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Using first-principles density-functional calculations, we studied the electronic structure and phase stability
of the pseudobinary alloys. The calculations have been carried out using the augmented space recursion based
on the all electron, tight-binding linear muffin-tin orbital basis. This work, in particular, provides a further
generalization of our earlier developed technique to the case of systems of multiple sublattices with varying
degree of disorder on them. We showcase the feasibility of our formalism by applying to a face-centered
tetragonal-based pseudobinary �Ni1−xPtx�3Al alloy system. Based on the calculation of effective pair interac-
tions and their lattice Fourier transform, our phase stability search yields two stable superordered structures,
namely, L10-type Ni2PtAl and L10-type NiPt2Al of which the latter has been observed experimentally. An
estimate of the minima in the effective pair potential surface V�k� predicted the order-disorder transition
temperatures of the two stable structures to be �1027 and �1379 K, respectively. The results are in agreement
with the previous findings, proving the effectiveness of augmented space recursive technique in dealing with
systems of multiple sublattices with varying degree of disorder on them. Our calculated additional physical
quantities such as short-range order maps can be compared with future experimental studies.
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I. INTRODUCTION

Metals and alloys are materials about which there is con-
tinuing scientific and technological interest. The key issues
in alloys are the identification of stable phases and the insta-
bility of these stable phases on raising temperature as one
varies the composition. Valuable knowledge of phase stabil-
ity in metallic alloys comes from both theory and experi-
ment. Developing theoretical methods lead to microscopic
understanding of stability which in turn provides clues for
designing materials with desired or improved properties. A
major component of such an understanding is the knowledge
of the electronic structure of alloys, both in the ordered and
the disordered phases.

A vast majority of the work on disordered alloys have
been based on the ubiquitous single-site coherent-potential
approximation �CPA�.1–7 CPA is indeed a powerful mean-
field approximation which maintains the Herglotz analytic
properties of the approximated configuration-averaged
Green’s function. However, it has long been recognized that,
being a single-site approximation, it cannot accurately take
into account effects of either correlated configuration fluc-
tuations of the neighborhood of a site or intrinsic off-
diagonal disorder. Of the plethora of generalizations of the
CPA only a few maintain the proper analytic properties and
local symmetries of the approximated averaged quantities.
Only these have survived the test of time: among them are
the special quasirandom structures �SQS�,8 locally self-
consistent multiple-scattering method,9 locally self-
consistent Green’s function approach,10 the nonlocal
CPA,11–13 the traveling-cluster approximation �TCA�,14–17

the itinerant coherent-potential approximation �ICPA�,18 and

the augmented space recursion �ASR�.19 The last three are
based on the augmented space formalism proposed by one of
us.20,21 Over the years, the ASR coupled with the tight-
binding linear muffin-tin orbitals �TB-LMTO� method22 has
been utilized to predict varieties of properties of disordered
solids. As indicated above, one of the most interesting fea-
tures of this technique is its capability of taking into account
the effects at a site of configuration fluctuations of its near
neighborhood, at the same time maintaining analytical prop-
erties and symmetries of the configuration-averaged resol-
vents. Some examples of this are the effects of local lattice
distortion arising out of the large size mismatch of the con-
stituent atoms, for example, as in CuBe,23 short ranged or-
dering due to local chemistry in a variety of alloys,24–26 the
phonon problem27 where the disorder in the dynamical ma-
trices is essentially off-diagonal and the dynamical matrix
sum-rule couples the disorder in the diagonal and off-
diagonal elements, and in optical28 and thermal transport
properties29 of disordered alloys.

Although this is a powerful technique, its application to
phase stability has been restricted so far mostly to cubic al-
loy systems30–36 with one atom in the unit cell. There have
been a few ASR works on structures with many atoms per
unit cell.37,38 Very recently, ASR has been extended to hex-
agonal alloy systems39 with two atoms in the unit cell. Ex-
tension of the ASR method to handle crystal structures with
multiple sublattices where different sublattices have varying
degree of disorder is an important issue. This would enable
us to study complex materials with many atoms per unit cell,
where the alloying occurs normally in one particular sublat-
tice. This would, for example, enable its usage to perovskite-
like materials with a general formula ABO3 where the sub-
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stitution is often made only in the A or B sublattice or both.
As a test case application of our technique we shall study

the electronic structure of a class of pseudobinary alloys
�A1−xBx�3C, with two interpenetrating sublattices. One is or-
dered with only the specie C occupying its sites while the
other is disordered with species A and B randomly occupying
its sites with probabilities proportional to their concentra-
tions: x and 1−x. In that sense the disorder in the system is
partial. In particular, we will study the pseudobinary limit of
the face-centered tetragonal-based ternary alloy system Ni-
Pt-Al. The L12 structured intermetallic compound Ni3Al,
which is the major strengthening phase of Ni-based superal-
loys, has excellent high-temperature characteristics. The den-
sity of Ni3Al is considerably lower than that of the other
Ni-based superalloys. Although the single crystal Ni3Al is a
very good ductile material, the earlier studies show that by
ternary alloying of electron donor elements in Ni3Al, one can
further improve its ductility.40 In addition, it has been found
that the addition of Pt to � NiAl as well as ��+� NiAl alloys
can significantly enhance their high-temperature oxidation
resistance41 which make them attractive candidates for appli-
cation in gas-turbine engines. Recent experiments by Glee-
son et al.,41 Kamm and Milligan,42 and Meininger and
Ellner43 predicted the stability of ternary � Ni-Pt-Al phase
with L10-type ordered face-centered tetragonal structure
which exists over a large composition range. It has been
established both theoretically44 and experimentally45 that Pt
has a strong tendency to occupy the Ni sites �face centers� in
Ni3Al, which clearly suggests, the existence of pseudobinary
�Ni1−xPtx�3 Al alloys in which the Al atoms exclusively oc-
cupy the cube corners and the Ni and Pt atoms substitution-
ally occupy the face centers of a L12 unit cell �see Fig. 1�.
This alloy system has been studied both theoretically46 and
experimentally42,43 reporting presence of superordered struc-
tures. Existence of both theoretical as well as experimental
studies makes this alloy system an ideal candidate as a test-
ing ground for our formalism.

