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Molecular dynamics simulations of frictional sliding in an atomic force microscope �AFM� show a clear
dependence of superlubricity between incommensurate surfaces on tip compliance and applied normal force.
While the kinetic friction vanishes for rigid tips and low normal force, superlubric behavior breaks down for
softer tips and high normal force. The simulations provide evidence that the Frenkel-Kontorova-Tomlinson
�FKT� scaling applies equally to a more realistic three-dimensional �3D� incommensurate AFM model except
in the limit of very low stiffness and high normal load. Unlike the FKT model in which the breakdown of
superlubricity coincides with the emergence of the metastable states, in the 3D model some metastable states
appear to reduce frictional force leading to nonmonotonic dependence of force on normal load and tip com-
pliance. Metastable states vary with the slider positions and the relative stabilities of these metastable states
result in varying transition mechanisms depending on sliding velocity.
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I. INTRODUCTION

The tribological properties of sliding surfaces result from
forces acting on a large number of asperities that comprise
the interface. While some phenomenological observations
such as Amontons’ laws are well established,1 the fundamen-
tal understanding of friction as it arises from single-asperity
contacts remains a significant challenge in part due to a lack
of knowledge about the physical processes that dominate at
the smallest length scales.2 In recent years experimental ad-
vances including the invention of atomic force microscope
�AFM� �Ref. 3� have made it possible to measure the friction
force acting on a single-asperity contact at the nanometer
scale and to investigate friction on a fundamental level.2–6

Moreover, developments in both hardware and methodolo-
gies have allowed computer simulations to play an important
role in interpreting experiments and understanding the ori-
gins of energy dissipation during sliding at the nanometer
scale. For example, three years after the AFM was first in-
vented, Landman et al.7 simulated an AFM experiment with
a silicon tip and a silicon substrate. Moreover, using molecu-
lar dynamics �MD� simulations and perturbation theory
Cieplak et al.8 could explain the energy-dissipation mecha-
nisms of the quartz crystal microbalance experiments with
Kr monolayers adsorbed on smooth and rough Au and Ag
surfaces.9 A comprehensive review on recent advances in
nanotribology is found in Ref. 10.

The friction force measured in an AFM experiment arises
from the interactions of atoms at the interface of the AFM tip
and the scanned surface. Since most conventional AFM tips
produce multiple-atom rather than single-atom contacts, the
relative arrangement of these atoms at the interface signifi-
cantly affects the friction force. One particularly interesting
phenomenon closely related to this effect is superlubricity,

dry sliding with very low kinetic friction that has been ob-
served in experiments of incommensurate surfaces in the ab-
sence of adsorbates.4–6 Dienwiebel et al.5 measured the fric-
tion force of a crystalline graphite surface using a tungsten
tip and rotated the sample surface over a range of 100°. They
observed nearly zero friction force over a wide range of
angles ��60°� separated by two narrow angular regions with
high friction. This result implies that they actually measured
the force between the graphite substrate and a graphite flake
attached to the tip, and that the friction force vanishes when
the crystalline surfaces are out of registry, i.e., incommensu-
rate. Another experimental study has shown that superlubric
behavior also depends on the applied normal force. In an
experiment with NaCl crystals Socoliuc et al.6 observed that
the surfaces, which exhibited vanishing friction force at low
normal loads, show high friction force at high normal loads.
They conjecture that the system has only one global mini-
mum at low normal loads so that the system undergoes con-
tinuous sliding, but the increase in the normal load creates
multiple metastable states causing energy dissipation during
the transitions between these states.

The phenomenon of vanishing friction also arises in the-
oretical models consisting of one-dimensional infinite atomic
chains such as the Frenkel-Kontorova-Tomlinson �FKT�
model.11 In the FKT model rigid incommensurate surfaces
can exhibit zero-static friction with nonvanishing surface en-
ergy corrugation and zero-kinetic friction in the zero-velocity
limit. Note that zero-static friction always implies zero-
kinetic friction although zero-kinetic friction does not neces-
sarily imply zero-static friction and zero-kinetic friction is
possible only when there is one and only one stable state.11

Moreover, when the rigidity of surfaces is low compared to
the interfacial stiffness between the surfaces, the incommen-
surate FKT model does not exhibit superlubric behavior
anymore.
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Among a few simulation studies on incommensurate sur-
faces He et al.12 showed that incommensurate surfaces can
exhibit a nonzero friction in the presence of adsorbed mol-
ecules, so-called “third bodies.” Another simulation study
with flat crystalline walls13 has been shown to exhibit a de-
pendence of vanishing friction on the surface compliance. In
the FKT model this is accompanied by the emergence of a
set of metastable states, but this phenomenon of emerging
metastable states has not been directly investigated in more
realistic three-dimensional systems. Moreover, using MD
simulations of commensurate and incommensurate Al2O3
surfaces and incommensurate Al surfaces Zhang et al.14

showed that the static friction does not depend on adhesion,
and that increasing commensurability and roughness can
raise the static friction.

