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We present a way to prepare a high concurrence steady state entanglement of two hole spins in a quantum
dot molecule. We show that the spontaneous dissipation can be used to induce and stabilize the entanglement
with rapid rate. By optical pumping of trion levels, two-qubit singlet state can be automatically generated. We
also show that our proposal can synchronously accomplish both initialization and entanglement generation.
The effects of acoustic phonons and electron tunneling are also discussed and we find that the main influence
is from deformation potential coupling to acoustic phonons in InAs/GaAs quantum dots. At low temperature,
we show that concurrence of entanglement can be greater than 0.95 at T=1 K.
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I. INTRODUCTION

Semiconductor technology toward quantum information
science has opened up the possibility of constructing scalable
quantum devices. As an attractive host for storing quantum
bit �qubit�, electron or hole spin in self-assembled quantum
dot �QD� is most promising for their scalability, feasibility of
coherent manipulations1 and strong robustness against
relaxation.2,3 In the past few years, significant theoretical and
experimental works have been made toward controlling and
entangling QDs. These experiments successfully accomplish
the efficient state initialization4,5 and coherent optical ma-
nipulation of single spin,6 the spin-readout2 and single-spin
Faraday/Kerr rotations for single QD spin,2,7 as well as the
interdot coupling in double QDs.8,9 Theoretically, several
schemes for entangling QDs have also been proposed.10–13

Electron spin is considered as a natural candidate for qu-
bit since its strong quantum confinement suppresses the spin-
orbit interaction. However, the hyperfine interaction between
electron spins and nuclear spins might result in fast spin
decoherence. To mitigate the hyperfine interaction is to use
semiconductor hole spin in QD with strong in-built strain
and strong quantization.14 In this case, heavy hole �HH� and
light hole �LH� mixing is negligible and we can restrict our
consideration to the two-dimensional HH subband structure
with mJ= �

3
2 . Recent calculations15–17 have indicated that in

this quasi-two-dimensional system HH has an extremely
week hyperfine interaction with nuclear spins, resulting in
attracting decoherence properties, which might develop a
crucial advantage to choosing dot-confined HH spins for
quantum computing, as compared to electron spins. Very re-
cently, both experiments have been reported for initializing
single hole spin with high fidelity of 0.99,14 and creating the
coherent population trapping state.18

Here, we present a scheme to generate high concurrence
steady state entanglement of two holes in a coupled QD mol-
ecule �QDM� by optical pumping. Our scheme is based on
spontaneous emission and interdot coupling between the
QDM. The effects of phonon interaction and tunneling are
investigated, and the deformation potential in InAs/GaAs
QDs is the main decoherence source. We show that the out-
put entanglement is initial-state independent, and robust

against acoustic phonons and tunneling effect. At T=1 K,
concurrence higher than 0.95 is possible in state-of-art
technology.

The rest of this paper is organized as follows. We first
present our method to generate high concurrence steady state
entanglement of two holes in Sec. II, and then we estimate
the necessary parameters for our scheme in Sec. III. The
effect of spontaneous radiation, the effect of the deformation
potential and piezoelectric coupling to acoustic phonons, and
the effect of tunneling on our scheme are investigated in Sec.
IV. Finally, our conclusion follows in Sec. V.

II. MODEL AND METHOD

The QDM system comprises two identical and vertical
aligned QDs, and an external magnetic field in x direction is
applied4 to break the degeneracy of the energy level �Fig.
1�a��. Initially, each QD is doped with one hole, where the
initial spin polarization is not important in our scheme. The
energy level of QD is shown in Fig. 1�b�, the ground hole
states are �1�= �⇑ � and �0�= �⇓ �, and the excited trion states
are �s�= �⇑⇓↑� and �r�= �⇓⇑↓�. Here ⇑�⇓ � and ↑�↓ � denote a
HH and an electron with spins along �against� x direction. As
the magnetic field is along x direction, there is an additional
Zeeman splitting EB

h�e�=gh�e�
� �BBx between ground �excited�

states. The magnetic field can mix the spin up and spin down
in z direction, thus the two eigenstates of the two hole states
is in actually �⇓z�� �⇑z�, and the two trion states is
�⇑⇓���↑z�� �↓z��. Therefore the transition between the four
levels can be independently addressed by polarization and
frequency selection,5,19 as shown in Fig. 1�b�. For single QD,
this method has been recently used for fast initialization of
spin states in experiments.5