Further reason behind choosing this alloy is the fact that
the parent Ni-Pt alloy on its own has always been a difficult
system to study because of several reasons,32 e.g., effects due
to large charge transfer and the large size mismatch between
the alloy constituents. There exists a series of papers47–50 in
literature on ordered and substitutionally disordered Ni-Pt
systems which have shown the importance of the inclusion
of relativistic corrections to correctly predict their thermody-
namic properties. A theory for the pseudobinary
�Ni1−xPtx�3Al alloys, therefore must also take into account all
these effects. In an effort to make accurate predictions, we
have performed a scalar-relativistic treatment of the Kohn-
Sham equation and have taken into account the effects of
large charge-transfer and lattice relaxation effects on the
electronic structure through augmented space method.

In addition to the electronic structure, we shall also exam-
ine the phase stability of such systems. In order to study the
phase stability in such pseudobinary-alloy systems, we shall
start from a completely disordered phase, set up a perturba-
tion in the form of concentration fluctuations associated with
an ordered phase and study whether the alloy can sustain
such a perturbation. In terms of methodologies, we shall use
the recursion-based orbital peeling �OP� method introduced

by Burke51 for the direct calculation of small energy dif-
ferences. OP will be carried out in conjunction with the
ASR coupled with the tight-binding linear muffin-tin orbitals
�TB-LMTO� basis. The analysis will be based on the calcu-
lation of quantities such as mixing enthalpies, pair potentials,
ordering energies, mean-field transition temperatures, and the
short-range-order �SRO� maps.

The rest of the paper is organized as follows. In Sec. II,
we shall describe in brief our formalism for the electronic
structure and phase stability calculations. The results on the
density of states �DOS� and the stability of ordered structures
for �Ni1−xPtx�3Al alloys will be discussed in Sec. III. Con-
cluding remarks will be given in the final section.

II. FORMALISM

A. TB-LMTO-ASR for complex disordered structures

The TB-LMTO-ASR begins by expressing the “Hamil-
tonian” of the Kohn-Sham equation in the minimal basis set
of screened linear muffin-tin orbitals. In the most localized �
representation, the second-order TB-LMTO Hamiltonian52

for a complex structured compound with multiple sublattices
can be expressed as

H�2� = H�1� − h o h , �1�

where

FIG. 1. �Color online� The L12 unit cell. The atoms in the unit
cell are shown as large spheres while those related by lattice trans-
lation are shown as small spheres. An A3B L12 unit cell consists of
two types of lattice sites: those at face centers occupied by A atoms
and those at cube corners occupied by B atoms. The two types of
lattice sites are shown as �red� dark and �cyan� light spheres, re-
spectively. The pseudobinary �Ni1−xPtx�3Al system basically con-
sists of two distinct sublattices in which cube-corner sites �the sub-
lattice I� are exclusively occupied by Al atoms while the Ni and Pt
atoms substitutionally occupy the face-centered sites �sublattice II�.
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H�1� = �
R�sL

CRL
�s PRL

�s + �1/2S�1/2

and
�1/2 = �

R�sL

�RL
�s 1/2PRL

�s ,

S = �
R�sL

�
R��s�L�

S
RL,R�L�

�s�s� T
RL,R�L�

�s�s� ,

h = H�1� − �
R�sL

E�RL
�s PRL

�s ,

o = �
R�sL

ORL
�s PRL

�s . �2�

Here R and R� denote the position of the unit cells of the
lattice: the basis is thus a real space based one. L= ��m� is
the composite angular momentum index. �s denotes the �th
atom within the unit cell sitting on the sth sublattice. The
actual atomic position is R+��s, where ��s denotes the posi-
tion of the �th atom on the sth sublattice.

The quantities XRL
� , where X=C, �1/2, E�, and O are the

potential parameters which describe the scattering properties
of the atomic potentials at R+��. For multisublattice multi-
component alloys, the potential parameters can take on val-
ues depending on which sublattice it belongs to. S is the
structure matrix which characterizes the full multisublattice
geometry. P and T are the projection and transfer operators
in the Hilbert space spanned by the TB-LMTO basis �R�sL�.

Turning to disorder in the system, the most general state-
ment that we may make is that the occupation of the lattice
points in each sublattice may be different. In the case we are
interested in, as seen in Fig. 1, there are two types of sublat-
tices: the sites belonging to the first sublattice are ordered
with Al atoms occupying all of them while the sites belong-
ing to the second sublattice is randomly occupied by either
Ni or Pt atoms. In general, even the first sublattice could
have been disordered in a different material. For such binary
disorder we can introduce random, sublattice and site-
dependent occupation variables nR

�s, which take the values 1
and 0 randomly according to whether the site R+��s is oc-
cupied by an A or a B type of atom. The potential parameters
XRL

�s can then be expressed as

XRL
�s = XL

AnR
�s + XL

B�1 − nR
�s� .

For homogeneous disorder on a particular sublattice s, the
random occupation variable nR

�s takes the value 1 with prob-
ability xA

�s and 0 with probability �1−xA
�s�.

The augmented space formulation20,21 now proceeds as
follows: taking clue from measurement theory techniques, all
the random variables nR

�s are associated with operators NR
�s.