While increasing attention has been devoted to superlu-
bricity, simulation studies using realistic AFM models have
not been reported on this phenomenon, particularly in con-
nection with variations in the tip compliance and the normal
force. Moreover, we do not know whether or not Socoliuc’s
experimental observation,6 the breakdown of superlubricity
with increasing normal force, is true in every superlubric
system. Furthermore, as mentioned above, the emergence of
metastable states and their effects on friction has not been
directly investigated in either experiments or simulations.

In this paper we model an AFM experiment of incommen-
surate surfaces using MD simulations to systematically study
the effects of the critical parameters on friction: the tip com-
pliance and the normal force. Instead of using flat surfaces13

or a one-dimensional chain of atoms as in the FKT model,11

a simple model of an AFM tip with a realistic three-
dimensional shape has been studied to capture sliding behav-
iors close to those observed in experiments.

We present the simulation results obtained by varying
both tip stiffnesses and normal forces. The transition from
the superlubric regime to a finite large friction force regime
has been observed depending on the relative magnitudes of
tip stiffnesses and normal forces. In addition to measuring
the friction force, we also analyzed the system behaviors in
terms of the transitions between multiple metastable states
identified during simulations. This analysis has been de-
signed to see whether metastable states emerge in the more
realistic model as they do in the FKT model. In addition to
the existence of metastable states causing the stick-slip mo-
tion in the sliding direction, the existence of metastable
states in the stick phase and their effect on the transition
mechanisms have also been studied.

II. MODEL

A. A review of the FKT model

In this section, we briefly review the FKT model and dis-
cuss the limitations of the model describing the sliding be-
havior of incommensurate surfaces, especially in connection
with AFM experiments. The MD simulation model and
methods used in this study are described in Sec. II B.

Figure 1 illustrates the FK model,15 the precursor of the
FKT model, and the FKT model.11 Both models have N at-
oms interacting with a one-dimensional sinusoidal potential

with an energy corrugation of b and a periodicity of c1. The
atoms can also interact with each other by a harmonic poten-
tial with a spring constant k1 and an equilibrium length of c2.
Unlike the Tomlinson model16,17 driven by an external spring
connected to a sliding body, the FK model cannot describe
driven systems. To overcome this disadvantage, in the FKT
model the atoms are coupled to a rigid sliding body as shown
in Fig. 1�b� so that the system can be driven by applying a
constant force or a constant velocity to the rigid body. The
atoms are coupled to fixed points in the rigid body, separated
by c2, through a harmonic potential with a spring constant k2.
The position of the rigid body xB is described by the position
of the first fixed point. Although the system dynamics is
characterized by both the kinetic energy and the potential
energy, we concentrate on the effects of the parameters ap-
pearing in the potential energy in this study. The total poten-
tial energy of the FKT model is given by

VFKT =
1

2�
j=1

N

k2�xj − �xB + �j − 1�c2��2 +
1

2�
j=1

N

k1�xj,j+1 − c2�2

+ �
j=1

N
b

2
cos	2�xj

c1

 �1�

where xj is the position of the jth atom and xj,j+1 is the
distance of the jth atom and the �j+1�th atom. The periodic
boundary condition is imposed by enforcing the relations

xN+1 = x1 + Nc2 �2�

and

Nc2 = Pc1, �3�

where P is an integer. Using c1 as a length scale and k1c1
2 as

an energy scale, the total potential can be expressed in a
dimensionless form given by

(b)

(a)

FIG. 1. �Color online� �a� The Frenkel-Kontorova model. �b�
The Frenkel-Kontorova-Tomlinson model.
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ṼFKT =
VFKT

k1c1
2 =

1

2�
j=1

N

k̃2�x̃j − �x̃B + �j − 1�c̃��2

+
1

2�
j=1

N

�x̃j,j+1 − c̃�2 + �
j=1

N
b̃

2
cos�2�x̃j� , �4�

where

x̃j =
xj

c1
and x̃B =

xB

c1
, �5�

k̃2 =
k2

k1
, �6�

c̃ =
c2

c1
=

P

N
�7�

and

b̃ =
b

k1c1
2 . �8�

Then, the dimensionless friction force F̃R is defined as

F̃R =
FR

k1c1
. �9�

Thus, the dynamics of the FKT model can be described with

three dimensionless parameters k̃2, c̃ and b̃. When c̃ is not
expressed as a ratio of two integers shown in Eq. �7�, the
model represents an infinite incommensurate system.

