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We study the influence of diagonal disorder �random site energy� of local pair �LP� site energies on the
superconducting properties of a system of coexisting local pairs and itinerant electrons described by the
�hardcore� boson-fermion model. Our analysis shows that the properties of such a model with s-wave pairing
can be very strongly affected by the diagonal disorder in LP subsystem �the randomness of the LP site
energies�. This is in contrast with the conventional s-wave BCS superconductors, which according to the
Anderson’s theorem are rather insensitive to the diagonal disorder �i.e., to nonmagnetic impurities�. It has been
found that the disorder effects depend in a crucial way on the total particle concentration n and the LP level
position �o and depending on the parameters the system can exhibit various types of superconducting behavior,
including the LP-like, intermediate �MIXED�, and the “BCS”-like. In the extended range of �n ,�o� the super-
conducting ordering is suppressed by the randomness of the LP site energies and the increasing disorder
induces a changeover from the MIXED-like behavior to the BCS-like one, connected with abrupt reduction in
Tc and energy gap to zero. However, there also exists a definite range of �n ,�o� in which the increasing
disorder has a quite different effect: namely, it can substantially enhance Tc or even lead to the phenomenon
which can be called disorder-induced superconductivity. Another interesting effect is a possibility of a disorder-
induced bound pair formation of itinerant electrons, connected with the changeover to the LP-like regime.
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I. INTRODUCTION

A model of coexisting bound electron pairs and itinerant
electrons, i.e., the so-called boson-fermion model, was intro-
duced several years ago1 to unify the description of noncon-
ventional �exotic� superconductors, chalcogenide glasses,
nonsimple metals, and systems with alternating valence.
Real-space local pairing plays an important role in a great
number of experimental systems �for review see Refs. 1–3
and references therein�. These systems comprise several dis-
tinct groups of materials: �i� the compounds that contain
cations in two valence states differing by 2e �on-site pairing�.
Examples of such valence skippers are Bi4+, Sb4+,
Pb3+, Sn3+, and Tl2+. These elements prefer to exist as
Bi5+, Sb5+, Pb4+, Sn4+, and Tl3+ together with Bi3+,
Sb3+, Pb2+, Sn2+, and Tl1+. Well-studied materials are
BaBixPb1−xO3, Ba1−xKxBiO3 �Bi3+ ,Bi5+�, Pb1−xTlxTe
�Tl1+ ,Tl3+�, Pb1−xSnxSe �Sn2+ ,Sn4+�, Cs2SbCl3 �Sb3+ ,Sb5+�
as well as divalent compounds of Ag2+, Au2+, and trivalent
compounds of Pd3+, Pl3+, e.g., CsAgCl3 �dz2

2 ,dz2
0 �. Double

charge fluctuations occur in these systems on effective sites
which can be considered as negative U centers, composed of
cations and their surrounding ligand environments.

�ii� The transition-metal oxides showing intersite bipo-
larons, in which charge disproportionation is seen on
a molecular �rather than atomic� level, e.g., Ti4O7,
Ti4−xVxO7, and WO3−x with double charge fluctuations
on the molecular units: ��Ti4+-Ti4+� , �Ti3+-Ti3+�� and
��W5+-W5+� , �W6+-W6+��.

Among various other systems, where the local electron
pairing has been evidenced1,2 let us mention such exotic su-
perconductors as PbHx, Li1−xTi2−xO4, EuxMo6S8, supercon-
ducting nonsimple metals, e.g., NbC, as well as numerous
amorphous semiconductors.

The scenario of the coexistence of on-site local pair �LPs�
�negative U centers� or intersite LPs and itinerant carriers
can serve as phenomenological description of unconven-
tional superconductivity and normal-state properties ob-
served in a number of the above-listed compounds. The
model is capable of explaining several anomalous properties
of these materials and it can show features which are inter-
mediate between those of local pair superconductors and
those of classical BCS systems.1–8

Such a two-component model is of relevance for high-
temperature superconductors �HTS� and other short-
coherence-length superconductors2–21 as well as for the BCS-
Bose-Einstein condensation crossover in ultracold fermionic
atomic gases with a Feshbach resonance.22–25

In the context of HTS the two-component boson-fermion
�BF� model has been proposed phenomenologically or it has
been derived as the effective low-energy model. In particular,
it has been obtained from the generalized periodic Anderson
model with on-site hybridization between wide- and narrow-
band electrons, in which the narrow-band electrons are
strongly coupled with the lattice deformation, and formation
of polarons and LP �bipolarons� takes place.1 These LPs are
hardcore bosons made up of two tightly bound fermions. The
BF scenario has also been proposed in studies of the super-
conductivity mechanism based on heterogeneity of the elec-
tronic structure of HTS in the pseudogap phase.5,10–12

The superconducting and normal-state characteristics of
the BF model are strongly dependent on the relative position
of the local pair level with respect to the bottom of the fer-
mion band ��o� and the total number of carriers n. As a
consequence, the model exhibits not only the limiting cases
of weak coupling �BCS� and pure LP superconductivity but
also the interesting, intermediate regime �MIXED�. In this
case, neither the standard BCS picture nor the picture of
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local pairs fits and superconductivity has a “MIXED” char-
acter with a correlation length of the order of several inter-
atomic spacings. The system shows features which are inter-
mediate between the BCS and preformed local pair regimes.
This concerns the energy gap in the single electron spectrum,
kBTC /Eg�0� ratio, the critical magnetic fields, the Ginzburg
ratio �, the width of the critical regime and the normal-state
properties, which deviate from Fermi-liquid behavior.1–5,7,12

In particular, several studies of the boson-fermion model
at T�Tc show: the existence of a pseudogap in single-
particle DOS, anomalies in one-electron self-energy ��k� ,��,
and anomalies in charge and magnetic responses, which are
similar to those observed in cuprates.7,24

In addition, the Uemura-type plots, i.e., the Tc vs zero-
temperature phase stiffness �s�0�, are obtained for s, ex-
tended s- and d-wave symmetry within the Kosterlitz-
Thouless �KT� scenario.12 The Uemura scaling Tc��s�0� is a
consequence of the separation of energy scales for pairing
and phase coherence. The existence of nodal quasiparticles
for d-wave pairing �beyond the LP regime� gives rise to a
linear in T relationship in the superfluid density.