For the magnetic field along x direction, the energy detun-
ing between two H-type transitions is �H=EB

e +EB
h , while the

energy detuning between V-type transitions is �V=EB
e −EB

h .
We consider an H polarized laser with the large detuning �H,
which enables the transitions H1 and H2 to be independently
addressed. This has been achieved in experiments with high
fidelity.4 In the following we choose the transition H1, thus
the energy levels of QD employed in our scheme can be
described by three states: �0�, �1�, and �s� �Fig. 1�c��. The
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frequency and Rabi frequency with H polarized laser are
supposed to be �l and �, respectively, and the trion energy
of �s� is �. Additionally, since the direct excitation of the
transition �0�↔ �1� is forbidden, �m can be realized by em-
ploying a Raman transition with large detuning to an auxil-
iary excited state. For example, we can choose levels �r�, �0�,
and �1� to form a �-type three level system. Transition
�1�↔ �r� and �0�↔ �r� are coupled by V and H polarized la-
sers with the same Rabi frequency �p, respectively. �0� and
�1� are on two-photon resonance, while �r� is off-resonance
by a large detuning �m.20 In the case of �p��m, an effective

coupling �m=
�p

2

�m
between �0� and �1� can be achieved.

When the Coulomb interaction, including both static di-
pole coupling Vxx and Förster interaction VF,21,22 is the domi-
nant interaction between the QDM, the Hamiltonian of the
QDM reads as

H = �
i=1,2

����1�ii�s�ei�lt + �m�0�ii�1� + H.c.� + ��s�ii�s��

+ VF��1s��s1� + �0s��s0� + H.c.� + Vxx�ss��ss� . �1�

It is convenient to introduce symmetric state �Sij�= 1
	2

��ij�
+ �ji�� and antisymmetric state �Aij�= 1

	2
��ji�− �ij���i , j

=0,1 ,s�. With the aid of Förster interaction, an energy shift
is generated between symmetric excited states �S0s�, �S1s�,
and antisymmetric excited states �A0s�, �A1s�.

When the H polarized laser is driven to pump transition
�1�↔ �s� �denoted by H1� with detuning �=−VF, the transi-
tions �S01�↔ �S0s� and �11�↔ �S1s� are resonant in the rotating
frame. In the case �, �m� �VF�� �Vxx�, the populations on
bitrion and antisymmetric single-trion states are nearly equal
to zero, and can be eliminated adiabatically. Using the sym-

metric and antisymmetric notation we introduced above, the
scheme is projected to a six-state system �Fig. 1�d��. The
effective Hamiltonian can be written as

Heff = 	2��11��S1s� + ��S01��S0s� + �m�S0s��S1s� + 	2�m�00�

��S01� + 	2�m�S01��11� + H.c.. �2�

Then we take the lifetime of trion states into account. The
photon emission occurs via an decay of the state �s� into �1�
with 	1 or into �0� with 	0. The total spontaneous rate is
assumed to be 	=	0+	1. Then we derive a master equation
within a Markovian process,


̇ = − i�Heff,
� + �
i

Li
Li

† −
1

2
�Li

†Li
 + 
Li
†Li�� , �3�

with

L1 = 		0��00��S0s� +
1
	2

�S01��S1s� ,

L2 = − 		0/2�A01��S1s� ,

L3 = 		1��11��S1s� +
1

	2
�S01��S0s� ,

L4 = 		1/2�A01��S0s� .