The results of measurement are the eigenvalues of these op-
erators and their projected spectral densities are the probabil-
ity densities of the variables nR

�s. The eigenstates of these
operators: ���R

�s�� span the configuration space �R
�s of nR

�s. We
prefer to work in the basis in which the operators are tridi-
agonal. For the binary distribution we label this basis by 0R

�s

and 1R
�s. The full configuration space of all the variables �nR

�s�
is 	=	��R

�s. A particular basis in this space is characterized
by its “cardinality sequence” which is the sequence of sites

�Rn� at which we have a state 1Rn

ns . Any random local poten-
tial parameter XRL

�s in the Hamiltonian is replaced by an op-

erator X̂RL
�s �	 and may be expressed as

X̂RL
�s = A�XL�Î + B�XL�P̂1

R
�s + F�XL�T̂0

R
�s1

R
�s, �3�

where
A�XL� = xA

�sXL
A + �1 − xA

�s�XL
B,

B�XL� = �2xA
�s − 1�
XL,

F�XL� = 
xA
�s�1 − xA

�s�
XL,


XL = XL
A − XL

B,

where P̂1
R
�s are the projection operators in the configuration

space which essentially count the number of configuration

fluctuations locally at site R. T̂0
R
�s1

R
�s on the other hand are the

transfer operators in the same space which either create or
annihilate configuration fluctuations again locally at R.

The augmented space theorem20 tells us that the configu-
ration average of any function of �nR

�s� can be written as a
matrix element in “configuration” space of an operator which
is the same functional of �NR

�s�,

��f��nR
�s��� = ��0”��f̂��NR

�s���0”�� . �4�

The state �0”� denotes a configuration with 0R
ns at every site.

The augmented space formalism gives the configuration-
averaged Green’s function as a matrix element of an aug-
mented resolvent in the space H � 	,

��G�z���
RL,R�L�

�s�s� = ��0”� � R�sL��zĨ − H̃�2��−1��0”� � R��s�L�� ,

�5�

where H̃�2� is an operator in the enlarged augmented space
H � 	,

H̃�2� = H̃�1� − h̃õh̃ , �6�

where

H̃�1� = �
R�sL

ĈRL
�s � PRL

�s + �̃1/2
� S̃ � �̃1/2

and

�̃1/2 = �
R�sL

��̂RL
�s �1/2

� PRL
�s ,

S̃ = �
R�sL

�
R��s�L�

S
RL,R�L�

�s�s� Î � T
RL,R�L�

�s�s� ,

h̃ = H̃�1� − �
R�sL

Ê�RL
�s � PRL

�s ,

õ = �
R�sL

ÔRL
�s � PRL

�s . �7�

We notice that in the present theoretical framework the con-
figuration averaging of a quantity simply reduces to the
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evaluation of a particular matrix element in the enlarged aug-
mented space. This theoretical result is exact. For numerical
implementation this is the starting point for the various ap-
proximations such as the TCA and ICPA. We shall prefer to
implement the recursion method of Haydock et al.53 which is
basically a transformation of the basis, through a three-term
recurrence relation, to a new basis in which the Hamiltonian
becomes tridiagonal and hence the diagonal part of averaged
resolvent can be expressed as a continued fraction expansion
involving the recursion coefficients an and bn,

��G�z���RL,RL
�s�s =

1

z − a1 −
b1

2

z − a2 −
b2

2

z − a3 −
b3

2

�

.

Proper termination of the asymptotic part of this continued
fraction constitutes the only approximation in the present
theory, which retains the essential Herglotz analytic proper-
ties of the Green’s function. Several terminators are available
and we have chosen to use that of Beer and Pettifor.54

Haydock53 has carried out extensive studies of the errors
involved and precise estimates are available in the literature.
If we calculate the coefficients up to the nth step exactly, the
first 2n moments of the density of states are reproduced ex-
actly. This is a generalization of the method of moments,
with the additional restriction that the asymptotically large
moments are also accurately obtained.

Quantities required for self-consistent electronic-structure
calculations such as charge densities, total densities of states,
and total energies are all obtained from the projected density
of states which are related to resolvents of the disordered
system where one site in a sublattice �labeled R0 ,�s� is oc-
cupied by an atom of the type I,

��G�z���R0L0,R0L0

�s�I� = ��0”� � R0�sL0��zĨ − H̃�2�,�I��−1��0”�

� R0�sL0� , �8�

where

H̃�2�,�I� = H̃�1�,�I� − h̃�I�õ�I�h̃�I�

and

H̃�1�,�I� = H̃�1� + C̃R0L0

�s,�I� + ��̃R0L0

�s,�I��1/2S̃��̃R0L0

�s,�I��1/2,

h̃�I� = H̃�1�,�I� − �
R�sL

Ê�RL
�s � PRL

�s − Ẽ�R0L0

�s,�I� ,

õ�I� = õ + õR0L0

�s,�I�,

where the various augmented potential parameters,

X̃R0L0

�s,�I� = �XL0

�s,�I�Î − X̂R0L0

�s � � PR0L0

�s . �9�

The projected density of states is obtained from

nR0

�s,�I��E� = −
1

�
Jm�

L0

��G�E + i0+���R0L0,R0L0

�s�I� . �10�

The total density of states in units of states/Ry atom is

n�E� =
1

Ncell
�
�s

�
R0

�
I

xI
�snR0

�s,�I��E� . �11�

For our pseudobinary alloy �A1−xBx�3C in a tetragonally dis-
torted face-centered-cubic lattice, there are two types of sub-
lattices: �1, the face-centered sites which are disordered and
�2, the cube-edge sites which are all occupied by C type of
atoms. For �1, I=A or B, and xB

�1 =x and xA
�1 =1−x. For a

tetragonally distorted L12-type structure there are two types
of atoms in the first sublattice, one at �110� �labeled �11� and
two identical ones at �101� and �011� �labeled �12�. While for
�2, I=C and xC

�2 =1 and there is only one type of atom at
R0= �000�. The total number of atoms per unit cell Ncell=4.
Thus

n�E� =
1

4
�n�2,�C��E� + �xn�11,�B��E� + �1 − x�n�11,�A��E�

+ 2�xn�12,�B��E� + �1 − x�n�12,�A��E�� . �12�

At each concentration x, three separate augmented space re-
cursions have been carried out with respect to three distinct
maps corresponding to three inequivalent sites labeled by
�11, �12, and �2.