One thing to note in the FKT model with respect to fric-
tionless sliding is the existence of the critical surface corru-
gation bc

K. Below bc
K there is only one stable state and the

kinetic friction becomes zero in the zero-velocity limit, but
above bc

K there are multiple states so that the system exhibits
stick-slip motion and transitions between these states result
in energy dissipation.11 In incommensurate surfaces this con-
dition coincides with the Aubry’s18 well-known breaking of
analyticity for vanishing static friction, 0�bc

S=bc
K �below bc

S

the static friction vanishes�, but for commensurate surfaces a
different relation holds and 0=bc

S�bc
K.11

Although the FKT model introduces more degrees of free-
dom than the Tomlinson model and the FK model, it remains
a gross simplification of an AFM experiment. First, in the
FKT model the interaction with a surface is described by a
fixed one-dimensional periodic potential, but the realistic tip
and substrate mate at a more complicated possibly rough
two-dimensional interface. The atoms in the substrate are not
fixed, but vibrate and change configuration as the result of
the interaction with the tip atoms. Second, the FKT model
has only one layer consisting of a deformable chain of atoms,
but a realistic system includes many layers in which atoms
are allowed to move. Third, the system in the FKT model is
driven by imposing a constant velocity or a constant force to
the rigid body, but the real AFM tip is driven through the
elastic deformation of the cantilever the other end of which
moves at a constant velocity. It is common in simulation to
represent these elastic bodies as a spring.

B. MD simulation model

In this work, we modeled AFM experiments with incom-
mensurate surfaces using a molecular dynamics methodol-
ogy. Figure 2�a� illustrates an AFM experiment and Fig. 2�b�
shows the AFM system used for MD simulations. The sys-
tem models a tip which consists of 263 atoms and a substrate
which consists of 1800 atoms. The substrate is an fcc crystal
modeled by the standard Lennard-Jones potential

V�r� = 4�ab�	�ab

r

12

− 	�ab

r

6� , �10�

where �ab is the bond energy between the atom of the type a
and the atom of the type b, �ab is the characteristic length
parameter, and r is the distance between the two atoms. Be-
cause the Lennard-Jones potential is short ranged, we can use
a cut-off length to speed computation. The potential is
shifted to remove the discontinuity due to the cutoff. We use
�, �, and m as the reduced units for energy, length, and mass,
respectively. Then, the time unit becomes �=�
m /�. All the
quantities are expressed with these units and omitted unless
there is ambiguity. The parameters for the substrate are �ss
=1.0 and �ss=1.0 �the subscript s refers to substrate and t
refers to tip�. The cut-off length of between substrate atoms
is 2.5 and the cut-off lengths for other pairs are adjusted to
yield the identical magnitude of shifted energy. The substrate
is subject to periodic boundary conditions in the �110� and

�1̄10� directions and the size of each periodic cell in these
directions is 16.84�16.84. The substrate consists of eight
layers in the �001� direction and the atoms on the bottom
layer are fixed to prevent a rigid-body translation in the
vertical direction.

The tip is created by carving an fcc crystal, which has a
larger lattice parameter than the substrate, into a cylindrical
shape. The tip is also tapered slightly to the lower side and
rotated by 8° about the axis perpendicular to the contact
surface. The interactions between the tip atoms are modeled
by the harmonic potential, which does not allow any bond
breaking, in order to maintain the shape of the tip and pre-
vent wear during sliding. The potential is of the form

V�r� =
1

2
ktt�r − rtt�2, �11�

where ktt is the stiffness of the atomic bond and rtt is the
equilibrium bond length �rtt=1.68�. The tip and the substrate

(b)(a)

FIG. 2. �Color online� �a� An illustration of an AFM experiment.
�b� A diagram of three-dimensional AFM model with a tip and a
substrate for MD simulations.
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are joined in the �001� direction. The mismatch of the lattice
parameters and the rotation prevent the tip atoms from ar-
ranging themselves into the lattice of the substrate when the
tip atoms are more tightly bound than the interaction be-
tween the tip and the substrate. The tip compliances are var-
ied by changing the stiffness ktt of the harmonic potential
�hereafter we use k to refer to ktt� from 3.81 to 100.0, which
correspond to 0.188–4.94 kN /m in dimensional units when
�=4.93 eV and �=1.42 Å as for the C-C bond in
graphite.19 For comparison, the stiffnesses of NaCl, Si2, and
C2 are 0.109, 0.215, and 1.216 kN/m, respectively.20 The
interaction between the substrate atoms and the tip atoms are
modeled by the Lennard-Jones potential and the parameters
are �st=0.8 and �st=0.5.

