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We investigate the influence of the on-site Hubbard interaction U on the eigenstates and dynamics of two
electrons restricted to move in a linear chain with long-range correlated disorder. We solve the time-dependent
Schrödinger equation to follow the time evolution of an initially localized Gaussian two-electron wave packet.
In the regime of strongly correlated disorder, for which one-electron extended eigenstates emerge near the band
center, the electron-electron coupling promotes the trapping of a finite portion of the wave packet. In the
presence of a uniform electric field, the wave packet develops complex Bloch oscillations. The power spectrum
of the centroid’s velocity trace shows a splitting near the typical semiclassical Bloch frequency, as well as a
frequency doubling phenomenon for intermediate couplings which is related to the bounded states components
that are present in the wave packet. Finally, we show that localized and extended two-electron eigenstates
coexist near the band center with the level spacing distribution showing a universal Poissonian form irrespec-
tive to the Hubbard coupling.
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I. INTRODUCTION

The time evolution of one-electron wave packets in low-
dimensional disordered systems is a well-known problem
with several connections with transport phenomena.1 For
low-dimensional systems with uncorrelated disorder, the
Anderson localization theory predicts the absence of ex-
tended eigenstates.1–3 This means that the width of the time-
dependent wave packet saturates in the long-time limit, i.e.,
the electron remains localized in a finite region around the
initial position. The presence of short- or long-range correla-
tions in the disorder distribution is a key mechanism to in-
duce extended states in the one-dimensional �1D� Anderson
model.4–10 In fact, it has been established that short-range
correlated on-site disorder may lead to the appearance of
extended states at special resonance energies.4–6 However,
these states form a set of null measure of the density of states
in the thermodynamic limit, which implies in the absence of
mobility edges in such models.

On the other hand, long-range correlations can induce a
metal-insulator transition in 1D systems.8–10 A strategy to
achieve this is to consider a 1D system with nearest-neighbor
hopping integrals and a long-range correlated on-site disor-
der distribution with a powerlike spectrum behaving as k−�.
Whenever the standard deviation of the energy distribution is
equal to the nearest-neighbor hopping and ��2, all states
remain localized and the Lyapunov exponent is finite on the
entire energy band. For ��2, a phase of extended states
appears at the center of the energy band, giving rise to two
mobility edges. After this finding, models with long-range
correlated on-site disorder distributions have attracted much
attention. Scaling properties of the localization length11 and
local density of states12 close to the critical point have been
subjects of recent studies. Further, the metal-insulator transi-
tion in the two-dimensional Anderson model with long-range
correlations was characterized by measuring the participation
number exponent from the long-time behavior of the wave-
function spacial distribution.13 The theoretical prediction of

delocalization induced by correlated disorder has been con-
firmed by experimental works in semiconductor
superlattices14 and microwave transmission spectra through a
single-mode waveguide with correlated scatterers.15 Several
works suggest that an appropriate algorithm for generating
random correlated sequences with desired mobility edges
could be used in the manufacture of filters for electronic or
optical signals.9

A key problem in condensed-matter physics is to under-
stand the electronic transport when disorder, interaction, and
electric field effects are simultaneously present. The inter-
play between disorder and dynamical localization due to an
electric field was recently studied in Refs. 16 and 17. It was
numerically shown that coherent Bloch oscillations can ap-
pear whenever the disorder distribution displays appropriated
long-range correlations in both one-dimensional16 and
two-dimensional17 systems. The problem involving disorder
and electron-electron interaction has been a subject of great
interest due to their competitive roles.18–31 It has been shown
that an on-site Hubbard interaction weakens the Anderson
localization induced by disorder. Shepelyansky18 pioneered
the study of two interacting electrons moving in a disordered
1D system and obtained an enhanced propagation effect of
an interacting electron pair over distances larger than the
single-particle localization length, as indeed predicted in dis-
ordered mesoscopic rings threaded by a magnetic flux.20 Re-
cently, the interplay between dynamical localization and
electron-electron interaction was reported in Refs. 32–35. By
using numerical and analytical calculations, the problem in-
volving N interacting electrons moving along a chain and
subject to an external electric field was studied in Ref. 32. It
was shown that the N-particle problem is identical to that of
a single-particle moving in an N-dimensional lattice, with
defect surfaces dividing the space in symmetric domains. It
was shown that in the limit of a weak hopping integral, the
electron-electron interaction induces an additional oscillation
of the eigenstates drift velocity. The period of this oscillation
was found to be determined solely by the range and strength
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of the electron-electron interaction.32 By using an extended
dynamical mean-field theory,34 the effect of a large electric
field on interacting electrons was studied, numerically dem-
onstrating that the Bloch oscillations decay due to electron
correlations.