B. Phase stabilities

Our approach to the phases of the alloy will be from the
point of view of stability. We shall start from a completely
disordered alloy described by the occupation variables �nR

�s�.
The average ��nR

�s��=xA
�s for homogeneous perfect disorder.

We then introduce fluctuations in the occupation variable at
each site 
xR

�s =nR
�s −xA

�s. The generalized perturbation ap-
proach then expands the total internal energy in this configu-
ration about the energy of the perfectly disordered state as

E = V�0� + �
R

�
�s

VR�s

�1� 
xR
�s + �

RR�
�

�s�s�

VR�s,R��s�

�2� 
xR
�s
x

R�

�s� + ¯ .

�13�

The coefficients V�0�, VR�s

�1� , . . ., are the effective renormalized
cluster interactions. V�0� is the averaged total energy of the
disordered medium. The “on-site energy” VR�s

�1� is unimpor-
tant for bulk ordered structures emerging from disorder. It is
important for emergence of inhomogeneous disorder at sur-
faces and interfaces. The renormalized pair interactions
VR�s,R��s�

�2� are the most important quantities governing the

emergence of bulk ordering. From Eq. �13� we may argue
that the one body interaction VR�s

�1� is the energy difference
between the situations when we immerse a B or an A atom in
the disordered background at the site R+��s. In a homoge-
neously disordered situation this is independent of R. The
pair interaction VR�s,R��s�

�2� is the difference in one body inter-

action at R+��s when site R�+��s� is occupied either by an A
or a B atom. These are given by
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VR�s

�1� = ER�s

A − ER�s

B ,

VR�s,R��s�

�2� = ER�s,R��s�

AA + ER�s,R��s�

BB − ER�s,R��s�

AB − ER�s,R��s�

BA ,

�14�

where ER�s

I is the total energy of random alloy with site R

+��s occupied by I=A or B type of atoms. ER�s,R��s�

IJ is the

total energy of the random alloy with sites R+��s and R�
+��s� occupied by I and J �both either A or B� types of
atoms.

Since VR�s

�1� and VR�s,R��s�

�2� are very small energy differences

�on the order of millirydberg� of large energies �on the order
of 103 Ry�, a separate calculation of each component will
produce errors larger than the small differences themselves.
The orbital peeling method51 based on recursion55 was intro-
duced by Burke precisely to calculate such small differences
directly. The main points behind this method are described
below.

The total energy of a solid may be separated into two
parts: a one-electron band contribution EBS and the electro-
static contribution EES. The renormalized cluster interactions
defined in Eq. �13� should, in principle, include both of these
contributions. However, since the cluster interactions involve
the difference of cluster energies, it is usually assumed that
the electrostatic terms cancel out, considering only the band-
structure contribution to be important. Such an assumption is
not rigorously true but it has been shown to be approxi-
mately valid in a number of alloy systems.56 Considering
only the band-structure contribution, the effective pair inter-
actions �EPIs� can be calculated as follows.

The EPI can be related to the change in the configuration-
averaged local density of states

VR�s,R��s�

�2� = �
−�

EF

dE�E − EF��N�E� , �15�

where �N�E� is given by

�N�E� = −
1

�
Jm�

IJ

AB

Tr���EĨ − H̃�IJ��−1��IJ,

where IJ=2
IJ−1 and H̃�IJ� is the augmented space Hamil-
tonian of a system where all sites except R�s and R��s� are
randomly occupied. These sites are occupied by atoms of the
types I and J, respectively. The change in the averaged local
density of states can be related to the generalized phase shift
��E� through the following equation:

�N�E� =
d��E�

dE
,

where ��E� is given by

��E� = log
det��GAA�E���det��GBB�E���
det��GAB�E���det��GBA�E���

.

GIJ�E� is the resolvent of the augmented space Hamiltonian
H�IJ�. The behavior of the above function is quite compli-
cated and hence the integration �Eq. �15� by standard rou-

tines is difficult. Furthermore, the integrand is multivalued,
being simply the phase of �IJdet�GIJ�IJ. The way out of this
was suggested by Burke,51 who gave an elegant way of cal-
culating the phase shift ��E� following the orbital peeling
method. The method basically relies on the repeated applica-
tion of the downfolding theorem on the Hamiltonian H�IJ�.
We shall quote only the final result. The pair energy function
is defined as

fR�s,R��s�
�E� = �

IJ

AB

�
k=1

�max

IJ�
−�

E

dE��E� − E�log��Gk
IJ�E����

= 2�
IJ

AB

�
k=1

�max��
m=1

zk,IJ

Zm
k,IJ − �

m=1

pk,IJ

Pm
k,IJ + �pk,IJ

− zk,IJ�E� , �16�

where ��Gk
IJ�E��� denote the configuration-averaged resol-

vents of the disordered Hamiltonian with occupancy at sites
R�s and R��s� by I and J types of atoms, of which the pro-
jected orbitals 1 to k−1 have been deleted �peeled�. Zm

k,IJ and
Pm

k,IJ are its zeros and poles and zk,IJ and pk,IJ are the number
of such zeros and poles below E. The zeros and poles are
obtained directly from the recursion coefficients of the aver-
aged resolvents and these are obtained from the TB-LMTO-
ASR. The effective pair interaction is then given by

VR�s,R��s�

�2� = fR�s,R��s�
�EF� . �17�

If ordering in only a given sublattice is considered then the
quantity required is VR�s,R��s

�2� . This is relevant for our ex-
ample �A1−xBx�C, where the �1 sublattice sites are not ran-
dom and ordering takes place only in the �2 sublattice. The
general formulation also can tackle ordering across different
sublattices.

