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The time-dependent population inversions induced by ultrafast 2� and � pulses are simulated by cascade
effective Bloch equations in terahertz quantum cascade lasers. The effective nonlinear chirped � pulse is used
to achieve the Rabi flopping of population inversion and the oscillations in recovery process are found. With
nonchirped pulse, we demonstrate that the oscillations in recovery process and the shift of resonant pump
frequency are rooted from the many-body effects of the polarization. With a short dephasing time, the popu-
lation changes are similar with the results of rate-equation model.
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I. INTRODUCTION

The quantum cascade laser �QCL� has been widely stud-
ied as an important device of lasing in mid-infrared region or
far-infrared region.1–3 The terahertz QCL can be used in
medical and environmental detection, wireless communica-
tion, etc. In the quantum cascade structure, population inver-
sion is achieved by the special tailoring of the quantum
structure that can control the intersubband scattering life-
times and the electrons transport into the upper lasing state
by scattering and resonant tunneling through an injection
barrier. The pump-probe method is an important tool of in-
vestigating the coherent transport of electrons through the
cascade structures.4,5 This experimental method is helpful to
our research in the physical mechanism of population dy-
namics in the terahertz QCL and some theoretical works
have been done by Weber et al.6 Recently, femtosecond
pump-probe experiments on an operating mid-infrared QCL
have been done by Choi et al.7,8 In this experiment, the phe-
nomena of photon-driven transport and gain recovery have
been studied experimentally and theoretically. In their theo-
retical work, the rate-equation method has been used to
simulate the population dynamics of the quantum cascade
structure.

At present, mostly, there are three methods used in the
simulation of electron transport in quantum cascade struc-
tures: rate equation, Monte Carlo �MC� simulation, and
semiconductor Bloch equations �SBEs�. The rate equation
and MC simulation have been used to analyze the electron
transport in mid-infrared QCL and terahertz QCL �Refs. 9
and 10� but these two methods cannot work when we con-
sider the coherent effects in the system. The SBEs are a
helpful approach to simulate the dynamics of electrons when
the device is pumped by an intense laser field.6,11–13 Within
this approach, we can study the coherent effects between the
resonant levels clearly. But it is difficult to use SBEs practi-
cally, especially in the quantum cascade structure, because
the computational complexity is too large and it is hard to
include the electron-electron interaction which is important
in the terahertz QCL. Recently, the coherent nonlinear opti-
cal phenomena in intersubband transitions in GaAs/AlGaAs
coupled quantum wells have been studied by using the effec-
tive Bloch equations which derived from the SBEs with the

averaging method by Batista et al.14 and Olaya-Castro et
al.15 These simpler equations have been widely used and
many interesting effects have been studied, such as instanta-
neous effect and many-body effects.16–18 To the best of our
knowledge, the many-body effects with ultrafast pulse in
terahertz QCL have not been studied.

In this paper, we focus on the role of many-body effects in
coherent polarization induced by 2� and � pulses. We ne-
glect the polarization of the tunneling process to magnify the
effects. In order to achieve this point, we apply a terahertz
QCL based on a three-well active module as our research
object. We extend the effective Bloch equations by append-
ing a cascade term so they can be used in the terahertz QCL.
We approximately use the scattering rates derived from the
results of MC simulation in the stationary state. At last, we
derive the numerical results with different pulses and dephas-
ing times from the cascade effective Bloch equations. We
represent some interesting phenomena that have never been
found and then the importance of the many-body effects is
demonstrated.

II. CASCADE EFFECTIVE BLOCH EQUATIONS TO
TERAHERTZ QUANTUM CASCADE LASERS

In order to make a clear analogy and provide a vivid
picture, we focus on the terahertz QCL based on a three-well
active module which was first realized by Liu and
co-workers.19 The diagram of the calculated band structure
of the terahertz QCL is shown in Fig. 1. The device was
fabricated and processed in 1 mm long and 100 �m wide.
The design bias is 14.4 kV/cm. It is operating at 3.4 THz and
the working temperature is 25 K. The electrons in injector
level 1� are injected into the upper level 4 and then undergo
vertical radiative and nonradiative transitions to the lower
lasing level. Finally, electrons in the lower lasing level relax
to level 1 through fast electron-longitudinal phonon scatter-
ing. This process then repeats in subsequent modules.