In this work, we provide a detailed analysis of the inter-
play between electron-electron interaction, correlated disor-
der, and an external field using a prototype one-dimensional
tight-binding Anderson-Hubbard Hamiltonian to describe a
two-electron system. To this end, we focus on the electric
field biased wave-packet dynamics of two interacting elec-
trons moving in a 1D chain with long-range correlated dis-
order. We build a disordered long-range correlated on-site
energy distribution using the formalism introduced in Refs. 8
and 10 which generates a random sequence with power spec-
trum proportional to 1 /k�, where k is the wave vector of the
modulations on the random sequence landscape. We will use
numerical methods to solve the Schrödinger equation and
compute the stationary eigenstates and the time evolution of
the two-electron wave packet. Starting from an initial Gauss-
ian wave packet, we will be mainly interested in revealing
the hole played by the bounded two-electron states generated
by the Hubbard-type coupling in the biased and unbiased
wave-packet dynamics, particularly in the regime of strongly
correlated disorder for which a band of extended states is
expected to emerge. Finally, we will also compute the level
spacing distribution and discuss its dependence on the
electron-electron coupling under the light of the usual ran-
dom matrix results for disordered one-electron systems.

II. MODEL AND FORMALISM

The Anderson-Hubbard tight-binding Hamiltonian for two
interacting electrons moving in a 1D system with correlated
disorder in the presence of a static uniform electric field F is
given by30,31

H = �
n

�
s

W�cn+1,s
† cn,s + cn,s

† cn+1,s�

+ �
n

�
s

��n + eFan�cn,s
† cn,s + �

n

Ucn,↑
† cn,↑cn,↓

† cn,↓,

�1�

where cn,s and cn,s
† are the annihilation and creation operators

for the electron at site n with spin s, n is the position opera-
tor, W is the hopping amplitude, U is the on-site Hubbard
electron-electron interaction, and e is the electron charge. In
order to introduce long-range correlations in the disorder dis-
tribution, the sequence of site energies obeys the relation8,10

�n = ���,N��
k=1

N/2 �1

k
��/2

cos�2�nk

N
+ 	k� , �2�

where �	k	 are N /2 independent random phases uniformly
distributed in the interval �0,2��. This energy sequence is
shifted in order to have 
�n�=0. ��� ,N� is used to set the
energy sequence variance 
�n=1 for all system sizes. The
parameter � controls the degree of correlations. In the ab-
sence of an external field and in the limit of noninteracting

electrons, this model presents a band of extended states for
��2.8

A. Time-dependent Schrödinger equation analysis

In order to follow the time evolution of two-electron wave
packets, we solve the time-dependent Schrödinger equation
by expanding the wave function in the Wannier representa-
tion

���t�� = �
n1,n2

fn1,n2
�t��n1s1,n2s2� , �3�

where the ket �n1s1 ,n2s2� represents a state with one electron
with spin s1 at site n1 and the other electron with spin s2 at
site n2. To allow for double occupancy of the on-site orbitals,
we will consider in the following that the electrons are in
distinct spin states �singlet state�. Once the initial state is
prepared as a direct product of states, the electrons will al-
ways be distinguishable by their spins since the Hamiltonian
does not involve spin-exchange interactions. The time evo-
lution of the wave function in the Wannier representation
becomes

i
dfn1,n2

�t�

dt
= fn1+1,n2

�t� + fn1−1,n2
�t� + fn1,n2+1�t� + fn1,n2−1�t�

+ ��n1
+ �n2

+ F�n1 + n2� + �n1,n2
U�fn1,n2

�t� , �4�

where we used units of 
=W=e=a=1. The above set of
equations was solved numerically using a high-order method
based on the Taylor expansion of the evolution operator
A�
t�,