In what follows we shall specialize to our given pseudo-
binary problem where ordering takes place only in one of the
sublattices. It has been noticed that a wide range of phenom-
ena related to order-disorder transitions can be explained us-
ing the symmetry properties of the pair interactions VR�s,R��s

�2� .
The study of phase stability requires reliable approximations
to the configurational energy as well as the use of statistical
models to obtain the configurational entropy. The configura-
tional energy within the pair interaction can be represented in
Fourier space as the product of the Fourier transform of the
effective pair interaction V�k� and that of the pair-correlation
function Q�k�,

E �
N

2 �
k

V�k�Q�k� ,

where N is the number of atoms. Minimization of E will
naturally occur for states of order characterized by maxima
in the Q�k� pair-correlation spectrum located in regions of
the absolute minima of V�k�. Consequently, much can be
predicted about the types of ordering to be expected from a
study of the shape of V�k�, particularly from a search of its
absolute minima h �called special points�. At these special
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points, ��hV�h��=0. These special points are always located
at the surface of Brillouin zone. The star of a special point
vector k is obtained by applying all the rotations and rotation
inversions of the space group on the vector k. All these vec-
tors of a star are considered equivalent.

We note first that the sublattice on which the disorder is
taking place is a body-centered tetragonal �bct� lattice em-
bedded in the larger face-centered tetragonal lattice. This is
clear from Fig. 2. The special points of the bct structure are
located at the points �, H, and R of the Brillouin zone.
Minima of V�k� at these points predict various kinds of or-
dered structures that could be obtained by the superposition
of concentration waves for equivalent points corresponding
to a single star. A minimum at the � point, h= �000, indi-
cates phase separation while a minimum at the point H, h
= �100 in the bct lattice suggests B2-type ordering.

We have investigated the stability of the ordered struc-
tures in the bct-based sublattice in the pseudobinary alloy

�A1−xBx�C based on these concepts of the lattice Fourier-
transformed effective pair interactions. Once the pair inter-
action energies have been calculated, they may be used for
the calculation of the mixing enthalpy, ordering energy, in-
stability temperature, and the short-range order maps to pre-
dict the most stable superordered structures.

With reference to the total energies of the pure constitu-
ents, in the approximation where we only restrict ourselves
to pair energies and ignore all three body interactions and
higher, the so-called mixing enthalpy is defined as

Emix = −
1

2
x�1 − x��

n

V0n
�2�Nn. �18�

The generalized perturbation method56 defines an ordering
energy as

Eord =
1

2
x�

n

V0n
�2��Nn

BB − xNn� , �19�

where in the given ordered structure, n is the nth nearest
neighbor of an arbitrarily chosen site �which we label 0�, Nn

BB

is the number of BB pairs, and Nn is the total number of pairs
in the nth nearest-neighbor shell of 0.

The expressions for mixing and ordering energies, calcu-
lated in terms of pair potentials considering up to fourth
nearest neighbors for x=1 /3 and 2/3 concentrations of Pt in
�Ni1−xPtx�3Al pseudobinary alloy are then given by

Emix�x =
1

3
� = −

2

9
�4V1 + 2V2 + V3 + 8V4� ,

Emix�x =
2

3
� = −

2

9
�2V1 + 2V2 + V3 + 2V4� ,

Eord�x =
1

3
� = −

1

9
�4V1 − 4V2 − 2V3 + 8V4� ,

Eord�x =
2

3
� = −

1

9
�8V1 − 4V2 − 2V3 − 4V4� , �20�

where Vn are the effective pair interaction for the nth nearest
neighbor.

A sufficient �but not necessary� condition, formally shown
by Clapp and Moss,57 for a stable ground state is that the
wave vector of concentration waves corresponding to an or-
dered phase lie in the positions of the minima of the Fourier
transform of the pair energy function: V�k�. The Krivoglatz-
Clapp-Moss short-range order parameter related to the dif-
fuse scattering intensity is defined as

��k� =
C

1 + x�1 − x��Vren�k�
, �21�

where

FIG. 2. �Color online� Interpenetrating tetragonal and body-
centered tetragonal lattices make up the larger face-centered tetrag-
onal lattice. Al atoms on the outer tetragonal lattice are shown as
�cyan� gray while the Ni�Pt� atoms in the inner body-centered te-
tragonal disordered lattice is shown as �magenta� dark spheres.
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1

C
=� dk

8�3

1

1 + x�1 − x��Vren�k�
.

The ring approximation in the grand-canonical ensemble de-
scribed by Chepulskii and Bugaev,58 expresses the renormal-
ized pair function Vren as

Vren�k� = V�k� −
�

2
�1 − 2x�2� dq

8�3F�q�F�k − q� , �22�

where

F�q� =
V�q�

1 + x�1 − x��V�q�
.

It is straightforward to show that the minima of the pair-
function Vren�k� coincide with the maxima of the diffuse
scattering intensity.

We have further used Khachaturian’s concentration wave
approach in which the stability of a solid solution with re-
spect to a small concentration wave of given wave vector k
is guaranteed as long as kBT+V�k�x�1−x��0. Instability of
the disordered state sets in when

kBTi + Vminx�1 − x� = 0, �23�

where Ti is the instability temperature corresponding to a
given concentration wave disturbance. Vmin is the absolute
minima in the effective pair potential surface and x is the
concentration of one of the constituent atoms.

III. RESULTS AND DISCUSSION

A. Computational details

One of the difficulties associated with the TB-LMTO-
ASR method is the enormous rank of the enlarged aug-
mented space. The rank of this Hilbert space for a pseudobi-
nary alloy is �Nd�2Nd +No� for a system of Ntot=Nd+No
lattice sites with binary distribution �with respect to A and B
type of atoms� on Nd number of sites and No number of sites
with fixed occupancy by the C type of atom. In an earlier
communication59 we have discussed how one may use the
local symmetries of the augmented space to reduce the rank
of the Hamiltonian and carry out the recursion on a reducible
subspace of much lower rank. In case of pair interaction
calculation if we fix the occupation of two sites �Ith and Jth
sites�, the local symmetry of the augmented space is further
lowered. We may then carry out the recursion in a suitably
reduced space.