The basic preparation cycle in our scheme works as fol-
lows. The lasers with Rabi frequency 	2�M produce the
transitions �00�↔ �S01�↔ �11�. By tuning the laser frequency
to be resonant with the symmetric single-trion states, the
transitions �S01�↔ �S0s� and �11�↔ �S1s� are created. Thus the
lasers couple the three ground states �00�, �S01�, and �11� to
the single-trion states �S0s� and �S1s�, and the entangled state
�A01�= 1

	2
��10�− �01�� decouples from other states and can be

seen as a dark state. On the other hand, spontaneous radia-
tion performing from �s� to �0� and �1�, behaves dissipation
from single-trion states to subspace M1= ��00� , �S01� , �11��
and M2= ��A01�� in rotating frame. If the excited states decay
into M2, the process is terminated when one trion dissipates;
if they decay into M1, it will go through the cycle again.
Therefore, after a period of time, the trions dissipate and the
system will go into a steady state �A01�, which is the maxi-
mum entangled state as we require.

III. PARAMETERS ESTIMATION

For the purpose of this paper, we consider two vertical
coupled InAs/GaAs QDMs, where the vertical direction is
much more strongly confined than the horizontal direction.
So the Hamiltonian reads as

H = �
i=1,2

p2

2m�
+

m��
2

2
�xi

2 + yi
2� +

m��
2

2
��zi� −

d

2
2

, �4�

where m� represents the effective mass of electron or hole, ��

���� is the confinement potential along xy �z� direction. We

FIG. 1. �Color online� �a� Sketch of the two vertically stacked
QDs in QDM with a magnetic field along x direction is applied, VF

represent the Förster resonant interaction between the QDM. �b�
and �c� Four level scheme illustrating the ground and excited states
of a single self-assembled QDs. H and V denote the polarization of
pumping light. �d� The preparation process of entangled state �see
the text�.
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mainly focus on the ground state, so the wave function of
electron or hole is

�e/h = A exp�−
�x2 + y2�

2l�
2 −

��z� −
d

2
2

2l�
2 � , �5�

with the characteristic length l����. We choose the typical
value of � for self-assembled QDs: ��

e=59 meV, ��
h

=14 meV, ��
e =1140 meV, and ��

h =220 meV. These pa-
rameters corresponds to l�e=4.4 nm, l�h=4 nm, and l�

e � l�
h

�1 nm. We choose ����� to guarantee that electron and
hole are much more strongly confined along z direction than
along xy directions.

The coupling between the QDs is mainly from Förster
interaction,23 which reads as

�VF� =
e2�a�2

4�d3� l2

l�el�h
2

F�d

l
 , �6�

where � is the dielectric constant, d is the distance between
the QDM, l2=2�l�e

−2+ l�h
−2�−1 and a�� /	2meEg.24 In the case

of l�e , l�h� l�, we have

F�x� =
x3

	2
�

0

1

dt
1 − 2�

	1 − t2
exp�− �� , �7�

with �= x2t2

2�1−t2� . We set the distance between two dots in QDM
as d=9.5 nm and �a�=1.6 nm.25 We can estimate VF=
−0.2 meV and Vxx=−3 meV. If the x direction magnetic
field is Bx=1 T, and g factors are gh

�=−0.29 and ge
�=−0.46,5

the Zeeman splitting of trion and ground states are about
EB

e =−27.8 �eV and EB
h =−17.9 �eV. Thus the detuning be-

tween H1 and H2 is ��H�=45.7 �eV. Due to the requirement
of frequency selection, the Rabi frequency of laser � should
satisfy �� ��H+VF�, and �=20 �eV is suitable.