A spring with a stiffness of 10 �with �=4.93 eV and �
=1.42 Å as above this stiffness corresponds to 494 N/m� is
linked to the top layer of the tip, which consists of atoms
moving together without changing their relative positions
and pulls the tip as the other end of the spring �the slider�
moves at a constant speed. The spring stiffness represents the
stiffness of the AFM tip and cantilever. A normal force FN is
applied on the top layer of the tip. The sign of the normal
force is positive when it is exerted downward. As in Socoli-
uc’s experiments,6 the magnitudes of the normal force are
varied and we observe the dependence of superlubricity on
the normal load.

The total potential of this model is given by

VMD =
1

2
kS�xS − xB�2 +

1

2
kSyB

2 + FNzB +
1

2 �
i�j,i�t,j�t

k�rij − rtt�2

+ �
i�j,i�s,j�s

4�ss�	�ss

rij

12

− 	�ss

rij

6�

+ �
i�s,j�t

4�st�	�st

rij

12

− 	�st

rij

6� , �12�

where kS is the stiffness of the spring driving the system, xS
is the slider position, and �xB ,yB ,zB� is the position vector of
the top layer of the tip corresponding to the rigid body in the
FKT model. Using �ss as a length scale and �ss as an energy
scale, the potential can be expressed in the following dimen-
sionless form:

ṼMD =
VMD

�ss
=

1

2
k̃S�x̃S − x̃B�2 +

1

2
k̃SỹB

2 + F̃Nz̃B

+
1

2 �
i�j,i�t,j�t

k̃�r̃ij − r̃tt�2 + �
i�j,i�s,j�s

4�	 1

r̃ij

12

− 	 1

r̃ij

6� + �

i�s,j�t

4�̃st�	 c̃st

r̃ij

12

− 	 c̃st

r̃ij

6� . �13�

The definition of the dimensionless length variables is
straightforward and the other dimensionless parameters are
defined as follows:

k̃S =
kS�ss

2

�ss
, �14�

k̃ =
k�ss

2

�ss
, �15�

�̃st =
�st

�ss
, �16�

c̃st =
�st

�ss
�17�

and

F̃N =
FN�ss

�ss
. �18�

Then, the system behavior can be described with these di-

mensionless parameters. In this study, k̃ and F̃N have been
varied and the other parameters have remained constant

�k̃S=10, �̃st=0.5, c̃st=0.8�.
All the simulations have been performed at constant tem-

perature T=0.01� /kB �with �=4.93 eV this temperature cor-
responds to 572 K, which is much lower than the melting
point of graphite� and the temperature is controlled by a vari-
ant of the Nose-Hoover thermostat.21 All the atoms except in
the bottom layer of the substrate and the top layer of the tip
are subject to the thermostat. With the softest tip we pre-
pared, the velocity dependence was tested at three sliding
velocities �vS=10−4, 10−5, and 10−6, corresponding to
0.629 m /s–6.29 mm /s assuming �=1.42 Å and m=1.99
�10−26 kg, the mass of a carbon atom�, and all the other tips
were simulated at a sliding velocity of 10−4. The sliding ve-
locities are several orders of magnitude faster than those
found in actual experiments due to the limitation of MD time
scales to sub-microseconds. The equations of motion are nu-
merically integrated using a modified Velocity-Verlet
algorithm.22

III. RESULTS

A. Friction force and tip compliance

We begin by varying the stiffness values between the tip
atoms, k, to measure the dependence of the friction force on
the tip compliance. This dependence has also been studied in
the FKT model where bc

K / �k1c1
2� is a monotonically increas-

ing function of k2 /k1. When k1=k2 with fixed geometry, by
dimensional analysis we obtain the relation, bc

K�k1c1
2.

Therefore, as the interaction between the atoms becomes
weaker �k1 decreases�, frictionless sliding becomes difficult
to obtain because it is possible only in a system with smaller
energy corrugation. The simulation study mentioned above13

also investigated the effects of the stiffness between atoms
comprising a surface on the existence of static friction. That
study employed flat walls and measured the mean-squared
displacement of the top wall, not the friction forces.

Here we measure the friction force directly. Figure 3,
which shows only the top layer of the substrate and the low-
est layer of the tip, illustrates the initial interface configura-
tions with the stiffest �k=100� and the softest tip �k=3.81�.
In case of the rigid tip shown in Fig. 3�a�, the tip atoms
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maintain their original crystalline configuration and the ori-
entation of the tip is also apparent. The atoms of the soft tip
conform to the lattice points of the substrate as seen in Fig.
3�b�.