A�
t� = exp�− iH
t� = 1 + �
l=1

no �− iH
t�l

l!
, �5�

where H is the Hamiltonian. The wave function at time 
t is
given by ���
t��=A�
t����t=0��. The method can be used
recursively to obtain the wave function at time t. The follow-
ing results were taken by using 
t=0.05 and the sum was
truncated at no=20. This cutoff was sufficient to keep the
wave-function norm conservation along the entire time inter-
val considered. We followed the time evolution of an initially
Gaussian wave packet of width �,


n1s1,n2s2���t = 0�� =
1

A���
exp�− �n1 − n1

0�2/4�2�

�exp�− �n2 − n2
0�2/4�2� . �6�

Once Eq. �4� is solved for the initial condition �6�, we com-
pute the average centroid’s position X�t� and velocity V�t�
defined as

X�t� =
1

2
�
n1��t� + 
n2��t�� ,

V�t� = − 2 �
n1,n2

fn1,n2
�fn1+1,n2

� + fn1,n2+1
� � , �7�

where
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ni��t� = �
n1,n2

�ni��fn1,n2
�t��2, i = 1,2. �8�

In addition, to characterize the spacial extension of the two-
electron wave packet, we rely on the spacial extension ��t�
defined as36,37

��t� = �
n1,n2


��n1�t� − n1
0�2 + �n2�t� − n2

0�2	�fn1,n2
�t��2. �9�

The initial position of the electrons �n1
0 ,n2

0� will be consid-
ered to be �L /2−d0 ,L /2+d0�. The spacial extension ��t� is
equal to 0 for states with both electrons localized in a single
site. It becomes proportional to N when both electrons are
uniformly distributed along the chain.36,37 This function mea-
sures the wave function spread on the n1�n2 plane. The
correlated nature of the two-electron dynamics can be nu-
merically probed by computing the two-point correlation
function written as

� = 
n1n2� − 
n1�
n2� , �10�

where 
n1� and 
n2� are the electrons average positions given
by Eq. �8� and


n1n2� = �
n1,n2

n1 · n2�fn1,n2
�2. �11�

Further, we analyze the amplitude of the wave function at the
initial site, calculating the so-called return probability,13,38

R�t� � �fn1
0,n2

0�t��2. �12�

The electrons escaping from their initial positions occur
when the return probability R�t→�� becomes as small as
1 /N2 as t evolves. Conversely, the return probability satu-
rates at a much larger value for localized as well as for par-
tially trapped wave packets.

In the case of noninteracting electrons, a band of extended
states emerges in the strong correlated regime ���2�. In
Fig. 1�a� we show data of the spacial extension � versus time
for �=3 and interacting electrons. Calculations were done by
solving the two electrons time-dependent Schrödinger equa-
tion for N=1000 sites with Hubbard interaction U=4. Within
our numerical precision, � shows an initial ballistic electronic
spread followed by a plateau that signals the arrival of the

wave packet at the chain borders. In Fig. 1�b�, we compute
the scaled long-time spacial extension ��t→�� /N versus the
correlation parameter �. In this case, we numerically inte-
grate the wave equation until a stationary state can be
reached. In the presence of extended states, ��t→�� satu-
rates at a value proportional to N due to the multiple reflec-
tions of the wave packet at the chain boundaries. On the
other hand, it shall display a slower finite-size scaling when
the wave packet is localized on a finite segment of the chain.
In agreement with the one-electron case, the collapse of data
for ��2 signals the emergence of extended two-electron
eigenstates.

To analyze the main effect caused by the electron-electron
interaction in the two-electron wave-packet dynamics, we
concentrate our attention to the regime of strongly correlated
disorder ��2 for which the wave packet spreads over the
entire chain in the absence of the electron-electron interac-
tion. In Fig. 2, we report the time evolution of the one-
electron wave-packet profile ��fn�t��2=�m�fn,m�t��2� computed
using N=1000, �=3, d0=0, F=0, �a� U=0, �b� U=4, and �c�
U=30. One clearly sees that a finite fraction of the wave
packet becomes trapped at the initial position when the Hub-
bard coupling increases. A more quantitative description is
shown in Fig. 3 where the long-time return probability
R�t→�� �Fig. 3�a�� and the long-time electron-electron cor-
relation function ��t→�� �Fig. 3�b�� are plotted in terms of
the Hubbard interaction U. Both quantities increase as the
interaction is increased implying in a correlated distribution
of the two-electron wave packet. In particular, the long-time
correlation function increases linearly in the regime of weak
coupling �see inset of Fig. 3�b��. These results are consistent
with the predominant role played by the two-electron
bounded states in the regime of strongly correlated electrons.