In this paper we will analyze the effects of disorder on the
s-wave superconductivity of the BF model and focus on the
diagonal disorder in LP subsystem which is modeled by the
randomness of LP site energies. Our preliminary studies of
this subject have been presented in Refs. 16 and 18.

The conventional s-wave symmetry superconductors are
known to be rather weakly affected by nonmagnetic
impurities26 �Anderson theorem�. Because of the nonconven-
tional pairing mechanism in the BF model �the charge ex-
change between bosons and fermions�, it is of fundamental
importance to determine how the impurities �disorder� affect
the bulk and local properties of the superconducting state of
such a system.16–21 We add that the superconductivity in sev-
eral above-mentioned materials is obtained upon doping of
the parent compound. Doping is the source of mobile charge
carriers and at the same time it introduces disorder into the
system.

An example of real systems, where the model of coexist-
ing local pairs and itinerant carriers is applicable and where
the diagonal disorder of local pair site energies can be real-
ized, is the family of doped barium bismuthates. Experimen-
tal results indicate an existence of p holes in doped BaBiO3
perovskites.27,28 This suggests that a realistic modeling of
these materials should be that of coexisting itinerant holes
�on oxygen ions� and LPs �on Bi ions� in which doping in-
troduces a disorder of the LPs �Bi3+-Bi5+� energies.

In the case of cuprate HTS, an indirect support for the
two-component BF model with disorder might be found in
the recent scanning-tunneling microscopy �STM�
studies,29–31 showing well-defined spatial variations in gap
magnitude, which correlate with specific impurity sites in the
Bi-based cuprates �BiSrCaCuO crystals�. Very recently theo-
retical studies of the local properties of HTS relevant to the
STM experiments have been performed in the framework of
the BF model with disorder, using the Bogoliubov-de Gennes
equations.20,21 It has been demonstrated that the assumption
that impurities mainly modify the boson energies offers a
natural explanation of the above-mentioned correlation
found in the STM experiments.21

We consider the following model Hamiltonian describing
two coexisting subsystems: local electron pairs �hardcore
bosons “b”� and itinerant �conduction� electrons �“c”�,
which, in the following, will be called c electrons

H = Hb + Hc + Hcb, �1�

where

Hb = 2�
i

��o + Ei − ��ni
b − �

ij

Jijbi
†bj , �2�

Hc = �
ij	

tijci	
† cj	 − ��

i

ni
c, �3�

Hcb = Io�
i

�ci↑
† ci↓

† bi + H.c.� , �4�

where �o measures the relative position of the LP level with
respect to the bottom of c-electron band, Ei is the random LP
site energy, � stands for the chemical potential, Io is the
intersubsystem coupling �charge exchange�, Jij denote the LP
transfer integral, and tij is the hopping integral for c elec-
trons. The operators of local pairs bi

†, bi obey the commuta-
tion rules for hardcore bosons �the Pauli spin-1/2 commuta-
tion rules�, which exclude multiple occupancy of a given LP
center

�bi,bj
†� = �1 – 2ni

b�
ij, �bi,bj� = 0, �bi
†�2 = �bi�2 = 0,

bi
†bi + bibi

† = 1,

where ni
b=bi

†bi and ni
c=�	ci	

† ci	 are the number operators for
bosons and fermions, � is the chemical potential which en-
sures that a total number of particles per site is constant n
=nc+2nb, where nc is the concentration of c electrons, and nb
is the average number of local pairs per site.

The paper is organized as follows. In Sec. II we introduce
the basic definitions, point out details of the variational ap-
proach used in the analysis, and present the self-consistent
equations for the order parameters and chemical potential as
well as the free energies of the superconducting and the nor-
mal state derived at the mean-field level. Section III includes
numerical calculations of the phase diagrams and supercon-
ducting characteristics of the model. The phase diagrams at
T=0 and at finite temperatures are determined as a function
of particle concentration and the strength of disorder for sev-
eral representative values of �o. The evolution of supercon-
ducting characteristics, including order parameters, gap ratio,
chemical potential, and nc and nb, with increasing disorder is
analyzed. Section IV is devoted to conclusions and supple-
mentary discussion.