The band structure of this terahertz QCL is obtained by
the self-consistent Poisson-Schrodinger equations which
have been widely used to solve similar problems. The energy
gap �43 between level 4 and level 3 is 14.6 meV �3.7 THz�
and �42 is 19.4 meV �4.9 THz�. The dipole matrix element
dab can be calculated by the obtained wave functions.
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We suppose the frequency of the pump-laser field which
will be coupled into the QCL waveguide along the growth
direction can be tunable from 2.5 to 4.25 THz. We consider a
hyperbolic secant functional form for the initial far-IR
pulse,18 which described by

Et = E0 sec h�1.76�t − t0�/�p�cos���t − t0�� , �1�

where E0 is the electric-field amplitude, t0 is the delay of the
pulse, �p is the pulse duration, and � is the pump frequency.
In this paper, we set �p at 0.5 ps and t0 at zero. In a useful
pulse form, the pulse duration must be larger than the optical
cycle �p�2� /�. The input pulse area is

� = �
−	

	 dab



Etdt = �0�p�/1.76, �2�

where �0=−dabE0 /
 is the peak of the Rabi frequency.
Although we have chose the pump frequency to be tun-

able, the polarization between levels 4 and 2 can be ne-
glected in our equations because the dipole matrix element
d42=2.23e Å is much smaller than d43=57.6e Å. With the
averaging method, the effective Bloch equations have been
used in the biased asymmetric quantum wells.17 By append-
ing the cascade term N1 /�tunnel to the original model, we
make the electrons transport in a repeating mode and ad-
vance the following four-level effective Bloch equations:

d
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d

dt
N3 =
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−
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dt
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+
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−
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,

d

dt
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�31
+
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�21
−

N1

�tunnel
. �3�

Here, P43 represents the mean polarizations between levels 4
and 3 per electron; N1 , N2 , N3, and N4 are the mean occu-
pations of the population per electron at different levels; and
�ab is the time of relaxation �related with the scattering rates�
from level a to level b and �tunnel is the tunneling rate from
level 1� of the last period to level 4 of this period. �43, �43,
and 
43 represent the subband shift, the exchange correction,
and the interplay between vertex and self-energy correction,
respectively. These three items are induced by the Coulomb
interaction15 and can be described as

�ab =
�e2

�
Ns�Vaaaa − Vbbbb

2
� ,

�ab =
�e2

�
NsVaabb,


ab =
�e2

�
Ns�Vabba −

Vaaaa + Vbbbb

2
� . �4�

The form factor of Coulomb matrix elements V1,2,3,4
=��dzdz��1�z��2�z��	z−z�	�3�z���4�z�, where �a is the
wave function of subband a. Here, the dielectric constant � is
simply set at 12�0. Ns is the electron sheet density. The cal-
culated parameters are listed in Tables I and II.

The intersubband energy gap was renormalized by the
many-body items.15 Here, the time-dependent transition en-
ergy is described as


�43�t� = �43 + �43 − 
43�N4 − N3� + �43�N4 − N3� . �5�
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FIG. 1. �Color online� Calculated GaAs /Al0.15Ga0.85As band
structure of a portion of the active region and the relevant wave
functions. The designed bias is 14.4 kV/cm. The layer thickness are
48 /96 /20 /74 /42 /161 Å, starting from the injector barrier with
barriers indicated in bold fonts and doped layer �the center 36 Å of
the 161 Å injector well is doped with Si to 1017 cm−3 to give a
two-dimensional carrier concentration of 3.6�1010 cm−2 per mod-
ule� underlined �Ref. 20�.

TABLE I. The relaxation time �ps� derived from the results of
MC simulation.

�43 �42 �32 �31 �21 �tunnel

31.7 33.5 13.5 2.9 0.98 20.8

TABLE II. The many-body items calculated by the wave func-
tions obtained in the model �unit: J�.

�43 �43 
43

−1.836�10−22 −8.275�10−22 4.137�10−22
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Here, the cascade method is as the same as the rate-
equation model which have been used in Choi’s letters7,8

because the effective Bloch equations are derived with the
averaging method. The tunneling mechanism between level
1� of the last period and level 4 can be approximately dealt
using the scattering rate, just like how we disposed in MC
simulation.20 All the scattering rates we use in this paper are
derived from the results of MC simulation in the stationary
state and we suppose they fit the processes we deal with
because the exiting time of the pump field is so short that the
scattering rates make no change. The mean population occu-
pations of the four levels in steady states are 0.417, 0.032,
0.014, and 0.537, so the population inversion between level 4
and level 3 in steady states is 0.385. The dephasing time of
the polarization �deph is an important parameter that affects
the polarized properties. This parameter cannot be calculated
exactly and directly because it has a relation with many fac-
tors, such as the fabrication process and impurities. It will be
discussed in the next section.

III. NUMERICAL RESULT

Although the Rabi flopping induced by a 2� Gaussian
pulse in terahertz QCL has been studied,12 the electron-
electron scattering was not included and the many-body ef-
fects on population dynamics have not been investigated. In
this section, we investigate the different simulation results
with nonlinear chirped and nonchirped pulses, respectively.