IV. RESULTS AND DISCUSSION

A. Effect of spontaneous radiation

We first study the ideal case, where only the spontaneous
radiation term is included. We solve Eq. �3� numerically, and
the result is shown in Fig. 2�a�, in which the entanglement of
the two hole spins is measured using concurrence.26 The in-
put density matrix we consider is 
i=

1
4 ��00��00�+ �S01��S01�

+ �A01��A01�+ �11��11��. If the evolution time satisfies t→�,
the density matrix 
 approaches �A01��A01�. Here we suppose
	1=	2=	 /2, and set typical spontaneous radiation rate as
	=1.2 �eV for InAs/GaAs dot. The solid line represents the
case d=8 nm and shows that a near unity concurrence gen-
erates after a period of time. It is also shown in Fig. 2�b� that
the character time T0,27 which expresses the time for achiev-
ing the steady state, depends on 	 and the Rabi frequency of

pumping field �. If 	 is fixed, the character time T0 can be
shorten as � increases, and finally saturates a value �10 /	,
which is ten times that of the lifetime of trion state �5.5 ns.
The optimal characteristic time appears when we tune the
coupling �m to satisfy �m=0.45 � �shown in Fig. 2�b��.

B. Effect of phonon interaction

In Fig. 2, we have taken exciton as the auxiliary state,
which is vulnerable to the vibrational modes of the surround-
ing phonons. The interaction between acoustic phonon and
exciton may be mediated by deformation potential coupling
and piezoelectric coupling. The phonon coupling matrix
element28 is

gq,j = eiq·dj�Mq,j
e 
e�q� − Mq,j

h 
h�q�� , �8�

with

Mq,j
e�h� = �

q
	 �

2��q�Vcs
��q�De�h� + iPq� , �9�

and

TABLE I. The Material parameters for InAs/GaAs QDs used in Eq. �8�.28

me mh �s De Dh e14 � cs

0.067m0 0.34m0 12.56 −14.6 eV −4.8 eV 0.16 C /m2 5.3 g /cm3 4.8�105 cm /s

FIG. 2. �Color online� �a� Evolution of Concurrence for QDM
with different interdot distance. The relative parameters are �
=20 �eV, �m=9 �eV, 	=1.2 �eV, and only the spontaneous ra-
diation effect is taken into account. �b� Characteristic time T0 as a
function of Rabi frequencies � and �m when ��VF.
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e/h�q� =� d3r��e/h�2eiq·r. �10�

Under the Markovian approximation,29 the master equation
of the density matrix in the interaction picture with respect to
H, can reduced into a Lindblad form


̇ = �
i

J��i���Ni + 1�L�Pi�
 + NiL�Pi
†�
� , �11�

where L�P�
= P
P†− 1
2 �P†P
+
P†P� is the decay operator

of phonon effect, and Ni= �exp��i /T�−1�−1. J��i� denotes
the phonon spectral density, and in our model there are two
kinds of J��i�, which read as

J���� =� d�
1 � sin c��d

cs
��Gd��� + Gp���� ,

�12�

where

Gd��� =
�3

82�cs
5 �De�e − Dh
h�2, �13�

Gp��� =
�e2e14

2 sin2 �

2�cs
3�2 ��e − 
h�2

� �9 + 7 cos 2� − 2 cos 4� sin2 �� , �14�

in which Gd and Gp represent the contribution from deforma-
tion potential coupling effect and piezoelectric coupling ef-
fect, respectively.30 e14 denotes piezoelectric constant. The
parameters for InAs/GaAs QDs are summarized in Table I.

We also present a numerical integration of J���� in Fig. 3
for QDM with d=9.5 nm. We found that within the regime
we considered, the contribution of deformation potential is
much larger than the piezoelectric coupling, thus the deco-
herence process in our scheme is mainly influenced by the
deformation potential.

Solving the master equation which combines phonon ef-
fect Eq. �11� with Eq. �3�, we can obtain numerical results of
concurrence, as shown in Fig. 4. When we increase the tem-
perature from 1 to 3 K, we find that the steady state entangle-
ment decreases from 0.97 at 1 K to about 0.82 at 3 K. Thus
the temperature effect has huge influence on our scheme in
this work.