An uniform external field applied along the chain length
promotes the localization of the electronic wave packet. In
uncorrelated disordered systems, this localization results in
incoherent oscillations of the wave packet around its initial
position, with an amplitude that decreases with the field
strength. In the absence of disorder, these oscillations be-
come coherent, usually termed as Bloch oscillations. Within
a semiclassical approach, the typical frequency of the Bloch
oscillations is proportional to the field strength and inversely
proportional to the energy bandwidth. It has been shown that
the introduction of long-range correlations in the disorder
distribution leads to the emergence of a band of extended
states8 and that the one-electron wave packet displays coher-
ent oscillations in the presence of an external field whose
amplitude is proportional to the width of the band of ex-
tended states.16 The build up of coherent oscillations for the
case of a two-electron wave packet can be illustrated by
phase-space plots of the center-of-mass velocity and position
of the two-electron wave packet �X�V�, as shown in Fig. 4.
Calculations were performed using N=500 sites, U=0.0 and
the initial location of the wave packet �n0 ,m0�= �N /2,N /2�.
Two representative cases are illustrated: �a� �=0 and �b�
�=3. For both cases, the integration time used was t=1000.
In Fig. 4�a� one has the typical incoherent oscillations of the
electrons wave packet, as expected for uncorrelated disor-
dered systems, reflecting the absence of a typical frequency
on the centroid dynamics �see Ref. 16�. In Fig. 4�b�, the
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FIG. 1. �a� Spacial extension versus time for �=3, N=1000
sites, and U=4. �b� Scaled long-time spatial extension ��t→�� /N
versus the correlation controlling parameter �. Clear signatures of
extended states are found at the strong correlation limit ���2�
�ballistic spread followed by a plateau with ��N�.
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phase-space diagram shows coherent oscillations with a
slowly varying amplitude. This is a clean signature of Bloch
oscillations which are associated with the emergence of ex-

tended states in this strongly correlated regime.16,39 When the
Hubbard coupling is finite, both centroid and velocity display
amplitude-modulated envelopes and multifrequency patterns.
In Fig. 5, we display the time evolution of the centroid’s
velocity computed using N=500 sites, �=3, and U=4.0. The
two-electron wave packet reveals a complex oscillatory
amplitude-modulated pattern. Its Fourier transform V��� dis-
plays a predominant narrow peak close to �=2F. The modu-
lation in the oscillation pattern observed at finite U is mainly
related to the small splitting of the peak at �=F. Such split-
ting is on the order of 
2 /U for large U, where 
 is the width
of two-electron crystalline band. It is due to the electron-
electron interaction which is also responsible for the emer-
gence of an additional oscillation frequency of the drift ve-
locity of bounded eigenstates.32 The frequency doubling
phenomena observed in Fig. 5�b� were established in Ref. 36
for two electrons moving in a 1D pure chain. As the interac-
tion is turned on, the emergence of bounded states correlates
the electrons motion.

B. Eigenstates

The numerical solution of the time-dependent
Schrödinger equation has shown several signatures of delo-

(a)

(b)

(c)

FIG. 2. �Color online� Time evolution of the one-electron wave
function �fn�t��2=�m�fn,m�t��2 versus t and n computed using
N=1000, d0=0, F=0, �=3, �a� U=0, �b� U=4, and �c� U=30. For
U�0 a finite fraction of the wave packet remains trapped on the
initial site.
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FIG. 3. �a� The long-time return probability R�t→�� and �b� the
long-time correlation function ��t→�� versus the Hubbard interac-
tion U. The coupling correlates the two electrons and traps a finite
portion of the wave packet.
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FIG. 4. Phase portraits of the centroid’s velocity vs position for
N=500 sites, U=0.0, F=0.5, and the initial location of the wave
packet �n0 ,m0�= �N /2,N /2�. �a� �=0, showing incoherent oscilla-
tions. �b� �=3, with coherent orbits in phase space indicating
Bloch-type oscillations.