For our calculations, the real-space clusters were gener-
ated out of 2000–2500 atoms, which gave rise to about
1 700 000 states in the enlarged augmented space, consisting
of both real-space and configuration-space labelings. Each
atom in the real-space cluster has 18 neighbors �nearest and
next nearest� around it and hence yields a pretty good cov-
erage of the far environment around each site. 12 steps of
recursion were carried out and the continued fraction termi-
nated by the Beer and Pettifor terminator.54 This gave the
configuration-averaged Green’s function. The same number
of recursion steps was used for the pair interaction OP cal-
culation.

As already mentioned, in order to check the reliability of
our computational method and to answer the questions re-
garding the stability of superordered structures in pseudobi-
nary alloys, we have chosen the face-centered tetragonal-
based �Ni1−xPtx�3Al alloy system. Though, the parent
compounds, NiPt and NiAl alloys, have been extensively
studied32,47,49,50 in the past, there exist very few theoretical
investigations �see Jiang et al.,46 and references therein� of
pseudobinary compounds based on these binary alloys.

First of all we shall show the effectiveness of the TB-
LMTO-ASR method by calculating the alloy density of
states and hence the Fermi energy, which is the most crucial
quantity for an accurate calculation of pair interaction en-
ergy, at two different concentrations of Pt, x=1 /3 and 2/3.
The phase stability search is then carried out using the orbital
peeling method within the framework of ASR for the calcu-
lation of the effective pair potentials described at length in
the earlier section. The results obtained were compared with
the existing theoretical results available in the literature. The
calculations were performed both nonrelativistically as well
as scalar relativistically and the exchange-correlation poten-
tial of Von Barth and Hedin was used. In an earlier
communication,32 we have shown that the calculations done
with the same Wigner-Seitz radius �charged spheres� for the
constituent atoms in an alloy leads to unphysical results.
However following the procedure described by Kudronovský
and Drchal,60 which is an extension of the procedure pro-
posed by Andersen and Jepsen,22 one can make choices of
the atomic sphere approximated �ASA� radii for the constitu-
ents, which is capable of taking into account charge self-
consistency in a reasonable manner. The idea is to choose
ASA radii of atomic species in such a way that the spheres
are charge neutral on average. We have utilized this proce-
dure throughout our calculation to correctly take into account
the charge-transfer effect which is one of the most important
factor in any electronic-structure calculation.

Of the two concentrations, the c /a ratio for x=1 /3 and
2/3 are 1.02 and 0.92, respectively. The equilibrium lattice
parameters are given by a=3.67 Å and c=3.74 Å for x
=1 /3 and a=3.93 Å and c=3.616 Å for x=2 /3. These
equilibrium lattice parameters were obtained by minimizing
the total DFT energies with respect to the lattice parameters.
These structural parameters compare quite well with those of
the existing theoretical and experimental findings.42,43,46

Pt being one of the constituents, one would expect rela-
tivistic effects to be important. For the stabilization of the
NiPt alloy system, relativistic effect has been found to play a
crucial role.32,35 It is of interest therefore, to find out whether
such a dependence extends also to case of pseudobinary al-
loys �Ni1−xPtx�3Al. For this purpose, we have carried out cal-
culations considering the nonrelativistic form of the Hamil-
tonian also.

B. Results of nonrelativistic calculations

In Table I we show the ordering energy and the mixing
energy of the �Ni1−xPtx�3Al alloy for Pt concentration x
=1 /3 and 2/3, without including the relativistic corrections
to the Hamiltonian. These energies are calculated from Eqs.
�18� and �19�, respectively.
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One can easily notice from Table I that the mixing energy
for the composition x=1 /3 come out to be positive and the
ordering energy is very small negative indicating an overall
tendency to segregate. Moreover, both these energies are
positive for x=2 /3 indicating an overwhelming segregating
tendency. Both these contradict experimental observation.
These results reflect the inadequacy of the nonrelativistic

Hamiltonian to describe the problem of phase stability in this
class of pseudobinary alloys and confirms the importance of
the relativistic effects to the Hamiltonian. Keeping in mind
that the pair interactions have magnitude approximately a
few mRy/atom and they are sensitive to changes in the
Hamiltonian, we carry out all the calculations with the
scalar-relativistic form of the TB-LMTO Hamiltonian which
includes mass-velocity and Darwin terms.

C. Results of scalar-relativistic calculations

Figure 3 shows the projected and total DOS at the alloy
compositions x=1 /3 and 2/3 and compares them with the
ordered Ni2PtAl and NiPt2Al, respectively. In both the panels
the quadrants show the projected DOS for Al, Ni, and Pt with
the total DOS all in units of states/Ry cell. The left quadrants

TABLE I. Mixing and ordering energies �in mRy/atom� for the
two compositions in �Ni1−xPtx�3Al alloy with nonrelativistic
calculations.

Composition Emix Eord

x=1 /3 0.20 −0.15

x=2 /3 1.21 1.80

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

2

4

6

8

10

12

D
O

S
(s

ta
te

s
/R

y
-c

e
ll

) PDOS-Al

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

50

100

150

200
PDOS-Ni

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

20

40

60

80

D
O

S
(s

ta
te

s
/R

y
-c

e
ll

) PDOS-Pt

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

50

100

150

200

250
TOTDOS

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

2

4

6

8

10

12

D
O

S
(s

ta
te

s
/R

y
-c

e
ll

) PDOS-Al

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

50

100

150

200
PDOS-Ni

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

20

40

60

80

D
O

S
(s

ta
te

s
/R

y
-c

e
ll

) PDOS-Pt

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

50

100

150

200

250
TOTDOS

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

2

4

6

8

10

D
O

S
(s

ta
te

s
/R

y
-c

e
ll

) PDOS-Al

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

40

80

120

PDOS-Ni

-1.0 -0.7 -0.4 -0.1 0.2 0.5
Energy (Ry)