C. Effect of electron and hole tunneling

So far, the tunneling effect is assumed to be much smaller
than the Förster interaction31 in above discussion. We sup-
pose electrons are confined in a double potential well V�x�
=ge/h

2 �x2−d2 /4�2 /8, with the coupling constant ge/h. The tun-
neling energy of electron or hole, from standard WKB
method, reads as

te/h �
2e


	8Ve/h� exp
−

16Ve/h

3�
� , �15�

with �= 4
d
	2Ve/h

me/h
� . Ve/h=

ge/h
2 d4

128 denotes the barrier height of
electron �hole�, and me

� �mh
�� represents the effective mass of

electron �hole�. We compare the amplitude of VF, th, and te as
a function of interdot distance d in Fig. 5. Both the Förster
interaction and tunneling energy decrease rapidly when the
distance in QDM increases, but the Förster interaction can be
considered as dominate interaction if d is large enough. A
larger Förster coupling and a smaller tunneling rate of qubit
may facilitate the implementation of our scheme. So the
small tunneling energy of hole is another significant reason
for hole spin encoding. If the interdot distance is d
=9.5 nm, the hole tunneling energy th=7.3 �eV can be
omitted in comparison with �VF�=0.2 meV, while the elec-
tron tunneling energy te=1.9 meV cannot. Taking account of
the electron tunneling effect, the new trion �t� including in-
terdot exciton32 ��e1

†h2
†� or �e2

†h1
†�� might be generated, and

ei
†�hi

†� denotes electron�hole� in the ith dot. Therefore the

FIG. 3. �Color online� Phonon spectral density as a function of
frequency, where J�,d denotes the phonon spectral density of defor-
mation potential, J�,p is the phonon spectral density of piezoelectric
coupling, and J�=J�,d+J�,p shows the total phonon spectral den-
sity of deformation and piezoelectric coupling.

FIG. 4. Evolution of concurrence at different temperature. The
other parameters are d=9.5 nm, VF=0.2 meV, �=20 �eV, �m

=9 �eV, and 	=1.2 �eV. Both deformation potential and the pi-
ezoelectric effect are taken into account.
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effect of interexciton gives a new contribution to the initial
Hamiltonian described by Eq. �1�,

Ht = �
i=1,2

��t�t�ii�t� + te��s�ii�t� + H.c.�� , �16�

in which �t is trion energy and te represents tunneling energy
of electron. We move the combined Hamiltonian including
Eq. �1� and Eq. �16� into an interaction picture with respect
to �i=1,2��+VF���s�ii�s�+ �t�ii�t��, and proceed by transforming
the single exciton part of Hamiltonian into a basis as

�
��1�
��2�
��3�
��4�

� =�
cos � − sin � 0 0

sin � cos � 0 0

0 0 cos � − sin �

0 0 sin � cos �
��

�S0x�
�S0t�
�S1x�
�S1t�

� ,

�17�

with �=− 1
2arccot� �

2te
� and the detuning �=VF+�−�t. These

two eigen states ��1� and ��3� are degenerated at energy E1

=E3= 1
2 �−�+	4te

2+�2�, while ��2� and ��4� are

degenerated at energy E2=E4= 1
2 �−�−	4te

2+�2�. If we select
the frequency of pumping laser �l=�+VF+E1, and guaran-
tee the condition �� �E1−E2�, then the effective Hamil-
tonian becomes

Heff = �m�	2�00��S01� + 	2�S01��11� + �S0s��S1s��

+ � cos ��	2�11���3� + �S01���1�� + H.c. �18�

When the electron tunneling energy is slow as te� ��
−�t���20 meV�, the Eq. �18� can be reduced to Eq. �2�. It
indicates that the electron tunneling does nothing more than
an energy shift of the single exciton states, and this tunneling
effect can be offset by tuning the Rabi frequency of the ex-
ternal laser field. We also investigate the influence of both
tunneling and phonon effect and the numerical result is
shown in Figs. 6�a� and 6�b�. We find that the electron tun-
neling effect does not strongly influence the hole spin en-
tangled state. The entanglement of hole spins is much more

robust in the case of the low temperature or small electron
tunneling rate. It is shown that the concurrence of two hole
spins remains 0.97 at T=1 K.