II. GENERAL FORMULATION

In analysis of the model we used, as in the case without
disorder,1,2,12 the mean-field variational approach �MFA�. At
first, the variational free energy Fo��Ei�� for a given fixed
configuration of the random site energy �Ei� is obtained.
Then it is configurationally averaged over the random vari-
able �Ei� according to a preset probability distribution
P��Ei�� �Refs. 16, 32, and 33� as
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� ¯ 	av = 

−�

�

�
i

dEiP��Ei�� . . . . �5�

The probability distribution P��Ei�� of �Ei� is assumed to
be P��Ei��=�ip�Ei� with p�Ei�= p�−Ei�. In our studies we
have considered the following two types of the site energy
distribution: the two-delta distribution

p�Ei� = �1/2��
�Ei − Eo� + 
�Ei + Eo�� �6�

and the rectangular distribution

p�Ei� = 1/2Eo for �Ei� 
 Eo

=0 otherwise.
�7�

In this paper we will mainly focus on the case of distribution
in Eq. �6� �Secs. III A–III C and III E� and the results for
distribution in Eq. �7� will be concluded in Sec. III D.

The superconducting state �SC� is characterized by the
two local order parameters �ci↑

† ci↓
† 	 and �bi

†	. After the MFA
decoupling the effective Hamiltonian is of the form

Ho = 2�
i

��o + Ei − ��ni
b + �

ij	

tijci	
† cj	 − ��

i

ni
c

− �
i

��ibi
† + H.c.� +

1

2�
ij

Jij��bi
†	�bj	 + H.c.�

+ Io�
i

��ci↑
† ci↓

† 	bi + H.c.� + Io�
i

�ci↑
† ci↓

† �bi	 + H.c.�

− Io�
i

��ci↑
† ci↓

† 	�bi	 + H.c.� , �8�

where �i=� jJij�bj	.
In the following we will assume uniform and site-

independent order parameters

��bi
†		av = �o

x, �o
x =

1

2N
�

i

��bi
† + bi		av,

��ci↑
† ci↓

† 		av = xo, xo = 1
N�

i

��ci↑
† ci↓

† 		av,

leaving the full discussion of the Bogoliubov-de Gennes
equations to a separate paper.

Under the above assumptions the quenched free energy
�Fo��Ei��	av is derived as

�Fo
s	av = −

2

�N
�

k�
ln
2 cosh��Ak�

2
�� −

1

�
�ln�2 cosh���i��	av

+ ��2nb + nc� − � − �̄ + C , �9�

where

Ak� = ��̄k�
2 + �Io�o

x�2, �i = ���̄ − Ei�2 + �Jo�o
x − Io�xo��2,

�̄ = � − �o, �̄k� = �k� − �, �k� = �̃k� − �b =

− 2t �
��=x,y,. . .�

cos�k�a� − �b, �b = min �̃k� , �10�

Jo = �
j�i

Jij, � = �kBT�−1, C = Jo��o
x�2 − 2Io�xo��o

x − �b,

nc =
1

N
�

i

��ni
c		av, nb =

1

N
�

i

��ni
b		av �11�

whereas the equations determining the superconducting or-
der parameters �o

x, xo, and the chemical potential are given by

xo = −
1

N
�

k�

Io�o
x

2Ak�
tanh��Ak�/2� , �12�

�o
x = ��− Ioxo + Jo�o

x�
1

2�i
tanh���i��

av
, �13�

n = nc + 2nb, �14�

where

nc − 1 = −
1

N
�

k�

�̄k�

Ak�
tanh��Ak�

2
�,

2nb − 1 = − ��o + Ei − �

�i
tanh���i��

av
. �15�

The quasiparticle energy spectrum of the system is charac-
terized by Ek

�= �Ak and ��i, and the energy gap in the
electron spectrum is given by Eg=min Ek

+−max Ek
−.

From Eqs. �12�–�14� one gets equations for the transition
temperature �Tc

MFA� at which the gap amplitude vanishes
�xo→0,�o

x →0�

1 = � 1

2��i − ��
tanh��c

MFA��i − ����
av

�� Io
2

N
�

k�

tanh��c
MFA�̄k�/2�

2�̄k�
+ Jo� , �16�

n = 2 − �tanh��c
MFA��i − ���	av −

1

N
�

k�
tanh��c

MFA�̄k�/2� ,

�17�

where �i=�o+Ei. Note that in Eq. �16� the factor Io
2 /2��i

−�� can be interpreted as the pairing interaction between c
electrons mediated by the LP and the factor tanh��c

MFA��i
−��� results from the hardcore nature of bosons.

It is also of interest to investigate the response function in
the absence of disorder, i.e., Ei=0. Let us consider the pair
propagator for c-electron subsystem

G2�q� ,�� =
1

N
��Bq��Bq�

†		�, �18�

where ��Bq� �Bq�
†		� is the time Fourier transform of the

Green’s function: −i��t− t����Bq��t� ,Bq�
†�t���	, Bq�

=�
k�
c

−k�+q�/2,↓ck�+q�/2,↑. In the normal state, using the equation of

motion technique and random phase approximation for the
case Jij =0, one gets
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G2�q� ,�� =
��q� ,��

1 − Vef f��,����q� ,��
, �19�

where

��q� ,�� =
1

N
�

k�

1 − f��̄k�+q�/2� − f��̄k�−q�/2�

� − �̄k�+q�/2 − �̄k�−q�/2
, �20�

Vef f��,�� =
Io

2

� − 2��o − ��
�1 – 2nb� , �21�

where −��q� ,�� is the pair susceptibility and Vef f��� is the
effective interaction between c electrons mediated by LP’s.
f�x� is the Fermi function. Introducing the generalized
T-matrix ��q� ,�� via the relation G2=�� /Vef f, one has

��q� ,�� =
Vef f���

1 − Vef f�����q� ,��
. �22�

An instability of the normal phase occurs at �−1�0,0�=0 �the
Thouless criterion� and Tc is given by