0

20

40

60

80

D
O

S
(s

ta
te

s
/R

y
-c

e
ll

) PDOS-Pt

-1.0 -0.7 -0.4 -0.1 0.2 0.5
Energy (Ry)

0

50

100

150
TOTDOS

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

2

4

6

8

10

D
O

S
(s

ta
te

s
/R

y
-c

e
ll

) PDOS-Al

-1.0 -0.7 -0.4 -0.1 0.2 0.5
0

40

80

120

PDOS-Ni

-1.0 -0.7 -0.4 -0.1 0.2 0.5
Energy (Ry)

0

20

40

60

80

D
O

S
(s

ta
te

s
/R

y
-c

e
ll

) PDOS-Pt

-1.0 -0.7 -0.4 -0.1 0.2 0.5
Energy (Ry)

0

50

100

150
TOTDOS

FIG. 3. �Top panel� Partial and total densities of states for �left quadrant� ordered Ni2PtAl �right quadrant� disordered �Ni1−xPtx�3Al with
x=1 /3. �Bottom panel� Partial and total densities of states for �left quadrant� ordered NiPt2Al �right quadrant� disordered �Ni1−xPtx�3Al with
x=2 /3. Note the change in scale of the y axis between Al, Ni, and Pt partial DOS.
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are for the ordered and the right ones for the disordered
alloys. EF is indicated by the vertical dashed lines.

The first thing to note is that for the partial DOS for Al
and Ni for both the compositions, the disordered and ordered
DOS structures are not very different from each other. The
disordered structures are, of course, broadened by disorder
scattering. There is some rearrangement of structures for the
partial DOS for Pt, particularly for x=1 /3. The Al partial
DOS contributed by Al s and p bands are much broader com-
pared to Pt d and Ni d dominated partial DOS of Pt and Ni.
Contributions from Pt s and p bands can be noticed near the
band edge. The total DOS for both the compositions re-
semble each other quite closely. This indicates that although
there has been considerable charge-transfer effects when we
alloy the constituents, there is only a small extra charge
transfer when we go from the ordered to the disordered
phase. The Fermi level EF shifts only slightly with composi-
tion.

We shall now discuss the phase stability of the two alloys.
It will be shown that how the inclusion of relativistic correc-
tions and a reasonable choice of the Wigner-Seitz radius of
the constituents �to maintain charge neutrality� help to pre-
dict the stability of the correct phase at all concentration
range. Figure 4 shows the EPI for two �Ni1−xPtx�3Al pseudo-
binary alloys within the bct structure on which ordering takes
place. These pair energies are calculated only with respect to
the interactions between the disordered constituents Ni and
Pt. Al atoms are kept fixed at the cube corners, so do not
participate in the ordering process. The top and the bottom
panels of Fig. 4 show the pair energy functions for concen-
trations x=1 /3 and 2/3, respectively. The solid, dashed, dot-
dashed, and long-dashed lines show the pair interaction en-
ergies between the first �V1�, second �V2�, third �V3�, and
fourth �V4� nearest-neighboring atoms. There are some com-
mon features which both the alloys share. As for instance,

the magnitude of first neighboring pair interaction �V1� is
always greater than the other more distant neighboring pair
energies. The pair energies rapidly converge to zero with
distance. In fact, we have shown the pair energies up to the
fourth-nearest-neighbor shell and we have checked that the
magnitude of the pair energies beyond fourth shell are
smaller than the error bars of our calculational method and
therefore these numbers are not really reliable. We have
therefore calculated the ordering and mixing energies with
contributions only up to the fourth neighboring shell. The
very first thing we note from Fig. 4 is the positive sign of V1,
which predicts an ordering behavior for both the alloys.

Based on these real-space pair interaction energies, we
have then estimated the ordering and the mixing energies for
the two alloy systems as shown in Table II. Unlike the results
shown in Table I, where the ordering and mixing energies for
composition x=2 /3 were positive, with relativistic correc-
tions these energies are now negative for both compositions
and hence favor ordering as predicted by other theories46 and
experiments.42,43 This shows that the scalar-relativistic ef-
fects play an important role in predicting the correct ground
state.

A quantitative comparison of our mixing enthalpies with
that of the cluster expansion �CE� and the SQS results46 for
two alloy compositions are shown in Table III. It is easy to
notice that our results obtained with the inclusion of relativ-

TABLE II. Mixing and ordering energies �in mRy/atom� for the
two compositions in �Ni1−xPtx�3Al alloy with scalar-relativistic
calculations.

Composition Emix Eord

x=1 /3 −1.96 −1.39

x=2 /3 −0.92 −3.36
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FIG. 4. �Color online� �Left panel� The real-space functions f�E� �Eq. �16� plotted as functions of energy for �Ni1−xPtx�3Al alloys: x
=1 /3 and 2/3. The solid �black�, dashed �red�, dot-dashed �green�, and long-dashed �blue� lines in the two panels indicate the pair functions
f�E� between the first �V1�, second �V2�, third �V3�, and fourth �V4� neighboring atoms. The vertical dashed line indicates the alloy Fermi
level. �Right panel� The actual effective pair interactions �Eq. �17�.
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istic corrections are in closer agreement with other results.
We need also to predict which type of superstructure is

stable. Figure 5 shows three possible ordered arrangements
for Ni2PtAl. We can obtain the energy difference between
these structures using the pair energies. The leftmost layered
structure has the minimum energy. On the face-centered te-
tragonal lattice it is a type of L10 structure with Ni in layers
capped by Pt. On the underlying bct lattice on which order-
ing takes place this is a B2 like arrangement. The energy of
the middle structure is merely 0.05 mRy/atom higher for the
x=1 /3 composition and 8.0 mRy/atom higher for the x
=2 /3 composition. This is also a layered structure with al-
ternating Ni and Pt layers capped with Ni. The third structure
to the far right is higher in energy still. Recently there has
been theoretical predictions by Jiang et al.46 as well as ex-
perimental work by Kamm and Milligan,42 and Meininger
and Ellner43 both of which predict L10 or layered type order-
ing on the face-centered tetragonal lattice �equivalently B2
ordering on the embedded bct lattice� at x=2 /3 composition.