D. Effect of interdot distance

Then we consider the influence of interdot distance d on
our system. When distance is smaller than 6 nm, the tunnel-
ing energy of hole is much larger and it might destroy the
stability of qubit. When distance is larger than 14 nm, the
Förster interaction becomes too small. Thus we investigate
the evolution of entanglement by varying d from 8 to 14 nm.
Figure 7 shows that concurrence decreases as d becomes
larger. This is because Förster interaction is depend on d and
it is crucial in the process of entanglement generating.

E. Effect of energy detuning

In practice, it should be noted that quantum dots in QDM
are always of energies which are not the same. Supposing the
energies of two dots are �+� and �−�, respectively. Equa-

FIG. 5. �Color online� Comparison of Förster interaction, hole
tunneling and electron tunneling amplitude as a function of the
interdot distance d. The solid line shows the evaluation of Förster
coupling VF from Eq. �6�, and the dashed line and dot-dashed line
represent the tunneling energies of electron te and hole th from Eq.
�15�, respectively. Here, we have chosen Ve=680 meV and Vh

=400 meV. We consider the regime from d=8 nm to d=12 nm
�the shade part� in this paper.

FIG. 6. �Color online� Concurrence of the entangled state for
different electron tunneling energies: �a� as a function of time at
T=1 K. �b� as a function of temperatures.

FIG. 7. Concurrence of the entangled state as a function of
interdot distance d.
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tion �1� needs to be modified by adding the term ���s�11�s�
− �s�22�s��. When the Rabi frequency of two classical lasers
are �=�m=0, the four ground eigenvectors of the Hamil-
tonian become as

�
��1�
��2�
��3�
��4�

� =�
cos � 0 0 − sin �

0 sin � cos � 0

0 cos � − sin � 0

sin � 0 0 cos �
��

�00�
�01�
�10�
�11�

� ,

�19�

while the four single exciton states are

�
��5�
��6�
��7�
��8�

� =�
sin � 0 cos � 0

0 sin � 0 cos �

cos � 0 − sin � 0

0 cos � 0 − sin �
��

�0s�
�1s�
�s0�
�s1�
� ,

�20�

with �= 1
2arccot�− �

VF
�. Transforming Eq. �1� into this new

basis, we find this matrix has full rank except for �=0. It
indicates that there is no dark state in our system when �
�0, and the high concurrence entanglement between two
hole spins might be destroyed as the detuning of two dots
increases. Thus the detuning of QDs might have huge influ-
ence on the operations of the proposal in this work. For
example, our simulation found that when the detuning is
20 �eV, the concurrence drops to 0.73. So we had better to

choose a QDM including two near-resonant dots to guarantee
the high concurrence of two hole spins. For real experiment,
there are some techniques, such as applying external electric
field31 and annealing,33,34 which can tune the exciton ener-
gies of dots in order to fabricate resonant or near-resonant
QDs.

V. CONCLUSION

In summary, we have shown that a stationary entangled
state on spins with high concurrence can be prepared in a
QDM by technically designing the spontaneous dissipation
processes. The hole spin for its small interdot tunneling en-
ergy is more suitable for encoding qubit as compared to elec-
tron spin in our scheme. We also discuss the influence of
phonon-exciton interaction and electron tunneling effect on
the entangled state, and we find that the main decoherence
source is the deformation phonon interaction. The concur-
rence of steady state entanglement can be over 0.95 at
temperature T=1 K.
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