanishes
completely.’® (Oscillations as a function of the spin-orbit
coupling strength have been discussed in Ref. 40.) When ¢
#0 and the motion restores its two-dimensional character,
this gauge transformation is no longer possible, and indeed
there appears spin conductance. The oscillations in the
charge conductance, resulting from the potential-step aspect
of the spin-orbit interaction, do persist.

The second prominent feature that the spin-orbit interac-
tion induces in the conductance pattern originates from the
possibility to have evanescent waves. At the beginning of
each of the n#0 steps [see Eq. (16)], one of the waves
pertaining to that energy becomes evanescent, since using
Eq. (18) one has

kl=iK, (26)

where « is real. Then, C; and —iS; of Eq. (24) are both of
order 0.5 exp[2«d], making the determinant of the transmis-
sion matrix M, Egs. (10) and (20), exponentially small. This
implies in turn that one of the eigenvalues, Eq. (11), i.e., \,,,
is very small. As a result, it follows from Eq. (12) that the

2mE

FIG. 4. (Color online) Same as Fig. 2, but with stronger bound-
ary scattering, {=4, and a=.9.
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(perfect) transmission is reduced to 7,,=\; =1. Concomi-
tantly, the polarization magnitude, |V,,(q)|, [see Eq. (14)] is
also equal to N} =1. However, upon adding V(g)+V(-¢)
the resulting vector V is along the y axis, as shown in Fig. 2.
This y component decreases gradually from O toward —1 as
the energy increases in the steps where 7=4n. At higher
energies, both k, and k; are real, and the (perfect) transmis-
sion becomes 7,,=\, +\, =2, while the spin transmission
becomes |V,,(¢)|=\,—\,,~0. For the parameters used in
Figs. 2 and 3, the contributions of all the steps except the
highest one are in this latter regime, and therefore each of
them contributes 2 (if g=0) or 4 (if g # 0) to the transmission
and O to the spin transmission. Thus, the charge conductance
exhibits 2(2n+1) and 4n multiples of ¢>/h, while the spin
transmission is roughly between 0 and —1. For higher values
of a, one of the waves may remain evanescent until the next
step begins, yielding only 4n steps in the transmission.!" In
our dimensionless units, this condition becomes a>
2n+1)m/n.

Repeating the computation for finite barriers at the two
interfaces [see Fig. 3] shows that a modest amount of inter-
face scattering is not detrimental, and the two main features
discussed above are still detected. Even more interesting are
the curves shown in Fig. 4. Here, the amount of scattering at
the interfaces has been increased such that the staircase
structure of the charge conductance, both in the presence and
in the absence of the spin-orbit coupling, is smeared; since
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the conductance is not quantized, the spin polarization is
small (but still negative) for all values of the energy.

IV. CONCLUDING REMARKS

In conclusion, we have derived a Landauer formula for
the charge and the spin conductances. The correlations be-
tween the two conductances and their quantization have been
demonstrated for transport through cylinders with stripes
which have nonzero spin-orbit interactions. Measurements of
the charge transmission can thus yield information on the
spin polarization. It would be interesting to check these pre-
dictions experimentally, in particular on the new setups made
of carbon nanotubes or of core-shell nanowires.
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