1 = − Vef f�0,�c
MFA�

1

N
�

k�

tanh��c
MFA�̄k�/2�

2�̄k�
�23�

in full agreement with the MFA expression �16� for a clean
system if12 we take 1–2nb=tanh��c

MFA��o−���.
The randomness of LP energies �i induces fluctuations of

the effective pairing potential between electrons Vef f which
we can replace by the following one at Tc:

Vef f�0,�� = � − Io
2

2��i − ��
�1 − 2nb,i��

av
�24�

and 1–2nb,i is given by tanh����i−���.
The MFA transition temperature �Tc

MFA� at which the gap
amplitude vanishes, yields an estimation of the c-electron
pair formation temperature. Generally, due to the fluctuation
effects the superconducting phase transition occurs at a criti-
cal temperature lower than that predicted by the BCS-MFA
theory.12

III. RESULTS OF NUMERICAL SOLUTIONS AND
DISCUSSION

We have performed a detailed analysis of the phase dia-
grams and superconducting properties of the system studied
as a function of �o, the particle concentration n, the interac-
tion parameters, and increasing disorder. For c electrons we
have used a semielliptic density of states �DOS�: ����
= �2 /�D��1− ���−D� /D�2 with 2D denoting a bandwidth
and the rectangular one: ����=1 /2D, for 0
�
2D and
����=0, otherwise.

The semielliptic DOS approximates the behavior of d=3
simple cubic lattice, yielding for small energies: ����
� 2�2

�D3/2
��. The rectangular one mimics better the d=2 square

lattice spectrum beyond the Van-Hove singularity.
In Secs. III A–III C and III E for the random LP site en-

ergies we have taken the two-delta distribution in Eq. �6�.

The results for the rectangular distribution of Ei �Eq. �7�� are
summarized in Sec. III D. We will discuss first the case of
J0=0 �Secs. III A–III D� and the case of J0�0 will be con-
cluded in Sec. III E.

A. Ground-state diagrams

Figure 1 presents the ground-state diagram of the model
�1� for �Io�=0, Jo=0, and Ei=0 as a function of n=nc+2nb
versus �o /D �D=zt� plotted for a square lattice (dotted
lines), semieliptic DOS (thin solid lines), and rectangular
DOS (dashed lines).

In the absence of interactions and Ei=0 depending on the
relative concentration of electrons and hardcore bosons we
distinguish three essentially different physical situations. In
particular for n
2 they are: �i� �o�0 so that at T=0 K,
�=�o�0, and all the available particles occupy the LP
states �it will be called the “local pair” regime, in which in
general 2nb�nc�; �ii� �o�0 such that the electron band is
filled up to the Fermi level �=�o and the remaining particles
are in local pair states �the c+b regime or MIXED, 0�2nb,
nc�2� �LP+E�; �iii� �o�0 such that the Fermi level �
��o and consequently at T=0 K all available electrons oc-
cupy the c-electron states �the c regime, nc�2nb� �E�.

For Ei=0 an important feature of the model is that the
boson-fermion coupling �Io��0 induces superconducting or-
der in both subsystems at low temperatures. A small �Io� does
not change much the characteristic lines of the diagrams in
Fig. 1 concerning the particle densities. However, it yields
nc�0 in the superconducting LP regime and nb�0 in the
superconducting E regime, even at T=0. Moreover, it also
leads to a renormalization of the bosonic level and a shift of
the MIXED-LP boundary. The increasing �Io� expands the
range of the LP+E �MIXED� regime.1,12

In Figs. 2 we show the ground-state diagrams as a func-
tion of n and Eo /2D for �Io�=0 and �Io� /2D=0.1, plotted for

FIG. 1. �Color online� Ground-state diagram of the model �1� as
a function of n=nc+2nb versus �o /D �D=zt� for �Io�=0, �Jo�=0,
and Eo=0, plotted for a square lattice �dotted lines�, semielliptic
DOS �thin lines� and rectangular DOS �dashed lines�. Denotations:
LP—nonmetallic state of LP’s �2nb=n, nc=0 for n�2, 2nb=2−n
and nc=2 for n�2�, E—metallic state of electrons �nc=n, 2nb=0
for n�2, nc=2−n, 2nb=2 for n�2�, LP+E �MIXED�—“mixed”
regime �0�nc ,2nb�2�.
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several representative fixed values of �o /D and �Jo�=0. In
the presence of Ei disorder with the two-delta distribution in
Eq. �6� in addition to the former three situations, the fourth
one appears possible, in which the occupations of both sub-
systems are pinned at �almost� fixed values: nc=n−1�2 and
2nb=1 in extended ranges of total concentration n and tem-
perature.

The fourth possibility occurs if the bosonic level with the
energy �o−Eo is completely occupied �2nb=1� since it lies

below the Fermi level ����o−Eo� whereas the level with
the energy �o+Eo is empty ����o+Eo�. The properties of
this state are similar to those of the E state �“BCS-like”
regime� in the absence of disorder and therefore we will call
it in the following as the E1 state. Let us point out that, the
states of this type will appear in definite ranges of �o /D and
n for any multiple-pole distribution of Ei disorder.

At T=0 and �Io��0 the boundary between MIXED and
LP regimes can be located �after Legget34� from the condi-
tion that the chemical potential in the SC phase ��s� reaches
either the bottom �if n�2� or the top of the fermionic band
�if n�2�, i.e., in our denotations from �s=0 if n�2 or �s
=2D if n�2.