The effect of the arrangement of tip atoms on the lateral
force due to the tip compliance is shown in Fig. 4. All the
data in this figure were obtained from the simulations per-
formed at a normal force of 5.0 and a sliding velocity of
10−4. The lateral force FR is measured by the deformation of
the spring as in an AFM experiment. The measured lateral
forces are characterized by the continuous, linear increases,
followed by relatively quick drops typical of stick-slip mo-
tion. We can observe that the softer tips experience a larger
lateral force at each transition than the tips with higher stiff-
nesses. Moreover, while rigid tips show relatively uniform
shapes and their lateral forces oscillate around zero, the
softer tips display irregular transitions and their lateral forces
remain positive after transitions. When k	10 as in Fig. 4�a�,
we observe many small drops in the lateral force in addition
to major decreases. On the contrary, the tips with k=15.0 and
k=57.2 shown in Fig. 4�b� do not show such behavior. These
abrupt drops in the lateral force, which also correspond to the
abrupt changes in the tip position, imply that transitions here
occurred between states defined by local potential energy
minima and their neighborhood in configuration space. The
existence and stability of multiple metastable states causing
these small transitions will be discussed later.

Moreover, we simulated ten samples with different initial
conditions to check the system-to-system variation. To pre-
pare the samples, we performed simulations with the slider
position fixed at zero. During this simulation the positions
and velocities of the atoms are periodically saved to generate
samples. Therefore, both the initial positions and velocities
are different among the samples. With the same stiffness
value, all samples showed a similar trend. We averaged the
lateral force over the slider position. For a rigid tip �k
=57.2�, the average friction forces range from 0.08 to 0.1
among the samples while a softer tip �k=3.81� shows a larger
variation from 7.34–8.53.

Figure 5 shows the average lateral force as a function of
the stiffness. The error bars show the standard deviation of
the samples. Instead of exhibiting monotonically increasing
force with decreasing stiffness, we see an abrupt increase

around a stiffness of 7. Stiffnesses larger than 7 result in
superlubric behavior. The breakdown of superlubricity with
softer tips is clearly evident.

B. Friction force and normal force

The relationship between the friction force and the normal
load has been widely investigated in both macroscopic and
microscopic friction. As mentioned above, Socoliuc et al.6

observed that the transition from the vanishing friction to the
finite friction due to the stick-slip motion can be controlled
by varying the normal force. In this paper we reproduce this
dependence of frictionless sliding on the normal force using
our simulation model and also present the results at various
tip stiffnesses �k=10,15,25.4,57.2�. All the simulations with
these stiffnesses at a normal force of 5 showed vanishing

(b)(a)

FIG. 3. �Color online� The configuration of atoms at the inter-
face between the bottom layer of the tip and the top layer of the
substrate. �a� A rigid tip; the tip atoms maintain their original crys-
talline configuration. �b� A softer tip; the tip atoms conform to the
lattice of the substrate.
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FIG. 4. �Color online� Lateral force vs slider position at differ-
ent stiffnesses. All the simulations were performed at FN=5.0 and
vS=10−4. �a� k=3.81,5.0,10.0 �� /�2�; the softest tip exhibits stick-
slip motion and large lateral force, and the curves of the other tips
have small extra drops. �b� k=15.0,57.2 �� /�2�; the lateral forces
fluctuate around zero in a uniform way.
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friction forces in the previous section. It will turn out that the
system exhibits different dependence on the normal load at
various tip stiffnesses.

First, the adhesion energy and the pull-off force were
measured by varying the normal force. The adhesion energy
is measured as the total interaction energy between the tip
atoms and the substrate atoms, and the pull-off force is de-
termined as the force when the adhesion energy vanishes. As
shown in Fig. 6, the adhesion energy increases as the tip
becomes rigid and the normal force decreases. However,
there is little difference in the pull-off forces at various tip
stiffnesses. Therefore, we can conclude that the pull-off force
has little dependence on the tip compliance.

Figure 7 shows the lateral force as a function of the slider
position at k=10 and at various normal loads. At FN=−40
�the normal force acting upward�, there is no sharp drop in
the lateral force. Instead, the lateral force fluctuates around
zero continuously with the same periodicity as the lattice
parameter of the substrate. This regime corresponds to the
condition where only one global minimum exists in the FKT
model so that the kinetic friction is negligible. As the normal
force increases �FN=−20 and −10�, sharp drops separated by
the substrate lattice parameter are observed and the shape of
the curves becomes complex with small bumps. At a normal
force acting downward �FN=+20 and +30�, these small
bumps also become sharp drops and the system proceeds
through many small and large transitions, which appear as
drops in the lateral force curve. When the normal force
reaches 50, the lateral force curve does not fluctuate around
zero anymore and the superlubric behavior completely
breaks down.