0 1000 2000 3000 4000 5000
t

-2

-1

0

1

2

V
(t

)

0 0.5 1 1.5 2
ω

0

0.1

0.2

0.3

0.4

V
(ω

)

(b)(a)

FIG. 5. �a� Time evolution of the centroid’s velocity computed
using N=500 sites, �=3, F=0.5, and U=4.0. �b� The Fourier spec-
trum of the velocity. The spectrum exhibits a splitting of the peak at
the usual frequency of the one-electron Bloch oscillation �=F.
Such intermediate Hubbard interaction give rises to an oscillatory
pattern with a predominant frequency close to �=2F due to the
correlated motion of the electrons.
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calized eigenstates in the long-range correlated 1D model
with interacting electrons. In this section, we will apply an
exact diagonalization procedure to further explore the par-
ticularities of these extended eigenstates. We start by diago-
nalizing Hamiltonian �1� at zero field and computing the par-
ticipation number associated with each electron. In our
calculations, we followed the usual definition of the partici-
pation number37,40 �P�E�=1 / ��n1,n2

�f�n1,n2��E��4�� to define the
participation number associated to each electron Pi,

Pi�E� =
1

�ni=1
N �fni

�E��4
, �13�

where �fni
�E��2=�nj

�fni,nj
�E��2 is the probability density for a

single electron. In general lines, Pi�E� measures the number
of sites on which the ith electron is spread in the eigenvector
of energy E. In Fig. 6, we show data of P1 versus P2 of all
states near the band center ��E��0.5� using N=120 sites,
�=3, �a� U=0 and �b� U=4. We have labeled the electrons
in such a way to have P1� P2 for all states, i.e., electron in
Eq. �1� was chosen to be the most extended one. It is impor-
tant to call attention to the fact that extended and localized
one-electron eigenstates can coexist within the same energy
range. In the case without interaction �Fig. 6�a��, we can
even have one electron extended and the other one localized,
i.e., P1� P2 for a given eigenstate. The eigenstates are de-
generated and composed of the direct product of one-
electron states ��	1,2�E���= �	1�E1���	2�E2��, with E=E1+E2.
With the electron-electron interaction turned on �U=4�, this
degeneracy is broken down and the stationary states can no
more be written as a direct product. As we can see in Fig.
6�b�, the electrons become correlated, with both of them
showing approximately the same participation number, ex-
cept the most localized ones that cannot be efficiently mixed
by the electron-electron coupling. In Fig. 7, we plot the most
delocalized and most localized participation number within
the energy range �E��0.5 as a function of the chain size. One
can clearly see that while the most delocalized state is indeed
an extended state in the thermodynamic limit �Pmax�N�, the
most localized state occupies just a vanishing fraction of the
chain �Pmin /N→0�.

Motivated by the coexistence of localized and delocalized
states within the same energy range for the two-electron sys-

tem, we analyzed the level spacing statistics near the band
center. This may display new features as compared with
single electron systems for which extended and localized
states usually do not coexist in the same energy range. In
one-electron systems, localized states are uncorrelated in en-
ergy and distributed following a Poisson law P�s�=e−s,
where s is the level spacing measured in units of the mean
spacing. In contrast, delocalized eigenfunctions repel each
other and their level spacing distribution assumes the Wigner
form P�s��se−Cs2

.41,42 At the Anderson transition a new uni-
versal critical statistics intermediate between Wigner and
Poisson has been suggested as a consequence of the multi-
fractality of critical wave functions.43 To obtain the level
spacing distribution, we used an energy window near the
band center �−0.5,0.5�. A spectral unfolding procedure was
employed to keep the average level spacing equal to unity in
each segment of the energy window.43 In Fig. 8, we plot the
level spacing distributions computed using N=120 sites,
�=3, U=0, U=2, and U=4. In the absence of electron-
electron interaction, the level spacing distribution display a
pronounced deltalike singularity at s=0. This is associated
with the degeneracy of the total energy E=E1+E2 with E1
varying within the single electron energy band. From the
total number N0 of states enclosed in the energy interval
considered, the number of degenerated states will be given
by the total number of pairs N0