The approximate boundaries MIXED /E and MIXED /E1
for �Io��0 are plotted in Figs. 2 by dashed lines. These lines
demark the values of the n and Eo /2D for which Tc and �o

x,
xo at T=0 become vanishingly small and for which at T=0
2nb /n �or �2−2nb� /n� �10−6 in the case of MIXED /E and
�2nb−1� /n�10−6 in the case of MIXED /E1.

The analysis of the MIXED-LP crossover indicates that
when the LP level is shifted and reaches either the bottom of
the fermionic band �if n�2� or the top of the band �if n
�2�, the effective attraction between fermions Vef f�0� �Eq.
�24�� becomes strong since it varies as �Io

2 / �2�i−2��	av and
locally ���i. In this regime on the LP side the density of c
electrons �if n�2� or c holes �if n�2� is low and formation
of bound c-electron �or hole� pairs occurs. It gives rise to an
energy gap in the single-electron spectrum persisting even in
the normal state. In such a case, the superconducting state
can be formed by two types of coexisting �hybridized�
bosons: preformed c-electron �hole� pairs and LP’s.12

Note that at the MIXED-LP crossover, the chemical po-
tential changes the sign �n�2� �cf. Figs. 4�a� and 4�b��. For
considered s-wave pairing the energy gap changes from
1
2Eg�0�= �Io�o

x� ��s�0� to 1
2Eg�0�=��s

2+ �Io�o
x�2 ��s�0�. For

the latter case and nC�1, �s can be related to the electron-
pair binding energy in the two-body problem.12

For d-wave pairing in the absence of disorder one finds
that at the point of crossover there is a change from nodal to
nodeless behavior.12 It remains to be seen how the presence
of nonmagnetic disorder will modify this crossover.

In the model considered a strong dependence of the su-
perconducting properties on the randomness in bosonic sub-
system is a combined effect of the fluctuations of the pairing
strength and the changes in the relative occupation of fermi-
onic and bosonic states induced by disorder.

B. Evolution of superconducting properties with increasing
disorder

In Fig. 3 we show the finite-temperature phase diagram of
model �1� sketched in three-dimensional �3D� projection
�kBTc /2D vs n vs Eo /2D� for a fixed �o /D and �Io� /2D. The
disorder effects depend in an essential way on the total con-
centration of carriers n and the position of the LP level �o. In
general, as for the evolution of the SC properties with in-
creasing disorder, there are different possible types of
changeover. It is shown in Figs. 4, which present the plots of
the critical temperature and several other superconducting

FIG. 2. Ground-state diagrams of the model �1� as a function of
n=nc+2nb and Eo /2D �D=zt� for �Io�=0, Jo=0 �solid lines� and
�Io� /2D=0.1 �Jo=0� �dashed lines�, plotted �from the top� for
�o /D=−0.2, 0.5, 1.0 �a, b, and c, respectively, semielliptic DOS
and the two-delta distribution of Ei, Eq. �6��. Denotations: LP—
“local pair regime” �2nb=n, nc=0 for n�2, 2nb=2−n, nc=2 for
n�2�, E—a “c-electrons” regime �BCS� �nc=n, 2nb=0 for n�2,
nc=2−n, 2nb=2 for n�2�, E1—a second “c-electrons” regime
�nc=n−1,2nb=1�, possible only in the presence of disorder �Eo

�0�. It occurs if the bosonic level with the energy �o−Eo is com-
pletely occupied �2nb=1� since it lies below the Fermi level ��
��o−Eo� whereas the level with the energy �o+Eo is empty ��
��o+Eo�, MIXED—mixed regime �0�nc ,2nb�2�. For �Io��0,
superconductivity sets in all the regimes albeit in E and E1 regions
the order parameters are exponentially small.
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characteristics of the model in Eq. �1� as a function of in-
creasing disorder Eo /2D for �o /D=0.5, �Io� /2D=0.1 and for
five representative values of n. In all cases the plotted quan-
tities are �from the top�: �1� the MFA critical temperature
kBTc /2D and the chemical potential � /2D at T=0, �2� the
concentrations of electrons nc and local pairs nb at T=0, �3�
the superconducting order parameters �o

x and �xo� at T=0, and
�4� the gap ratio for c-electrons Eg�0� /2kBTc.

In Figs. 4 the vertical dotted lines mark the boundaries
between various regimes. As we see from these figures and
Fig. 2, for �o /D=0.5 one can single out five types of
changeover, each of them being characteristic for a definite
range of n:

E → MIXED → LP, if n � 0.5,

MIXED → LP, if 0.5 � n � 1,

MIXED → E1, if 1 � n � 2.5,

E → MIXED → E1, if 2.5 � n � 3,

E → MIXED → LP, if n � 3.

These types of changeovers also take place for the other
fixed values of �o /D�0 �0��o /D�2�. For �o /D�0 and
1�n�2 an additional sequence of changeover is possible:
LP→MIXED→E1 �cf. Fig. 2�a��.

Let us notice that the changeovers MIXED↔E�E1� are
quite sharp �cf. Figs. 4�c� and 4�d��. This is connected with
an abrupt redistribution of nc and nb, which take nearly con-
stant values as the system enters the E�E1� regime and with
a rapid decrease in Vef f �cf. Fig. 5�. The evolution of Tc,
Eg�0�, nc /nb, and order parameters between the MIXED and
LP regimes is smooth �cf. Figs. 4�a�, 4�b�, and 4�e��. The
MIXED/LP boundary is located on the n vs Eo /2D �and n vs
�o /2D� diagrams from the condition �s=0 if n�2D and
from �s=2D if n�2.