The lateral forces at k=15 and k=25.4 are shown in Figs.
8 and 9, respectively. As at k=10, the lateral forces show
continuous sliding without abrupt shifts in the lateral force at
lower �upward� normal force. As the normal force rises, mul-
tiple states start to emerge and the number of sharp drops
increases. Eventually, at the large normal forces of 127
�k=15� and 207 �k=25.4�, the lateral forces remain positive
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FIG. 7. �Color online� Lateral force vs slider position at k
=10.0 �FN=−40,−20,−10,20,30,50�. At low normal load the lat-
eral force continuously fluctuate around zero �superlubricity�, but as
normal force increases several sharp drops appear and eventually
friction force becomes large.
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at most slider positions. It is also observed that the critical
normal forces at which the sharp drops appear and the mul-
tiple states emerges are larger at k=15 and k=25.4 than at
k=10.

Figure 10 shows the lateral forces at k=57.2. The lateral
force exhibits continuous sliding at lower normal load and as
the normal force increases, the stick-slip motion is observed
and the multiple states emerge. Unlike the other simulations
with smaller tip stiffnesses which simultaneously exhibit the
transition from the continuous sliding to stick-slip motion
and the emergence of multiple metastable states, the simula-
tion data at k=57.2 shows that the sharp drops in the lateral
force separated by the substrate lattice parameter �major tran-
sitions� develop prior to the emergence of other smaller
states and these two regimes are clearly distinguished. Even-
tually at the normal force of FN=328 the superlubricity com-
pletely breaks down.

Finally, in Fig. 11 we plotted the average lateral force
obtained by averaging over the slider position as a function
of the normal force. In this graph the average lateral force is
rescaled with the tip stiffness and the normal force is shifted
by FD and rescaled with k. This rescaling is explained below.

As discussed in Sec. II B, the system can be characterized

by five dimensionless parameters; k̃S, k̃, �̃st, c̃st, and F̃N.
However, since we vary only two parameters k and FN, the
system is governed by only these two variables. We can de-

fine a dimensionless lateral force F̃R as follows:

F̃R � k̃S�x̃S − x̃B�

=
kS�ss

2

�ss
	 xS

�ss
−

xB

�ss



=
kS�ss

�ss
�xS − xB�

=
FR�ss

�ss
, �19�

where FR=kS�xS−xB� is the dimensional definition of the lat-
eral force. As we fixed the geometry, we have the following
relation:

F̃R � f1�k̃S, k̃, �̃stF̃N� . �20�

Now assume that the influence of k̃S on the system is small
and that in analogy to the FKT model we can define a surface

energy with a dimensionless corrugation b̃ and the equivalent

tip stiffness k̃1 �see Fig. 1�b��, which are functions of F̃N, k̃,

and �̃st. In general k̃1 must depend on both the tip stiffness

and the substrate stiffness and is not strictly identical to k̃

because our MD model has a flexible substrate. k̃1 may also
change with the normal force. However, in the following

derivation we assume that k̃1= k̃ because the substrate is

much stiffer than the tip and k̃1 has negligible dependence on

the normal force. In this way, F̃N and �̃st can affect the sys-

tem only through the energy corrugation b̃. The resulting
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FIG. 8. �Color online� Lateral force vs slider position at k
=15.0 �FN=−20,5 ,20,40,80,127�. At low normal load the lateral
force continuously fluctuate around zero �superlubricity�, but as
normal force increases several sharp drops appear and eventually
friction force becomes large.
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FIG. 9. �Color online� Lateral force vs slider position at k
=25.4 �FN=−10,20,40,80,131,207�. At low normal load the lat-
eral force continuously fluctuate around zero �superlubricity�, but as
normal force increases several sharp drops appear and eventually
friction force becomes large.
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model correspond to a generalized FKT model and we have
the following relation:

F̃R

k̃
� f2	 b̃�F̃N, k̃, �̃st�

k̃

 . �21�

If we further assume that b̃��F̃N− F̃D�k̃��, then the relation
Eq. �21� becomes

F̃R

k̃
� f3	 F̃N − F̃D�k̃�

k̃

 �22�

or

FR

k�ss
� f3	FN − FD�k�

k�ss

 , �23�

where FD is a critical normal force at which the energy cor-
rugation vanishes and we used it as a fitting parameter at
various tip stiffness values. The resulting graph is Fig. 11 and
the fitting parameters are given in Table I.