2 /2. The remaining states shall
follow the usual Poisson distribution. Therefore we expect
the level spacing to assume the combined form
P�s�= �1 /2���s�+ �1 /4�e−s/2, where s is measured in units of
the average level spacing, including the degenerated and
nondegenerated ones. The presence of extended states does
not affect the distribution because nondegenerated states that
are nearest neighbors in energy are seldom a couple of ex-
tended states due to their intrinsic level repulsion. The
straight line fitting the data for U=0 in the inset of Fig. 8
corresponds to the exponential term of the proposed distri-
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FIG. 6. Participation number associated with each electron
P1� P2 for all energy eigenstates near the band center. �a� Without
Hubbard coupling: there are two-electron eigenstates for which the
electrons have quite distinct participation numbers. �b� For U=4:
both electrons show approximately the same participation number,
except the most localized ones.
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FIG. 7. The maximum and minimum participation numbers as-
sociated with a single electron versus N in the energy range around
the band center �−0.5�E�0.5�. Data were obtained using N=40
up to 160 sites, �=3, U=4, and averaged over 500 distinct samples.
The maximum participation number corresponds to an extended
state �Pmax�N� while the minimal one is localized occupying a
vanishing fraction of the chain in the thermodynamic limit
�Pmin /N→0�.
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bution. For interacting electrons, the degeneracy is broken
and the delta singularity is removed. The distribution recov-
ers its usual Poisson form P�s�=exp�−s�, as shown by the
line fitting the data for finite U in the inset of Fig. 8. The
small deviation at small s is a finite-size effect. It is impor-
tant to notice the universality of the level spacing distribution
with regard to the interaction strength U.

III. SUMMARY AND CONCLUSIONS

In this work, we studied the problem of two interacting
electrons on a 1D lattice with on-site long-range correlated
disorder. Long-range correlations were introduced by using a
discrete Fourier method which generates an appropriate dis-
order distribution with spectral density S�k��1 /k�. In the
regime of strong correlations ���2� this model presents a
finite-energy range around the band center with extended
eigenstates. In this regime, the introduction of an electron-
electron coupling leads to the trapping of a finite fraction of
the wave packet around its initial position, thus resulting in a

finite return probability and a correlated electronic distribu-
tion.

With the electric field F turned on, the motion of the wave
packet depicts incoherent oscillations in the weak correlation
limit ��2, due to the localized nature of all electronic
eigenstates. However, in the strongly correlated regime
���2� and in the absence of an electron-electron interaction,
the wave-packet centroid develops coherent Bloch oscilla-
tions whose characteristic frequency is given by �=eFa /

according to a semiclassical approach,16 where e is the elec-
tron charge and a is the lattice spacing. For interacting elec-
trons, the wave-packet centroid shows complex Bloch oscil-
lations revealing a multifrequency spectrum. The power
spectrum of the centroid velocity trace develops a splitting of
the usual peak at �=eFa /
 and the emergence of a fre-
quency doubled component. Such frequency doubling phe-
nomenon is similar to the one previously reported in Ref. 36
for two electrons moving in a 1D pure chain. It is associated
with the emergence of two-electron bounded states. For these
components of the wave packet, the coupled electrons effec-
tively behave as a single particle with charge 2e, thus leading
to the frequency doubling of the Bloch oscillations.

Finally, we computed the participation number of the two-
electron eigenstates and the level spacing distribution around
the center of the energy band in the regime of strong corre-
lations. For noninteracting electrons, the states near the band
center are highly degenerated, with localized and extended
two-electron states coexisting. This feature contrasts with the
usual behavior of single electron systems for which localized
and extended states might be separated by mobility edges.
Although the degeneracy impacts the level spacing statistics,
the presence of extended states is irrelevant, with the distri-
bution function being well described by the superposition of
a deltalike peak and a Poissonian decay. The electron-
electron interaction correlates the two-electron wave function
which reduces the energy levels degeneracy. In this case, the
level spacing distribution reassumes its usual pure Poisso-
nian form which has a universal character irrespective to the
electron-electron coupling.
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