The range of n for which a definite sequence of
changeovers takes place, depends on the value of �o /D, but,
in general, �in the case of the Ei distribution in Eq. �6� and
0��o /D�2� the MIXED↔LP changeover is possible for

n
1 and n�3 only, whereas the MIXED↔E1 for 1�n
�3 �compare Figs. 2�a�–2�c��.

Let us point out the most striking features of the system
considered.

�1� In the extended range of parameters �n ,�o /D� even a
relatively small disorder can have a strongly detrimental ef-
fect on s-wave SC. In particular, at �o /D=0.5 it will occur
for 1�n�2.5 �compare Figs. 2�b� and 4�c�� whereas at
�o /D=1 for 1�n�3 �compare Fig. 2�c��, i.e., for the con-
centrations at which the changeovers MIXED↔E1 are real-
ized. In these cases, with increasing disorder the critical tem-
perature Tc, the superconducting order parameters �o

x, xo and
the energy gap in c-electron spectrum Eg�0� are very strongly
suppressed, the gap to Tc ratio is shifted toward the BCS
value, whereas 2nb tends to unity �compare Fig. 4�c��.

�2� There also exist a range of �n ,�o /D� for which the
system exhibits a complete opposite behavior, which can be
called a disorder-induced superconductivity. At �o /D=0.5 it
can be observed for 0�n�0.5 as well as for n�2.5 �com-
pare Figs. 2�b�, 3, 4�a�, 4�d�, and 4�e��, i.e., for the concen-
trations at which the changeovers E→MIXED are realized.
In these cases, for Eo=0 the system is in E regime with Tc
�0. With increasing disorder, at some definite nonzero value
of Eo /2D, dependent on �n ,�o /D� one observes an abrupt
enhancement of Tc, the superconducting order parameters
and Eg�0�, connected with the E→MIXED changeover. With
a further increase in Eo /2D, Tc goes through a round maxi-
mum and then it decreases, either sharply �for the sequence
of transitions: E→MIXED→E1�, cf., e.g., Fig. 4�d�, or
steadily �for the sequence: E→MIXED→LP�, cf. e.g., Fig.
4�a�.

�3� Another unique feature of the model analyzed is a
possibility of a disorder-induced bound pair formation of
itinerant electrons. Such phenomena can be observed for the
ranges of �n ,�o /D�, in which the increasing disorder yields
either the following sequence of changeovers: E→MIXED
→LP or a single changeover: MIXED→LP. In both these
cases the bound pair formation occurs close to the
MIXED/LP boundary �c.f., e.g., Figs. 4�a� and 4�e��, at
which the increasing Eo shifts the chemical potential either
below the bottom of the c-electron band �if n
1� or above
the top of the band �if n�3�.

In Fig. 5 we plot the effective pairing potential between c
electrons Vef f�0,Tc� in various regimes of parameters. We
see that Vef f increases rapidly close to the MIXED/LP bound-
aries �compare Figs. 4�a�, 4�b�, and 4�e��, which induces the
bound pair formation of c electrons �or holes�. Inside the E
and E1 regimes the Vef f is small and the properties are un-
affected by disorder as in the conventional s-wave BCS su-
perconductors in the presence of nonmagnetic disorder.

C. Density-driven changeovers

Concerning the evolution of the superconducting proper-
ties with increasing n there are three possible types of den-
sity driven changeovers for Eo=0: �i� for 2��o /D�0: E
→MIXED→E; �ii� for �o /D�0: LP→E; and �iii� for
�o /D�2: E→LP �compare Fig. 1�. In the presence of dis-
order one finds that the system can also exhibit several other

FIG. 3. Finite-temperature diagram of the model �1� sketched in
three-dimensional projection �kBTc /2D vs n vs Eo /2D� for �o /D
=0.5, �Io� /2D=0.1 �Jo=0�. Dotted lines denote the MIXED/LP
boundaries at T=0.
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FIG. 4. Evolution of the critical temperature and various other superconducting characteristics of the model �1� as a function of increasing
disorder Eo /2D for �o /D=0.5, �Io� /2D=0.1 plotted for several fixed values of n: �a� n=0.2, �b� n=0.9, �c� n=1.8, �d� n=2.8, and �e� n
=3.5 �semielliptic DOS, Jo=0�. In all cases the plotted quantities are �from the top�: �i� the critical temperature kBTc /2D �solid line� and the
chemical potential � /2D at T=0 �dashed line�, �ii� the concentrations of electrons nc �dashed� and local pairs nb �solid� at T=0, �iii�
superconducting order parameters �o

x �solid� and �xo� �dashed� at T=0, and �iv� the gap ratio for c-electrons Eg�0� /2kBTc.
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sequences of changeovers. In particular, in the case �i� as the
disorder amplitude Eo increases the sequence E→MIXED
→E is changed at first into: E→MIXED→E1→MIXED
→E, then into: LP→E1→MIXED→E and finally into:
LP→E1→LP �compare Figs. 2�b� and 2�c�� whereas in the
case �ii� the changeover LP→E is replaced by: LP
→MIXED→E, then by: LP→E1→MIXED→E and finally
by: LP→E1→LP �compare Fig. 2�a��. In Figs. 6 we show
examples of the Tc vs n plots, computed for several fixed
values of the disorder amplitude Eo /2D and fixed �o /D,
which illustrate the changeovers taking place in the case �i�.