In spite of our rough assumptions, the rescaled lateral
force, FR /k, can be well described by the rescaled normal
force, �FN−FD� /k. The deviation from the trend at k=10 and
FN=50 and 60 �two points shown in the right of the graph�
represents a breakdown of FKT scaling at low k and high FN.
Also, striking is the fact that at low normal force at k=57.2
shown in the inset of Fig. 11, the rescaled lateral force lin-

early increases, hits a plateau, and then exhibits a drop as the
rescaled normal force increases. This dip in the lateral force
ranging from 2 to 4 in the rescaled units coincides with the
emergence of extra metastable states �FN=171�. We conjec-
ture that the transition from continuous sliding to stick-slip
motion before the extra metastable states emerge corre-
sponds to the onset of mechanical instability in the Tomlin-
son model which can be described without considering the
internal degrees of freedom of the tip.6,16 As the rescaled
normal force increases, the internal degrees of freedom
dominate the interface interactions and the system exhibits
the FKT-like behaviors. When the extra metastable states ini-
tially emerge the system makes a transition more easily
through two smaller energy barriers rather than one large
barrier. However, eventually as the normal force increases,
the lateral force starts to increase again more rapidly than
before. This behavior is repeated at all stiffnesses except for
the smallest stiffness, k=10.

C. Metastable states: Existence and stability

The Tomlinson model can be used to explain zero-kinetic
friction due to the transition from stick-slip motion to con-
tinuous sliding.6 However, in more complex systems with
multiple internal degrees of freedom, the potential energy
landscape is more complicated than that in the Tomlinson
model. In the FKT model the incommensurate system can
have zero-static friction even if the surface has some corru-
gation. The conditions for nonzero-static friction, vanishing
kinetic friction in the zero-velocity limit and the existence of
the metastable states are all coincident in the FKT model.11

Note that as perfectly incommensurate surfaces can be real-
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FIG. 10. �Color online� Lateral force vs slider position at k
=57.2 �FN=−10,40,100,171,271,328�. At low normal load the
lateral force continuously fluctuate around zero �superlubricity�, but
as normal force increases several sharp drops appear and eventually
friction force becomes large. Unlike the other simulations with
smaller tip stiffnesses, the sharp drops separated by the substrate
lattice parameter develop prior to the emergence of other smaller
drops.
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FIG. 11. �Color online� The relationship between the average
lateral force and the applied normal load obtained from the simula-
tions with four different tip stiffnesses �k=10,15,25.4,57.2�. Both
the lateral force and the normal force are rescaled with the tip
stiffness k and the normal force is shifted by FD. The inset shows
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rescaled lateral force is shown. The error bar is the standard devia-
tion and the dashed curve is a trend line of the data points in the
intermediate range.
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ized only in infinite systems, we could not observe zero-
static friction in our simulations with a finite contact area.
Instead, we analyzed the relationship between zero-kinetic
friction and the existence of metastable states. In the FKT
model,11 when multiple stable states emerge, kinetic friction
cannot vanish because it implies transitions among these
states result in energy dissipation. However, in our simula-
tions we observed small reconfigurations of the tip atoms
that do not necessarily result in macroscale changes in the tip
position.

The simulation results presented in the previous sections
provide strong evidence of the emergence of metastable
states before the tip makes a major transition. Nonuniform
transitions appear to result from different transition mecha-
nisms associated with various intermediate states. To observe
these states explicitly, we performed potential energy mini-
mization using a scheme called FIRE.23 If two configurations
are led to different local minima by the minimization, it can
be stated that these configurations belong to different states.
This analysis reveals that even in the stick phase where the
tip deforms elastically the tip atoms at the interface may
continually alter their configurations among several meta-
stable states. Because these transitions are not accompanied
by noticeable changes in the tip position, there is no signifi-
cant change in the lateral force. We identified eight states and
these metastable configurations are shown in Fig. 12. Again,
only interface atoms are shown, i.e., the top layer of the
substrate and the bottom layer of the tip. Boundary atoms
that are less tightly bound are more likely to shift position.
The time scale for transitions among these metastable states
is much shorter than the time scale related to major transi-
tions. The system continually changes interface configuration
among the metastable states prior to a major transition.

Figure 13 shows the potential energy differences of each
of these states from the value of state 1 as a function of slider
position. Because not all the states are stable at all slider
positions, the curves appear only when a stable state was
identified. Initially, state 1 is the most stable state and there is
only one metastable state �2�. Starting from at a slider posi-
tion of 0.33, other metastable states start to appear, and after
the slider reaches 0.52, state 2 become more stable than state
1. Eventually, the states branching off from state 2 �3, 4, and
7� become more stable than the states from state 1 �5 and 6�.

To investigate the frictional behavior of soft tips in more
detail in connection to these metastable states, we have per-
formed further simulations with the softest tip �k=3.81� by
reducing the sliding velocity. Figure 14 shows lateral forces
as functions of slider position at three different sliding ve-
locities �vS=10−4 ,10−5 ,10−6�. While the highest velocity re-
sults show sporadic distributions of the transition forces, the

lower velocity results exhibit the relatively uniform transi-
tions. Figure 15 shows details of transitions at vS=10−4 and
vS=10−5. Although the transitions at lower sliding velocity
appear uniform, the transition to slip is not a single-step tran-
sition. The system passes through several intermediate states
shown in Fig. 15�b�. These states are similar at each transi-

TABLE I. Fitting parameter FD at various tip stiffnesses k.