A. Nonlinear chirped pulse case

The changes in population inversion in quantum wells
induced by chirped pulse have been widely studied16,17and
deeper change in population inversion can be induced by
chirped pulse than that induced by nonchirped pulse.17 The
Rabi flopping can be achieved easily by using the designed
chirped pump pulse. So, we choose the pump frequency to
be nonlinear chirped which can be derived from Eq. �5� and
set �deph=10 ps. We clearly represent the evolution of the
pump frequency of the nonlinear chirped pulse in Fig. 2�a�.
In the time of pulse duration, the pump frequency is rapidly
rising. After the pulse quickly declines, the pump frequency
changes in the recovery process. It is different with the result
of asymmetric quantum wells because no recovery process
happened in quantum wells.16 In Fig. 2�b�, we show the
change in population inversion in the pump and recovery
processes. In the pump process, the population inversion
quickly declines to −0.3 and the Rabi flopping is achieved.
We also find almost invisible oscillations in the insets of Fig.
2.

The population dynamics of the terahertz QCL pumped by
a nonlinear chirped 2� pulse shown in Fig. 3�a� is investi-
gated. As we know, the effective 2� pulse can make the
population change back to the original situation. The simu-
lation results with different dephasing times are shown in
Figs. 3�b� and 3�c�. In the pump process, we find the lowest
population inversion is only −0.12. The change in population
inversion is smaller than what we have observed in Fig. 2�b�.
With a dephasing time of 10 ps, we clearly find the obvious

oscillations in recovery process in Fig. 3�b�. The oscillations
are shown in such a long time even when the electric field
has already declined to almost zero. This phenomenon is the
obvious evidence that the residual polarization also exerts an
influence in the recovery process. In Fig. 3�c�, the oscilla-
tions in recovery process disappear when we set the dephas-
ing time at 1 ps because the residual polarization declines
quickly. Comparing with the result in Fig. 2�b�, we can ob-
serve more visible oscillations with an effective 2� pulse at
the same dephasing time of 10 ps. From Eq. �2�, the only
difference between � pulse and 2� pulse is the electric-field
amplitude. The larger electric field in 2� pulse makes the
residual polarization stronger in the recovery process, so the
phenomenon of oscillations can be observed more clearly in
Fig. 3�b�.

From the results described above, the coherent polariza-
tion makes a dominating effect in the pump process because
the pump pulse duration is shorter than the relaxation time.
The recovery process can be considered to be a superposition
of the relaxation and the residual polarization. In addition,
when we put forward the linear chirped pulse, we find the
results have the same properties with the nonlinear chirped
pulse.

B. Nonchirped pulse case

It is supposed that the pump pulse of 3.7 THz cannot be
resonant with the energy gap between level 4 and level 3, so
we put forward the nonlinear chirped pulse in last section.
But it is difficult to control the pump frequency in such a
short time scale. Now, we show the simulation results with

FIG. 2. �Color online� �a� The frequency of effective � pulse
accounting for the time-dependent renormalized subband splitting.
�b� The change in population inversion with a dephasing time of 10
ps. �The insets show details of time-dependent frequency and popu-
lation inversion in the red rectangular frame.�
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the pump frequency fixed at 3.7 THz in Fig. 4. In order to
compare with Fig. 3, we choose a 2� pulse.

With the many-body effects, we find the small flopping of
population inversion and the oscillations in the recovery pro-
cess in Fig. 4�a�. In Fig. 4�b�, we represent the simulated
result when we set the many-body items �43, �43, and 
43 at
zero and the smooth line in the recovery process is shown.
Here, we can make an further explanation of the phenom-
enon we have observed in Fig. 3�b�. The oscillations in re-
covery process are induced by the many-body effects of the
polarization. In another word, the many-body items make the
residual polarization affect the recovery process strongly. At
the same time, compared with Fig. 3�b�, we also find the
lowest population inversion in the pump process is close to
−0.36 in Fig. 4�b�. So, the completed Rabi flopping can be
induced without many-body effects.

It is well known that the recovery oscillations also can be
induced by the polarization between subbands 1� and 4.4 We
did not take account of the polarization P1�4 in the equations.
But, to some extent, it can be good because we can distin-
guish the oscillations induced by the polarization P1�4 from
the oscillations induced by the many-body effects and our
focus on the many-body effects can be emphasized. So, here
we put forward another possible mechanism that causes the
recovery oscillations in quantum cascade devices and ac-
cordingly show the importance of many-body effects in the

device with long dephasing time. In order to find a new
resonant pump frequency that can induce the largest flopping
of population inversion with many-body effects, the figure of
lowest population inversions caused by nonchirped � pulses
with different pump frequencies is presented in Fig. 5�a�.