D. Case of rectangular distribution of the random
potential

In Sec. III A–III C we focused on random LP energy dis-
tribution in a bimodal form in Eq. �6�. As it was demon-
strated in our previous studies of the model of hardcore
charged bosons on a lattice32,33 the detailed features of the
phase diagrams and thermodynamic properties can be sensi-

tive to the choice of the distribution function of Ei although
the main conclusions concerning profound effects of diago-
nal disorder remain unchanged.

Here, we will show that the same situation holds as far as
the effects of disorder in the boson-fermion model are con-
cerned. To prove this point we present below in Figs. 7–9 the
results obtained for the rectangular distribution of Ei.

A preliminary analysis of this case has been given in Ref.
18. Indeed, as in the case of bimodal distribution the disorder
effects depend in an essential way on the total concentration
of carriers n and the position of the LP level �o. For the
rectangular distribution of disorder one can single out four
types of changeover characteristics for definite ranges of n.
With increasing disorder strength Eo, the possible
changeovers for a fixed value of �o�0 are �Figs. 7–9�: �i�
E→MIXED→LP, �ii� MIXED→LP, and �iii� E→MIXED
whereas for �o�0 one additionally finds: �iv� E→LP.

The qualitative difference between the cases of rectangu-
lar and bimodal distribution of Ei is the absence of E1 state
for the former. As a consequence there are no changeovers
involving the E1 state and the system can stay in the MIXED
state �compare Figs. 8 and 3�. Furthermore, for both types of
Ei distributions, in an extended range of parameters �n ,�o� a
relatively small disorder has strongly detrimental effect on
superconductivity in the MIXED regime �cf. Figs. 4�b�, 4�c�,
and 9�b��. In both cases, a definite range of parameters
�n ,�o� can be also found for which the boson-fermion model
exhibits a disorder-induced superconductivity. For the rect-
angular distribution this phenomenon takes place at around

FIG. 5. The averaged pairing potential between c-electrons
Vef f = �Vef f�0,T�� at Tc as a function of increasing disorder Eo /2D
for �o /D=0.5, �Io� /2D=0.1 �Jo=0� plotted for several representa-
tive values of n=0.2, 0.9, 1.8, 2.8, and 3.5.

FIG. 6. Diagrams in the �T-n� plane for �o /D=0.5, �Io� /2D
=0.1 plotted for Eo /2D=0.0, Eo /2D=0.01, Eo /2D=0.05, Eo /2D
=0.30, Eo /2D=0.60, and Eo /2D=0.80 �semielliptic DOS, Jo=0�.

FIG. 7. Superconducting ground-state diagrams of the model �1�
for the rectangular distribution of Ei �Eq. �7�� and for rectangular
DOS of electrons as a function of n=nc+2nB and Eo /2D �D=zt
=4t� for �Io� /2D=0.1 �Jo=0� plotted �from the top� for �o /D
=0.1,0.5. Denotations as in Fig. 2.
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E→MIXED changeover �cf. Figs. 7, 9�a�, and 9�c��.

E. Disorder effects in the presence of direct LP hopping JijÅ0

In general, the direct LP hopping Jij�0 expands the sta-
bility regions of the superconducting LP and MIXED states
with respect to the ones of E and E1, and increases the su-
perconducting critical temperatures as well as the superfluid
density in both these states. We postpone a more detailed
analysis of the Jij�0 case, including the n vs �o /D vs
Eo /2D phase diagrams, to a separate paper. Here we will
focus only on the properties of the system for Jo�0 and Io
=0 in the limit of �o /D�−1, where 2nb→n, nc→0, and
where the superconductivity can develop exclusively in the
LP subsystem �for Io=0 the c electrons remain in the normal
state and act only as a reservoir of particles�.

In Figs. 10–12 we present representative results concern-
ing such a case showing the effects of disorder on the SC
phase of LPs for various values of nb for the two delta dis-
tribution of Ei. In particular, one finds the following:

�i� with increasing disorder the superconducting order pa-
rameter �o

x at T=0 as well as the critical temperatures Tc are
strongly reduced for any local pair concentration �0�2nb
�2� �cf. Figs. 11 and 12�.

�ii� For any nb there is a critical amount of disorder, below
which SC can be stable. The critical disorder is the largest
close to half filling of the LP band �2nb=1� and it strongly
diminishes with increasing �2nb−1� �Figs. 10 and 12�.

�iii� For 2nb�1 the SC transition can be either of second
order or first order depending on the local pair concentration
nb and the strength of disorder Eo �cf. Fig. 12�. Increasing
disorder for 2nb�1 changes at first the nature of the phase
transition from a continuous to discontinuous type, resulting
in the tricritical point appearance, then it suppresses the su-
perconductivity at low nb. Finally, for large Eo /D the system
remains in the normal state at all T and any nb.

As pointed out in Sec. III D the detailed features of the
phase diagrams can be sensitive to the choice of the distri-
bution function of random potential. In particular for Io=0,
Jo�0, for the rectangular distribution the SC transition is of

second order for any local pair concentration nb and strength
of disorder Eo.32,33

In the limit �o /D�−1 and Io=0 the model considered
reduces to the model of hardcore bosons on a lattice, which
has been studied by Monte Carlo simulations35–37 and exact
diagonalization of small systems.37–39 The results of these
works, concerning the evolution of critical disorder with par-
ticle concentration as well the evolution of superfluid density
with nb for different degrees of disorder and showing that the
critical disorder is maximal at 2nb=1 are in good agreement
with our findings for this particular case.