Tip stiffness, k Fitting parameter, FD

10 −56

15 −44

25.4 −32

57.2 −20

FIG. 12. �Color online� The metastable states among which the
system hops prior to making a transition. Only the two layers at the
interface are shown. The arrows indicate the shifts of the atoms
relative to state 1.
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FIG. 13. �Color online� The energy differences between the
metastable states from state 1 energy as functions of the slider po-
sition. Initially state 1 is the most stable state and there are only two
stable states �1 and 2�. As the slider advances, other metastable
states emerge, and after the slider reaches 1.44, state 8 becomes
most stable.
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tion. In most cases, two or three tip atoms in the right roware
relocated into new sites in the sliding direction and then the
others follow resulting in a major slip. At higher sliding ve-
locity �vS=10−4� the system undergoes a transition through
many complicated mechanisms including local shear inside
the tip as shown in Fig. 15�a� and the mechanisms are dif-
ferent at each transition.

Configuration 8 in Fig. 12 corresponds to one of the in-
termediate states shown in Fig. 15�b�. As seen in Fig. 13,
after a slider position of 1.44, state 8 becomes most stable.

The probability for major transitions increases as the slider
position approaches 1.44 and the energy of state 8 becomes
close that of state 2. At higher sliding speed, it is probable
that the sliding is no longer a quasistatic process and the
system does not necessarily pass through configuration 8.
The sliding at lower speed becomes quasistatic so that the
system follows the change in the slider position adiabatically.
Therefore, the system exhibits a rather uniform transition
although the mechanism includes numerous transitions.

IV. CONCLUSION

We have performed molecular dynamics simulations
modeling an AFM experiment with incommensurate surfaces
to investigate the effects of the tip compliance and the ap-
plied normal force on superlubricity. These simulations also
provided an opportunity to test the generalizability of the
FKT model.

First, in simulations at a constant normal force we ob-
served that while rigid tips exhibit vanishing kinetic friction
forces, this superlubric behavior breaks down as the tip stiff-
ness reduces. This breakdown of superlubricity is caused by
the rearrangement of the tip atoms into conformity with the
substrate lattice, making the interface configuration locally
commensurate.

Second, we performed simulations by varying normal
loads at four different tip stiffness values. In general the tips
exhibit vanishing friction at low normal loads, but as the
normal force increases superlubric behavior breaks down.
This transition from superlubricity to larger friction occurs at
different normal loads depending upon the tip stiffnesses.
Rigid tips require larger normal loads to suppress the super-
lubricity. Breakdown of superlubricity is accompanied by the
emergence of metastable states as evidenced by intermediate
drops in the lateral force curves.

Moreover, the validity of the FKT model scaling has been
tested by assuming that the interface interaction can be mod-
eled by a periodic potential with an energy corrugation lin-
early proportional to the applied normal force. All the data
from various tip stiffness and normal forces collapse onto a
single curve over most of the regime investigated. However,
at low stiffness and at high normal load the data deviate from
the universal curve representing a breakdown of the FKT
rescaling. Furthermore, in the high stiffness and low normal
load regime when the FKT rescaling applies, nonmonotonic
behavior is evident that coincides with the emergence of
metastable states, a feature not present in the simple FKT
model. This is conjectured to correspond to the well-known
Tomlinson transition6,16 here arising due to the finite size of
the tip. The fact that this Tomlinson transition also scales in
the Fig. 11 inset implies that the tip stiffness dominates the
spring stiffness in the model.

Finally, with a softer tip, we explicitly identified meta-
stable states using a minimization scheme. The stabilities of
these states depend on the slider position. The relative
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FIG. 14. �Color online� Lateral Force vs slider position at dif-
ferent sliding velocities with a rigid tip �k=57.2� and a softer tip
�k=3.81�. The rigid tip exhibits uniform fluctuation around zero at
vS=10−4, but the soft tip shows sporadic distribution of the forces at
higher velocity. At vS=10−5, the soft tip also shows uniform transi-
tions, but with larger friction forces.
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FIG. 15. �Color online� Intermediate states the tip passes when
making a major transition. �a� vS=10−4; some atoms move first
before the entire tip makes a transition and local shear is also ob-
served. �b� vS=10−5; two atoms in the right row are relocated into
new sites in the sliding direction and then the other atoms follow
resulting in a major slip.
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stabilities of the metastable states result in velocity-
dependent transition mechanisms.
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