In order to reconfirm the stability of a specific type of
superordered structure at the two extreme end concentration
range, we have followed an alternative path via calculating
the Fourier transform V�k� of the real-space pair energies

and analyze the minima of this effective potential surface.
Figure 6 shows the effective pair potential surface V�k� on
�left panels� the kz=0 plane and �right panels� the plane
bounded by �001� and �110� lines for the �Ni1−xPtx�3Al al-
loys. The top and bottom panels show the pair potential sur-
faces for x=1 /3 and 2/3 compositions. Each of these plots
has a minima at the special point �100�. In the bct sublattice
this indicates a B2 ordering. A look at Fig. 2 convinces us
that this indicates a L10-based structure in the full fcc-based
lattice at x=1 /3 and 2/3. The x=1 /3 case has a shallow dip
at � 1

2 , 1
2 , 1

2 � while the x=2 /3 case has a saddle point there.
This has no bearing on the prediction of the stability of the
L10 �B2� like structure but will bear upon the path taken to
transition from disorder to ordering across the instability
temperature �Table IV�.

A quantitative evaluation of the minima of these pair po-
tential surface yields an estimate of the order-disorder tran-
sition temperature. Once these minima are located, the insta-
bility temperature Ti can then be evaluated from Eq. �23�.
The instability temperatures are �1027 and �1379 K for
the alloys x=1 /3 and 2/3, respectively. It should be noted
that the transition temperature of L10Ni2PtAl �x=1 /3� is
comparatively lower than that for x=2 /3. A very recent the-
oretical investigation46 of this alloy system predicts the
order-disorder transition temperature for L10 Ni2PtAl to be
�915 K. The experimental order-disorder transition tem-
perature for the x=2 /3 composition is 1423 K. We have
slightly underestimated this in our phase stability study via
the orbital peeling calculation. The discrepancy is however
quite small and its possible reason is the neglect of the ef-
fects of nonconfigurational �vibrational, electronic, etc.� en-
tropies in our calculation which might cause a shift of the
order-disorder transition temperatures.

The SRO “parameters” ��k� are the most sensitive quan-
tities to approximation in the study of disordered alloys. We
have estimated these parameters for different ordering stars

TABLE III. Formation enthalpies �in eV/formula unit� for fcc-
based pseudobinary �Ni1−xPtx�3Al alloys with the choice of charge
neutral spheres including the scalar-relativistic corrections. The val-
ues within brackets are without relativistic correction. The third and
fourth columns correspond to the results obtained form the cluster
expansion and the SQS calculation of Ref. 46.

Composition This work SR �NR� CE �Ref. 46� SQS �Ref. 46�

x=1 /3 −0.100 �+0.011� −0.065 −0.068

x=2 /3 −0.055 �+0.066� −0.072 −0.090

FIG. 5. �Color online� Three possible ordered structures of the type Ni2PtAl. Similar structures are possible for NiPt2Al. One can go from
one to the other by simply interchanging Ni and Pt atoms.
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using the pair interaction energies for �Ni1−xPtx�3Al alloys at
one of the compositions �x=2 /3�. The results are shown in
Fig. 7. These SRO functions were calculated at intervals of
1.6 K up to about 10 K above the instability temperature,
using the above explained first four nearest-neighbor pair
interaction energies, to see the effect of SRO in the disor-
dered phase. These SRO values show peak positions at the
special points �100�. These peak positions correspond to the
diffused scattering peaks which clearly show the L10-type

�B2 on the ordering lattice� short-range ordering for the x
=2 /3 concentration of Pt in the disordered phase of these
alloy systems. The SRO function clearly develops peaks at
the special points �100� and �010� as we approach the tran-
sition temperature from above. This confirms the transition
from the disordered to the L10-type �B2� phase.

IV. CONCLUSION

The aim of this work was to introduce and examine the
suitability and accuracy of the ASR-based orbital peeling
�OP� method for the phase stability study of the pseudobin-
ary alloys. We have applied the developed technique to
�Ni1−xPtx�3Al pseudobinary alloys. Our analysis shows that
for the phase stability study, it is essential to take into ac-
count both the relativistic corrections and the proper han-
dling of the effects of charge transfer by a choice of the
charge neutral spheres. Our ground state search identified

TABLE IV. Minima of the effective pair potential V�hkl� sur-
face for the fcc-based pseudobinary �Ni1−xPtx�3Al alloys.

Alloy composition Experimental ordering Vmin

x=1 /3 �100� B2 −29.29

x=2 /3 �100� B2 −39.32
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FIG. 6. �Color online� The effective pair potential surface V�k� in reciprocal space projected on the plane bounded by �left panels� �100�
and �010� axes and �right panels� �001� and �110� axes, for the �Ni1−xPtx�3Al alloy. The top and bottom panels correspond to x=1 /3 and 2/3
alloy compositions. These results were calculated with the choice of charge neutral spheres including the scalar-relativistic correction to the
Hamiltonian into account.

AB INITIO AUGMENTED SPACE RECURSION TO… PHYSICAL REVIEW B 81, 054201 �2010�

054201-11



L10 �B2� type structures for both Ni2PtAl and NiPt2Al. The
latter has been observed experimentally. Our computed insta-
bility temperatures are in fair agreement with both earlier
theoretical approaches as well as the experimental findings.
We have also compared our calculated mixing enthalpies
with earlier results. We have further calculated the short-
range order maps which may be compared with future ex-
perimental measurements. Based on the success of our test
case, we propose the ASR technique as a computationally
efficient method for the electronic structure and phase stabil-
ity studies of multicomponent and multisublattice alloys with

varying nature of disorder on different sublattices. This case
study will form the basis of further studies on these systems.
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