IV. SUMMARY AND OUTLOOK

In this paper we have studied the effects of diagonal dis-
order on the properties of the system of coexisting local pairs

FIG. 8. Finite-temperature diagram of the model �1� for the
rectangular distribution of Ei �Eq. �7�� and for rectangular DOS of
electrons sketched in three-dimensional projection �kBTc /2D vs n vs
Eo /2D� for �o /D=0.5, �Io� /2D=0.1 �Jo=0�.

FIG. 9. Evolution of the critical temperature kBTc /2D �solid
line� and the chemical potential � /2D at T=0 �dashed line� of the
model �1� for the rectangular distribution of Ei �Eq. �7�� and for
rectangular DOS of electrons as a function of increasing disorder
Eo /2D for �o /D=0.5, �Io� /2D=0.1 plotted for several values of n:
�a� n=0.2, �b� n=1.6, and �c� n=2.7.
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and itinerant electrons coupled via charge exchange mecha-
nism, described by the �hardcore� boson-fermion model with
random LP site energies. In the analysis we have used the
mean-field variational approach with a configurationally av-
eraged free energy which fully takes into account the hard-
core nature of bosons and which in the absence of interac-
tions �Jij =0, Io=0� yields rigorous results for arbitrary
disorder strength. We determined the phase diagrams and
superconducting characteristics of the system as a function of
the strength of disorder Eo and the total particle concentra-
tion n, for several representative values of the local pair level
position �o /D. Depending on the parameters the model is
found to exhibit various types of superconducting behavior
ranging from the “BCS-like” to the local pairlike limits.

Our analysis shows that the properties of the boson-
fermion model can be strongly affected by the diagonal dis-
order in bosonic subsystem �the randomness of the LP site
energies�. This is in obvious contrast with the conventional
s-wave BCS-type superconductors, which according to the
Anderson’s theorem are rather insensitive to the diagonal
disorder �i.e., to nonmagnetic impurities�. The remarkable
dependence of the superconducting properties on the Ei ran-
domness is a combined effect of changes in the effective

pairing interaction and those in the occupation of fermionic
and LP states induced by disorder. It has been found that in
the model considered, the effects of diagonal disorder de-
pend in a crucial way on the particle concentration and the
LP level position �o. In the extended range of �n ,�o� the
superconducting ordering can be strongly suppressed by the
randomness of the site energies �cf. Figs. 4�b�–4�d� and 9�b��
and the increasing disorder can induce a changeover
MIXED→E1 �cf. Figs. 3, 4�c�, and 4�d��. However, there
also exist a definite range of the parameters �n ,�o� for which
the increasing disorder has a quite different effect: namely, it
can substantially enhance Tc or even yield the phenomena
which can be called a disorder-induced superconductivity
�connected with the changeover E→MIXED—cf. Figs. 3,
4�a�, 4�d�, 4�e�, 9�a�, and 9�c��. Another interesting effect is a
possibility of a disorder-induced bound pair formation of c
electrons, connected with the changeover MIXED→LP, at
which the effective interaction �Vef f� between electrons me-
diated by LPs is found to be very strongly enhanced in com-
parison to its values inside the MIXED, E and E1 regimes
�cf. Fig. 5�.

As we found, the detailed features of the phase diagrams
can be sensitive to the choice of the distribution function of
random potential. Nevertheless, our analysis of two different
types of the Ei distribution functions indicates that the basic
conclusions concerning profound effects of diagonal disorder
on superconductivity in boson-fermion model remain un-
changed for both cases.

In our work we have not considered the randomness in the
fermion site energies since weak disorder of this type is re-
sponsible mainly for renormalization of the single-particle
DOS in calculations of Tc,

17 Our mean-field treatment of the
disordered boson-fermion model misses important effects re-
lated to localization as well as phase fluctuations. They are of
special relevance in the LP regime, where the mean-field Tc
serves only as a pairing scale, rather than the true transition
temperature.1,12 In particular, for the nonrandom case, the Tcs
as calculated beyond MFA within the T-matrix approach in
3D �Refs. 12, 24, and 25� and in the KT scenario for two-

FIG. 11. The superconducting order parameter �o
x at T=0 plotted

as a function of 2nb for Jo /2D=0.05, �Io� /2D=0, and various values
of Eo /2D.

FIG. 12. The superconducting critical temperature kBTc /2D of
LP subsystem as a function of Eo /2D plotted for Jo /2D=0.05,
�Io� /2D=0, and various values of 2nb. Solid and dashed lines mark
second- and first-order transitions, respectively, the tricritical points
are given by circles.

FIG. 10. Ground-state diagram of the model �1� as a function of
2nb versus Eo /2D for Jo /2D=0.05, �Io� /2D=0, and nb=n /2.
SS – singlet superconductor; NO – nonordered phase of LPs.
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dimension �2D�,12 show the crucial effects of pair fluctua-
tions �and phase fluctuations� in the MIXED and LP regimes.
Typically and independently of the pairing symmetry, it is
observed that in 2D the Tc

KT is substantially smaller than
Tc

MFA in these cases. Similarly, Tc in 3D is strongly reduced
as compared to Tc

MFA due to pairing fluctuations. In the
MIXED regime, for temperatures between Tc

MFA and Tc
KT �or

Tc within T matrix�, the system exhibits a pseudogap in the
fermionic spectrum, which develops into a real gap when
moving to the LP regime. For Jij =0, and beyond MFA, the

reduction in Tc in the LP regime is caused by increasing the
effective mass of LP’s and lowering their mobility. Introduc-
ing disorder can yield localization in such a case. An exten-
sion of the present study in the above directions is planned.
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