In Fig. 5�a�, we find the resonant pump frequency is 3.7
THz when we set the many-body items �43, �43, and 
43 at
zero. With many-body effects, it is shown that the new larg-
est flopping is happened at 3.15 THz which can be treated as
the new resonant pump frequency. The red dot line in Fig.
5�a� is the simulation results when we set the many-body
items �43 and 
43 at zero. From this figure, we find the many-
body item �43 only makes the line shift compared with the
black line without many-body effects, and the many-body
items �43 and 
43 make the line inhomogeneously broaden
besides bringing a shift of energy gap. We can understand
this figure from Eq. �5� because the many-body items �43
and 
43 multiply the time-dependent population inversion
and the many-body item �43 affects the energy gap directly.
In Fig. 5�b�, we present the change in population inversion
when we choose the optimal pump frequency 3.15 THz and
the visible oscillations in recovery process can be observed.

We choose the pump frequency of 3.15 THz on the new
resonant condition and observe the population changes in
four levels. From Ref. 11, to some extent, we got a credible
value of the dephasing time 1 ps. But the device in the ref-
erence is very different from ours, so we took the dephasing
time 1 ps here for reference only. The calculated pulse en-
ergy is 209 pJ. In Choi’s letter,7 a ultrafast pulse was pumped
to an operating QCL and the numerical results were simply
calculated in a rate-equation model. Here, we can make a

FIG. 3. �Color online� �a� The electric field of the effective
time-dependent 2� pulse. �b� The change in population inversion
induced by the pulse in �a� with a dephasing time of 10 ps. �c� Same
as in �b� but with a dephasing time of 1 ps. �The insets show details
of population inversion in the red rectangular frame.�

FIG. 4. �Color online� The change in population inversions in-
duced by 2� pulse �a� with and �b� without the many-body effects.
The pump frequency is 3.7 THz and the dephasing time is 10 ps.
�The insets show details of population inversion in the red rectan-
gular frame.�
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simple comparison. From Fig. 6, we can find the results have
almost the same properties with the results of rate-equation
model.8 The smooth recovery process implies that the relax-
ation makes an dominating effect and the residual polariza-
tion can be neglected because the dephasing time is so short
that the depolarization effect is strong. From the simulation
results with different dephasing times, we find the oscilla-
tions totally disappear with the dephasing time of 2.5 ps
approximately. In this point of view, we can find the practi-
cability of the rate-equation model when the dephasing time
is not that long.

IV. CONCLUSION

In conclusion, the properties of time-dependent popula-
tion inversion with nonlinear chirped and nonchirped 2� and
� pulses are reported. We demonstrate the feasibility of us-
ing the nonlinear chirped pulse to induce the almost total
flopping of population inversion �from 0.38 to −0.3� in tera-

hertz QCL. The nonchirped 3.7 THz pulse only induced little
flopping �from 0.38 to −0.04� and the new resonant 3.15 THz
pump pulse induced the flopping from 0.38 to −0.24. It is
more efficient for the nonlinear chirped pulse to induce the
flopping of population inversion. We also investigate the
change in resonant pump frequency and the oscillations in
recovery process, which both induced by the many-body ef-
fects in the polarization. These two phenomena accordingly
show the importance of many-body effects in the devices
with long dephasing time. The Rabi flopping and recovery of
the population inversion can be obviously understood as gain
flopping and gain recovery, so our results can be valuable for
experiments on the operating terahertz QCL. In the terahertz
QCL, the electron density is much smaller than that in mid-
infrared QCL, so we think it will be more obvious of the
oscillations in recovery process in mid-infrared QCL. At last,
we observe the results of the population changes in four lev-
els. We find it is similar as the results which were calculated
with a rate-equation model. We figure that it is practicability
to use the rate-equation model in a short dephasing time. In
this paper, we find the cascade effective Bloch equations get
an advantage over the rate-equation model although the com-
putational complexity is almost the same since some inter-
esting coherent phenomena induced by many-body effects
can be observed by our theory.
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FIG. 5. �Color online� The lowest population inversions induced
by the nonchirped � pulses with different pump frequencies. The
lines represent the simulation results without many-body items
�black ��, only with item � �red ��, and with all many-body items
�blue ��, respectively.

FIG. 6. �Color online� The population changes in four levels and
the change in population inversion between level 4 and level 3
induced by nonchirped � pulse with the new resonant pump fre-
quency of 3.15 THz. The dephasing time is 1 ps.
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